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Abstract. In this paper we review several parameter-based scalarisation
approaches used within Multi-Objective Optimisation. We propose then
a proof-of-concept for a new memetic algorithm designed to solve the
Constrained Multi-Objective Optimisation Problem. The algorithm is
finally tested on a benchmark with a series of difficulties.
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Introduction

Many real-word problems involve several competing objectives that have to be
concurrently optimised. Most everyday decisions are based on intuition and common sense. However areas as engineering, physics, economics, etc. require more
rigorous mathematical modelling and programming [25, 20, 14]. This paper deals
with Multi-Objective Optimisation Problems (MOPs) and in particular with
deterministic and continuous Constrained Multi-Objective Optimisation Problems (CMOPs) [22].
There are mainly three approaches for Multi-Objective Optimisation (MOO)
[22, 13]. The a posteriori methods, based on the definition of a partial order, calculate a set of equally valuable solutions. The decision maker then, informed of
this trade-off, chooses within the set. In the a priori methods the decision maker
is required to specify additional preferences to define a total order between different options, for example by defining an utility function. The optimisation
eventually finds a single minimal solution. The interactive methods finally require feedback and preferences from the user multiple time during the execution
of the algorithm. We are here interested in the posterior approaches for which
the whole set of possible solutions can be generated by two algorithmic methods: the direct multi-objective approach or the parameter-based scalarisation
procedure. For the former, the interested reader can find useful information in
[8, 6] while we dedicate this paper to the latter. By scalarisation we mean that
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the different objectives are aggregated and then a Single-Objective Optimisation
Problem (SOP) is solved. By using different parameters of the aggregation function finally the MOP is translated to a number of SOPs and the set of optimal
solutions is reconstructed [17].
We propose the use of Evolutionary Computation (EC) for the solution of the
scalarisation problem. This methodology has indeed become popular showing
excellent performance. Many dialects of EC have been developed and in this
paper we present an advancement of the memetic algorithm Multi–Population
Adaptive Inflationary Differential Evolution Algorithm (MP-AIDEA) [10] where
Weighted Chebyshev Scalarisation (WCS) is combined with Pascoletti-Serafini
Scalarissation (PSS) together with a novel constraint handling approach.
A review of the possible approaches to Constrained Optimsation Problem
(COP) in general is in [11] and to penalty functions in particular is in [23]. We
propose here an indirect approach with an adaptive exterior penalty function for
hard constraint handling.
The assessment of the quality of a MOO algorithm is a delicate matter.
Useful indications on how to categorise difficulties in MOPs have been described
in [7]. A benchmark based on these information has been defined in [26] while
the complexity introduced by a constrained search space has been included in
[9]. Taking inspiration from [5] we finally extend the test cases in [26] introducing
constraint functions that disconnect the objective space.
The paper is structured as follows. Section 2 presents an overview of basic
concepts about MOP and MOO. In particular, Section 2.1 presents the criteria
used to order different solutions, Section 2.2 defines the optimisation problem
that is analysed in the following of the paper and Section 2.3 presents the normalisation procedure. Section 3 reviews the most common and promising approaches
for parameter-based scalarisation. Section 4 describes our approach. Section 5
presents the benchmark and the algorithm tuning. Section 6 gives the results.
Section 7 finally concludes.

2

Basic Concepts

We start by giving some basic definitions from MOO that will be used in the
following.
2.1

Ordering Criteria

Consider the two generic non empty sets K ⊂ Rs and S ⊂ Rs , with s ∈ N.
Definition 1 (Cone). The set K is called a cone if k ∈ K, λ ≥ 0 =⇒ λk ∈ K.
Pointedness of K means that K ∩ −K = {0R }. The set S is said to be bounded
below with respect to the cone K if there exist s ∈ Rs such that S ⊂ s + K.
Definition 2 (Dominance). A point s ∈ S is said to be K-minimal for S if
(s − K) ∩ S = {s}. It is instead defined weakly K-minimal if (s − int(K)) ∩ S = {s}
where int(K) is the interior of K. It is finally defined properly K-minimal (in the
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sense of Benson [2]) if it is a minimal point for S and also 0R is a minimal point
of cl(cone(S+K−{s})) where cl(S) is the closure of S. The set of all the (weakly)
K-minimal points is called the (weakly) efficient set (εw (S)) ε(S).
In the case K = Rm
+ the K-minimal points are also called Edgeworth-Pareto
(EP)-minimal points and the K-dominance become the more famous Pareto
dominance.

