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ABSTRACT
Localized nonlinearities due to the contact friction inter-

faces are widely present in the aero-engine structures. They
can significantly reduce the vibration amplitudes and shift the
resonance frequencies away from critical operating speeds, by
exploiting the frictional energy dissipation at the contact inter-
face. However, the modelling capability to predict the dynam-
ics of such large-scale systems with these nonlinearities is often
impeded by the high computational expense. Component mode
synthesis (CMS) based reduced order modelling (ROM) are com-
monly used to overcome this problem in jointed structures. How-
ever, the computational efficiency of these classical ROMs are
sometimes limited as their size is proportional to the DOFs of
joint interfaces resulting in a full dense matrix. A new ROM
based on an adaptive formulation is proposed in this paper to
improve the CMS methods for reliable predictions of the dynam-
ics in jointed structures. This new ROM approach is able to
adaptively switch the sticking contact nodes off during the on-
line computation leading to a significant size reduction compar-
ing to the CMS based models. The large-scale high fidelity fan
blade assembly is used as the case study. The forced response
obtained from the novel ROM is compared to the state-of-the-art
CMS based Craig-Bampton method. A parametric study is then
carried out to assess the influence of the contact parameters on
the dynamics of the fan assembly. The feasibility of using this
proposed method for nonlinear modal analysis is also charac-
terised.

∗Address all correspondence to this author.

INTRODUCTION

Bladed disk in aero-engines have attracted tremendous at-
tention from turbo-machinery industries and research communi-
ties for more than half a century. These rotating rotors are re-
garded as one of the fundamental factors that determine the over-
all performance of both civil and military engines [1]. Bladed
disk systems are not just decisive on the aerodynamic efficiency
of aero-engines, but also critical on structural efficiency, because
these components contribute to about 30% of the overall weight
of a gas turbine engine. Fan blade systems, as the largest bladed
disk assembly in turbofan engines, provide over 60% thrust of
modern jet engines [2, 3]. The fan system consists of large metal
or composite blades that are commonly attached to a disk via
curved or straight dovetail roots. This design ensures easy as-
sembly and safe load distribution, and also provides essential
damping to the system. The fan system is widely regarded as
one of the most critical bladed disk system of an aero-engine. It
therefore has been carefully designed in aero-engine industries to
achieve high aerodynamic and structural efficiency, and ensure
a reliable high cycle fatigue (HCF) life [2]. Even with the use
of robust design and advanced manufacturing techniques, these
bladed disk may still experience some unexpected mechanical
failures, mostly in the form of HCF, during their operational ser-
vice [4]. Such a failure very likely occurs in the dovetail joint
due to the fretting fatigue [5, 6]. As a result, the contact inter-
faces are always protected by the dry lubricant film coating to
improve the fatigue life of the fan blade system [7]. The solid
lubricant Molydag 254 is mostly used, which consists of MoS2
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powder, carbon and other solid lubricants in a thermosetting phe-
nolic resin [6]. The function of the coating is to effectively re-
duce the contact stress in the joint by lowering the contact friction
coefficient in order to ensure the reliable service life. A number
of research indicate that the friction coefficients can be reduced
from about 0.8 to a value between 0.1 to 0.3 with the coated sur-
face [6, 7].

Due to the important role the fan blade assembly plays in
the turbo-engine, the dynamic stress in the fan blade system must
be calculated accurately for a reliable estimation of service life.
However, due to the complex nonlinear dynamic nature of the
frictional joint as well as the coating effects at the fan blade
root, the state-of-the-art linear vibration analysis often leads to
an over-design of the components by ignoring the nonlineari-
ties from the joint. It also results in an inaccurate prediction of
the contact stress field for wear predictions. In order to further
improve the fan blade root design, it would be therefore neces-
sary to take these non-linearities into account at the preliminary
design [8]. The use of finite element (FE) method to simulate
such large dynamical systems is however often impeded by the
large computational cost due to the intensive contact interfaces
and strong inherit contact friction nonlinearities. Harmonic bal-
ance methods (HBM) provide a steady-state solution that can de-
crease the computational time by several orders to evaluate the
most concerning steady state dynamic response [1]. Despite the
improved efficiency with HBM, the computational expense in-
volved in the simulations still remains as a challenge from an
industrial perspective. The use of ROM techniques is widely
recognized as an efficient and accurate way to integrate these
contact frictional non-linearities into the high fidelity dynamic
simulations [9, 10].

