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Abstract 

In this paper, the Bree diagram is extended to consider the progressive buckling 

failure and a direct approach for structural progressive buckling design considering 

ratcheting deformation is developed. Firstly, the progressive buckling mechanism of 

structures subjected to the combination of constant and cyclic loadings is sufficiently 

discussed. Then, a two-stage direct approach is developed based on the Linear 

Matching Method and nonlinear buckling analysis, which can generate progressive 

buckling design curves in the extended Bree diagram. To illustrate the application of 

the direct approach to progressive buckling design, a cylindrical shell model with an 

opening is provided as a numerical example. Furthermore, geometrical effects, e.g. the 

opening size and the shell thickness, on the progressive buckling limit are investigated. 

Formulas for progressive buckling design of cylindrical shells with various geometrical 

parameters are derived by fitting curves. Compared with other methods, the direct 

approach could predict accurate progressive buckling load. 
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1. Introduction 

Buckling is a critical failure mode for structures subjected to compressive stress [1-

3] such as cylindrical shells [4,5] and spherical shells [6,7] subjected to external 

pressure, cylindrical shells [8-10] under axial compression and torispherical as well as 

ellipsoidal heads under internal pressure[11-13]. During the service time, the structures 

will also inevitably experience cyclic loading, such as thermal loading [14，15] and 

seismically induced cyclic loading [16,17]. For the structures subjected to a constant 

compressive loading which is smaller than the critical buckling load and to a cyclic 

secondary stress due to cyclic loading, it is expected that for certain combination of 

these loadings, the deformation increases sharply after a given number of cycles and 

buckling failure takes place. In such a case, buckling occurs due to the progressive 

increasing of the ratcheting deformation under the effect of the cyclic secondary stress. 

That is called progressive buckling [18]. 

In general, the failure mechanism of structures subjected to combinations of constant 

loading and cyclic loading is known as either a local low cycle fatigue failure 

(alternating plasticity) or ratcheting with excessive deformation (incremental plasticity) 

and many works have been reported on both failure modes [19-24]. For the structures 

subjected to compressive loading, the additional displacement and residual stress due 

to the progressive plastic strain lead to buckling failure of these structures. Thus the 

progressive buckling is another detrimental failure mode in engineering components. 

As known to all, the range of structural responses subjected to cyclic loading is usually 

illustrated through the Bree diagram [25,26], which indicates that the combination of 

loadings leads to various cyclic material and structural behaviors. In previous studies, 

a number of direct methods have been proposed which can compute the shakedown 

boundary and ratcheting boundary quickly by making a few hypotheses [27-34]. As one 

of the direct approaches that modifies the elastic modulus, the Linear Matching Method 

(LMM) [30-34] could be used to predict shakedown and ratcheting limits in Bree 

problem directly. However, the limit of progressive buckling design is not included in 

the Bree diagram until now. Therefore, to ensure the integrity of components under the 
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action of constant and cyclic loadings, much effort should be paid to the progressive 

buckling design. 

In previous studies, some experimental and theoretical works about the progressive 

buckling have been reported. Brouard et al. [35] observed the phenomenon of 

destabilization in the case of cyclic test of cylindrical tube under constant axial 

compression and cyclic torsional deformation, which is firstly evidenced by experiment 

that the critical buckling load is decreased due to the cyclic deformation. Quoc et al. 

[36] theoretically studied the progressive buckling behavior of an axially compressed 

beam subjected to thermal cyclic loading, and an estimated critical loading has been 

found to guard against progressive buckling failure. Devos, Gontier and Hoffmann [37] 

studied the case of a beam subjected to constant compressive loading and cyclic thermal 

stress, taking initial geometrical imperfections into account. They modeled the behavior 

of elastic-plastic hinges by using minimum monotonic tensile curves, and a limit of 

buckling design has been defined with this model. Because the actual cyclic behavior 

of the material is not considered and the structures as well as loading conditions are 

different for other cases, the Gontier’s limit is rather conservative compared with the 

experimental results for cylindrical shell. Then Clement et al. [18] proposed a practical 

design rule based on the Gontier's method to prevent progressive buckling failure of 

cylindrical shell under axial load and cyclic twist deformation. It is found a better 

agreement of shape between the design diagram and the lower boundary of buckling 

experimental results, than between this latter and the Gontier's curve. This method, 

however, is limited to these structures with small initial geometrical imperfections. In 

fact, buckling failure, usually caused by large displacement, is very sensitive to initial 

geometrical imperfections [38-41]. So the Clement’s method could not predict the 

progressive buckling load for structures with large initial geometrical defects. Besides, 

the cycle number, which is an important factor in progressive buckling failure according 

to experimental results [18], is not considered in the Clement’s method. As mentioned 

above, methods for progressive buckling design are based on some hypotheses, such as 

simplified material model, small initial geometrical imperfections, which predict 

inaccurate results. Meanwhile, these methods are limited to simple structures and there 
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is no unified method for the design of complicated engineering components. Therefore, 

more efforts are required for the research of progressive buckling design. 

Recently, numerical analysis is applied to investigate the buckling behavior of 

structures subjected to constant compressive stress [42-46]. In these works, the 

nonlinear buckling analysis, e.g. the arc-length algorithm, is most often used to predict 

the buckling load. Besides, the buckling behavior under cyclic loading is also 

investigated by numerical analysis [47-51]. For example, Jimbo et al. [47] and Koo et 

al. [48] studied the thin-walled cylindrical shell which is prone to buckling subjected to 

a cyclic moving axial temperature gradient. It is found that thermal buckling occurs at 

the free edge region when the ratcheting strain accumulates in the moving zone. Dicleli 

and Mehta [49] simulated the buckling behavior of steel braces under cyclic axial force-

deformation. Hassan et al. [50] analyzed the buckling behavior of square and 

rectangular structural steel hollow section under cyclic axial loading using the 

commercial finite element package ABAQUS [52]. Three modes of geometrical 

imperfections are considered in analyses and a good agreement is found between 

numerical and experimental results. In the design code RCC-MRx [53], the effect of 

cyclic secondary stress on buckling load is considered and two methods are proposed 

based on elastic analysis. In both methods, effective stress determined on the basis of 

primary stress and secondary stress should be limited to the allowable stress. However, 

the results predicted by RCC-MRx are conservative for cases less sensitive to 

geometrical imperfections, such as the buckling of cylindrical shell under bending or 

shear [54]. As mentioned above, although the finite element method has been applied 

to buckling analysis, most of methods are only used to the condition that constant 

loading or cyclic loading occurs separately. There is no unified numerical method that 

could predict progressive buckling limit accurately. 