2.2

Problem Statement

The scalarisation approaches presented in the paper are applied to the following
CMOP:
f (x) = [f1 , f2 , ..., fm ]T

minimise
subject to

ci (x) ≤ 0, i = 1, ..., n

(1)

x∈X
with X ⊂ Rn the parameter space, m, n ∈ N, m ≥ 2 and Y = {f (x) s.t.
x ∈ X, gj (x) ≤ 0, j = 1, ..., n} the feasible objective space. We require that fi
and cj are locally C 2 .
In the following we will assume that the closed convex pointed cone K introduces an anti-symmetric partial order ≤K in the objective space Y. The cone
K is then used to define the efficient set in the objective space ε(Y) and the
corresponding efficient set in the parameter space ε(X).

2.3

Normalisation

In case of prior knowledge about the reference points z∗ (best) and z∗∗ (worst),
the objective functions f can be normalised in order to reduce the difference in
the order of magnitude between the components fi :
f̄ =

f − z∗
.
z∗∗ − z∗

(2)

z∗ and z∗∗ can be defined as reference solutions by the decision maker. However
z∗ usually corresponds to the ideal point zideal or to the utopian point zutopian
while z∗∗ corresponds to the nadir point znadir . A visualisation of zideal , zutopian
and znadir is in Fig. 1 for a MOP with two objective functions f1 and f2 . They are
theoretic points that collapse the extreme behaviour of the different solutions in
the Pareto front. zideal is the combination of the best solutions for the different
objectives. znadir represents instead the worst possible combination of points.
zutopian , is finally defined by means of an  from zideal . The points zideal and
znadir will be used in the following of the paper while zutopian has been here
introduced for the sake of completeness.
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Fig. 1: Representation of utopian, ideal and nadir points for a generic bi-objective
optimisation problem.

3

Review of Scalarisation Strategies

This section reviews the most important parameter-based scalarisation approaches:
Epsilon-Constraint Scalarisation (ECS), Weighted-Sum Scalarisation (WSS), Benson Scalarisation (BS), WCS and PSS.
We consider a generic preference vector ω = [ω1 , ..., ωm ]T for the objective
functions f = [f1 , f2 , ..., fm ]T and a generic reference point a = z∗ . ω and a can
be either defined a priory by the decision maker or (as stated in Section 1 and
used in Section 4) made varying in order to reconstruct the entire efficient set.
The scalarisation methods are compared in Table 1 as in [19] where the following criteria have been considered: the possibility to use different ordering cones,
the necessity or not of boundedness and convexity conditions, the provability for
obtaining properly efficient solutions, the use of reference and preference information and the introduction by the method of additional constraint functions.

Table 1: Characteristics of six scalarisation methods
Method

WSS ECS BS WCS PSS CS

Ordering cone
any Rm
+
Boundedness from below
−
−
Convexity
+
−
Proof of properly efficient solutions +
−
Preference weights
+
−
Reference points
−
−
Additional constraints or variables −
+

m
Rm
any any
+ R+
− +
− −
− −
− −
− −
− +
− +
− +
− −
+ +
+ +
+ −
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Epsilon Constraint Scalarisation

The ECS was introduced by Haimes et al. in 1971 [18]. In this approach, one of
the functions in f in Eq. (1) is maintained as the objective while the remaining
functions are treated as inequality constraints
min fi
x∈X

s.t.

fk ≤ k k ∈ {1, ..., m} \ {i}
cj ≤ 0 ∀j ∈ {1, ..., n}

(3)