Sub-structuring techniques have been widely used to study
global dynamics of large-scale structures. CMS technique are
regarded as one of the main sub-structuring techniques that high-
lights that the substructures are reduced using their component
modes [11]. They have been extensively used as reduced order
modelling techniques for jointed structures with contact friction
interfaces [11, 12]. Rubin and Craig-Bampton (CB) method are
two typical methods based on sub-structuring techniques [13,14].
A detailed review of these sub-structuring techniques can be
found in [15]. As these methods retain the whole contact in-
terface DOFs, it would be convenient to couple with the con-
stitutive contact model to simulate high fidelity contact friction
behaviour on the interface. The main drawback of these CMS
methods is that the size of their reduced models largely de-
pends on the size of contact interface that would compromise
their computational efficiency [16]. Interface reduction tech-
niques have been proposed to condense the numerous constraint
modes mostly through a secondary modal reduction on interface
DOFs [17, 18]. As an extension, orthogonal polynomial series
was then integrated with these interface reduction methods to
greatly improve the computational efficiency of the evaluation of

interface modes [16]. Proper orthogonal decomposition can also
be considered as an independent ROM method [19]. It can gener-
ate a projection basis using a set of snapshots of a full non-linear
system response. The adaptive ROM method was recently put
forward to further increase the computational efficiency of sim-
ulating the dynamical behavior of the jointed structures [20, 21].
The adaptive ROM method is essentially an improved CMS
based ROM technique for the jointed structures with the micro-
slip motion. The main characteristic of this method is that the
size of the reduced system can be adaptively updated according
to the number of the sliding contact nodes during the computa-
tion of forced frequency response. This automatic size update
is achieved based on a new equation of motion that combines
a linearised joint system with an internal variable that accounts
the penalty terms from non-linear effects in the joint contact in-
terface. Such a formulation allows the static mode associated
to the sticking contact nodes to be removed adaptively, which
would greatly reduce the size of reduced dynamical system. This
adaptive ROM method can be also integrated with the efficient
HBM framework to predict the most interesting steady-state fre-
quency response. It has been demonstrated in [21] that the adap-
tive ROM method can perform much higher efficient simulations
of jointed structures with micro-slip motion than classical CMS
based methods. For the two simple cases considered in [21], the
adaptive method can speed up the simulation by 50 times for the
2D case and 100 times for the 3D case. However, the use of this
adaptive ROM method for a large scale assembly like fan bladed
disk has not been investigated yet. The feasibility of using this
method for nonlinear modal analysis is not known.

This paper will investigate the adaptive ROM method for the
application to the large scale fan blade assembly with dovetail
joints. A high fidelity of finite element fan bladed disk system
is considered as a case study. The CMS based Craig-Bampton
is employed to benchmark the results from the adaptive ROM
method. The paper is organized as follows: The fan blade system
and its linear dynamics is firstly presented; the formulation of the
adaptive reduced order model and its implementation with HBM
framework is then briefly described; it is followed by the com-
parison of forced frequency response and computational cost be-
tween the adaptive method and the Craig-Bampton method; the
parametric study associated to the contact parameters is then de-
scribed; after that, the characteristics of using the adaptive ROM
method for the nonlinear modal analysis is presented followed
by the conclusion.

