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Abstract: The effect of the thermal properties of the system on the lifetime of an evaporating sessile
droplet of water is analysed using a fully coupled model which involves determining the temperature
of the droplet, the substrate and the atmosphere. The evolutions, and hence the lifetimes, of droplets
of water evaporating in both of the extreme modes are calculated. In particular, it is shown how
the lifetimes of droplets of water can be strongly influenced by thermal effects. Droplets with larger
initial contact angles or on less conductive substrates generally have longer lifetimes than those
with smaller initial contact angles or on more conductive substrates, and the physical mechanism by
which the thermal properties of the system influence the evaporation can be understood in terms of
the thermal anchoring between the droplet and the lower surface of the substrate.
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1. Introduction

The evaporation of sessile droplets is a fundamental scientific problem that is key to
numerous physical and biological processes, including a wide range of industrial appli-
cations such as the agrochemical spraying of plants, DNA analysis and the manufacture
of OLED displays, and has been the subject of an explosion of analytical, experimental,
and numerical investigations in recent years (see, for example, the review articles by
Larson [1], Brutin and Starov [2], and Giorgiutti-Dauphiné and Pauchard [3]).

A key challenge is to determine the lifetime of a droplet and how it depends on
both what mode of evaporation the droplet is undergoing and the physical properties
of the system (see, for example, [4–16]). In particular, since, in general, the evaporation
rate of a droplet depends on its temperature, which in turn depends on the thermal
properties of the system, the lifetime of a droplet will, in general, depend on thermal effects
(see, for example, [14,15,17–24]). However, the manner in which it does so remains an
open question.

More than a decade ago, Dunn et al. [18] demonstrated, both experimentally and
theoretically, the strong influence of the thermal conductivity of the substrate on the evap-
oration rate of a sessile droplet. They used a partially coupled model which assumed
the atmosphere to be isothermal, and focused on the initial evaporation rate of droplets
with pinned contact lines. They did not, however, attempt to calculate the lifetimes of
the droplets. In an important contribution, Ait Saada et al. [22] employed a fully coupled
model which involved determining the (in general, non-uniform) temperature of the at-
mosphere, and calculated the complete evolutions of droplets of water evaporating in
both extreme modes (i.e., the constant contact radius and constant contact angle modes).
However, they only considered a single value of the initial contact angle, and so did not
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investigate the dependence of the lifetimes of the droplets on this parameter. On the other
hand, Stauber et al. [9,10] considered a decoupled model in which the evaporation rate of
the droplet is independent of thermal effects, and gave a complete description of the de-
pendence of the lifetimes of droplets evaporating in the extreme modes and the stick–slide
mode on the initial contact angle. However, their analysis was, of course, unable to give
any information about the dependence of the lifetimes of the droplets on thermal effects.
More recently, Schofield et al. [14] used a limiting case of the fully coupled model to obtain
analytical expressions for the evolutions, and hence the lifetimes, of droplets evaporating in
the extreme modes, the stick–slide mode and the stick–jump mode. However, their analysis
was restricted to the distinguished asymptotic limit of thin droplets on thin substrates with
strong thermal effects and, in particular, to small initial contact angles.

In the present work we build on these previous studies to give a detailed account of
the effect of the thermal properties of the system (and, in particular, the thermal conductiv-
ity of the substrate) on the lifetime of an evaporating sessile droplet of water for the full
range of initial contact angles using the fully coupled model. Specifically, in Section 2 we
describe the fully coupled model and its numerical implementation, in Section 3 we inves-
tigate the temperature and vapour concentration fields in order to elucidate the physical
mechanism controlling evaporation, in Section 4 we present results for the lifetime of a
droplet of water in various conditions, and in Section 5 we summarise our results and
suggest some directions for future work.

