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T w o -l a y er n a n ofl ui d fl o w a n d h e at tr a nsf er i n a h ori z o nt al mi cr o c h a n n el wit h 

el e ctri c d o u bl e l a y er  eff e cts  a n d m a g n eti c fi el d  

A bst r a ct  

P u r p os e  – T h e p ur p os e of p a p er is t o i n v esti g at e t h e i m mis ci bl e t w o-l a y er h e at fl ui d flo w s i n t h e 

pr es e n c e of t h e el e ctri c d o u bl e l a y er ( E D L) a n d m a g n eti c fi el d . Th e e ff e cts of E D L, m a g n eti c fi el d 

a n d t h e vis c o us dissi p ati v e t er m o n fl ui d v el o cit y a n d t e m p er at ur e, as w ell as t h e i m p ort a nt p h ysi c al 

q u a ntiti es ar e e x a mi n e d a n d dis c uss e d. 

D esi g n/ m et h o d ol o g y/ a p p r o a c h  – T h e  t w o  r e gi o ns  i n  a  h ori z o nt al  mi cr o c h a n n el  wit h  o n e  l a y er 

b ei n g fill e d wit h a n a n o fl ui d a n d t h e ot h er wit h a vis c o us N e wt o ni a n fl ui d. T h e n a n o fl ui d fl o w i n t h e 

l o w er l a y er is d es cri b e d b y t h e B u o n gi or n o’s n a n o fl ui d m o d el wit h p assi v el y-c o ntr oll e d m o d el at 

t h e  b o u n d ari es. A n  a p pr o pri at e  s et  of  n o n -di m e nsi o n al  q u a ntiti es  ar e  e m pl o y e d  t o si m plif y  t h e 

n o nli n e ar  s yst e ms.  T h e  r es ulti n g  c o u pl e d  n o nli n e ar  e q u ati o ns  ar e  s ol v e d  b y  h o m ot o p y  a n al ysis 

m et h o d . 

F i n di n gs – T h e pr es e nt w or k d e m o nstr at es  t h at i n cr e asi n g t h e E D L t hi c k n ess a n d H art m a n n n u m b er 

c a n r estr ai n t h e fl ui d fl o w. T h e Bri n k m a n n n u m b er h as a si g ni fi c a nt r ol e i n t h e e n h a n c e m e nt of h e at 

tr a nsf er. It is als o i d e ntifi e d t h at t h e i nfl u e n c e of E D L eff e ct s o n mi cr o fl o w c a n n ot b e i g n or e d. 

O ri gi n alit y /V al u e  – T h e  e ff e cts  of  vis c o us  dissi p ati o n  i n v ol v e d  i n  h e at  tr a nsf er  pr o c ess  a n d  t h e 

b o d y  f or c e  d u e  t o  t h e  E D L  a n d  t h e  m a g n eti c  fi el d  ar e  c o nsi d er e d  i n  t h e  t h er m al  e n er g y  a n d 

m o m e nt u m  e q u ati o ns  f or  b ot h  r e gi o ns,  r es p e cti v el y. T h e  d et ail e d  d eri v ati o n  pr o c e d ur e  of  t h e  

a n al yti c al  s ol uti o n  f or  el e ctr ost ati c  p ot e nti al  ar e  pr o vi d e d . T h e  a n al yti c al  s ol uti o ns  c a n  l e a d  t o 

i m pr o v e d u n d erst a n di n g of t h e c o m pl e x mi cr o fl ui di c s yst e ms. 

K e y w o r ds  T w o -l a y er fl o w; N a n ofl ui d; El e ctri c d o u bl e l a y er ; M a g n eti c fi el d ; P assi v el y -c o ntr oll e d 

m o d el ; H o m ot o p y a n al ysis m et h o d 

P a p e r t y p e – R es e ar c h p a p er  

N o m e n cl at u r e  

1 2,B r  Br Bri n k m a n n u m b er 

0B m a g n et i c fl u x d e nsit y i n y -dir e cti o n  

B m a g n e ti c fl u x d e nsit y v e ct or 

1 2,p pc c s p e ci fi c h e at  c a p a citi es  at  co nst a nt  pr ess ur e [J kg - 1K - 1] 

C n a n o p art i cl e v ol u m e fr a cti o n 

0C r ef er e nc e n a n o p arti cl e v ol u m e fr a cti o n  

1C n a n o p arti cl e v ol u m e fr a cti o n at t h e i nt erf a c e  
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1 2,f fC C

BD

TD

l o c al s ki n fri cti o n c o e ffi ci e nts o n t h e mi cr o c h a n n el w alls [ k g m− 3 ] 

Br o w ni a n di ff usi o n c o e ffi ci e nt  [m 2 s − 1 ] 

t h er m o p h or eti c di ff usi o n c o e ffi ci e nt [m 2 s − 1 ] 

e

( )E m  

c h ar g e of a pr ot o n  [ C] 

m a xi m u m tot al a v er a g e sq u ar e d r esi d u al e rr or for h o m ot o p y a n al ysis 

m et h o d c o m p ut ati o n or d er m  

1 2,E c  E c E c k ert  n u m b er 

1 2,s sE E str e a mi n g pot e nti als  [ V] 

1 2,s sE E di m e ns i o nl ess str e a mi n g p ot e nti als  

1 2,x xE E

1 2,F F

g

el e ctri c  fi el d  str e n gt hs [ V m− 1  o r N C− 1 ] 

el e ctri c al  bo d y  for c es  [N  m− 3 ] 

g r a vit ati o n al a c c eler ati o n  [m  s− 2 ] 

1 2,G G di m e ns i o nl ess q u a ntit y,  r e pr es e nt t h e r ati o of E D L f or c e t o vis c o us f or c e 