REFERENCE FAN BLADE SYSTEM
Finite element model

A full scale fan blade assembly for a turbofan jet engine
is shown in Fig. 1a. The assembly is made up of a number of
twisted blades in light blue and a disc in red. The blade and disc
are connected through a curved dovetail joint. The whole assem-
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FIGURE 1: (a) Fan blade system assembly (b) Fan blade disc
sector (c) The dovetail joint

bly is cyclic symmetric in nature. Figure 1b shows one finite
element sector of the fan bladed disk assembly in Fig. 1a. The
blade has a low slenderness ratio, i.e 4, and an increasing twist
from root to tip. Figure 1c shows the zoomed dovetail joint con-
necting the blade and disc. As discussed previously, this is one
of crucially important mechanical parts in the fan blade system.
The dovetail joint is used to integrate the blade and disc and ef-
fectively transfer the loading from the fan blade to the disc. With
respect to the material, both the blade and disc are entirely made
of titanium which is considered as a homogeneous and isotropic
material. This high fidelity model was developed by the inter-
nal finite element software with quadratic hexahedral elements
where each node has 3 DOFs. The matching mesh is used in
the joint contact interface between the blade and disc. This node
to node contact would enable us to apply the Jenkins contact el-
ement for accurate prediction of the contact friction force [22].
Each sector in the fan blade assembly contains 40,000 nodes,
namely 120,000 DOFs. In terms of the DOFs in the dovetail
joint, there are in total 208 contact pairs on the both side of the
joint, which is in total 1248 contact friction DOFs. Figure 2.
shows the distribution of the contact friction nodes in the 2D pro-
jected joint interface. It is worth noting that each contact pair has
its own local coordinate system as the contact interface is in a
highly curved shape.

Figure 3. displays the first four linearised vibrational modes
of the sector of fan blade assembly. The joint interface between
the blade and disc is linearised using the linear contact stiff-
ness. The surfaces related to the cyclic symmetric boundaries
are fully clamped by zeroing all the DOFs. It must be noted that
the isolated sector may lose some features of a typical cyclic fan
blade system. Although neglecting the cyclic symmetry will af-
fect the stiffness of the disc, it will not significantly change the
performance of the proposed reduction technique, which purely
depends on the frictional behaviour on the interface. Applying

FIGURE 2: The distribution of the contact friction nodes in the
2D projected joint interface

the cyclic symmetry condition on a single sector would not fur-
ther increase the number of nonlinear DOFs. The relative spac-
ing of the first four frequencies is 1:1.3:2:4. As the fan blade
is highly twisted due to the aerodynamic performance, the type
of the first four mode shapes are mixed where there is no pure
bending or torsion mode shape. It is however clear that out-of-
plane flapping, edge-wise flapping and torsion motions dominate
the first three modes respectively. In this paper, the effects of
the dovetail joint on the dynamics of the first flapping mode is
studied. It is also worth noting that the dynamics in a dovetail
joint are strongly affected by both static and dynamic loads in
operations. For a fan blade system, the simulations for static and
dynamic analysis are separated to reduce the computational cost.
The nonlinear dynamic analysis is performed based on the static
equilibrium that is obtained from nonlinear static analysis using a
commercial software. The preloading in contact elements there-
fore can be directly obtained. In this way, the effects of the static
and dynamic loads on the contact conditions in the dovetail joints
are both taken into account. The nonlinear static analysis is not
presented in this paper.

FORMULATION
Equation of motion

The equation of motion for a structure with nonlinear contact
friction interfaces can be written in the following form:

Mü(t)+Cu̇(t)+Ku(t)+Fnl(u, t) = Fe(t) (1)

where u(t) is the generalized displacements vector; M, K, C are
mass, stiffness and viscous damping matrices. Fnl(u, t) corre-
sponds to the friction forces which is dependent on the displace-
ment on the contact interfaces. Fe(t) is a vector of periodic exter-
nal excitation forces. For the forced frequency response in this
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FIGURE 3: The first four mode shapes of the fan bladed disk

study, the force is applied at the tip of the fan blade normal to the
sucking surface. For the nonlinear modal analysis, the excitation
Fe(t) is set to zero making the system become autonomous.