2. The Fully Coupled Model
2.1. Governing Equations and Boundary Conditions

We consider a small droplet (i.e., a droplet with small Bond–Eötvös number) whose
free surface takes the form of a spherical cap with radiusR, contact angle θ, and contact
radius R = R sin θ. Working in cylindrical polar co-ordinates with the origin on the sub-
strate z = 0 at the centre of the droplet–substrate interface, the free surface of the droplet
can be written as

z = h(r, t) = −R cos θ ±
√
R2 − r2, (1)

and its volume is given by

V(t) =
πR3 sin θ(2 + cos θ)

3(1 + cos θ)2 , (2)

where t denotes time.
We treat the evaporation as a quasi-static process in a quiescent atmosphere, neglecting

both adjustment times and convective vapour and heat transfer. These assumptions are
reasonable for relatively slowly evaporating liquids such as water, but may not always hold
for more volatile liquids such as methanol (for further details, see Schofield [25]). Under
these assumptions the temperature fields in the droplet, the substrate and the atmosphere,
denoted by T(r, z, t), Ts(r, z, t) and Ta(r, z, t), respectively, all satisfy Laplace’s equation.
The temperature and heat flux are continuous across the droplet–substrate and atmosphere–
substrate interfaces, and a constant far-field temperature T∞ is imposed far from the droplet
in both the atmosphere and the substrate. The same temperature is imposed on the lower
surface of the substrate, z = −hs, where hs is the thickness of the substrate.

We employ the standard diffusion-limited model of evaporation (see, for example,
[4,18,26,27]), in which the vapour concentration field in the atmosphere, denoted by c(r, z, t),
also satisfies Laplace’s equation. On the free surface of the droplet, z = h, the heat and
evaporative mass fluxes are related by the energy balance equation

(ka∇Ta − k∇T) · n = −LD∇c · n = LJ, (3)
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where k, ks and ka are the thermal conductivities of the droplet, the substrate and the at-
mosphere, respectively, n is the local outward normal to the surface, L is the latent heat
of vaporisation, D is the diffusion coefficient of vapour in the atmosphere, and J(r, t) is
the (spatially and temporally non-uniform) evaporative mass flux. The vapour concentra-
tion at the surface of the droplet is given by the local saturation concentration,

c = csat(T), (4)

which is a prescribed decreasing function of temperature (see Section 2.3). Finally, in the at-
mosphere far from the droplet the vapour concentration approaches a constant value
c∞ = Hcsat(T∞), where H (0 ≤ H ≤ 1) is the relative saturation in the far field.

As already mentioned, like many other previous authors, Stauber et al. [9,10] consid-
ered a simplified version of the present model in which csat is assumed to be independent
of T. While the system is not isothermal according to this decoupled model (i.e., evapora-
tive cooling of the droplet and its surroundings still occurs), it does mean that the evolution,
and hence the lifetime, of the droplet are independent of thermal effects. The decoupled
model is a limiting case of the present fully coupled model and, since csat is a decreasing
function of temperature, it provides an upper bound on the evaporation rate, and hence a
lower bound on the lifetime of a droplet. This result will be confirmed by the numerically
calculated lifetimes presented in Section 4. In contrast, in their partially coupled model
Dunn et al. [18] allowed csat to depend on T, but assumed that the atmosphere is isothermal,
and did not impose either continuity of temperature across the free surface of the droplet
or continuity of heat flux across the atmosphere–substrate interface. The partially coupled
model used by Dunn et al. [18] is therefore not a limiting case of the present fully coupled
model. We will return to this point in Section 2.2.

We consider the two extreme modes of evaporation, namely the constant contact
radius (CR) mode in which R is fixed and θ decreases over time, and the constant contact
angle (CA) mode in which θ is fixed and R decreases over time (see, for example, [4,9,10]).
We note that a variety of other modes of evaporation, such as the stick–slide mode and
the stick–jump mode, may also occur (see, for example, [5–10,12–14]), but these are not
considered in the present work.

