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Abstract: The diffuser total efficiency was formulated and defined based on the generalized ac-
tuator disc model for the index of the efficiency of the diffuser-alone of the diffuser-augmented
wind turbines. An optimization method to maximize the diffuser total efficiency was developed
using a genetic algorithm and axisymmetric computational fluid dynamics. A case study was con-
ducted for a 10% chord-to-diameter ratio, 2% thickness-to-chord plate, and the crest position at 50%
chord of the diffuser. The optimal result showed a diffuser total efficiency of 1.087. Furthermore,
1392 (=48 population × 29 generations) simulation cases of the optimization process showed that
high diffuser total efficiency appears at a low-drag coefficient, high-lift coefficient, and 15–25% low
diffuser height-to-chord ratio.

Keywords: total power coefficient; total diffuser efficiency; generalized actuator disc

1. Introduction

It is known that wind turbine output can be increased by installing an appropriate
diffuser around the rotor. Such wind turbines are called diffuser-augmented wind turbines
(DAWTs). Over the years, the size of wind turbines has been increasing incrementally to
obtain improved economies of scale. The size is heavily dependent on the design and
coupled analysis methods of the turbines as well as the design standards and guidelines.
The design and analysis theory and methods of DAWTs are still not mature compared to
conventional wind turbines. At present, no complete coupled analysis method for DAWT
is available. The FloDesign-Ogin Model 2.2 (150 kW, 20 m rotor diameter) [1], Riamwind
Windlens 100 kW (12.8 m rotor diameter) [2], and Vortec 7 (7.3 m rotor diameter) [3] are
relatively large DAWTs. Even for these DAWTs, aeroelastic analysis is not very necessary,
as they are small and stiff. The development of many DAWTs, such as the Windlens
100 kW [4,5], mainly relied on parametric studies driven by computational fluid dynamics
(CFD) and wind tunnel tests. Therefore, the development of aeroelastic simulation methods
has become necessary to follow the modern design approach that is based on current design
standards and guidelines. Theoretical studies on previous aerodynamics analyses are well
summarized in Bontempo and Manna [6]. The Betz model [7] is a classical model for
DAWTs and has been extended to several other models. One of those models is the Lilley
and Rainbird model [8], which was applied to the design of the DAWT of Vortec 7 in the
1980s. Van Bussel [9] developed a model for ducts wherein the friction loss can be ignored,
introducing the diffuser area ratio and the back pressure of the diffuser. Jamieson [10]
formulated the generalized blade-element and momentum theory, as a theory of the DAWT
rotor, by combining the generalized momentum and blade-element theories. Liu and
Yoshida [11] later extended the theory to turbulent wake conditions.
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Several useful indexes of DAWTs have been proposed so far. The “power coefficient”,
which is the ratio of the power acquired by the rotor to the wind power represented by
the wind speed at the rotor center and the rotor area, is a common index for wind turbine
efficiency. However, it is not suitable as an index of efficiency or the design target because
an extremely large power coefficient can also be obtained by installing an extremely large
diffuser around the rotor. Instead, the “total power coefficient” based on the area of the
diffuser exit is recognized as a fair and an efficiency index of DAWTs. The “diffuser
efficiency”, which is defined as the average speedup ratio at the rotor plane in the present
study, is defined as the ratio between the actual pressure rise at the diffuser exit to the
inviscid ones to consider the losses from viscosity effects as the friction and the separation
in the previous researches [12]. The supplement “speedup ratio” is added to that as
much as possible in the present paper to avoid the confusion. The “augmentation ratio”,
which is the ratio between the powers of the DAWT and the wind turbine without the
diffuser, is another important parameter for DAWTs. These indexes are hard to use for
the optimization of diffuser solo because they are defined as the performance of DAWTs
rather than for diffuser-alone. However, these indexes cannot be used for diffuser-alone of
DAWTs. Although the common purpose of the diffuser is to increase the wind speed at the
rotor plane, there is no clear index for the efficiency of the diffuser-alone.

Aerodynamic specifications of diffusers are defined by the general dimensions as
the internal diameter, cross-sectional shape, and their relative position to the rotor plane.
One of the early DAWTs by Igra adopted a NACA airfoil for the cross-section of the
diffuser [12]. Since then, most of the diffuser cross-sectional shapes have been developed
by numerical simulations and experiments. However, no specific reference is found for
extensive optimization of diffuser solo. The research of Oka, et al. [13] is distinctive. The
genetic algorithm was applied to optimize the rotor and diffusers of a DAWT regarding
the total power coefficient. However, it is worthy of special mention because the diffuser is
optimized considering the effects of the rotor loads, it should be evaluated regarding the
convergence because the parameters of the diffuser configuration and the rotor loads are
determined by the fitting of the several control points.