A 3D node to node contact friction model is used to evalu-
ate the contact friction force in the joint. Each friction element
includes two decoupled 1D Jenkins elements to model a two-
dimensional in-plane tangential motion and a non-linear spring
to apply contact laws in normal direction. Jenkins contact ele-
ments can be considered reasonably accurate to capture the re-
alistic hysteretic loop of contact friction force. The contact pa-
rameters in Jenkins element are directly measurable from exper-
iments [23]. Three contact friction states in a 3D node to node
contact friction model can be briefly formulated as:

FT (t) =



0 if FN(t)≤ 0 (Separation)

fT (t) if
FN(t)> 0
| fT (t)| ≤ µFN(t)

(Stick)

µFN(t) if
FN(t)> 0
| ft(t)|> µFN(t)

(Slip)

(2)

where FN(t) and FT (t) are the normal and tangential contact
force; µ is the frictional coefficient; fT (t) is the tangential fric-
tion force when the nodes is in a contact condition. A detailed
description of the 3D contact element with analytical expressions
of the stiffness matrix can be found in [24]. The linear normal
force f L

N(t) and tangential force f L
T (t) in a purely sticking condi-

tion at ith contact node can be evaluated by:

f L
N(t) = kn∆uN

i (t)+PN
i (3)

f L
T (t) = kt∆uT

i (t)+PT
i (4)

where ∆uN
i (t) and ∆uT

i (t) are the interface relative displacement
in normal and tangential direction; kt ,kn are the tangential and
normal contact stiffness for the contact surface; PN

i ,PT
i are the

normal and tangential pre-loading on the ith contact node. The
distribution of normal and tangential pre-loading can be obtained
from non-linear static analysis in a commercial software assum-
ing hard contact in contact surfaces.

Modified equation of motion
The adaptive ROM method is based on the linearised system

where the whole contact interface is assumed to be in a sticking
condition. The linearised system can be described as:

Mü(t)+Cu̇(t)+KL(kt ,kn)u(t) = Fe(u, t) (5)

where the KL(kt ,kn) is the linearised stiffness matrix of the
jointed structure; kt ,kn are the tangential and normal contact stiff-
ness for the contact surface. The prediction from the linearised
system in Eq. (5). would not be accurate if any of the contact
pairs is either in a slipping or separation condition. An internal
variable ∆p is therefore introduced into the Eq. (5). to take into
account the penalty from the non-linearities. The expression of
the internal variable for ith contact pair in a local coordinate sys-
tem can be formulated as:

∆pi =

{
(Fi

T − kt∆uT
i )/kt Tangential

(Fi
N − kn∆uN

i )/kn Normal
(6)

By adding the internal variable ∆pi into the linearised sys-
tem, the equation of motion for adaptive ROM can be written
as:

[
M 0
0 0

][
ü

∆p̈

]
+

[
C 0
0 0

][
u̇

∆ṗ

]
+

[
KL BKJ

(BKJ)
T KJ

][
u

∆p

]
=

[
Fe
Fnl

]
(7)

where the KJ is the linear joint stiffness matrix associated to the
DOFs in contact interface; B is the signed Boolean matrix to
transform the joint matrix into the global system matrix.

Adaptive reduced order model
The method for the first reduction of the system in Eq. (7).

is based on the classical component mode synthesis technique.
The transformation of the system from the physical to reduced
space can be expressed as:

[
u

∆p

]
=

[
φ ψ

0 I

][
η

∆p

]
(8)
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Corrector
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Update	𝐵𝑝	
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Classical continuation

FIGURE 4: A flowchart of size updating procedure with harmonic balance method

where η is the modal participation factors of the selected dy-
namic modes; φ are the vibrational modes of the linearised sys-
tem; ψ is the full set of static constraint modes associated to
the DOFs in the contact friction interfaces. The details to obtain
these reduced basis can be referred to [20, 21].