2.2. Numerical Implementation and Validation

Quasi-steady solutions for the temperature and concentration fields were obtained
numerically at each timestep using a finite-element method implemented using COMSOL
Multiphysics 5.4 [28]. A large but finite domain, typically 300 to 400 times the radius of
the droplet, was employed and was discretised using a free triangular mesh generated using
the meshing tools provided within COMSOL Multiphysics. In order to accurately resolve
the behaviour of the evaporative flux near the contact line, the resolution of the mesh
was greatly increased within a small circular subdomain centered on the contact line.
A typical build of the mesh contained 105 domain elements and 103 boundary elements,
and the dependence on the domain size and mesh resolution was less than 0.5%. Obtaining
the quasi-steady solutions (including building the mesh) typically took around 30 s on a
standard desktop computer. Further details of the numerical implementation are given by
Schofield [25].

From the quasi-steady solution at the ith timestep, with volume V = Vi, the total
evaporative flux from the droplet, and thus the rate of change of the volume at that timestep,
V̇i, were calculated, and the volume at the (i+ 1)th timestep was calculated using a forward
Euler method,

Vi+1 = Vi + ∆tV̇i, where ∆t =
V0

|V̇0|N
(5)

is the (constant) timestep and N is a dimensionless number (typically 500) that was kept
constant for each evaluation of the lifetime of the droplet. The computational domain was
then rebuilt with the updated volume, adjusting either θ or R depending on the mode
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of evaporation, and the next quasi-steady problem was then solved. This process was
repeated until the droplet reached the end of its lifetime (i.e., until its volume reached zero).

The quasi-steady solutions were validated against those calculated by Ait Saada
et al. [22], obtaining near-perfect agreement. The rate of change of the volume was vali-
dated against results presented by Ait Saada et al. [22] and Stauber et al. [9], obtaining
agreement to within 0.3%. Comparisons were also made with the evaporation rates cal-
culated by Dunn et al. [18] using their partially coupled model. We found discrepancies
of up to 30% between the results of Dunn et al. [18] and those of the present calculations.
However, we were able to reduce these discrepancies to less than 10% by instead solving
the partially coupled model used by Dunn et al. [18], suggesting that their assumption
that the atmosphere is isothermal is responsible for most of the discrepancies, and that
the remaining discrepancies are due to their numerical implementation of their model.

For the decoupled model, our numerically calculated lifetimes for droplets evap-
orating in both extreme modes were validated against the analytical results obtained
by Stauber et al. [9], obtaining agreement to within 0.5%. For the fully coupled model,
for a droplet evaporating in the CR mode we obtained agreement with the lifetimes cal-
culated by Ait Saada et al. [22] to within 2%. However, for a droplet evaporating in
the CA mode the lifetimes calculated by Ait Saada et al. [22] were as much as 8% shorter
than ours; indeed, in the limiting case of a perfectly conducting substrate (i.e., when
ks = ∞) they obtained a lifetime that was shorter than the lower bound obtained by
Stauber et al. [9]. We suggest that this anomaly is due to the time-stepping method used
by Ait Saada et al. [22], which fixes the change in volume ∆V rather than the timestep ∆t.
Since dV/dt→ 0+ as R→ 0+, this means that in the CA mode (but not in the CR mode)
the timestep becomes large towards the end of the life of the droplet, potentially leading to
an inaccurate prediction for the lifetime of the droplet. Note that the present time-stepping
method (5) fixes the timestep ∆t rather than the change in volume ∆V, and so does not
suffer from the same shortcoming.

2.3. Parameter Values

In all of our numerical calculations shown in Figures 1–6 we assumed the droplet
to be water and (except in Figure 5) the atmosphere to be air. In particular, all of the nu-
merical results presented here are for a relative saturation in the far field of H = 0.4 and
a far-field temperature of either T∞ = 295 K for consistency with Dunn et al. [18] or
T∞ = 298.15 K for consistency with Ait Saada et al. [22]; any differences in the values
of the other parameters are given in square brackets in the following paragraph. Specif-
ically, we took water to have density ρ = 997 kg m−3 [998 kg m−3 at 295 K], thermal
conductivity k = 0.612 W m−1 K−1 [0.604 W m−1 K−1], diffusivity D = 2.50× 10−5 m2 s−1

[2.44× 10−5 m2 s−1], and latent heat of evaporation L = 2.44× 106 m2 s−2 [2.45× 106

m2 s−2], and we took dry air to have density ρa = 1.1845 × 102 kg m−3 and thermal
conductivity ka = kair = 2.597× 10−2 W m−1 K−1.