The boundedness from below for the ECS is not an essential condition. However, the set of thresholds k has to be decided carefully by the decision maker.
A wrong selection, indeed, could bring to a not finite optimal solution or to an
infeasible solution. The ECS can be applied only in the case when the ordering cone equals Rm
+ . The method does not require convexity condition on the
problem under consideration. It generates weakly efficient solutions and does not
provide conditions for generating properly efficient solutions. Decision maker’s
preferences, namely weights of objectives and reference points, are not taken into
account. Finally, the problem size increases due to adding the constraints.
3.2

Weighted-Sum Scalarisation

The WSS was suggested by Gass and Saaty [16] in 1955 and it is probably
the most commonly used scalarization technique for MOP. Here the Eq. (1)
translates to:
min
x∈X

n
X

ωi fi

(4)

i=1

As for the ECS the boundedness below is not required but in that case the
weights ω have to be chosen carefully. Weakly and properly efficient solutions
are guaranteed under the convexity condition. Weights of objectives are used but
reference points are not considered. The method does not introduce additional
constraints.
3.3

Benson’s Scalarisation

The method was introduced in [1]. Here an initial guess x0 is given by the decision
maker. The sum of the deviations li is maximised to find a new dominating point:
Pn
max i=1 li
x∈X

s.t.

fi (x0 ) − li − fi (x) = 0 i = 1, ..., m
l≥0
cj ≤ 0 ∀j = 1, 2, ..., n

(5)

The BS requires the ordering cone K to equal Rm
+ . The boundedness below is
not a requirement, however if the condition is not satisfied, more attention has to
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be put on the selection of x0 . There is no necessity for the problem to be convex.
BS provides necessary and sufficient conditions to converge to efficient solutions,
but not to properly efficient solutions. Preferences from the decision maker are
not taken into account. Finally, besides functions cj , additional constraints are
considered.
3.4

Weighted Chebyshev Scalarisation

The idea of the WCS is first presented in [3]. The Eq. (1) translates to:
minkf − zideal kω
∞
x∈X

s.t.

cj ≤ 0

∀j = 1, 2, ..., n

(6)

where kf −zideal kω
∞ is the weighted Chebyshev distance maxi {ωi (fi −zideal,i )}
between f (x) ∈ Y and the ideal point zideal .
The linearisation is often considered:
min t

x∈X,t∈R

s.t.

ωi (fi − zideal,i ) ≤ t, ∀i = 1, 2, ..., m
cj ≤ 0,
∀j = 1, 2, ..., n

(7)

The WCS requires the cone K to be Rm
+ . The bondedness below is a necessary condition for the existence of zideal . Instead the convexity assumption is not
needed. The method assures generation of weakly efficient solutions and efficient
solutions. However it is not guaranteed to generate properly efficient solutions.
The preference vector ω over the objective space is considered. The ideal point
could be considered as a special case for the reference point. However the solutions are not guaranteed to be close to the reference point. In the linearised
version, the size of the problem is increased by new constraints.
3.5

Pascoletti-Serafini Scalarisation

A first description of the PSS is given by Gerstewitz in [4]. As stated in [12], the
PSS is a generalisation of ECS, WSS and WCS and it can be represented as:
min t
x∈X

s.t.

a + tr − f (x) ∈ K
cj ≤ 0,
∀j = 1, 2, ..., n

(8)

Eq. (8) can be interpreted as the process where the ordering cone K is moved
in the direction −r along the line a + tr minimising the intersection (a + tr −
K) ∩ f (X) until it becomes the empty set.
An arbitrary ordering cone can be adopted. The boundedness below and the
convexity are not required conditions. The method guarantees to get at least
weakly efficient solutions but it does not provide conditions to generate properly
efficient solutions. It does use reference points but not preference vectors. Finally
it uses additional functional constraints.
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Conic Scalarisation

The Conic Scalarisation (CS) method was first introduced by Gasimov in [15]
where beside the preference weighted vector ω and the reference point a, the
augmentation parameter α is considered:
min

P

ωi (fi − ai ) + α

x∈X

i

s.t.

cj ≤ 0

P

i

|ωi (fi − ai )|
∀j = 1, 2, ..., n

(9)

As stated in [19], CS is a generalisation of WSS, BS and PSS. An arbitrary
ordering cone can be used. The boundedness below is not an essential condition.
No convexity is required. There are also conditions that guarantee to generate
properly efficient minimal points. Preference and reference information is used.
Finally, no additional constraints are required.