The adaptive reduced order model can then be constructed
through the second reduction from Eq. (8). The second reduc-
tion consists in removing the static modes associated to purely
sticking contact nodes from ψ . It is because these static modes
are redundant in the reduced basis as the motion of the sticking
nodes are included in the linearised dynamical modes. The sec-
ond reduction can be easily achieved by removing the zero part
from ∆p associated to the DOFs of the purely sticking nodes as
defined in Eq. (6). The transformation matrix from the second
reduction can be expressed as:

[
u

∆p

]
=

[
φ ψ

0 I

][
I 0
0 Bp

]
︸ ︷︷ ︸

Φ

[
η

∆pR

]
, (9)

where ∆pR is the non-zero part of ∆p; Bp is the Boolean matrix
that help to abstract on the non-zero part of ∆p; Φ is the trans-
formation matrix for the adaptive reduced order model. The size
of Φ therefore depends on the contact condition of the contact
nodes. It is worth to mention that such an adaptive ROM per-
forms well in particular for a large number of nodes that remain
in sticking condition, which is often the case for bladed disk con-
nections. Using the modal projection with Φ, the reduced mass
and stiffness matrix can be written as:

MR = Φ
T MGΦ,KR = Φ

T KGΦ (10)

NONLINEAR VIBRATION SOLVER
Harmonic balance method

Multi-harmonic balance method is used to solve the reduced
dynamic system. The main advantage of this method is to allow
much faster computations of the nonlinear steady state response
of the system compared to time-domain methods. The idea of
HBM is to approximate the non-linear displacement q(t) by a
truncated Fourier series as:

q(t) = Q̃0 +
nh

∑
i=1

(Q̃c
i cosmiωt + Q̃s

i sinmiωt) (11)

where Q̃c,s
i are cosine and sine harmonic coefficients for ith har-

monic; ω is the principal excitation frequency; Q̃0 is the zero
harmonic response; nh is the number of harmonics. Using such
an approximation, the size of original unknown vector is then
expanded by 2nh +1 times. The framework of HBM mainly in-
cludes three components: iterative solver, Alternating Frequency
Time (AFT) procedure and continuation technique. Newton-
Raphson is used as the iterative solver. AFT technique is used
to calculate the nonlinear contact friction in time domain. An
inverse discrete Fourier transformation (IDFT) is applied on the
displacements Q̃(ω) to get the displacements Q(t) in the time
domain. From the contact equations, the contact forces Fnl(Q, t)
are determined in the time domain and a discrete Fourier trans-
form (DFT) is then used to get the vector of Fourier coefficients
of the nonlinear efforts F̃nl(ω). The procedure can be summa-
rized as follows:

Q̃(ω)
IDFT−→ Q(t) Contact−→ Fnl(Q, t) DFT−→ F̃nl(ω) (12)

The continuation techniques is used to track the nonlinear dy-
namical response with tracking parameters e.g. frequency in
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forced frequency response and modal amplitude in nonlinear
modal analysis. The details for these numerical techniques can
be found in [22, 25, 26].

Automatic size updating
The flowchart in Fig. 4. shows the process of the au-

tomatic size updating using the adaptive reduced order mod-
elling formation. The computation starts with initial solution
(Q̃initial ,ωstart) followed by the classical continuation calculation
including stages of prediction and correction [25]. ω is the track-
ing parameter that is also included in the continuation process. A
converged solution Q̃ is then obtained at a new frequency ω . Af-
ter that, the contact condition is re-evaluated to update the Bp for
the next frequency point. This is achieved through the contact
condition evaluation of the full contact nodes using the currently
converged solution (Q̃,ω). The reduced system MR,KR,Φ is
then updated with the identified Bp if the Bp is different from the
one in the last frequency point. The old solution is then updated
followed by the classical continuation process for evaluating a
new frequency point. This iterative process continues until reach-
ing the final frequency point ωend . More details can be found in
the original paper in [21].