In order to see the widest possible range of behaviours, we considered substrates made
of aluminium (thermal conductivity ks = 2.73× 102 W m−1 K−1), polytetrafluoroethylene
(PTFE; thermal conductivity ks = 0.25 W m−1 K−1), and high-density polyethylene (HDPE;
thermal conductivity ks = 0.50 W m−1 K−1), as well as the limiting cases of perfectly
insulating (ks = 0) and perfectly conducting (ks = ∞) substrates.

The saturation concentration csat was approximated by a polynomial in T − Tref, namely

csat(T) =
n

∑
i=0

ai
(T − Tref)

i

i!
, (6)

where we used the values of ai for i = 0, . . . , 4 given by Sefiane et al. [19] for Tref = 295 K.
The case n = 0 (i.e., when csat is independent of T) recovers the decoupled model. The case
n = 1 (i.e., when csat is linearly dependent on T) gives the strongest variation over
the range of temperatures in our numerical calculations. Unless stated otherwise, fol-
lowing Sefiane et al. [19] and Ait Saada et al. [22], we took n = 4.
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Figure 1. Vapour concentration for a droplet of water with contact angle θ = 1.361 radians and contact radius R = 1.86 mm
evaporating into air with T∞ = 298.15 K on (a) a perfectly conducting substrate (ks = ∞) and (b) a PTFE substrate
(ks = 0.25 W m−1 K−1). Shown also are temperature contours of T, Ts and Ta in K.

3. The Physical Mechanism Controlling Evaporation

Figures 1–5 show the instantaneous temperature and vapour concentration fields
in various conditions. They illustrate the physical mechanism by which the thermal
properties of the system (and, in particular, the thermal conductivity of the substrate)
influences the evaporation rate. This mechanism may be conveniently referred to as
“thermal anchoring”.

Recall that evaporation is driven by the vapour concentration gradient at the free sur-
face of the droplet; ultimately, this gradient exists to reconcile the saturation concentration
at the free surface, csat(T), with the lower concentration in the far field, c∞ = Hcsat(T∞).
The latent heat required for evaporation means that the droplet cools as it evaporates,
reducing the saturation concentration at its free surface, and hence reducing the vapour
concentration gradient and the evaporation rate.

The lower surface of the substrate is maintained at the constant temperature T∞.
Thus, heat transfer from the substrate to the droplet tends to “anchor” the temperature of
the droplet to T∞, reducing the evaporative cooling and weakening the negative feedback
between cooling and evaporation. The result is that the stronger the thermal anchoring is,
the more rapidly the droplet evaporates.

As we shall now describe with the aid of Figures 1–5, the strength of the thermal
anchoring depends both on the thermal conductivity of the substrate and on the contact
area between the droplet and the substrate.

Figure 1 illustrates the role of the thermal conductivity of the substrate, ks. In Figure 1a,
a perfectly conducting substrate anchors the temperature at the base of the droplet precisely
at T∞ = 298.15 K. Although the droplet cools slightly towards the top, the concentration of
vapour close to the droplet remains high, and there is a high evaporation rate. On the other
hand, in Figure 1b, finite substrate conductivity means that the substrate is cooled in
the vicinity of the droplet. Thus, the droplet is cooler, the concentration of vapour close
to the droplet is lower, and the evaporation rate is reduced, relative to Figure 1a. (Specifi-
cally, the volumetric evaporation rate is 0.00347 mm3 s−1 for the droplet in Figure 1a and
0.00301 mm3 s−1 for the droplet in Figure 1b).