Considering the aforementioned limitations in the existing efficiency indexes, the
“diffuser total efficiency” is formulated using the generalized actuator disc model as an
index of the efficiency of the diffuser. An optimization method was also developed by
axisymmetric two-dimensional CFD and genetic algorithm (GA) to maximize the total
diffuser efficiency. Furthermore, a case study was conducted for typical conditions for
diffusers of DAWTs.

2. Diffuser Total Efficiency

In this section, the performance indicators for the diffuser of a DAWT are formulated.
Figure 1 shows the representative dimensions of a DAWT diffuser and the airflow condi-
tions. The diffuser has an annular shape with the chord length c, the height of the diffuser
h, and the inner diameter D on the rotor plane; the outer or exit diameter is D + 2h.

The present research is aiming for a more efficient diffuser that shows high speedup
ratio (or velocity ratio) with a small external diffuser diameter. Therefore, the influence of
the tangential flow is not considered here.
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Figure 1. Dimensions of the diffuser cross-section.

2.1. Generalized Actuator Disc Model

The generalized actuator disc model [10] is an extension of the actuator disc model
that provides the relationship between the momentum change rate and the load of the
DAWT rotor. According to the theory, the thrust δT and power δP generated by the rotor
with width δr at the cross-sectional radius r are given by the following two equations:

δT = 4πρrU2 (a− a0)(1− a)

(1− a0)
2 δr (1)

δP = 4πρrU3 (a− a0)(1− a)2

(1− a0)
2 δr (2)

where U is the wind speed, ρ is the air density, a is the axial induction factor at the rotor
plane, a0 is the axial induction factor of the diffuser without the rotor, and 1 − a0 is the
speedup ratio of the diffuser at r.

2.2. Diffuser Efficiency by Generalized Actuator Disc Model

From Equation (2), the power coefficient, which is based on the rotor area, is as follows:

δCP =
δP

1
2 ρU3SR

= 8
(a− a0)(1− a)2

(1− a0)
2 ζδζ (3)

where ζ is the station radius normalized by the rotor radius R, SR is the rotor area, which is
assumed to be identical to the diffuser inner diameter in this study and indicates the values
in the annulus area.

The maximum values of CP at each ζ and a are given by the following equation from
the extreme value condition dδCP/da = 0 for a in Equation (3).

a =
1 + 2a0

3
(4)

δCPmax =
32
27

(1− a0)ζδζ (5)

The radial distribution of the rotor at the optimal operation conditions is determined
by a, hence, a0, which is not always uniform. In other words, the present theory indicates
that the maximum power coefficient of the DAWT depends only on the distribution of the
a0, if the a is provided appropriately as Equation (4) by the rotor design. Therefore, design
indexes of diffuser alone are formulated as below.
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Equation (5) is integrated in the radial direction. Furthermore, it is divided by the
maximum value of the rotor efficiency (16/27), known as the “Betz limit” in momentum
theory. This ηD is defined as diffuser efficiency in this study.

ηD ≡
32
27

CPmax = 2
∫ 1

0
(1− a0)ζδζ (6)

Here, the diffuser efficiency is identical to the rotor plane averaged speedup ratio.

2.3. Diffuser Total Efficiency

From Equation (6), the diffuser total efficiency ηTD is defined as follows:

ηTD ≡ ηD
SR
SD

= ηD

(
1 + 2

h
D

)−2
(7)

where SD is the diffuser exit or external area. As can be observed in Equation (7), the
diffuser total efficiency is obtained by the product of a term proportional to ηD and a term
that decreases with the h/D of the diffuser geometry.

3. Optimization Method

The optimization procedure is outlined in this section.

3.1. Design Condition

The wind speed and the main specifications of the diffuser, namely the rotor diameter
and chord length, are defined here. In the present method, axisymmetric flow is assumed
for CFD analyses as shown 3.4. Therefore, the wind direction deviation with respect to the
rotor axis is set to 0.

3.2. Diffuser Cross-Sectional Shape

The cross-sectional shape of the diffuser is represented by functions such as a poly-
nomial. The coefficients of these points or function sequences would be design variables.
Therefore, the ranges of each parameter are also defined in advance to the optimization.