4

Memetic Strategy for the Constrained Scalarisation

We make the reasonable assumptions that the MOP is bounded below, which
is usually satisfied for engineering problems, that no other cone than Rm
+ is
necessary and that we are interested in efficient solutions and not necessary in
proper efficient solutions. For these reasons we have implemented in the memetic
optimiser MP-AIDEA [10] a combination of WCS and PSS in order to solve
CMOPs with the scalarisation approach.
4.1

Scalarisation Approach

We briefly describe here the extension of MP-AIDEA [10] highlighting the differences that have been introduced. The general structure of the algorithm is
summarised in Algorithm 1. A set of Npop different populations with npop elements each are first initialised: either a first guess is used or they are defined randomly. The optimisation process then hybridises the Differential Evolution (DE)
step (line 3) where the Npop populations are evolved and the local search (line 6)
where their best candidate solutions are refined. The number of local refinements
is adapted within MP-AIDEA allowing them to be run only if the converged solution in the DE is outside the basins of attraction of the previous recorded local
minima which depend on the distances between previous best solutions of the
DE and best solutions of the local search. More information about this point can
be found in [10]. The DE is then locally and globally restarted (line 10) until
the maximum number of evaluations nfeval,max (considering both DE and local
search) of the objective function is achieved (termination condition in line 2). In
particular, the number of local restarts nLR for each population and the corresponding dimension of the bubble δlocal where the starting vector is initialised
are both auto-adapted within the algorithm. The radius of the bubble for the
global restart δglobal and the convergence threshold ρ of DE are instead defined
by the user.
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More details about the DE step are in Algorithm 2. The building blocks
that make any Evolutionary Algorithm (EA) are: initialisation (line 2), variation (line 6), evaluation (lines 3 and 7), selection (line 8) and termination (line
4). In particular, the population at the first generation (G=1) is defined from
Algorithm 1. Within the main loop (lines 4-10) all the agents at the current
generation G are selected as parents and are subjected to the variation step
for the definition of generation G+1. The two schemes DE/Rand/1/bin and
DE/CurrentToBest/2/bin [24] have been implemented for the parent’s variation. The best for each agent between the corresponding parent at generation G
and offspring at generation G+1 is finally selected. The differences here introduced in the DE to solve the scalarisation problem affect only the evaluation of
the fitness function of the candidate solutions. To translate the MOP presented
in Eq. (1) to a single objective problem we propose, within the DE, to apply the
WCS described in Section 3.4:
min maxi {ωi (fi − zideal,i )} ∀i = 1, 2, ..., m
x∈X

s.t.

cj ≤ 0

∀j = 1, 2, ..., n

(10)

when the problem is not normalised, and
min maxi {ωi f¯i } ∀i = 1, 2, ..., m
x∈X

cj ≤ 0

s.t.

∀j = 1, 2, ..., n

(11)

when it is normalised. During the local search, instead, the PSS described in
Eq. (8) is implemented because a differentiable fitness function is required. The
following constrained minimisation problem is then considered
min t

x∈X,t∈R

s.t.

ωi (fi − zi ) ≤ t, ∀i = 1, 2, ..., m
cj ≤ 0,
∀j = 1, 2, ..., n

(12)

when the problem is not normalised and
min t

x∈X,t∈R

s.t.