Figure 2 explores these effects more quantitatively by examining the temperature
[(a–c)], the vapour concentration [(d–f)], and the evaporative flux [(g–i)] along the free
surface of the droplet and the upper surface of the substrate in various conditions. The first
column [(a,d,g)] shows the results for the decoupled model, in which csat is independent of
temperature; it illustrates how increasing ks anchors the temperature of the droplet and
the adjoining substrate more tightly to T∞. In the other two columns, csat depends on
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temperature. This dependence reduces the overall degree of cooling through the negative
feedback between cooling and evaporation, with the effect being more marked for lower
values of ks [compare (b) and (c) with (a)]. We also see the reduction in concentration both
at and adjacent to the free surface of the droplet [(e,f)] and the consequent reduction in
flux [(h,i)]; again, all of these effects are most pronounced for lower values of ks. Note that
the third column [(c,f,i)] corresponds to Figure 1.
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Figure 2. Numerically calculated solutions for (a–c) the temperature, (d–f) the vapour concentration, and (g–i) the
evaporative flux for a droplet of water with contact angle θ = 1.361 radians and contact radius R = 1.86 mm evaporating
into air with T∞ = 298.15 K on a perfectly conducting substrate (ks = ∞), a PTFE substrate (ks = 0.25 W m−1 K−1), and a
perfectly insulating substrate (ks = 0). In (a–c) the dashed curves show the temperature along the free surface of the droplet
for r < R and the solid curves show the temperature along the upper surface of the substrate, while (d–f) show the con-
centration along the free surface of the droplet for r < R and along the upper surface of the substrate for r > R. Column
[(a,d,g)] was obtained using n = 0 in Equation (6), column [(b,e,h)] was obtained using n = 1, and column [(c,f,i)] was
obtained using n = 4. The arrows indicate the direction of increasing ks.
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Figure 3. Vapour concentration for a droplet of water with contact angle (a) θ = 2π/3 and (b) θ = 5π/6 and contact radius
R = 0.5 mm evaporating into air with T∞ = 295 K on a PTFE substrate (ks = 0.25 W m−1 K−1). Shown also are temperature
contours of T, Ts and Ta in K.

The difference between the second column [(b,e,h)] and the third column [(c,f,i)]
of Figure 2 is the number of terms taken in the polynomial approximation to csat, given by
Equation (6). Using the linear approximation [n = 1; (b,e,h)] leads to a stronger variation
of csat with T, and thus to a greater difference from the decoupled model [n = 0; (a,d,g)],
than using the more accurate quartic approximation [n = 4; (c,f,i)]. However, the effect of
using the more accurate approximation is small in this case.

Figure 3 illustrates the role of the contact area between the droplet and the substrate
and the contact angle. For a given contact radius, a larger contact angle means that
the thermal anchoring is less effective and the droplet is able to cool more, and thus to
evaporate less. (A similar effect is seen if the droplet volume is kept the same while
the contact angle is increased and the contact radius is decreased.).

Since the thermal conductivity of the atmosphere is much lower than those of the sub-
strate and the droplet, conduction through the atmosphere is insignificant unless the contact
area is very small. However, even a perfectly non-wetting droplet with contact angle of
θ = π and zero contact area is still in weak thermal communication with the substrate via
the atmosphere. We will return to this point in Section 4, where we examine the effect of
the initial contact angle on the lifetime of a droplet.

Figure 4 again explores these effects more quantitatively by examining the temperature
[(a–c)], the vapour concentration [(d–f)], and the evaporative flux [(g–i)] along the free
surface of the droplet and the upper surface of the substrate in various conditions; note
that the curves are now multi-valued because the droplet overhangs part of the substrate.
Similar trends are evident to those shown in Figure 2, with the exception that on a perfectly
insulating substrate the divergence of the flux at the contact line is suppressed. Note that
the third column [(c,f,i)] corresponds to Figure 3b.