To guard against progressive buckling failure of structures subjected to the 

combination of constant and cyclic loadings, the Bree diagram is extended to consider 

the progressive buckling failure. A direct approach based on the LMM and nonlinear 

buckling analysis is proposed to predict the limit of progressive buckling in the Bree 

diagram. The structure of this work is arranged as follows: firstly, the mechanism of 
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progressive buckling is discussed comprehensively in section 2 and numerical 

procedures for progressive buckling design developed by the authors are described in 

section 3. Then, numerical models are provided in section 4. Results and discussions 

are reported in section 5, including effects of dimension and material property on 

buckling and progressive buckling failure. In addition, formulas for progressive 

buckling design of cylindrical shells are derived by fitting curves. Finally, conclusions 

drawn through this investigation are summarized in section 6. 

 

2. Progressive buckling mechanism 

For general phenomena of structure under cyclic loading condition, e.g. shakedown 

and ratcheting, the Bree diagram could be used to illustrate the structural response. As 

mentioned above, for structures subjected to compressive loading, if ratcheting 

deformation is observed, the additional displacement and residual stress due to the 

progressive plastic strain lead to progressive buckling failure, which is another crucial 

design limit in engineering practice. In this section, the general cyclic problem and the 

mechanism of progressive buckling are discussed in detail. 

2.1. General cyclic problem 

In general, the range of all possible structural responses subjected to combined 

constant loading and cyclic loading is most often illustrated through the Bree diagram. 

The Bree diagram has been developed for different structures subjected to different 

combinations of loadings [55-58] and it is also the foundation of ratcheting assessment 

in ASME III NH [59]. A schematic illustrating the Bree diagram is shown in Fig. 1 [60]. 

The abscissa is the ratio of mechanical loading P (primary stress) to limit loading PL 

and the ordinate is the ratio of thermal loading ΔT (secondary stress) to the loading ΔT0, 

where ΔT0 is the temperature range required for yield initiation in the absence of the 

mechanical loading. As shown in Fig. 1, if P/PL + ΔT /ΔT0<1, elastic response takes 

place in the whole structure. In the domain of P/PL>1, plastic collapse occurs on the 

first loading cycle. In the shakedown regime, local plastic strain occurs in the first 

several cycles, giving rise to residual stress that prevents plastic deformation and results 
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in a purely elastic behavior in subsequent cycles. Alternating plasticity results from 

loading beyond the shakedown limit. Here the increment of plastic strain obtained 

during the first half of each loading cycle is followed by a plastic strain increment of 

equal magnitude but opposite sign during the second half. No net strain accumulates 

during each cycle but the structure ultimately fails by fatigue. Ratcheting refers to the 

condition in which a net increment of plastic strain accumulates during each cycle, 

eventually resulting in rupture. For thin-walled structures, buckling is another failure 

mode in addition to fatigue and ratcheting. If the combined loads are in the ratcheting 

region, the plastic strain increases with the increasing of load cycle, and this would 

reduce the buckling load carrying capacity, and progressive buckling will then occur. 

The local fatigue crack initiation and propagation may not significantly contribute to 

the progressive buckling. 

 
Fig. 1. Bree diagram considering progressive buckling failure, including elastic, 

shakedown, alternating plasticity, ratcheting and progressive buckling domains. The 

shadow region represents the progressive buckling domain, where N1 and N2 denote 

number of cycles. Pb0 is the buckling load in the absence of the thermal loading and Pb1 

is the progressive buckling load corresponding to the number of cycle N1 and the range 

of thermal loading ΔT1. 

To get the shakedown and ratcheting boundaries in the Bree diagram, the LMM, 
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considering elastic-perfectly-plastic material and small deformation, is developed to 

predict shakedown and ratcheting limits directly. The limit load PL, i.e. the load carrying 

capacity, is also determined as a special case of shakedown analysis. However, the limit 

of progressive buckling is not included in the Bree diagram until now. For structures 

prone to buckle, the buckling load, usually smaller than the limit load, is the critical 

load for these structures. Therefore, it will predict risky design limit if the buckling 

failure is not taken into account. 

2.2. Progressive buckling behavior 

For some structures subjected to compressive stress, buckling instead of plastic 

collapse is the governing failure mode [61]. Based on elastic buckling theory, the 

buckling pressure of cylindrical shell under axial load could be expressed as Eq.(1) [1], 

where Pb0 denotes buckling pressure, εcr is the critical strain when buckling takes place, 

E is Young’s modulus, t is thickness, R is radius, and ν is Passion ratio. If the 

mechanical properties of the material beyond the yield stress, the tangent modulus Et 

instead of E is introduced in the Eq. (1) to predict the buckling pressure. In design code 

RCC-MRx [53], the critical strain, which could be predicted by thickness t, radius R 

and Passion ratio ν, is used to predict the allowable buckling pressure. According to 

the buckling theory, the strain is an important parameter in buckling design. As shown 

in Eq. (2), the total strain consists of elastic strain and plastic strain. It could be deduced 

that the ratcheting strain will have effect on buckling pressure. 

𝑃!" = 𝐸𝜀#$ = 𝐸 𝑡
𝑅%3	(1&𝜈!)