ωi (f¯i − z̄i ) ≤ t, ∀i = 1, 2, ..., m
cj ≤ 0,
∀j = 1, 2, ..., n

(13)

when it is normalised. In Eqs. (12) and (13) zi (z̄i ) is the best candidate solution
fi (f¯i ) obtained in the previous DE. As stated in [12], Eqs. (12) and (13) could be
considered as a reformulation (a linearisation) of the WCS where an additional
variable is introduced and where the direction ri = 1/ωi . However we consider
here a different reference than the ideal point zideal .
4.2

Constraint Handling

Within the DE step and with reference to [11, 23] we propose the following
indirect approach with an adaptive exterior penalty function for hard constraint
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Algorithm 1 MP-AIDEA for the scalarisation problem
1: Initialisation
2: while nfeval < nfeval,max do
3:
Run the DE step (Algorithm 2)
4:
for p ∈ [1, 2, ..., Npop ] do
5:
if xp,best not in the basin of attraction of previous solutions then
6:
Run local search (Eq. (12)) with x0,p = xbest,p , t0,p = 0 and the reference
vector zp : min t s.t. ωi (fi (x) − zi ) ≤ t ∧ cj (x) ≤ 0, ∀i = 1, 2, ..., m, ∀j = 1, 2, ..., n
x∈X,t∈R

7:
update xp,best from the local search.
8:
end if
9:
end for
10:
Initialise populations for local or global restart in the next DE step [10].
11: end while

Algorithm 2 DE step
1: for p ∈ [1, 2, ..., Npop ] do
(G)
2:
Initialise (input) the genotype xp,q for the p-population at generation G = 1
where q = 1, 2, ..., npop
(G)
3:
Evaluate the phenotype of each candidate solution: fs,p,q (Algorithm 3)
4:
while the population is not contracted do
5:
Select parents: all generation G;
6:
Variate the parent’s genotype: two strategies randomly alternated
(DE/Rand/1/bin, DE/CurrentToBest/2/bin) define generation G+1;
(G+1)
7:
Evaluate new candidates fs,p,q (Algorithm 3):
8:
Select between parents and children with a greedy criterion
9:
update generation: G = G+1.
10:
end while
(end)
11:
xp,best = arg mini fs,p,q (xp,q );
12:
zp = {f1 (xp,best ), f2 (xp,best ), ..., fm (xp,best )}.
13: end for

Algorithm 3 DE, Evaluation
1:
2:
3:
4:
5:
6:
7:
8:
9:

for each q-agent in the population, with q ∈ [1, 2, ..., npop ] do
fs,p,q = maxi {ωi (fi (xp,q ) − zideal,i )}, i ∈ [1, 2, ..., m]
cp,q = maxj {cj (xp,q )}, j ∈ [1, ..., n]
end for
for each q-agent with k ∈ [1, 2, ..., npop ] do
if cp,q > 0 then
fs,p,q = maxi {fs,p,q } + cp,q
end if
end for

handling where hardness refers to the absolute satisfaction of the constraint. By
’indirect approach’ we mean that the COP is translated to a Free Optimisation
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Problem (FOP): this type of constraint handling is done before the EA run. The
following mapping is used:
(
fs (xp,q ) =

fs (xp,q )
maxq {fs (xp,q )} + maxj {cj (xp,q )}

if maxi ci (xp ) ≤ 0
else

(14)

where, for a generic population, fs is the scalarised value of f for the given
agent q in the population p, maxq {fs (xp,q )} is the maximum of fs over the
current population and maxj {cj (xp,q )} is the maximum constraint violation for
the considered element q. Algorithm 3 summarises the fitness evaluation within
the DE step including also the constraint handling.
For the local search (line 6 of Algorithm 1) instead the constraints in Eqs. (12)
and (13) are directly handled within the nonlinear programming solver fmincon
[21].

5
5.1

Testing Procedure
Benchmark

The test functions used in this paper have been selected from [26] where a
benchmark for unconstrained MOPs is defined. A set of constraints c inspired
by [5] has been further introduced to increase the complexity by disconnecting
the feasible set Y. A similar benchmark generation can be found in [9].
The general structure of each bi-objective optimisation problem is:
minimise T = [f1 , f2 ]T
where

f1 = f1 (x1 )
f2 = g(x2 , ..., xm )h(f1 (x1 ), g(x2 , ..., xm ))

s.t.