Finally, Figure 5 explores the effect of varying the thermal conductivity of the at-
mosphere, ka. A large contact angle θ = π − 0.1 is taken in order to maximise the role
of the atmosphere, and a linear variation of csat with T is taken in order to maximise
the negative feedback between cooling and evaporation. Comparing the first column
[ka = 0; (a,d,g)] with the second [ka = kair; (b,e,h)] makes it clear that heat conduction
through the atmosphere plays a role in thermal anchoring for large contact angles. Com-
paring the first two columns with the third [ka = ∞; (c,f,i)], which corresponds to an
isothermal atmosphere, also demonstrates the importance of modelling the temperature of
the atmosphere correctly.
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perfectly insulating substrate (ks = 0). In (a–c) the dashed curves show the temperature along the free surface of the droplet
for r < R and the solid curves show the temperature along the upper surface of the substrate, while (d–f) show the con-
centration along the free surface of the droplet for r < R and along the upper surface of the substrate for r > R. Column
[(a,d,g)] was obtained using n = 0 in Equation (6), column [(b,e,h)] was obtained using n = 1, and column [(c,f,i)] was
obtained using n = 4. The arrows indicate the direction of increasing ks.
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Figure 3. Vapour concentration for a droplet of water with contact angle (a) θ = 2π/3 and (b) θ = 5π/6 and contact radius
R = 0.5 mm evaporating into air with T∞ = 295 K on a PTFE substrate (ks = 0.25 W m−1 K−1). Shown also are temperature
contours of T, Ts and Ta in K.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

n = 0 n = 1 n = 4

r/R r/R r/R

r/R r/R r/R

r/R r/R r/R

T
[K

]

T
[K

]

T
[K

]

c/
c s

at
(T

∞
)

c/
c s

at
(T

∞
)

c/
c s

at
(T

∞
)

J
[m

g
s−

1
m

m
−

2 ]

J
[m

g
s−

1
m

m
−

2 ]

J
[m

g
s−

1
m

m
−

2 ]

6 6 6

6 6

6 6

ks ks ks

ks ks

ks ks

Figure 4. Numerically calculated solutions for (a–c) the temperature, (d–f) the vapour concentration, and (g–i) the
evaporative flux for a droplet of water with contact angle θ = 5π/6 and contact radius R = 0.5 mm evaporating into air
with T∞ = 295 K on a perfectly conducting substrate (ks = ∞), a PTFE substrate (ks = 0.25 W m−1 K−1), and a perfectly
insulating substrate (ks = 0). In (a–c) the dashed curves show the temperature along the free surface of the droplet for r < R
and the solid curves show the temperature along the upper surface of the substrate, while (d–f) show the concentration
along the free surface of the droplet for r < R and along the upper surface of the substrate for r > R. Column [(a,d,g)] was
obtained using n = 0 in Equation (6), column [(b,e,h)] was obtained using n = 1, and column [(c,f,i)] was obtained using
n = 4. The arrows indicate the direction of increasing ks.

Figure 4. Numerically calculated solutions for (a–c) the temperature, (d–f) the vapour concentration, and (g–i) the
evaporative flux for a droplet of water with contact angle θ = 5π/6 and contact radius R = 0.5 mm evaporating into air
with T∞ = 295 K on a perfectly conducting substrate (ks = ∞), a PTFE substrate (ks = 0.25 W m−1 K−1), and a perfectly
insulating substrate (ks = 0). In (a–c) the dashed curves show the temperature along the free surface of the droplet for r < R
and the solid curves show the temperature along the upper surface of the substrate, while (d–f) show the concentration
along the free surface of the droplet for r < R and along the upper surface of the substrate for r > R. Column [(a,d,g)] was
obtained using n = 0 in Equation (6), column [(b,e,h)] was obtained using n = 1, and column [(c,f,i)] was obtained using
n = 4. The arrows indicate the direction of increasing ks.
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Figure 5. Numerically calculated solutions for (a–c) the temperature along the free surface of the droplet, (d–f) the vapour
concentration along the free surface of the droplet, and (g–i) the evaporative flux for a droplet of water with contact angle
θ = π − 0.1 and contact radius R = 0.1 mm evaporating into atmospheres with T∞ = 295 K and thermal conductivities
ka = 0 [column (a,d,g)], ka = kair = 2.597× 10−2 W m−1 K−1 [column (b,e,h)] and ka = ∞ [column (c,f,i)] on an aluminium
substrate (ks = 2.73× 102 W m−1 K−1, solid curves) and a PTFE substrate (ks = 0.25 W m−1 K−1, dashed curves). All of
the results are obtained using n = 1 in Equation (6).