3 4,G G
di m e nsi o nl ess  q u a ntit y,  r e pr es e nt  t h e  r ati o  of  str e a mi n g  c urr e nt  t o 

c o n d u cti o n c urr e nt 

1 2,h h t h e hi g ht of t w o-l a y er fl ui d i n r e gi o ns I a n d II, r es p e cti v el y [ m] 

1 2,H a  H a H art m a n n n u m b er 

1 2,c cI I c o n d u cti o n c urr e nts  [ A] 

1 2,s sI I str e a mi n g curr e nts  [ A] 

1 2,J J c urr e nt d e nsit y v e ct ors 

1 2,k k

bk

1 2,f fk k

D e b y e - Hü c k el  par a m et ers  [ m− 1 ] 

B olt z m a n n c o nst a nt  [J mol − 1 K − 1 ] 

t h er m al c o n d u cti viti es of t he  li qui ds  [W m − 1 K − 1 ] 

L l e n gt h of t h e mi cr o c h a n n el  [ m] 
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in i o ni c n u m b er c o n c e ntr ati o n of t h e it h s p e ci es 

0 1 0 2,n n t h e b ul k i o ni c c o n c e ntr ati o ns [ m− 3 ] 

N b Br o w n i a n m oti o n p ar a m et er 

Nt t h er m op h or esis p ar a m et er  

1 2,N u  N u l o c al Nuss elt n u m b er  

1 2,p p pr ess ur es  [ P a] 

1 2,P P n o n- di m e ns i o n al pr ess ur e gr a di e nt p ar a m et ers 

1 2,P r  Pr Pr a n dtl  n u m b er 

1 2,w wq q w all h e at fl u x es o n t h e t w o w all of t h e mi cr o c h a n n el  [ W m− 2 ] 

Cq

1 2R e ,  R e

l o c al w all fl u x of n a n o p arti cl es o n t h e l o w er w all of t h e mi cr o c h a n n el 

[ k g m − 2 s − 1 ] 

R e y n ol ds n u m b er 

1 2,T T t e m p er at ur es [ K] 

0T r ef er e n c e t e m p er at ur e [ K] 

1 2,w wT T t e m p er at ur es on  th e mi cr o c h a n n el  wall  surf a c e  [ K] 

ˆT

1 2,u u

mu

a bs ol ut e  t e m p er at ur e [ K] 

x- c o m p o n e nt of t h e fl ui d v el o citi es  [m  s− 1 ] 

a v er a g e v el o cit y  at th e e ntr a n c e  [m  s− 1 ] 

1 2,U U di m e nsi o nl ess  v el o citi es of t h e fl ui d 

1 2,V V v el o cit y v e ct ors 

W wi dt h of t h e mi cr o c h a n n el  [ m] 

,x y C art esi a n c o or di n at es  

Y n o n- di m e nsi o n al C art esi a n c o or di n at e  

P a g e 3 of 5 5

htt p:// m c. m a n u s cri pt c e ntr al. c o m/ hff

I nt er n ati o n al J o ur n al of N u m eri c al M et h o d s f or H e at a n d Fl ui d Fl o w

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0



I nt er n ati o n al J o ur n al of 
N u

m eri c al 
M et h o d s f or 

H e at a n d Fl ui d Fl o
w

4 

1 2
ˆ ˆ,z z t h e v al e nc es of i o ns  

G r e e k s y m b ols  

1 2,α α
 

0ε

t h er m al di ff usi viti es of t h e n a n o fl ui d [ m2 s − 1 ] 

p er mitti vit y  of va c u u m  [ C V− 1 m − 1 ] 

1 2,ε ε
 

di el e ctri c c o nst a nts of t h e m e di u m  

1 2,κ κ
 

p ar a m et ers c h ar a ct eri zi n g t h e E D L  

0 1 0 2,λ λ
 

1 2,µ µ
 

1 2,ν ν
 

el e ctri c al c o n d u cti viti es of t h e fl ui d  [ Ω− 1 m − 1 ] 

d y n a mi c vis c ositi es of t h e fl ui d  [ k g m− 1 s − 1 ] 

ki n e m ati c vis c ositi es of t h e fl ui d  [ m2 s − 1 ] 

1 2,σ σ
 

el e ctri c al c o n d u cti viti es  

1 2,θ θ
 

n o n- di m e nsi o n al t e m p er at ur e distri b uti o ns  

φ  n o n- di m e nsi o n al n a n o p arti cl e v ol u m e fr a cti o n 

1 2,Φ Φ vis c o u s dissi p ati o n t er ms  

1 2,e eρ ρ
 

1 2,ρ ρ
 

c h ar g e  de nsiti es  [C  m− 3 ] 

d e nsit y of t h e fl ui ds  [ k g m− 3 ] 

τ  h e at c a p a cit y r ati o  

1 2,w wτ τ
 

s h e ar  str ess es on  th e w all  of t h e mi cr o c h a n n el [ P a] 

1 2,ζ ζ
 

z et a  pot e nti als  [ V] 

1 2,ψ ψ
 

el e ctr ost ati c  pot e nti als  [ V] 

1 2,Ψ Ψ di m e nsi o nl ess  el e ctr ost ati c p ot e nti als  

1 2,Ω Ω cr oss -se cti o n al  are as  [ m2 ] 

S u bs c ri pt  
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w p h ysi c a l q u a ntiti es o n t h e mi cr o c h a n n el w all 

,f p d e n ot e t h e fl ui d a n d s oli d p arti cl es 

1, 2 D e n ot e t h e  q u a ntiti es f or r e gi o ns I a n d II, r es p e cti v el y 