                       (1)  

𝜀'(')* = 𝜀+ + 𝜀,                          (2)  

The theoretical solution as Eq. (1) could only be used to buckling design of simple 

case. The effect of ratcheting strain on buckling load is a complicated buckling problem 

and the nonlinear buckling analysis (Riks analysis) could be used for this complex 

buckling analysis. In Riks analysis, the applied load is governed by a load proportional 

factor λ. The applied load P is defined as Eq. (3), where P1 is the load in Riks step and 

P0 is the dead load in previous steps. 
𝑃	 = 	𝑃" 	+ 	𝜆𝑃-                           (3)  
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For progressive buckling, the issue is actually to investigate the effect of cyclic 

loading (secondary stress) on the buckling load (primary stress). In fact, both primary 

and secondary stress could result in buckling failure individually. For buckling caused 

by primary stress, e.g. buckling of a cylindrical shell under uniform axial loading, it is 

a type of buckling caused by force-controlled loading. For buckling caused by 

secondary stress, e.g. buckling of plate subjected to thermal stress, it results from 

deformation-controlled loading. The characteristic of force-controlled loading is that 

they cannot disappear when plastic deformation occurs, while deformation-controlled 

loading can disappear by this way. For most components in engineering, buckling 

failure usually takes place because of the force-controlled loading. For the deformation-

controlled buckling, it is characterized by the immediate reduction of strain induced 

load on the initiation of buckling, and by the self-limiting nature. Even though it is self-

limiting, deformation-controlled loading must be considered to guard against failure by 

excessive strain, and interaction with force-controlled loading [48,59]. For progressive 

buckling failure, the prediction of design limit is much complicated because the force-

controlled loading (primary stress) and deformation-controlled loading (secondary 

stress) occur simultaneously. On the one hand, the plastic strain accumulates at each 

cycle. This progressive deformation leads to buckling failure at a lower buckling load 

than expected. On the other hand, the cyclic secondary stress is added to primary stress, 

which increases the risk of buckling. 

To predict the progressive buckling design limit, the Bree diagram is extended to 

progressive buckling design. Figure 1 schematically illustrates the Bree diagram 

considering progressive buckling failure, and the progressive buckling domain is 

located in the ratcheting region, where N1 and N2 denote the number of cycles and the 

value of N2 is greater than N1. Pb0 is the buckling load in the absence of the thermal 

loading and Pb1 denotes the progressive buckling load corresponding to the number of 

cycle N1 and the range of thermal loading ΔT1. It could be found that the progressive 

buckling load is decreased with the increasing of thermal loading. Whereas, the 

plasticity due to cyclic secondary stress has no noticeable effect on the limit load PL. 

Besides, with the increasing of cycles, such as the number of cycles increasing from N1 
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to N2, the buckling load is decreased due to the increased accumulated deformation. It 

is also seen that the progressive buckling load is affected by the cyclic thermal loading 

in shakedown region. This is because the plastic deformation takes place in the first 

cycle, which could decrease the progressive buckling load. 

It is concluded that the cycle number as well as the secondary stress have effects on 

the value of progressive buckling load. To obtain a design limit of progressive buckling 

in the Bree diagram, it is firstly necessary to determine the traditional Bree diagram. 

Under certain combination of primary and secondary stresses, the progressive buckling 

load corresponding to a determined cycles could be predicted by nonlinear buckling 

analysis. Finally, the design point, such as (Pb1 /PL, ΔT1/ΔT0, N1) in Fig. 1, could be 

predicted. Based on above procedures, the progressive buckling design curves in the 

Bree diagram could be obtained. 

 

3. A direct approach to progressive buckling design 

In this section, a direct approach to the progressive buckling design is proposed based 

on the extended Bree diagram. The whole numerical procedure has been plotted in the 

form of a flowchart, as shown in Fig. 2. There are two stages in the direct approach as 

depicted. 

In the first stage, the main objective is to determine the traditional Bree diagram by 

the LMM. In the process, the extreme loading history of structure should be firstly 

determined. According to the loading history as well as the structural geometry, it could 

be concluded that whether the structure is prone to buckling. For example, thin-walled 

structures under compressive loading usually suffer from buckling failure. If the 

structures have no risk of buckling, the progressive buckling is excluded. Otherwise, 

the LMM is implemented to get the Bree diagram of the structures. 

In the second stage, the progressive buckling limit in the Bree diagram will be 

obtained. Firstly, nonlinear buckling analysis, such as Riks analysis in ABAQUS, is 

applied to get the buckling load Pb0 in the absence of cyclic secondary stress. Then 

ratcheting analysis is conducted via step by step analysis with certain combination of 



10 
 

constant and cyclic loadings, and the constant loading applied should be decreased from 

Pb0. The most risky state for buckling during the ratcheting analysis should be obtained. 

In general, the most risky state is that when the maximum compressive secondary stress 

is added to the primary stress or the deformation reaches its maximum value. Then 

progressive buckling load Pb of the critical state could be predicted by nonlinear 

buckling analysis. Comparing the value of Pb with the constant primary load applied in 

ratcheting analysis, if the value of Pb is equal to the constant load in ratcheting analysis, 

a progressive buckling design point is obtained. If not, reset the constant load in the 

ratcheting analysis and repeat the above procedures until the progressive buckling load 

Pb is equal to the constant load. Finally, the progressive buckling limit in Bree diagram, 

such as the design limit in Fig. 1, could be obtained via the proposed direct approach. 

 

Fig. 2. Flowchart of the direct approach to progressive buckling design, including two 

stages. In the first stage, the traditional Bree diagram is determined by the LMM. In the 

second stage, the progressive buckling limit in the Bree diagram will be obtained via 
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step by step analysis and nonlinear buckling analysis. 

4. Numerical model 

In this section, numerical example is provided to illustrate the application of the 

direct approach to progressive buckling design. Thin-walled cylindrical shell subjected 

to uniform axial pressure and cyclic thermal loading is taken as an example because of 

its wide use in engineering applications. 