The updating algorithm is very efficient as the reduced sys-
tem needs to be updated only once at most for a frequency point.
The size of the reduced system remains constant during the itera-
tive process in the correction stage. This is based on an assump-
tion that it is reasonably accurate to predict the contact conditions
for the next excitation frequency using the last converged solu-
tion. This assumption is valid as the region of the slipping or
separation changes continuously and slowly in contact friction
problems with the increase of excitation frequency or any other
tracking parameters. The other big advantage of this algorithm is
that the classical continuation part in original HBM framework
keeps unchanged for using this new adaptive ROM approach. It
is worth noting that the tracking parameter can also be a modal
amplitude in the case of non-linear modal analysis.

RESULTS AND DISCUSSIONS
Forced frequency response

Fig.5. compares the forced frequency response between the
adaptive ROM and CB method at the excitation level of 1N,
3N, 5N and 8N. One can observe that the resonance amplitude
decreases slowly as the excitation level increases. This ampli-
tude dependent behaviour is due to the increasing level of energy
dissipation from the dovetail joint with the growing excitation
level. The proposed adaptive method can exactly follow the trend
of this amplitude dependent behaviour obtained from the CMS
based CB method. However, the discrepancy in forced response
between two methods can be found in the resonance amplitude
at a high excitation level. The prediction of forced resonance re-
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FIGURE 5: The comparison of FRFs between adaptive ROM and
Craig-Bampton method
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FIGURE 6: The value of normalized internal variable at different
excitation levels

sponse from adaptive ROM is around 2.2% lower than that from
CB method at the excitation level of 8N. It means the adaptive
ROM overestimates the dissipation energy from contact surface
that leads to lower vibrational level. This phenomena however
has not been observed for small scale dynamical systems with
2D and 3D jointed beam structures studied in [21]. This may
be due to the numerical errors associated to the automatic size
updating algorithm because it predicts the contact condition at
the next frequency point based on the current converged solu-
tion. Such inevitable numerical errors can make the updating al-
gorithm mistaken some sticking nodes as partial slipping nodes.
This fact suggests that an error estimator is necessary to be used
in updating algorithm rather than purely depend on the zero terms
in internal variable. Figure 6. compares the normalized internal
variable over the same range of the excitation frequency at the
corresponding excitation levels. The amount of internal variable
indicates the level of non-linearities at different excitation levels.
As expected, ∆p̃ is zero at low excitation level (1N) and at a fre-
quency far away from the resonance as the system is in a linear
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region. With the increase of the excitation level, it becomes non-
zero and increases significantly when the excitation frequency
approaches to the resonance. It can clearly be seen that the width
of the non-zero area is correlated to the non-linear zone shown in
Fig.5.

Parametric study
Figure 7a. shows the change of the system size with the

adaptive ROM model at the same four excitation levels. It can
be found that the size of reduced system remain constant at the
minimum size of 100 DOFs in the linear region. 100 is the to-
tal number of vibrational modes from the blade and disc. With
the increase of the excitation level, the size of reduced system
gradually increases for the excitation frequencies close to the
resonance. The region of increased system size is correspond-
ing to the nonlinear resonance area shown Fig.5. This indicates
some of the contact nodes start to slip as the excitation force in-
creases. One can also observe that the initial size of adaptive
ROM is about 5000 in Fig.7a. This is because the DOFs of ini-
tial ROM is 1248/2+ 100 = 724 DOFs, which is half number
of nonlinear DOFs (1248) plus the number of vibrational modes
(100). Since 3 harmonics is used in HBM (namely, 7 harmonic
coefficients per DOF), the size of initial adaptive ROM there-
fore is 724x7 = 5086. When it is in a full sticking condition,
the size of the adaptive ROM is reduced to only 700. In terms
of CMS based CB model, the total DOFs are kept constant at
1248+ 100 = 1348 DOFs. Considering 7 harmonic coefficients
per DOF, the total size for CMS ROM is kept constantly for any
contact conditions at 1348x7 = 9436.

Fig.7b. shows the detailed contact condition of the 208 con-
tact nodes at different excitation levels. The red circle repre-
sents the contact node is in a stick-slip condition. Consistent
with the size of reduced system in Fig.7a., as the excitation level
increases, the number of stick-slip contact nodes increases sig-
nificantly for the frequency points close to the resonance. The
area of stick-slip nodes also expands toward to the further sides
of the resonance frequency point.