1. I nt r o d u cti o n

R e c e ntl y, fl o w a n d h e at tr a nsf er i n a mi cr o c h a n n el h as  g ai n e d gr e at i nt er est d u e t o 

its wi d e l y pr a cti c al a n d p ot e nti al a p pli c ati o ns i n m a n y i n d ustri al fi el ds, s u c h as c o oli n g 

of mi cr o- el e ctr o m e c h a ni c al s yst e m( M E M S), pr o d u cti o n of a p e n n y -si z e d n u cl e ar 

b att er y f or s m all a n d mi cr o el e ctr o ni c s yst e ms, e n h a n c e m e nt of h e at tr a nsf er i n 

a er os p a c e t e c h n ol o g y ( D ar a bi a n d E k ul a, 2 0 0 3; D o n al ds o n, 2 0 0 9).  M a t h e m ati c al 

a p pr o a c h es f or fl ui d a n d h e at tr a nsf er  pr o bl e ms h a v e als o b e e n d e v el o p e d ( Le wis  et al. , 

1 9 9 6; K ul as e g ar a m  et al. , 2 0 0 4; L e wis  et al. , 2 0 0 4; Nit hi ar as u  et al. , 2 0 1 6). H o w e v er, 

s o m e e x p eri m e nt al o bs er v ati o ns a n d t h e or eti c al st u di es  ( Wa n g a n d P e n g, 1 9 9 4; M al a 

et al. , 1 9 9 7; M al a a n d Li, 1 9 9 9; G u o a n d Li, 2 0 0 3)  s h o w ed b e h a vi o ur of t h er m al fl ui d 

fl o w i n a mi cr o c h a n n el is diff er e nt fr o m t h at i n m a cr os c o pi c s c al e. Wa n g a n d P e n g 

( 1 9 9 4) n ot i c e d t h at t h e tr a nsiti o n a n d l a mi n ar h e at tr a nsf er b e h a vi o ur i n mi cr o c h a n n el 

ar e v er y c o m pli c a t e d, a n d t h e b e h a vi o ur m a y b e str o n gl y aff e ct e d b y li q ui d t e m p er at ur e, 

v el o cit y a n d mi cr o c h a n n el si z e. M al a et al.  ( 1 9 9 7) a n d M al a a n d Li ( 1 9 9 9) i n dic at e d 

t h at t h e fl ui d fl o w a n d h e at tr a nsf er i n a mi cr o c h a n n el c o ul d b e si g ni fi c a ntl y aff e ct e d 

b y s o m e i nt er f a ci al f a ct ors s u c h as E D L (H u nt er, 1 9 8 1) . It is wi d el y a c c e pt e d t h at t h e 

eff e ct of t h e E D L o n v el o cit y distri b uti o n a n d h e at tr a nsf er c a n n ot b e n e gl e ct e d i n 

mi cr o c h a n n el fl ui d fl o w. Mi cr ofl ui di c is o n e of t h e m ost i m p ort a nt r es e ar c h fi el ds i n 

M E M S, a n d mi cr o c h a n n els ar e criti c al p art of fl ui di c -M E M S. W h e n t h e fl ui d fl o ws 

t hr o u g h a mi cr o c h a n n el, t h e E D L c a n b e f or m e d d u e t o h y dr ol ysis a n d a ds orpti o n. T h e 

eff e cts of E D L pl a ys a n i m p ort a nt r ol e i n tr a ns p ort pr o c ess es i n mi cr o c h a n n el. F or 

i nsta n c e, t h e E D L c a n r e str ai n t h e fl ui d m oti o n w hi c h c a n f urt h er aff e ct t h e pr ess ur e, 

h e at  tr a nsf er a n d t h e distri b uti o n of n a n o p arti cl es. S o m e st u di es o n fl ui d fl o w i n 

mi c r o c h a n n el a ct u at e d b y t h e a p pli c ati o n of el e ctr o ki n eti c f or c e u n d er diff er e nt 

sit u ati o ns. R e n et al.  ( 2 0 0 1) e x a mi n e d t h e m a g nit u d e of t h e a d diti o n al fl o w r esist a n c e 
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c a us e d b y t h e el e c tr o ki n eti c eff e ct a n d p oi nt e d o ut t h at t h e E D L eff e ct is t h e pri m ar y 

c a us e of t h e si g nifi c a ntl y hi g h er -pr ess ur e dr o p f or p ur e w at er a n d dil ut e a q u e o us i o ni c 

s ol uti o ns  fl o wi n g  t hr o u g h  mi cr o c h a n n els.  R e n  a n d  Li   ( 2 0 0 5) f urt h er d e v el o p e d  a 

t h e or eti c al m o d el of t h e E D L fi el d t o i n v esti g at e t h e eff e cts of el e ctri c d o u bl e l a y er o n 

pr ess ur e -dri v e n fl o w i n mi cr o c h a n n el. Y o u  a n d G u ( 2 0 1 0) st u di e d t h e eff e cts of E D L 

o n  t h e  v el o cit y  distri b uti o n  a n d  t h e  fl o w  st a bilit y  of  t h e  d e v el o p e d  l a mi n ar  fl o w  i n 

mi cr o c h a n n els.  R e c e ntl y,  Ji n g et  al.   ( 2 0 1 7) i n v esti g at e d  f ull y  d e v el o p e d  pr ess ure-

dri v e n  fl o w  i n  a  mi cr o c h a n n el  wit h  c o nsi d er ati o n  of  t h e  c o m bi n e d  eff e ct  of  s urf a c e 

c h ar g e -i n d u c e d  E D L  a n d  s urf a c e  c h ar g e-d e p e n d e nt  sli p.  B as e d  o n  t h eir  st u di es,  t h e 

a ut h ors r e v e al e d t h at E D L is a k e y f a ct or t o aff e ct t h e fl ui di c b e h a vi o ur a n d t h e t h er m al 

p erf or m a n c es  of  pr ess ur e -dri v e n  fl o w,  i n cl u di n g  vis c o us  dissi p ati o n  a n d  c o n v e cti v e 

h e at tr a nsf er (Ji n g, 2 0 1 7; Sri ni v as, 2 0 1 6; Qi a n d N g, 2 0 1 8; Z h e n g a n d Ji a n, 2 0 1 8). 