4.1. Geometrical and mesh model 

Due to the functional requirement or unexpected condition, such as corrosion, 

opening is usually included in the cylindrical shell, and buckling is one of the main 

failure modes for the cylindrical shell with an opening. So the model adopted for 

numerical analysis is a cylindrical shell with an opening at the middle height of the 

shell. The length of the cylindrical shell L is 6000mm and the inner radius Ri is 1000mm. 

Various shell thicknesses t, semi-major axes a and semi-minor axes b of opening are 

chosen to investigate the effects of geometrical parameters on the progressive buckling 

load and the detailed parameters are shown in Table 1. 

Table 1 Geometrical parameters of cylindrical shells 

Length of 

cylindrical 

shell L/mm 

Inner radius of 

cylindrical 

shell Ri/mm 

Shell 

thickness 

t/mm 

Semi-major 

axis of opening 

a/mm 

Semi-minor 

axis of opening 

b/mm 

6000 1000 5~30 200~800 200~800 

 

As shown in Fig. 3, a three dimensional finite element model using ABAQUS is 

established to perform the progressive buckling analysis. The structure is discretized by 

the 20-node quadratic brick element with a reduced integration scheme (C3D20R). In 

order to capture the buckling mode of the cylindrical shell accurately, the structure 

around the opening is meshed using a higher finite element density than that in other 

regions. It should be stated that the element number depends on the model geometry. 

Taking the model with a=200mm, b=200mm and t=12mm as an example, 19,904 

elements and 110,611 nodes are generated after mesh generation. Two layers of 
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elements are considered through the thickness, which could give accurate results 

because the thickness in analysis is small and the distribution of stress is almost linearly 

varying through the thickness under the combined load. It has been proved that the 

effect of element number on analysis results is insignificant with such amount of 

element. 

 

Fig. 3. Mesh model with a=200mm, b=200mm and t=12mm, where a, b and t are the 

semi-major axis of opening, the semi-minor axis of opening and shell thickness, 

respectively. Temperature distribution of the cylindrical shell, shown as the solid blue 

line with rectangle. The applied highest reference range of temperature ΔTi is 200℃.  

4.2. Material properties 

The material model used is assumed to follow the elastic-perfectly-plastic behavior. 

For usually used material in elevated temperature, the yield stress of 2.25Cr-1Mo-V is 

about 300MPa-400MPa and the yield stress of 316SS is about 100MPa-200MPa. To 

investigate the material effect on the buckling failure, the yield stresses ranging from 

100MPa to 400MPa are used in analyses. Besides, the Young’s modulus, Poisson’s ratio 

and thermal expansion coefficient are 220GPa, 0.3 and 2.2e-5, respectively. The 

material properties used for analysis are presented in Table 2. 

 

 

 



13 
 

Table 2 Material properties 

Young’s 

modulus 

/GPa 

Yield stress 

/MPa 

Poisson’s 

ratio 

Thermal 

expansion 

coefficient 

220 100~400 0.3 2.2e-5 

4.3. Loads and boundary conditions 

As shown in Fig.4, a constant axial pressure is applied to the top end face of the 

structure and a cyclic thermal loading is applied to the shell. The distribution of 

temperature is shown in Fig. 3 and it is symmetrical about the middle height of the 

cylindrical shell. The highest temperature is located at the middle of the structure and 

the temperature decreases along the vertical (Z direction) direction. The applied highest 

reference range of temperature ΔTi in Fig. 3 is 200℃. Compressive secondary stress 

and large ratcheting strain could take place around the opening under the distribution 

of temperature shown in Fig. 3, which could make it easier to investigate the effect of 

ratcheting strain on buckling failure. 

For the boundary conditions, it could be seen in Fig. 4 that the vertical (Z direction) 

displacement of the bottom end face is eliminated and the displacements at point O in 

X and Y direction are fixed as zero. Furthermore, plain conditions are imposed on the 

top end face of the model. 
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Fig. 4. Loading history and boundary condition of the cylindrical shell. The solid red 

line and the dashed blue line represent the pressure and the cyclic thermal load, 

respectively. The vertical (Z direction) displacement of the bottom end face is 

eliminated and the displacements at point O in X and Y direction are fixed as zero. 

4.4. Progressive buckling analysis 

4.4.1. The direct approach 

Based on the direct approach described in section 3, firstly, the LMM is applied to 

get the shakedown and ratcheting boundaries in the traditional Bree diagram. Then Riks 

analysis is applied to predict the progressive buckling limit of cylindrical shell 

considering ratcheting deformation. To calculate the ratcheting deformation, step by 

step analysis, considering material nonlinearity, is conducted with certain cycles. It is 

noted that the most risky state for buckling is on the loading of last cycle when thermal 

loading is applied to the cylindrical shell and ratcheting deformation reaches its 

maximum value. 

4.4.2. The Clement’s method 

Clement et al. [18] proposed a method that can define a minimum limit of instability 

regardless of number of cycles. Design curves provided by Clement for different values 

of the stiffness parameter ξ are shown in Fig. 5. The stiffness parameter ξ is defined as 

Eq. (4), where PE is the critical Euler pressure which could be predicted by elastic 

buckling analysis and PL is the limit pressure. For different values of initial geometrical 
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imperfection δ, shown as Eq. (5), the design curves are different. For δ=0, the design 

curves are shown as Fig. 5, where the abscissa is the ratio of secondary stress ΔQ to 

mechanical loading P (primary stress) and the ordinate is the ratio of mechanical 

loading P (primary stress) to the buckling load in the absence of cyclic secondary stress 

Pb0. Until now, the method could only be used to the cases with δ<0.1. Besides, the 

cycle number is not considered in the Clement’s method, so it would predict 

conservative result for structure with small cycle number. 