Table 1. shows the computational speedup of the adaptive
ROM against the CMS based CB method. 3 harmonics are con-
stantly used for these two methods in both linear and nonlinear
regions. This number was selected after a convergence study
found that they were adequate to describe the beahviour at the
interface. The adaptive ROM can significantly accelerate the
computational speed for forced frequency response. It makes
the simulation at least 19 times faster than the CB method at the
high excitation level of 8N when the contact nodes are mostly in
a stick-slip condition. The speedup reaches the maximum of 87
when all the contact nodes are in a sticking condition at the ex-
citation level of 1N. It is worth noting that the speedup factor is
strongly influenced by the number of frequency steps where large
parts of the contact remains in stick during forced frequency re-

sponse analysis. If the whole interface is in slip, the problem
would revert back to the unreduced ROM, eliminating any fur-
ther speed up.

A parametric study is carried out to investigate the effect of
varying contact friction properties and pre-loading on the non-
linear dynamics of the fan blade assembly. The computation for
this parametric study is efficiently performed using the proposed
adaptive ROM. Figure 8a. shows the influence of the varying
friction coefficient on the FRFs at an excitation level of 5N. The
variation of friction coefficients is due to the fretting wear on
pre-loaded coated contact interface in dovetail joints. With the
removal of dry film lubricant coating, the contact surface may
eventually reach to full metal-to-metal contact that leads to dra-
matical increase in friction coefficients [6]. A wide range of the
frictional coefficient between 0.1 and 0.9 is studied herein, which
is similar to the range for the joint with dry film lubricant coat-
ing measured in [6]. We can see that the resonance of the forced
response changes significantly with the increase of the friction
coefficient. The resonance amplitude at µ = 0.1 is about 3 times
lower than the amplitude at µ = 0.8. One can also observe the
gradient of resonance peak at a low value of µ is much higher
than that at a high value of µ . This high sensitivity indicates it is
crucially important to take into account the coating effects in the
joint for the reliable prediction of the vibration levels. Figure 8b.
shows the similar trend of the forced frequency response with the
increase of the pre-loading level. It is obvious that, at the same
excitation level, the sliding condition for a contact node becomes
more difficult to reach.

Figure 10. shows the contact condition of all the joint inter-
face nodes at different frictional coefficients. The red circle rep-
resents the stick-slip node; the blue cross represents the purely
sticking node; the green circle represents the separating node.
With the decrease of the frictional coefficient, the sliding starts
from the middle of the outward contact surface and the edges of
the inward surface. The number of stick-slip nodes then increase
and expands continuously to the full contact interface. When
µ = 0.1, some contact nodes appear separated in the middle of
the outward contact surface.

Damped nonlinear modal analysis
The nonlinear modal analysis (NMA) is also carried out us-

ing the adaptive reduced order model. The concept of extended
periodic motion is used to compute the resonance frequency and
also damping properties directly with the increase of the modal
amplitude α . The formulation of the adaptive ROM and also the
automatic size updating procedure is the essentially same as the
forced frequency response except that external frequency force
Fe is set to zero and the tracking parameter is the modal ampli-
tude α instead of the frequency ω . To solve this autonomous sys-
tem with harmonic balance method, two additional normalization
constrains are imposed as there would be two more unknown pa-
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FIGURE 7: (a)The size of the adaptive reduced order model (b) The contact condition of interface nodes (Red cross: stick-slip node)

Adaptive ROM method CMS based CB method Speedup

Force Level Time Evaluations Time Evaluations Time per Evaluation

F=8N 1239.7 s 314 32180.9 s 429 19

F=5N 356.16 s 208 20737.8 s 367 33

F=3N 145.69 s 179 19796.3 s 320 76

F=1N 121.27 s 168 18588.9 297 87

TABLE 1: Comparison of computational cost between the adaptive ROM method and CMS based CB method

rameters namely resonance frequency and damping. One is for
mode normalization and the other is phase normalization. The
methodology of the nonlinear normal mode analysis with ex-
tended periodic motion can be found in [26–28], which would
not be detailed in the paper.