As a n e w ki n d of h e at tr a nsf er m e di u m, n a n ofl ui ds h a v e attr a ct e d m u c h att e nti o n 

of r es e ar c h ers i n v ari o us fi el ds. O n e of t h e m ost i m p ort a nt f e at ur es of n a n ofl ui ds is t h eir 

c a p a bilit y t o e n h a n c e h e at tr a nsf er p erf or m a n c e of t h e b as e fl ui d ( Ch oi, 1 9 9 5) . M a n y 

r ese ar c h ers h a v e d e v ot e d t o st u d y t h e fl o w a n d h e at tr a nsf er m e c h a nis m of n a n ofl ui d 

a n d c o nfir m e d t h at t h e s us p e n d e d n a n o p arti cl es si g nifi c a ntl y i m pr o v e h e at tr a nsf er 

pr o c ess pri m aril y o w ni n g t o t h e n a n ofl ui d p oss essi n g l ar g er h e at tr a nsf er c o effi ci e nt 

t h an t h at of t h e p ur e fl ui d ( X u an a n d Li, 2 0 0 3; H eris  et al. , 2 0 0 6; W illi a ms et al. , 2 0 0 8; 

K u z n ets o v a n d N i el d, 2 0 1 0; Wa n g et al. , 2 0 1 4; M a ni k a n d a n a n d R aj a n, 2 0 1 5; 

K ar i mi p o ur et al. , 2 0 1 5). O n t h e ot h er h a n d, t h e s u bj e ct of m ulti -fl uid fl o w a n d h e at 

tr a nsf er h as b e e n st u di e d e xt e nsi v el y d u e t o its i m p ort a n c e i n p etr ol e u m i n d ustr y, 

pl as m a p h ysi cs a n d c h e mi c al i n d ustr y. M a n y s ci e ntifi c a n d t e c h n ol o gi c al 

a p pli c ati o ns i n v ol v e m ulti- ph as e fl o w a n d m ulti -la y er flo w ( L e wis  a n d G h af o uri, 

1 9 9 7;  R e d a p a n g u et al. , 2 0 1 2; Li  et al. , 2 0 1 0; M o h’ d a n d Al- D af ai e, 2 0 1 4), s u c h as 

el e ctr o os m oti c p u m ps c o nsist of t w o i m mis ci bl e or mis ci bl e li q ui ds wit h diff er e nt 

vis c o siti es.  Pr e vi o usl y, Ar c o et al . ( 1 9 9 1) st u di e d t h e t h er m o c a pill ar y c o n v e cti o n i n a 

t w o l a y er fl ui d s yst e m wit h fl at i nt erf a c e. S u bs e q u e ntl y, t h e i m mis ci bl e t w o l a y er 

fl ui d s yst e m wit h fl at i nt erf a c e s yst e m  h as b e e n i n v esti g at e d i n r e c e nt y e ars. Xi e 

a n d Ji a n  ( 2 0 1 7) st u di e d t h e t w o i m mis ci bl e flui ds el e ctr o os m oti c fl o w i n t h e 

pr es e n c e of m a g n eti c fi el d t hr o u g h a mi cr o p ar all el c h a n n el . T h e eff e cts of 

m a g n eti c fi el d p ar a m et ers o n t h e l o c al a n d t ot al 
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e ntr o p y g e n er ati o n r at es ar e st u di e d i n t h eir w or k.  S hit et al.  ( 2 0 1 6) i n v esti g at e d a t w o-

l a y er fl ui d fl o w a n d h e at tr a nsf er i n a h y dr o p h o bi c mi cr o-c h a n n el b y c o nsi d eri n g t h e 

c o m bi n e d i nfl u e n c e of pr ess ur e gr a di e nt a n d el e ctr o -os m oti c f or c es  a n d d e m o nstr at e d 

t h at t h e z et a p ot e nti al diff er e n c e pl a ys a n i m p ort a nt r ol e i n c o ntr olli n g fl ui d v el o cit y i n 

t h e mi cr o-c h a n n el . El m a b o u d et al.  ( 2 0 1 9) st u di e d t h e el e ctr o m a g n eti c fl o w f or t w o-

l a y er of i m mis ci bl e fl ui ds i n a n i n cli n e d c h a n n el  a n d a p pli e d t h e h o m ot o p y a n al ysis 

m et h o d i n t h e  s ol uti o n pr o c ess,  a n d  r e v e al e d  t h at  t h e  v el o cit y  d e c el er at es  wit h 

i n cr e asi n g t h e m a g n eti c fi el d d u e t o t h e L or e nt z f or c e. 

M or e r e c e ntl y, t h e B u o n gi or n o’s m o d el ( B u o n gi or n o, 2 0 0 6) h as oft e n b e e n 

a d o pt e d b y r es e ar c h ers t o st u d y t h e fl o w a n d h e at tr a nsf er of n a n ofl ui ds i n v ari o us 

p h ysi c a l sit u atio ns. R o h ni et al.  ( 2 0 1 3) i n v esti g at e d n u m eri c all y t h e u nst e a d y n a n ofl ui d 

fl o w o v er a c o nti n u o usl y s hri n ki n g s urf a c e wit h w all m ass s u cti o n. S h er e m et a n d P o p 

( 2 0 1 4) s t u di e d t h e l a mi n ar n at ur al c o n v e cti v e n a n ofl ui d fl o w a n d h e at tr a nsf er i n a 

s q u ar e p or o us c a vit y wit h si n us oi d al t e m p er at ur e distri b uti o ns o n b ot h si d e w alls. 