                               (4) 

                                (5) 

 
Fig. 5. Clement’s design curves for progressive buckling. The initial geometrical 

imperfection δ=0. The factor d represents the maximum initial displacement and t is the 

thickness. The solid line, the dashed line and the dashed-dotted-dotted line represent 

design curves with stiffness parameter ξ of 2.5, 1.0 and 0.34, respectively. 

5. Results and discussions 

5.1. Effects of geometry and material property on buckling failure 

As mentioned in section 2, buckling and plastic collapse are two significant failure 

modes. In this section, the effects of geometrical parameter and material property on 

the buckling failure and plastic collapse are investigated. 

5.1.1. Effect of ratio of thickness to inner radius 

/E LP Px =

/d td =
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It is known that the buckling is a phenomenon related to structural dimension [62,63]. 

To have a general understanding of the buckling behaviors of the cylindrical shells with 

opening, their buckling behaviors are firstly investigated with various ratios of inner 

radius Ri to thickness t. As shown in Fig. 3, the circle opening with a=200mm and 

b=200mm is located at the middle height of the cylindrical shell. The inner radius of 

cylindrical shell Ri is constant as 1000mm, and thicknesses t ranging from 5mm to 

30mm are considered in finite element analysis. The Young’s modulus and Poisson’s 

ratio used for analysis are presented in Table 2, and the yield stress is fixed as 300MPa. 

The failure modes at point C1 and C2 of cylindrical shells predicted by Riks analysis 

with two ratios Ri/t of 83.3 and 45.4 are displayed in Fig. 6. For both ratios, wrinkles 

take place around the left and right boundary of the opening. The maximum 

displacement with ratio Ri/t of 45.5 is smaller than that with ratio Ri/t of 83.3. For the 

pressure-displacement curves shown in Fig. 6, the pressure increases with the 

displacement at the start of the analysis. Then the critical status, shown as C1 in Fig. 6, 

is reached and the shell falls into the post-buckling stage. During this stage, the 

unloading process takes place where the softening of the structure occurs and the 

negative stiffness appears, and the displacement decreases. At this time, the structure 

must release strain energy to remain in equilibrium. 

 
Fig. 6. Pressure-displacement curves and failure modes for models with Ri/t=83.3 and 

Ri/t=45.5 in Riks analysis. The curves for Ri/t=83.3 and Ri/t=45.5 are shown in the line 
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with rectangle and the line with triangle, respectively. The upper contour is the failure 

mode with Ri/t=83.3 and the lower is the failure mode with Ri/t=45.5. The yield stress 

σy is 300MPa and deformation scale factor of contour is 10. 

The critical pressures with various geometries and the plastic strain distributions of 

models with Ri/t=83.3 and Ri/t=45.5 at critical state are displayed in Fig. 7. The grey 

zone represents the elastic region and the others are plastic regions. It is seen that the 

difference between plastic buckling and plastic collapse is that the plastic strain mainly 

takes place around the boundary of the opening as well as the upper and lower 

boundaries of the shell on initiation of buckling, while the plastic strain occurs through 

the axial direction of the shell for plastic collapse. Besides, it is shown in Fig. 7 that the 

effect of ratio Ri/t on limit pressure is insignificant and the limit pressure is smaller than 

the yield stress due to the opening. While for buckling pressure, it is decreased with the 

increasing ratio Ri/t, which is due to the decreasing of stiffness caused by small value 

of t. From the results shown in Fig. 7, it is concluded that the failure modes change 

from plastic collapse to buckling with the increasing of ratio Ri/t. This is because large 

displacement takes place in the thin-walled shell and results in buckling failure, while 

for thick shell, the stiffness is large enough to guard against large displacement and the 

plastic collapse instead of buckling becomes the governing failure mode. 

 

Fig. 7. Critical pressures and plastic strain distributions for various ratios of thickness 

to inner radius. The blue circle is the plastic buckling pressure and the red rectangle is 
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the limit pressure for plastic collapse. The left upper contour and the right lower contour 

are the distributions of plastic strain on the start of plastic buckling and plastic collapse. 

The yield stress σy is 300MPa and deformation scale factor of contour is 10. 

5.1.2. Effect of yield stress 

For plastic collapse, the limit load is proportional to the yield stress. However, there 

is no idea about the effect of yield stress on buckling failure of the cylindrical shell with 

opening. In this section, the effect of yield stress on buckling pressure of cylindrical 

shell is investigated. The semi-major axis a and semi-minor axis b of opening are 

200mm. The inner radius Ri and thickness t of cylindrical shell are 1000mm and 12mm, 

respectively. The Young’s modulus and Poisson’s ratio used for analysis are presented 

in Table 2. The yield stresses ranging from 100MPa to 400MPa are considered in 

analyses. 

The failure modes at point C3 and C4 of cylindrical shells predicted by Riks analysis 

with two yield stresses of 300MPa and 100MPa are displayed in Fig. 8. The failure 

modes are quite similar but the maximum displacement with yield stress of 100MPa is 

smaller than that with yield stress of 300MPa. For critical pressure, i.e. the maximum 

pressure in the pressure-displacement curve, the value with yield stress of 100MPa is 

smaller than that with yield stress of 300MPa. 

 

Fig. 8. Pressure-displacement curves and failure modes for models with yiled stress 

σy=300MPa and σy =100MPa in Riks analysis. The curves for σy=300MPa and σy 
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=100MPa are shown in the line with rectangle and the line with circle, respectively. The 

upper contour is the failure mode with σy=300MPa and the lower is the failure mode 

with σy=100MPa. The ratio Ri/t is fixed as 83.3 and deformation scale factor of 

contour is 10. 

The critical pressures and plastic strains predicted by Riks analysis with various yield 

stresses are shown in Fig. 9. From the distributions of plastic strain, it can be concluded 

that plastic collapse is the governing failure mode for the model with yield stress of 

100MPa, while the plastic buckling takes place when the yield stress is equal to 300MPa. 