3.3. Optimization

A GA is used to solve the discontinuous multivariable combinatorial optimization
problem. Here, the diffuser total efficiency, ηTD, as shown in the previous section, is used
as the evaluation parameter (cost function).

3.4. Analysis

Several methods are available to analyze the wind speed distribution on the virtual
rotor plane in the diffuser without the rotor. In this study, considering the enormous
number of calculations required for the GA and taking into account the influence of the
boundary layer, an axisymmetric two-dimensional CFD is used.

3.5. Convergence Assessment

The analysis and optimization are repeated until the maximum value does not change
for generations.

4. Case Study

A case study was conducted to optimize the cross-sectional shape of a diffuser.

4.1. Design Condition

• Wind speed U: 7.0 m/s
• Air density ρ: 1.225 kg/m3

• Ambient pressure: 1013 HPa
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• Wind direction: 0◦ (parallel to the rotor axis)
• Diameter chord length ratio c/D: 0.10.

4.2. Diffuser Cross-Sectional Shape

The diffuser camber yC is defined by the following function in this study.

yC
c

=
N

∑
n=0

αn

( x
c

)n
(8)

where x is the chord-wise position and αn is the coefficient of the polynomial. Larger N pro-
vides more detailed cross-section shape at the cost of much longer time for the optimization.

The diffuser is assumed to be 2% c of uniform thickness with the leading and trailing
edges shaped as semicircles. And the crest position is fixed as 50% c in the present study.
The six variables and their ranges are determined as follows:

• Crest position (xCCr): 0.5 c (fixed)
• Leading edge height (yCLE): 0.0 (fixed)
• Crest height at 50% c (yCCr): 0.1 c–0.3 c
• Trailing edge height (yCTE): −0.3 c–0.0 c
• Leading edge inclination (y’CLE): 0.0–2.0
• Crest inclination (y’CCr): 0.0 (fixed)
• Trailing edge inclination (y’CTE): −2.0–−0.5

Considering the purpose of the present section is to show an example of the optimiza-
tion rather than designing the optimal shape, N = 5 is selected here. The degree of freedom
of the present optimization is 4, which is appropriate for the demonstration to be not too
complex and not too simple. The ranges of the parameters should be discussed as well as
the order of the polynomial for more detailed optimization.

The aforementioned parameters are determined by the rules of the GA. The N + 1
coefficients of Equation (8) are calculated as follows:

 α0
...

αN

 =



xLE
0 xLE

1 · · · xLE
N

xCr
0 xCr

1 · · · xCr
N

xTE
0 xTE

1 · · · xTE
N

0 1× xLE
0 · · · NxLE

N−1

0 1× xCr
0 · · · NxCr

N−1

0 1× xTE
0 · · · NxTE

N−1



−1

·



yCLE
yCCr
yCTE
y′CLE
y′CCr
y′CTE

 (9)

Each cross-section is translated such that the crest is aligned with the edge of the
rotor plane.

4.3. Optimization

The GA parameters in the optimization are as follows.

• Population: 48 (elite: 16, mating: 16, mutation: 16)
• Evaluation index: Diffuser total efficiency, ηTD

4.4. Analysis

As mentioned earlier, from the viewpoint of productivity and accuracy of the analysis,
CFD is used for axisymmetric two-dimensional domains with a central angle of 1◦, as
shown in Figure 2a. The mesh around the optimal diffuser cross-section is shown in
Figure 2b. The diffuser surface is composed of a structured grid of y+ ~ 0.2, and the general
part is composed of an unstructured grid. ANSYS Fluent [14] with a k–ω SST turbulence
mode is used in this study. The turbulence model is the hybrid model and consists of
k-ω model for near the surface and k-ε model for far from the surface. Thus, it is applied
to a wide variety of aerodynamic problems because it is advantageous in the stability,
estimation of the separation, and furthermore, negative pressure gradient flow.
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The analysis domain and boundary conditions are shown in Table 1. The number of
cells, 3.4 million, was selected by the mesh-dependence study. Figure 3 shows it provides
almost saturated values of the lift and the drag coefficients as the finest one. The lift
coefficient Cl and drag coefficient Cd are defined as follows. Here, the lift fl and drag fd
are the sectional forces in the radial (positive to center) and longitudinal (positive to wind
direction) directions. Because Cl and Cd are defined based on the free stream wind speed
U, they show larger values than conventional isolated airfoil sections. These parameters
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1
2 ρU2c

Cd = fd
1
2 ρU2c

(10)
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Table 1. Domain and boundary conditions (D: rotor diameter, c: diffuser chord length).