R a h m a n et al.  ( 2 0 1 5) st u di e d t h e st e a d y n a n ofl ui d fl o w p ast a p er m e a bl e 

e x p o n e nti all y s hri n ki n g s urf a c e b y n u m eri c al si m ul ati o n. Yu et al.  ( 2 0 1 8) 

i n v esti g at e d t h e l a mi n ar mi x e d c o n v e cti o n n a n ofl ui d fl o w i n a n i n cli n e d li d-

dri v e n c a vit y  a n d a p pli e d B u o n gi or n o’s n a n ofl ui d m o d el  t o d es cri b e t h e n a n ofl ui d 

b e h a vi o urs.  T h eir w or ks n ot o nl y d e m o nstr at e d t h at t h e n a n ofl ui d c a n e n h a n c e h e at 

tr a nsf er, b ut als o c o nfir m e d t h e v ali dit y of t h e B u o n gi or n o’s m o d el. 

I n t his p a p er, t h e st e a d y i m mis ci bl e t w o-l a y er fl o w i n a h ori z o nt al mi cr o c h a n n el 

wit h t h e E D L  eff e cts  a n d m a g n eti c fi el d  is st u di e d. T h e b o d y f or c es c a us e d b y t h e E D L  

a n d  m a g n eti c  fi el d  ar e  c o nsi d er e d  i n  t h e  m o m e nt u m  e q u ati o n  f or  b ot h  r e gi o ns. T h e 

B u o n gi or n o’s m o d el is a d o pt e d d u e t o its a d v a nt a g e i n e x pl ai ni n g w ell t h e r el ati o ns hi p 

b et w e e n t h e n a n o p arti cl e s a n d t h e b as e li q ui d  ( Z h a o et al. , 2 0 1 8). T h e e n er g y a n d t h e 

c o n c e ntr ati o n of t h e  n a n o p arti cl e e q u ati o ns ar e est a blis h e d r es p e cti v e l y. As o n e of t h e 

hi g hli g hts of t h e pr es e nt st u d y , a p assi v el y c o ntr oll e d n a n ofl ui d m o d el w as a d o pt e d at  

t h e l o w er  pl at e  (K u z n et s o v   a n d Ni el d ,  2 0 1 3).  T hr o u g h  n o n di m e nsi o n ali z ati o n,  t h e 

g o v er ni n g e q u ati o ns ar e tr a nsf or m e d i nt o n o nli n e ar or di n ar y diff er e nti al e q u ati o ns. T h e 

r es ulti n g c o u pl e d n o nli n e ar e q u ati o ns ar e s ol v e d b y h o m ot o p y a n al ysis m et h o d ( H A M) 

( Li a o, 2 0 1 2), a n d t h e a n al yti c al s ol uti o ns f or el e ctri c p ot e nti al, v el o cit y, t e m p er at ur e 
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a n d n a n o p arti cl e c o n c e ntr ati o n ar e o bt ai n e d. T h e eff e cts of E D L, H art m a n n n u m b er, 

Bri n k m a n  n u m b er  a n d  t h er m o p h or esis  p ar a m et er  o n  v ari o us  p h ysi c al  q u a ntiti es  ar e 

e x a mi n e d  a n d  dis c uss e d.  T h e i m pr o v e d u n d erst a n di n g  of  t h es e  f u n d a m e nt al 

p h e n o m e n a  a n d  t h eir  m e c h a nis ms is  d e e m e d  cr u ci al  f or t o  t h e  o pti m al  d esi g n  of 

mi cr o/ n a n ofl ui di c s yst e ms.  

2. P h y si c al a n d m at h e m ati c al m o d elli n g

I n t h e f oll o wi n g s e cti o ns, t h e pr o bl e m of a n a n o fl ui d fl o w a dj a c e nt t o a cl e ar fl ui d 

t hr o u g h  a  mi cr o c h a n n el  b et w e e n  t w o  p ar all el  pl at es  wit h  t h e  e ff e cts  of  E D L  a n d 

m a g n eti c fi el d is dis c uss e d i n d et ail. T h e r e gi o n I ( 10 y h< < ) i s fill e d wit h a fl ui d of 

t h er m al di ff usi vit y 1α , vi s c osit y 1µ  a n d d e nsit y  1ρ . T h e r e gi o n II  ( 2 0h y− < < ) i s 

fill e d wit h a n a n o fl ui d, t h e d e nsit y, vis c osit y a n d t h er m al di ff usi vit y ar e 2ρ , 2µ , a n d 

2α  ,  r es p e cti v el y. Th e  b o u n d ar y  w alls  of  t h e  c h a n n el  ar e  is ot h er m al  a n d  ar e  h el d  at 

di ff er e nt t e m p er at ur es . T h e t e m p er at ur e of t h e u p p er w all a n d t h e l o w er w all ar e  1wT

a n d 2wT , r es p e cti v el y. T h e n a n o p arti cl e v ol u m e fr a cti o n at t h e i nt erf a c e is  1C , w hil e 

a p assi v el y c o ntr oll e d n a n o fl u i d m o d el is e m pl o y e d o n t h e l o w er w all. T h e m a g n eti c 

fl u x d e nsit y B  is i m p os e d al o n g t h e y-a xis.  T h e l e n gt h of t h e c h a n n el is L  as ill ustr at e d 

i n Fi g. 1. 