For limit pressure, it is proportional to the yield stress as the dashed red line shown in 

Fig. 9, while the buckling pressure exhibits a nonlinear growth with the increasing of 

yield stress. It is also seen that the failure modes change from plastic collapse to plastic 

buckling with the increasing of yield stress. The reason for the change of failure mode 

is that both limit pressure and buckling pressure increase with the yield stress, but the 

limit pressure presents a more significant increment than the buckling pressure. 

Therefore, the plastic buckling instead of plastic collapse becomes the governing failure 

mode for cases with larger yield stress. 

 

Fig. 9. Critical pressures and plastic strain distributions for various yield stresses. The 

blue circle is the plastic buckling pressure and the red rectangle is the limit pressure for 

plastic collapse. The dashed red line shows that limit pressure is proportional to yield 

stress. The left upper contour and the right lower contour are the distribution of plastic 
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strain on the start of plastic collapse and plastic buckling, respectively. The ratio Ri/t is 

fixed as 83.3 and deformation scale factor of contour is 10. 

5.2. Results of the progressive buckling analysis 

According to the results in section 5.1, the ratio of inner radius to thickness Ri / t and 

yield stress σy have effect on the failure mode of the cylindrical shell. It is concluded 

that plastic buckling load is the critical load when the ratio Ri / t is equal to 83.3 and 

yield stress σy is equal to 300MPa. To illustrate the application of the direct approach 

to progressive buckling design, the cylindrical shell with shell thickness of 12mm, inner 

radius of 1000mm and yield stress of 300MPa is analyzed. The loading history is shown 

in Fig. 4. 

Based on the approach described in section 4.4, the Bree diagram of cylindrical shell 

with an opening (a=b=200mm) is shown in Fig. 10. The abscissa is the ratio of axial 

pressure P to yield stress σy and the ordinate is the ratio of thermal loading ΔT to the 

loading ΔTi. As shown in Fig. 10, design curves for cycle numbers of 1, 15 and 30 are 

predicted by the direct approach. It could be found that the axial buckling pressure is 

decreased with the increasing of thermal loading. In the ratcheting region, with the same 

thermal loading, the buckling pressure is decreased with the increasing of cycles. It is 

noted that the thermal loading also has effect on the buckling pressure for the 

combination of loadings in shakedown region. As shown in Fig. 10, when the thermal 

loading ΔT/ΔTi is below 1, the progressive buckling design curves for cycle numbers 

of 1, 15 and 30 are similar because of no ratcheting deformation taking place. In 

addition, the displacement resulting from thermal loading as well as the thermal stress 

added to the primary stress result in a little reduction of the progressive buckling 

pressure. When thermal loading ΔT/ΔTi is greater than 1 in shakedown region, the 

progressive buckling pressure with the same thermal loading is decreased with 

increasing of cycle number. This is because the plastic deformation takes place in the 

first several cycles, and the accumulated plastic deformation is increased with 

increasing of cycle number. It can be expected that progressive buckling failure may 

also take place in alternating plasticity region because the ratcheting deformation takes 

place in the first several cycles. 
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Besides, the Clement’s method is also applied to predict progressive buckling 

pressure. The key parameters for design point M in Fig. 10 are shown in Table 3, where 

PE is the critical Euler pressure, PL is the limit pressure, Pb0 is the buckling load in the 

absence of cyclic secondary stress, P is the progressive buckling pressure, ξ is the 

stiffness parameter defined in Eq. (4), W is the ratio of secondary stress ΔQ to pressure 

P and V is the ratio of pressure P to Pb0. The results predicted by the design curves in 

Fig. 5 are shown in Fig. 10. It can be seen that the tendency of the design points 

predicted by direct approach is the same as that given by Clement’s method, but the 

values of buckling pressure are larger than that predicted by Clement’s method. This is 

because Clement’s method would predict conservative result for structure with small 

cycle number. 

 

Fig. 10. Bree diagram considering progressive buckling failure of cylindrical shell with 

semi-major axis a=200mm, semi-minor axis b=200mm and thickness t=12mm. The 

diamond represents Clement’s design point. The solid blue lines with circle, rectangle 

and triangle represent the cycle number of 1, 15 and 30, respectively. Design points for 

cycle number of 1, 15 and 30 with ΔT/ΔT i=2.5 are shown as point A, B and C, 

respectively. 
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Table 3 Parameters for the Clement’s method 

PE /MPa PL /MPa Pb0/ MPa P/ MPa ξ V W ΔT / ΔTi 

469 282 257 206 1.66 0.8 0.64 2.95 

 

Taking the thermal loading ΔT/ΔT i=2.5 (points A, B, C in Fig. 10) as an example, 

the plastic strain distribution of point A at the end of step by step analysis is shown in 

Fig. 11 and the maximum plastic strain takes place at point D. The maximum plastic 

strain-cycle number curves at point A, point B and point C in step by step analysis are 

shown in Fig. 11. The plastic strain at point C is the largest value among the three cases 

due to the largest cycle number of 30. It can be seen that the increments of plastic strain 

at point B and point C are decreased with the increasing of cycle. Besides, strain 

difference between point A and point B (Δε1 in Fig. 11) is larger than that between point 

B and point C (Δε2 in Fig. 11). 

 
Fig. 11. Plastic strain in step by step analysis with semi-major axis a=200mm, semi-

minor axis b=200mm and thickness t=12mm, where the ΔT/ΔTi is equal to 2.5. The 

maximum plastic strain is shown as point D. The black line with circle, the blue line 

with rectangle and the red line with triangle represent the relationship between 

maximum plastic strain and cycle number of design point A, B and C in Fig. 10. Δε1 is 

the difference of plastic strain between Point A and Point B and Δε2 is the difference 
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between Point B and Point C. 