Figure 10a. shows the change of the resonance frequency
and damping ratio with the modal amplitude. The modal am-
plitude corresponds to the level of energy involved in the au-
tonomous system. The resonance frequency in red remains con-
stant at a low modal amplitude up to 0.016 and then decreases
proportionally with a further increase of modal amplitude α . The
damping ratio from energy dissipation behaves oppositely to the
resonance frequency. It keeps constant at a low modal amplitude
and then starts to increase significantly when the modal ampli-
tude continues to increase from 0.016. Figure 10b. shows the
contact condition of the 208 contact nodes at different modal
amplitude where the red cross indicates the contact node is in
a stick-slip condition. As expected, the number of sliding con-
tact nodes increases when the modal amplitude increases. Fig-

ure 10c. compares the backbone curve (in black) obtained from
the NMA with the resonance peaks from the forced frequency
response analysis. It shows the damped nonlinear mode analy-
sis is able to reasonably predict the resonance by crossing the
resonance points in forced frequency analysis, especially at low
excitation levels. However, there is a discrepancy when the ex-
citation level goes up, which requires a further investigation in
future. Figure 10d. shows the size of adaptive reduced order
model for NMA. One can clearly find that the size of the system
is proportional to the contact condition of joint interface nodes
shown Fig.10b. Comparing to CMS based method, the size of
reduced system can be significantly reduced at the low modal
amplitudes when the joint is in a micro-slip motion.

CONCLUSIONS
This paper described a novel adaptive ROM technique to re-

duce the computational time for nonlinear vibration analysis of
the fan bladed disk system with dovetail joints. This adaptive
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FIGURE 8: The forced frequency response with the varying (a) friction coefficient (b) static normal loading
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FIGURE 9: The resonance contact condition of contact joint node in the 2D projected joint surface ( Stick-slip condition in Red; Full
stick condition in Blue; Separation in Green) (a) µ = 0.1 (b) µ = 0.3 (c) µ = 0.5 (d) µ = 0.7

ROM method is essentially an improved CMS technique for the
jointed structure with micro-slip motion. It is based on an adap-
tive equation of motion that combines a linearised joint system
with an internal variable that accounts the penalty terms from
nonlinear effects in joint interface. The case study has shown
that this novel ROM technique is able to adaptively update the
size of reduced system according to the contact condition of
interface nodes in forced frequency response analysis and also

damped nonlinear modal analysis. Comparing to the CMS based
CB method, the proposed method can make the simulations 19
to 87 times faster at different excitation levels. The high com-
putational speedup is achieved when the joint is in a micro-slip
motion as most contact nodes are in sticking conditions, and in-
fluenced by the number of frequency steps away from the reso-
nance. It is because the system can be further reduced signifi-
cantly by removing the static modes associated to these sticking
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FIGURE 10: (a) Resonance frequency and dissipated damping ratio (b) The stick-slip condition of joint contact nodes (c) Comparison
of between the backbone curve from NMA and FRFs (d) The size of the adaptive ROM

nodes in the transformation matrix. The proposed method also
accurately captures the forced response over a wide range of ex-
citation levels. For the case of strong friction damping, the size
of adaptive ROM converges to the size of classical CMS ROM as
most contact nodes are in a slipping condition. The parametric
study showed that the coating in dovetail joints that leads to vary-
ing friction coefficients, as well as the change in the contact pre-
loading, have a great influence on the dynamics of the fan blade
system. The dynamic response can be three times lower with
the dry film lubricant coating in terms of the resonance response.
The paper also demonstrated that the adaptive ROM technique
can be used for the NMA to directly compute the damping and
resonance frequency. The size of this reduced autonomous sys-
tem is automatically updated with the increase of modal ampli-
tude leading to a huge size reduction at a low modal amplitude.
The backbone curve obtained from NMA can accurately capture
the resonance peaks in forced frequency response.
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