Fi g 1. S c h e m ati c of t h e p h ysi c al m o d el  

T h e fl o w i s ass u m e d t o b e st e a d y, l a mi n ar, f ull y d e v el o p e d i n b ot h r e gi o ns a n d t h e 

t h er m o p h ysi c al  pr o p erti e s  of  t h e  fl ui d  r e m ai n  c o nst a nt.  T h e  pr ess ur e  gr a di e nts  ar e 

ass u m e d  t o  b e  c o nst a nts  i n  b ot h  r e gi o ns.  T h e  n a n o fl ui d  fl o w  i n  t h e  l o w er  l a y er  is 

d es cri b e d b y  t h e B u o n gi or n o’s n a n o fl ui d m o d el. B as e d o n t h e pr e vi o us w or k  (S hit et 
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al. ,  2 0 1 6; Xi e  a n d  Ji a n,  2 0 1 7) , t h e  p h ysi c al  m o d el  a n d  b o u n d ar y  c o n diti o ns  i n  t his 

r es e ar c h ar e v ali d. T h er ef or e, t h e g o v er ni n g e q u ati o ns of t h e pr o bl e m i n b ot h r e gi o ns 

ar e t h e el e ctr ost ati c p ot e nti al e q u ati o n, t h e c o ns er v ati o ns of t h e t ot al m ass, m o m e nt u m, 

t h er m al e n er g y e q u ati o n a n d n a n o p arti cl e v ol u m e fr a cti o n e q u ati o n a n d c a n b e writt e n 

as  

i). R e g i o n I 

 2 1
1

0 1

eρ
ψ

ε ε
∇ = − , ( 1) 

 1 0∇⋅  =V , ( 2) 

 2
1 1  1  1  1  1  1( ) pρ µ⋅ ∇ = − ∇ +  ∇ +V  V  V F , ( 3) 

 2 1
1  1  1 1  1

1 1

( )
p

T T
c

µ
α

ρ
⋅ ∇  =  ∇  +  ΦV , ( 4) 

ii). R e g i o n II 

 2 2
2

0 2

eρ
ψ

ε ε
∇ = − , ( 5) 

 2 0∇⋅  =V , ( 6) 

 2
2 2  2  2  2  2  2( ) pρ µ⋅ ∇ = − ∇ +  ∇ +V  V V F , ( 7) 

 2 2
2  2  2 2  2 2  2 2

0 2 2

( )  [ ]T
B

p

D
T  T  D T C  T T

T c

µ
α τ

ρ
⋅ ∇  =  ∇  +  ∇ ⋅ ∇  +  ∇ ⋅ ∇  +  ΦV ,  ( 8) 

 2 2
2 2

0

( ) T
B

D
C D  C  T

T
⋅ ∇  =  ∇  +  ∇V , ( 9) 

I n t h e a b o v e e q u ati o ns, t h e s u bs cri pts 1, 2i =  d e n ot e t h e v al u es f or r e gi o ns I a n d II, 

r es p e cti v el y. H er e, iψ  ar e t h e el e ctr ost ati c p ot e nti als i n t h e el e ctri c d o u bl e l a y er, iε  

ar e t h e di el e ctri c c o nst a nt s of t h e fl ui d m e di u m, 0ε  i s t h e p er mitti vit y of v a c u u m, iV  

ar e t h e  v el o cit y v e ct or s, ip  ar e  t h e pr ess ur es. T h e v e ct or i xi ei iρ=  + ×F E  J B  ar e t h e 

el e ctri c al  b o d y  f or c es  or igi n ati n g  fr o m  t h e  pr es e n c e  of  t h e  el e ctri c  d o u bl e  l a y er  a n d 

m a g n eti c fi el d, xiE  ar e t h e el e ctri c fi el d str e n gt hs . eiρ  ar e t h e c h ar g e d e nsit i es, iJ  

ar e  t h e  c urr e nt  d e nsit y  v e ct or s, 0( 0, )B=B   i s  t h e  m a g n eti c  fl u x  d e nsit y  v e ct or, iT  

a n d 0T   d e n ot e t h e t e m p er at ur es a n d  t h e r ef er e n c e t e m p er at ur e, r es p e cti v el y. C  is t h e 
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n a n o p arti cl e v ol u m e fr a cti o n,  iΦ  ar e  t h e vis c o us di ssi p ati o n t er ms,  pic  ar e t h e h e at 

c a p a citi es . BD   a n d TD  r e pr es e nt  t h e  Br o w ni a n  diff usi o n  c o effi ci e nt  a n d  t h e 

t h er m o p h or eti c  diff usi o n  c o effi ci e nt  r es p e cti v el y,  a n d 2 2  2 2( ) ( )p p  p fc cτ ρ  ρ=   i s  t h e 

h e at c a p a cit y r ati o. S u bs cri pts  p   a n d f  d e n ot e t h e n a n o p arti cl es  a n d t h e b as e fl ui d  

i n r e gi o n II, r es p e cti v el y. 

F or a p ar all el  fl o w  i n  c h a n n els, ass u m e,  wit h o ut  l oss  of  g e n er alit y,  t h e  fl o w  is 

u ni dir e cti o n al s o t h at t h e v el o cit y c o m p o n e nt is e q u al t o z er o al o n g y -dir e cti o n. B as e d 

o n t h es e ass u m pti o ns, t h e g o v er ni n g e q u ati o ns ( 1)-( 9) ar e r e d u c e t o  

i). R e g i o n I 

 
2

11
2

0 1

ed

d y

ρψ

ε ε
= − , ( 1 0) 

 
1

2
21 1

1 1 0 1  12
0x e

d  u  d p
B u  E

d y  d x
µ  σ ρ− −  +  = , (1 1 ) 

 

22
1 1  1

1 2
1 1

0
p

d  T  d u

d y  c  d y

µ
α

ρ

 
+ = 

 
, ( 1 2) 

ii). R e g i o n II 

 
2

22
2

0 2

ed

d y

ρψ

ε ε
= − , ( 1 3) 

 
2

22 2
2 2 0 2 2 22

0x e

d  u  d p
B u  E

d y  d x
µ  σ ρ− −  +  = , ( 1 4) 

 

2 22
2  2 2  2 2

2 2
0 2 2

0T
B

p

d  T d T  D d T d ud C
D

d y  d y  d y  T  d y  c  d y

µ
α τ

ρ

     
+  + +  =     

      

,  ( 1 5) 

 
22

2
2 2

0

0T
B

D  d Td C
D

d y  T  d y
+ = , ( 1 6) 

w h er e, iu   a n d iσ ( 1, 2)i = ar e t h e  fl ui d v el o citi es al o n g t h e x -a xis a n d  t h e el e ctri c al 

c o n d u cti vit i es i n t h e r e gi o n I a n d r e gi o n II, r es p e cti v el y. 