4. The Lifetime of a Droplet

Figure 6 illustrates how the lifetimes of droplets evaporating in the CR mode [Figure 6a]
and the CA mode [Figure 6b] depend on the scaled initial contact angle θ0/π for a wide
range of values of the thermal conductivity of the substrate, ks. The lifetimes plotted in
Figure 6 have been nondimensionalised using the timescale introduced by Stauber et al. [9],
namely

ρ

2D(csat(T∞)− c∞)

(
3V0

2π

)2/3
, (7)

where

V0 =
πR3

0 sin θ0(2 + cos θ0)

3(1 + cos θ0)2 , (8)

R0 and θ0 are the initial volume, contact radius and contact angle of the droplet, respectively.
In the decoupled model (but not the fully coupled model), using the scaling (7) eliminates
all of the other parameters from the problem.
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Stauber et al. [9] showed that the lifetimes of droplets according to the decoupled
model behave like tCR = O(θ1/3

0 )→ 0+ and tCA ∼ 3tCR/2→ 0+ in the limit θ0 → 0+, in-
crease to the maximum values tCR = 0.9354 at θ0 = θcrit where θcrit ' 2.5830 radians ' 148◦

and tCA = 1 at θ0 = π/2, and then decrease to the same value of tCR = tCA = tπ =
(41/3 log 2)−1 ' 0.9088 at θ0 = π, with tCR < tCA for 0 < θ0 < θcrit but tCA < tCR for
θcrit < θ0 < π. These lifetimes are also shown (with solid curves) in Figure 6 for compari-
son with the present results obtained using the fully coupled model. In particular, Figure 6
confirms, as noted in Section 2.1, that the decoupled model provides a lower bound on
the lifetime of a droplet.

Figure 6 shows that the lifetimes of droplets of water can be strongly influenced by
thermal effects. In particular, while the influence of thermal effects is rather weak for
droplets with small initial contact angles, it is much stronger for droplets with large initial
contact angles and, as Figure 6 shows, can extend the lifetime of a droplet by more than
50% compared to the corresponding prediction of the decoupled model in which thermal
effects have no influence on the lifetime. Figure 6 also shows that the lifetime of a droplet
increases as ks decreases (i.e., a droplet on a poor conductor has a longer lifetime than
the same droplet on a good conductor), and that tCR < tCA for all initial contact angles (i.e.,
the lifetime of a droplet evaporating in the CR mode is always shorter than that of the same
droplet evaporating in the CA mode). This latter behaviour is qualitatively different from
that according to the decoupled model, which, as we have already noted, predicts that
tCA < tCR for θcrit < θ0 < π. In addition, Figure 6 shows that while both tCR and tCA
generally increase as θ0 increases, for droplets on less conductive substrates evaporating in
the CA mode, tCA decreases slightly as θ0 approaches π.

The broad trends evident in Figure 6 can be understood in terms of the thermal an-
choring described in Section 3. The generally longer lifetimes of droplets with larger initial
contact angles or on less conductive substrates is because an increase in the initial contact
angle or a reduction in the thermal conductivity of the substrate both weaken the thermal
anchoring, and hence make the negative feedback between cooling and evaporation more
effective. Similarly, the tendency for a droplet to evaporate faster in the CR mode than
in the CA mode when thermal effects are significant is because in the CA mode (but not,
of course, in the CR mode) the contact area between the droplet and the substrate shrinks
over time, also weakening the thermal anchoring.

As Stauber et al. [11] described, in the limit of a perfectly non-wetting (i.e., spherical)
droplet with contact angle θ ≡ θ0 = π and zero contact radius R ≡ R0 = 0 the extreme
modes coincide, and so, in particular, their lifetimes are the same (i.e., tCR = tCA = tπ

when θ0 = π). As we have already noted, according to the decoupled model tπ ' 0.9088.
However, as Figure 6 shows, according to the fully coupled model the lifetime of a per-
fectly non-wetting droplet is significantly longer than this and, due to the weak thermal
communication between the droplet and the substrate via the atmosphere mentioned in
Section 3, is weakly dependent on ks.