The progressive buckling pressure considering ratcheting deformation is predicted 

by Riks analysis. The failure mode at point A (see Fig. 10) is shown in Fig. 12. The 

maximum displacement occurs at point E. The pressure-maximum displacement curves 

at point A, point B and point C are shown in Fig. 12. The initial displacement of point 

C resulting from ratcheting deformation is larger than that of point B, and the initial 

displacement of point A is the least. This is because the ratcheting plastic strain at point 

C is the largest value among these three cases (see Fig. 11). As mentioned above, the 

difference of plastic strain Δε1 is larger than Δε2, so the displacement difference ΔU1 is 

larger than ΔU2 (see Fig. 12). For the pressure-displacement curve, it is manifested that 

the pressure increases with the displacement at the start of the analysis. Then, the critical 

state reaches followed by the unloading process. The maximum pressure in the curve is 

the buckling pressure. It is seen that the buckling pressure at point A is largest and the 

smallest pressure is at point C. Besides, the difference of progressive buckling load 

between point A and point B is larger than that between point B and point C, because 

the displacement difference ΔU1 is larger than ΔU2. 

 
Fig. 12. Pressure-displacement curves in Riks analysis with semi-major axis a=200mm, 

semi-minor axis b=200mm and thickness t=12mm, where the ΔT/ΔTi is equal to 2.5. 

The maximum displacement is shown as point E. The black line with circle, the blue 

line with rectangle and the red line with triangle represent the design point A, B and C 
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in Fig. 10. ΔU1 is the difference of initial displacement between Point A and Point B 

and ΔU2 is the difference between Point B and Point C. 

5.3. Effect of geometrical parameter on progressive buckling pressure 

To have a general understanding of the progressive buckling behaviors of the 

cylindrical shells, their progressive buckling behaviors are investigated with various 

geometrical parameters. In this section, the effects of opening size as well as the shell 

thickness are discussed. 

5.3.1. Effect of opening size on progressive buckling pressure 

 The cylindrical shells with semi-major axes of opening a ranging from 200mm to 

800mm are investigated. The semi-minor axis of the opening b and thickness t are 

assumed as 200mm and 12mm, respectively.  

The Bree diagram considering progressive buckling predicted by the direct approach 

is shown in Fig. 13. As the same tendency of limit pressure, the buckling pressure Pb0 

without thermal loading is decreased with the increasing of semi-major axis a. The 

detailed values of limit pressure PL and buckling pressure Pb0 are shown in Table 4. It 

is found that the limit pressure PL predicted by the LMM is decreased from 282MPa to 

215MPa and buckling pressure predicted by Riks analysis is reduced from 257MPa to 

197MPa with semi-major axes of opening a ranging from 200mm to 800mm. The 

reason for the decreasing of buckling pressure Pb0 is that the stiffness of the cylindrical 

shell is decreased with the increasing of semi-major axis of opening a. For the 

progressive buckling pressure, the shape of design curves in Fig. 13 are similar for all 

the geometries considered here. 
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Fig. 13. Progressive buckling curves with various semi-major axes a, where the 

thickness t is 12mm. The solid blue line, dashed black line and dotted red line show the 

curves with a×b=200×200, a×b=400×200 and a×b=800×200, respectively. The 

circle symbol shows the cycle number of 1 and the rectangle represents the cycle 

number of 15. 

 

Table 4 Limit pressure PL and buckling pressure Pb0  

for various geometrical parameters 

a×b/mm t/mm PL/MPa Pb0/MPa 

800×200 12 215 197 

400×200 12 264 244 

200×200 12 282 257 

200×400 12 282 257 

200×800 12 282 257 

200×200 6 282 198 

 

The cylindrical shells with the semi-minor axes of opening b ranging from 200mm 

to 800mm are also investigated. The semi-major axis of opening a and thickness t are 

constant as 200mm and 12mm, respectively. 
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The progressive buckling curve predicted by the direct approach is shown in Fig. 14. 

It can be seen that the change of semi-minor axis b has no effect on the buckling 

pressure Pb0, which is the same as limit pressure PL. This is because the effective cross 

section area is the same for all cases. The detailed values of limit pressure PL and 

buckling pressure Pb0 are shown in Table 4. It can be seen that the limit pressure PL is 

constant as 282MPa and buckling pressure is 257MPa. For the progressive buckling 

pressure, the design curves in Fig. 14 with various geometries are the same as the 

cylindrical shell with a=b=200mm mentioned in section 5.2. It is concluded that the 

cyclic thermal load and the cycle number have the same effect on the progressive 

buckling pressure with regardless of the different semi-minor axis of opening. 

 
Fig. 14. Progressive buckling curves with various semi-minor axes b, where the 

thickness t is 12mm. The solid blue line, dashed purple line and dotted green line show 

the curves with a×b=200×200, a×b=200×400 and a×b=200×800, respectively. 

The circle shows the cycle number of 1 and the rectangle represents the cycle number 

of 15. 

5.3.2. Effect of cylindrical shell thickness on progressive buckling pressure 

The thicknesses t assumed as 6mm and 12mm are considered here to investigate the 

effect of thickness on progressive buckling behavior. The semi-major axis and the semi-

minor axis of the opening are constant as 200mm.  

The Bree diagram considering progressive buckling predicted by the direct approach 
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is shown in Fig. 15. It can be seen that the buckling pressure Pb0 decreased with the 

decreasing of thickness t due to the decreasing of stiffness. The detailed results of 

buckling pressures are shown in Table 4. As shown in Fig. 15, for progressive buckling 

of cylindrical shell with thickness of 6mm, the less decreased effect of cyclic thermal 

stress on progressive buckling pressure can be found compared with the thickness of 

12mm. 

 
Fig. 15. Progressive buckling curves with various thicknesses t, where a=b=200mm. 

The solid blue line and dashed purple line show the thickness of 12mm and 6mm. The 

circle shows the cycle number of 1 and the rectangle represents the cycle number of 15. 