It  is  ass u m e d  t h at  t h e  el e ctri c al  p ot e nti al,  t h e  v el o cit y,  t h e  s h e ar  str es s,  t h e 

t e m p er at ur e, a n d t h e fl u x at t h e i nt erf a c e ar e c o nti n u o us. T h e v el o citi es of fl ui d i n b ot h 

r e gi o ns s atisf y t h e n o n-sli p c o n diti o n o n t h e w all s urf a c e. T h e b o u n d ar y c o n diti o ns f or 

t h e t e m p er at ur e ar e is ot h er m al. B as e d o n pr e vi o us w or k  (K u z n ets o v  a n d Ni el d , 2 0 1 3), 
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th e n a n o p arti cl e v ol u m e fr a cti o n  s atisfi es a p assi v el y c o ntr oll e d n a n ofl ui d m o d el at t h e 

b o u n d ar y. T h er ef or e, t h e a p pr o pri at e b o u n d ar y a n d i nt erf a c e c o n diti o ns of E qs. ( 1 0)-( 1 6) 

ar e  

 

1  1 1  1  1 1

1  2 1  2 1  2 1

1  2 1 2 1  2
1  2 1  2  1  2

2
2  2 2  2  2 2

0

( )  ,  ( )  0,  ( )  ,  .

( )  ( ),  ( )  ( ),  ( )  ( ),  ( )  ,

0.
, ,  ,

( )  ,  ( )  0,  ( )  , 0,  .

w

f f

T
w B

y u y T y T at y h

y  y u y  u y T y  T y C y  C

at yd d d u d u d T d T
k k

d y d y d y d y d y d y

D d Td C
y u y T y T  D at y h

d y T d y

ψ ζ

ψ ψ

ψ ψ
ε  ε µ µ

ψ ζ

= = = =

= = = = 


=
= = = 



=  =  =  + =  = −

  ( 1 7) 

w h er e iζ   a n d ( 1, 2)fik i =  ar e  t h e  z et a p ot e nti als a n d t h e t h er m al c o n d u cti viti es i n 

t h e r e gi o n I a n d r e gi o n II, r es p e cti v el y. 

2. 1 T h e el e ctr ost ati c p ot e nti al e q u ati o n a n d t h e a n al yti c al s ol uti o n 

C o nsi d er  a  mi cr o c h a n n el  c o nsisti n g  of  t w o  p ar all el  pl at es  as  s h o w n  i n  Fi g. 1. 

Ass u mi n g t h at t h e e q uili bri u m B olt z m a n n distri b uti o n is a p pli c a bl e, it i m pli es u nif or m 

di el e ctri c c o nst a nt a n d n e gl e cti n g fl u ct u ati o n.  A c c or di n g t o t h e t h e or y of el e ctr ost ati cs, 

t h e r el ati o ns hi p b et w e e n t h e el e ctr ost ati c p ot e nti al iψ   a n d t h e c h ar g e d e nsit y eiρ  i s 

d es cri b e d b y t h e P oiss o n e q u ati o n. At a n y p oi nt i n t h e fl ui d , it is d es cri b e d a s ( M al a et 

al. , 1 9 9 7; H u nt er, 1 9 8 1) 

 
2

2
0

, 1, 2i ei

i

d
i

d y

ψ ρ

ε ε
= − = , ( 1 8) 

w h er e t h e s u bs cri pts 1, 2i =   d e n ot e t h e v al u es f or r e gi o n s I a n d II, r es p e cti v el y 

F or t h e c as e of a n y fl ui d c o nsisti n g of  t w o ki n ds  of  i o ns of e q u al a n d o p p osit e 

c h ar g e ,i iz z+ − , t h e n u m b er of i o ns of e a c h t y p e ar e gi v e n b y t h e B olt z m a n n e q u ati o n 

 0

ˆ
e x p

ˆ
i i

i i

b

z e
n n

k T

ψ−
 

=  
 

 a n d  0

ˆ
e x p

ˆ
i i

i i

b

z e
n n

k T

ψ+
 

= − 
 

, 1, 2i = ,  ( 1 9) 

w h er e  0 in  a n d ˆiz  ar e t h e  b ul k i o ni c c o n c e ntr ati o n s a n d t h e v al e n c e of t y p e  i   i o ns, 

r es p e cti v el y, e  d e n ot es t h e c h ar g e of a pr ot o n, iψ  ar e t h e el e ctr ost ati c p ot e nti als. bk

a n d ˆT ar e t h e B olt z m a n n c o nst a nt a n d t h e a bs ol ut e t e m p er at ur e , r es p e cti v el y. T h e n t h e 

n et c h ar g e d e nsit y eiρ  i n a u nit v ol u m e of t h e fl ui d i n b ot h r e gi o ns c a n b e writt e n as 

 0

ˆ
ˆ ˆ( ) 2 S i n h 1, 2

ˆ
i i

ei i i i i i

b

z e
n  n  z e  n  z e i

k T

ψ
ρ + −

 
= − = − = 

 
， .  ( 2 0) 
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w

1 2 
 

S u b stit u ti n g  E q.( 2 0) i nt o  t h e  P oiss o n  e q u ati o n ( 1 8),  t h e  w ell-k n o w n  P oiss o n -