We note that the lifetimes reported in Figure 6 are for droplets with initial contact
radius R0 = 1 mm on a substrate of thickness hs = 1 mm. Different values of R0 and hs

would, of course, lead to different values of tCR and tCA, as would a series of calculations
in which the initial volume of the droplet V0 was held constant, however the underlying
physical mechanisms would be unchanged, and so we would expect the broad trends
to be similar.
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the CR mode, tCR, and (b) the CA mode, tCA, evaporating into air with T∞ = 295 K on aluminium (ks = 237 W m−1 K−1,
circles ◦), HDPE (ks = 0.50 W m−1 K−1, stars ?) and PTFE (ks = 0.25 W m−1 K−1, squares �) substrates of thickness
hs = 1 mm plotted as functions of the scaled initial contact angle θ0/π. The lifetimes have been nondimensionalised using
the timescale (7), and the corresponding lifetimes according to the decoupled model obtained by Stauber et al. [9] are shown
with solid lines.
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Figure 6 illustrates how the lifetimes of droplets evaporating in the CR mode [Figure 6a]
and the CA mode [Figure 6b] depend on the scaled initial contact angle θ0/π for a wide
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namely
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Figure 6. Numerically calculated dimensionless lifetimes of droplets of water with initial contact radius R = 1 mm in (a)
the CR mode, tCR, and (b) the CA mode, tCA, evaporating into air with T∞ = 295 K on aluminium (ks = 237 W m−1 K−1,
circles ◦), HDPE (ks = 0.50 W m−1 K−1, stars ?) and PTFE (ks = 0.25 W m−1 K−1, squares �) substrates of thickness
hs = 1 mm plotted as functions of the scaled initial contact angle θ0/π. The lifetimes have been nondimensionalised using
the timescale (7), and the corresponding lifetimes according to the decoupled model obtained by Stauber et al. [9] are shown
with solid lines.

5. Conclusions

In the present work we gave a detailed account of the effect of the thermal properties
of the system (and, in particular, the thermal conductivity of the substrate) on the lifetime
of an evaporating sessile droplet of water. We used the fully coupled model which involves
determining the temperature of the droplet, the substrate and the atmosphere, and cal-
culated the evolutions, and hence the lifetimes, of droplets of water evaporating in both
of the extreme modes. This work unifies, extends, and in some aspects corrects, previous
studies that have considered various aspects of the problem separately.

The principal findings of this study are encapsulated in Figure 6, which shows how
the lifetimes of droplets of water can be strongly influenced by thermal effects. In particular,
Figure 6 shows that droplets with larger initial contact angles or on less conductive sub-
strates generally have longer lifetimes than those with smaller initial contact angles or on
more conductive substrates. The physical mechanism by which the thermal properties of
the system influence the evaporation can be understood in terms of the thermal anchoring
between the droplet and the lower surface of the substrate. Specifically, heat transfer
from the substrate to the droplet tends to anchor the temperature of the droplet to that
of the lower surface of the substrate, reducing the evaporative cooling and weakening



Fluids 2021, 6, 141 12 of 13

the negative feedback between cooling and evaporation. Thus, droplets in situations which
the thermal anchoring is strong tend to evaporate faster and hence have shorter lifetimes
than those in which it is weak.

There are, of course, many other aspects of droplet evaporation which remain the sub-
ject of ongoing research. For example, in certain circumstances, convective fluid, vapour
and/or heat transfer driven by density and/or temperature differences (see, for example,
[15,18,29–34]), none of which are included in the present work, can all have a significant
effect on the evaporation of a droplet. Another particularly active and interesting area
is the competitive evaporation of multiple droplets (see, for example, [16,35–39]), and
we suggest that considering the mutual influence of droplets through thermal as well as
vapour effects would be an interesting direction for further research.
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