Boundary Distance from the Rotor
Center Boundary Conditions

Diffuser 0.5 D, 5 c Nonslip

Inlet 4 D, 40 c Wind Speed

Outlet 5 D, 50 c Ambient Pressure

Sides 2 D, 20 c Slip

Central angle 1◦ -

4.5. Convergence Assessment

The GA optimization procedure was converged at the 29th generation, as shown in
the next section.

5. Analysis Results
5.1. Convergence Assessment

The optimization process of the diffuser total efficiency is shown in Figure 4. Each dot
at a generation shows the result with each shape; the top six data are shown by colored
marker lines. The maximum value gradually increases with each generation; the other
data also converge to the maximum value. Finally, the maximum value remains constant
at 1.087 after the 12th generation; this shape is judged as the optimum shape. The total
diffuser efficiency is a convenient index for mutual comparison; however, it cannot be used
directly for comparison of turbines with and without the diffuser. This is because the effect
of blade tip loss is large in a rotor without a diffuser; hence, the total efficiency of DAWT is
significantly higher than 1.087 compared to the power coefficient of a wind turbine rotor of
the same diameter as that of the diffuser exit.
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5.2. Diffuser Cross-Section Shape

The parameters and characteristics of the optimal, which is the maximum total diffuser
efficiency, and maximum diffuser efficiency, at the maximum speedup ratio, are shown as
(A) and (B) in Table 2. The simulation results are presented in the next section.
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Table 2. Optimization results (c: chord length of the diffuser).

(A) Max. Diffuser Efficiency
(Max. Speedup Ratio)

(B) Max. Diffuser Total
Efficiency (Optimal)

Diffuser Total Efficiency ηTD 0.865575 1.086669

Diffuser Efficiency ηD 1.4617112 1.283966

Average Speedup Ratio 1.4617112 1.283966

Lift Coefficient Cl 5.37 3.42

Drag Coefficient Cd 0.0787 0.00451

LE Position xCLE/c 0.000000 0.000000

Crest Position xCCr/c 0.500000 0.500000

TE Position xCTE/c 1.000000 1.000000

LE Height yCLE/c 0.000000 0.000000

Crest Height yCCr/c 0.2814486 0.1444352

TE Height yCTE/c −0.2176434 −0.0410022

LE Slope y’CLE 1.631496 1.176656

Crest Slope y’CCr 0.000000 0.000000

TE Slope y’CTE −1.693913 −1.439804

5.3. Wind Speed Distribution

The distributions of the local speedup ratio µ0 along the rotor plane of the two typical
cases in Table 2 are shown in Figure 5. The wind speed is higher than the inflow wind
speed over the rotor plane. In addition, the maximum speedup ratio case (A) is generally
higher than the optimal case (B), particularly near the diffuser surface.
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CFD results of (A) the maximum speedup ratio and maximum diffuser efficiency,
are shown in Figure 6. Wind from the left and top diffuse inside the diffuser, with the
rotor plane located above 50% c as defined in 4.1. It has large height, i.e., large camber,
to generate a large speedup ratio at the rotor plane. The flow around the trailing edge is
partially separated. The low-pressure region inside the diffuser indicates high lift.

In the same manner, those of (B) the optimal, maximum total diffuser efficiency, are
shown in Figure 7. This shape does not show high speedup ratio at the rotor plane around
the internal surface of the diffuser due to the flat-top shape. However, the large curvature
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around the front and the rear part of the diffuser generate the low pressure, and the speedup
along the rotor plane is close to that of (A).
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5.4. Diffuser Efficiency (Speedup Ratio)

In the aforementioned optimization process, 1392 (=48 population × 29 generations;
with duplication) cases of CFD were analyzed. The cross-sectional characteristics are
discussed in this section.