(15)

ci ≤ 0, i = 1, ..., n
x∈Ω

where for all the test cases it is considered that i ∈ {1, 2} and the constraint
functions are:
c1 : 1.69x21 + 1.01(gh)2 − 2.6x1 (gh) − 0.02 ≥ 0
c2 : (x1 − 0.5)2 + (gh − 0.5)2 − 0.5 ≤ 0.

(16)

The objective functions T1,2,3 are presented in the following.
Test case 1 T1 has a convex Pareto front
f1 (x1 ) = x1
Pm
g(x2 , ..., xm ) =p
1 + 9/(m − 1) i=2 xi
h(f1 , g) = 1 − f1 /g
where m = 30 and xi ∈ [0, 1]. The Pareto optimal front is at g(x) = 1.

(17)
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Test case 2 T2 is the non-convex counterpart of T1
f1 (x1 ) = x1
Pm
g(x2 , ..., xm ) = 1 + 9/(m − 1) i=2 xi
h(f1 , g) = 1 − (f1 /g)2

(18)

where m = 30 and xi ∈ [0, 1]. The Pareto optimal front is at g(x) = 1.
Test case 3 T3 presents the discreteness: the Pareto front is divided in several
non continuous convex parts:
f1 (x1 ) = x1
Pm
g(x2 , ..., xm ) =p
1 + 9/(m − 1) i=2 xi
h(f1 , g) = 1 − f1 /g − (f1 /g) sin(10πf1 )

(19)

where m = 10 and xi ∈ [0, 1]. The Pareto optimal front is at g(x) = 1.
5.2

Tuning

This section presents the tuning procedure applied to the modified version of
MP-AIDEA presented in Section 4.1 and its results. The maximum number of
function evaluations for each test problem has been fixed to nfeval,max = 5e4. The
combination of the following parameters instead have been tuned: the number
of populations Npop ∈ {2, 4}, the number of agents in each populations npop ∈
{30, 45}, the dimension of the bubble for the global restart δglobal ∈ {0.15, 0.25}
and the convergence threshold ρ ∈ {0.05, 0.15} for the DE step. The efficient set
of each problem has been uniformly discretised using 10 trigonometric couple of
θ
sin θ
π
weights wf 1 = coscos
θ+sin θ and wf 2 = cos θ+sin θ with θ ∈ [0, 2 ]. Each combination
of parameter setting and weights have been repeated 10 times. The results have
been compared with the analytical Pareto front of T1,...,3 and finally the setting
with the minimum average error has been selected. The tuning’s results are
presented in Table 2.

Table 2: MP-AIDEA tuning results
T Npop npop δglobal
1
2
3

6

2
2
4

45
45
45

ρ

0.25 0.05
0.25 0.05
0.25 0.05

Results

The efficient sets for T1,2,3 are finally plotted in Fig. 2 for 10 equally spaced
θ
sin θ
π
preferences weights wf 1 = coscos
θ+sin θ and wf 2 = cos θ+sin θ where θ ∈ [0, 2 ]. As it
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can be seen in the figures, the approach proposed in Section 4.1 is capable to find
the efficient set for the MOP satisfying the constraint functions. In particular it
has been noted that the implementation of the multi-population restart within
MP-AIDEA is of fundamental importance for such problems, as this benchmark,
that have a disconnected objective space.

(a)

(b)

(c)

Fig. 2: Efficient sets for T1 (a), T2 (b) and T3 (c). The shaded area represents
the unfeasible domain. The black line is the sub-domain containing the global
efficient set. Red points are the solution of the proposed method.
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7

Conclusions

In this paper we have presented a review of the most important scalarisation
methods for MOPs highlighting the corresponding advantages and disadvantages. We have proposed then a new memetic approach for the solution of
CMOPs. A combination of WCS and PSS has been implemented in the memetic
optimiser MP-AIDEA in order to translate the MOP to a corresponding set of
SOPs. A novel adaptive exterior penalty function has been used for the constraint handling. The approach has been tested demonstrating its capability
of finding efficient points. Future steps will regard further analysis of the performance of the proposed algorithm with both comparison between different
scalarisation techniques and different optimisation solvers. Finally, besides the
parameter-based scalarisation approach, also the direct multi-objective selection
will be considered.
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