5.4. Formula for progressive buckling design 

According to the analysis results shown in section 5.3, the semi-major axis of 

opening a has effect on the progressive buckling pressure, while the effect of semi-

minor axis b on the progressive buckling pressure is insignificant. In this part, the yield 

stress σy of abscissa in Figs. 13 and 14 is replaced by limit pressure PL. Then, the Bree 

diagram considering progressive buckling failure with various geometrical parameters 

is shown in Fig. 16. It can be concluded that the progressive buckling design curves are 

quite similar for models with various parameters. 

To apply the direct approach in engineering practice, formulas for progressive 

buckling design are derive by fitting curves. For thermal loading ΔT/ΔTi <0.5, i.e. the 



28 
 

maximum temperature range of the structure is less than 100℃，the effect of thermal 

loading on the progressive buckling pressure could be ignored, and the progressive 

buckling pressure is equal to the buckling pressure in the absence of thermal load Pb0. 

For ΔT/ΔTi≧0.5, design formula is expressed as Eq. (6), where y denotes the ratio 

ΔT/ΔTi and x is the ratio P/PL. The slope K in Eq. (6) is expressed as Eq. (7), which is 

related to the cycle number N. It can be seen that the increment of slope K is decreased 

with the increasing of cycle number N. This is because the decreased effect of thermal 

stress on progressive buckling pressure is reduced with the increasing cycle number N. 

From the fitting result shown in Fig. 17, it is seen that the formula gives excellent fit, 

so the Eqs. (6) and (7) could be applied to progressive buckling design if the load 

conditions, boundary conditions, etc. are the same as those described in section 4. As 

discussed in section 5.3.2, the shell thickness has effect on the design curves. As shown 

in Fig. 15, the tendency of curves with other thickness is similar to that with thickness 

of 12mm. As a result, the design formula could be determined by the same method as 

thickness of 12mm. 

y = K ( x – 0.91 ) + 0.5                         (6) 

K = 2.47 ln N – 27.03                          (7)                          

 
Fig. 16. Bree diagram considering progressive buckling failure with various geometries, 

where the thickness t is 12mm. The circle, rectangle and triangle represent the cycle 

number of 1, 15 and 30, respectively. 
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Fig. 17. Fitting curves for progressive buckling design, where the dashed red line is the 

fitting curves according to Eqs. (6) and (7). The solid blue lines with circle, rectangle 

and triangle represent the cycle number of 1, 15 and 30, respectively. 

It should be stated that there are assumptions made in deriving Eqs. (6) and (7), such 

as the material follows elastic-perfectly-plastic rule. It can be deduced that if the 

hardening model is used in analysis, the accumulated strain is smaller than that with 

elastic-perfectly-plastic model and the progressive buckling pressure with hardening 

model is larger than that with elastic-perfectly-plastic model. While the progressive 

buckling pressure with softening model will be smaller than that with elastic-perfectly-

plastic model. Besides, material originated plastic strain accumulation could not be 

modeled by elastic-perfectly-plastic model. For components with both material and 

structural originated cyclic plastic strain, complex cyclic plasticity rules such as 

Armstrong and Frederick, Chaboche, Guionnet, Ohno and Wang, etc. have to be used. 

In progressive buckling analysis, the degradations of material properties with 

temperature are ignored. The plastic strain accumulation with degraded material 

properties is larger than that with constant properties, so the progressive buckling 

pressure with degraded material properties is smaller than that with constant properties.  

In addition to the material model, other factors also have effect on the design 

formulas, such as boundary conditions, opening shape and so on. To get accurate design 

formulas, the material model, boundary conditions and geometrical parameters should 
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be determined according to the practical engineering when apply the direct approach in 

progressive buckling design. 

5.5. Further discussions 

In present work, the progressive buckling taking place in ratcheting region is 

considered in the Bree diagram. The research is meaningful for components with lower 

number of cycle. For example, in nuclear engineering, some components subjected to 

lower cycles arising from reactor startup and shutdown are no longer within the elastic 

shakedown range and ratcheting mechanism appears in some local region of these 

components. If the applied cyclic load point is not far away from the ratcheting limit, 

the plastic strain increment per cycle may not be very large and the accumulated 

ratcheting strain could be acceptably small with limited load cycles [64]. For these cases, 

if compressive stress takes place, the direct approach proposed in this work could be 

applied to progressive buckling design. 

It is expected that the progressive buckling will also take place in shakedown and 

alternating plasticity regions. For example, structures with much thinner thickness 

might suffer from progressive buckling failure in shakedown and alternating plasticity 

regions based on the results in section 5.3.2. In the next work, the mechanism of 

progressive buckling in shakedown and alternating plasticity regions will be considered 

and the results will be reported in our further works. 

 

6. Conclusions  

In the present study, the Bree diagram is extended to consider the progressive 

buckling design and a direct approach for structural progressive buckling design 

considering ratcheting deformation is proposed. The conclusions drawn through this 

investigation are shown as follows: 

(1) The Bree diagram is extended to the progressive buckling design and the progressive 

buckling failure occurs in the ratcheting domain. 

(2) A direct approach is proposed to structural progressive buckling design. In the first 

stage of the approach, the traditional Bree diagram is determined by the LMM. In the 
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second stage, the progressive buckling load could be predicted by Riks analysis. The 

direct approach could predict accurate progressive buckling load compared with other 

methods. 

(3) Compared with Clement’s method, the tendency of the design points predicted by 

the proposed direct approach is the same as that given by Clement’s method, but the 

values of buckling pressure are larger than that predicted by Clement’s method due to 

the conservatism of Clement’s method. 

(4) The effects of geometrical parameters on the progressive buckling load of 

cylindrical shell are investigated. It is found that the decreasing of semi-major axis of 

opening as well as the increasing of shell thickness could enhance the progressive 

buckling load, while the semi-minor axis of opening has no effect on the progressive 

buckling load. 

(5) Progressive buckling design curves with various parameters are predicted though 

the direct approach, and the formulas for progressive buckling design are derived by 

fitting curves. 
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