Figure 8 shows the diffuser efficiency (speedup ratio) with respect to the lift coefficient.
There is a strong, almost linear correlation between the two; the higher the lift coefficient,
the higher the diffuser efficiency. The black points show the top 50%, i.e., 1st–696th
(=1392 × 0.50), of the data regarding the diffuser total efficiency. The overall diffuser
efficiency becomes higher if the lift coefficient is higher at the same diffuser efficiency
(speedup ratio). On the other hand, there is no clear correlation between the diffuser
efficiency (speedup ratio) and the drag coefficient as shown in Figure 9.
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Although it is not so clear as the lift coefficient, larger diffuser height shows larger
diffuser efficiency as shown in Figure 10. It indicates the larger camber is advantageous
to increase the speedup ratio by increasing the lift and improving the distribution of the
velocity and pressure inside the diffuser as shown in Figures 6 and 7.
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5.5. Diffuser Total Efficiency

Figure 11 shows the relation between the diffuser total efficiency and diffuser efficiency
at the maximum speedup ratio. There is no clear correlation between them. A higher
speedup ratio does not always result in a higher total diffuser efficiency.
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Figure 11. Diffuser total efficiency vs. diffuser efficiency.

Figure 12 shows the lift coefficient to the drag coefficient, and Figures 13 and 14 show
the distributions of the lift and drag coefficients to the height of the diffuser. The top 50%
of the data gathered at a small height is 15–25% of the chord length. Moreover, the lift
coefficient should be larger around the same h/c. It is also clear that a large diffuser total
efficiency appears at a low-drag coefficient.
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6. Conclusions

The optimization method of the diffusers of DAWTs was studied in the present study.
There are three novelties in this study as below.

(1) An optimization method was developed using an axisymmetric two-dimensional
CFD and a genetic algorithm. Here, the diffuser total efficiency, which is not affected
by the axial and the tangential inductions by the rotor, was formulated as the index
for the diffuser of DAWTs based on the generalized actuator disc model.

(2) A case study of a 2% chord flat plate with a diameter chord length ratio of 0.1 and the
crest position at 50% chord length showed the cross-sectional shapes of the maximum
diffuser total efficiency is completely different from that of maximum speedup ratio.
The former showed a flat top with large curvatures at the front rear of the diffuser,
whereas the latter showed large camber as high-lift devices on airplane wings.

(3) The total diffuser efficiency of the case study was shown to be 1.087. Furthermore,
1392 (=48 population × 29 generations) CFD simulations resulted in the optimization
process, where it was confirmed that the total diffuser efficiency appears under the
condition of low-drag and high-lift coefficients with a 15–25% diffuser height-to-
chord ratio.

The following are planned in future studies.

(1) The present result above was calculated under the conditions defined in this study.
The crest position and the thickness-to-chord can be changed, and the range and order
of the cross-section parameters can be expanded.

(2) The present optimization method is applicable for other diffuser performance indexes.
The present results by the total diffuser total efficiency will be compared with the
optimization by other diffuser performance parameters as well as experiments.

(3) In addition to the axisymmetric diffuser-alone optimization in the present study,
the influence of tangential flow by the rotor, the blade-diffuser interaction, and yaw
misalignment will be discussed.

(4) Furthermore, the influences of the axial and the tangential inductions by the rotor,
which are not considered in the present study, will be investigated.
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Nomenclature

a Diffuser induction factor.
a0 Diffuser induction factor with no rotor induction.
c Chord length of the diffuser section.
Cd Drag coefficient of the diffuser section.
Cl Lift coefficient of the diffuser section.
CP Power coefficient base on the rotor area.
D Rotor diameter or diffuser internal diameter.
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f d Diffuser section drag force, parallel to the wind.
f l Diffuser section lift force, normal to the wind, positive to the diffuser center.
h Height of the diffuser cross-section.
N Order of the polynomial of the camber line.
R Rotor radius.
r Station radius on the rotor plane.
SR Rotor area.
SD Diffuser swept area.
T Rotor thrust.
U Free stream wind speed.
u Longitudinal wind speed on the rotor plane.
x Chord-wise position of the diffuser section.
yC Camber height of the diffuser section.
y’C Camber slope of the diffuser section.
αn Coefficient of the polynomial of the cross-section camber.
ζ Rotor station radius normalized by the rotor radius.
ηD Diffuser efficiency.
ηTD Diffuser total efficiency.

µ0
Local speedup ratio, i.e., wind speed at the rotor normalized by the free stream
wind speed.

ρ Air density.

Subscripts

Cr Crest of the diffuser section.
LE Leading edge of the diffuser section.
TE Trailing edge of the diffuser section.

Abbreviations

CFD Computational Fluid Dynamics.
DAWT Diffuser-Augmented Wind Turbine.
GA Genetic Algorithm.
LE Leading Edge.
TE Trailing Edge.
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