B olt z m a n n e q u ati o n is o bt ai n e d 

 
2

0
2

0

ˆ ˆ2
S i n h , 1, 2

ˆ
i  i i i  i

i b

d  n  z e  z e
i

d y k T

ψ ψ

ε ε

 
= = 

 
. ( 2 1) 

I ntr o d u ci n g a s et of di m e nsi o nl ess q u a ntiti es as f oll o ws 

 
1

y
Y

h
= , 

ˆ
( )

ˆ
i i

i

b

z e
Y

k T

ψ
Ψ = , *

0

( )
ˆ
ei

ei

i i

Y
n  z e

ρ
ρ = . ( 2 2) 

a n d  t hr o u g h  n o n di m e nsi o n ali z ati o n,  E q. ( 2 1) c a n  b e  n o n -di m e nsi o n ali z e d  t o  t h e 

f oll o wi n g f or ms ( )
2

21
1 12

( )
Si n h ( )

d Y
Y

d Y
κ

Ψ
=  Ψ , 

2 2
*1 1
12

( )
( )

2
e

d Y
Y

d Y

κ
ρ

Ψ
= − , 0 1Y< < .(2 3 ) 

 ( )
2

2 22
2 22

( )
Si n h ( )

d Y
h Y

d Y
κ

Ψ
=  Ψ , 

2 2 2
*2 2
22

( )
( )

2
e

d Y  h
Y

d Y

κ
ρ

Ψ
= − , 

1
0Y

h
− < < .  ( 2 4) 

w h er e 1 2h  h h= , i  i ih kκ = , i n w hi c h ( )
1/ 2

2 2
0 0

ˆˆ2i  i i  i bk  n  z  e  k Tε ε= is  t h e  D e b y e- Hü c k el  

p ar a m et er, a n d  1 ik  i s g e n er all y r e g ar d e d as t h e E D L t hi c k n ess ( 1, 2i = ). 

A c c or di n g  t o  t h e D e b y e- H ü c k el  li n e ar  a p pr o xi m ati o n, t h e  el e ctri c p ot e nti al  is 

t y pi c all y m u c h s m all er t h a n t h e t h er m a l e n er g y of t h e i o ns, i. e. ˆˆ
i i  bz e  k Tψ  , s u c h t h at 

t h e h y p er b oli c si n e f u n cti o n i n E qs.( 2 3) a n d ( 2 4) c a n b e a p pr o xi m at e d b y t h e first t er m 

i n a Ta yl or s eri es. T h us, E qs. ( 2 3) a n d ( 2 4) c a n  b e r e writt e n as  

 
2

21
1 12

( )
( )  0  1

d Y
Y Y

d Y
κ

Ψ
=  Ψ  < <， , ( 2 5) 

 
2

2 22
2 22

( ) 1
( )  0

d Y
h Y  Y

d Y h
κ

Ψ
=  Ψ  − < <， , ( 2 6) 

T h e n o n -di m e nsi o n al b o u n d ar y c o n diti o ns of E qs .( 2 5) a n d ( 2 6) c a n b e o bt ai n e d 

fr o m E q.( 1 7), as 

 1 1 2  2
1 2

ˆ ˆ1
( 1) , ( )

ˆ ˆ
b b

z e z  e

hk T k T

ζ ζ
Ψ  =  Ψ −  = , ( 2 7) 

 1 2
1 2

0 0

ˆ( )  ( )
ˆ( 0) ( 0),

Y Y

d Y  d  Yz
z

d Y d Yε= =

Ψ Ψ
Ψ = Ψ = , ( 2 8) 

w h er e 1 2  1 2ˆ ˆ ˆ ,z  z z ε  ε ε= = . 

Wit h t h e a b o v e b o u n d ar y c o n diti o ns  ( 2 7) a n d ( 2 8), t h e s ol uti o ns of E qs. ( 2 5) a n d 

( 2 6) ar e o bt ai n e d  
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w

1 3 

1 1 1  2  1  2 1  2  1

2 2  1  1

( ) [ Si n h  C os h( )  C os h Si n h( )

ˆ Si n h( )]

Y Y h Y

h z  Y  C κ

ε κ ζ κ κ κ ζ κ κ

κ ζ  κ  κ

Ψ = +

+ −
,  ( 2 9) 

2 1 1  2  2  1  2  1 2

2 2  1  2

ˆ( ) [ Si n h( )  C os h Si n h( )

ˆ ˆSi n h  C os h( )] ( )

Y h Y  z h Y

h z h Y z C κ

ε κ ζ κ κ ε κ ζ κ κ

κ ζ  κ  κ

Ψ =  +  −

+
,  ( 3 0) 

w h er e 1  2  1 2  2  1Si n h  C os h  C os h Si n hC hκ ε κ κ κ κ κ κ= +    a n d 1  1 1
ˆˆ ( )bz e  k Tζ ζ=   , 

2  2 2
ˆˆ

bz e  k Tζ ζ=  ar e  c o nst a nts.  

2. 2 T h e di m e nsi o nl ess f or m of m o m e nt u m, t h er m al e n er g y a n d n a n o p arti cl es e q u ati o ns  

F or  t h e  c o n v e ni e n c e  of  m at h e m ati c al  c al c ul ati o n  a n d  i n -d e pt h  a n al ysis  of  t h e 

p h ysi c al  m e c h a nis m,  it  is  n e c ess ar y  t o  n o n di m e nsi o n ali z e  t h e  g o v er ni n g  e q u ati o ns. 

D efi n e t h e n o n- di m e nsi o n al q u a ntiti es as f oll o ws ( 1, 2)i =  

0 0

1 0 1 0

,  ( )  ,  ( )  ,  ( )i i
i i

m wi

u  T  T  C Cy
Y  U Y  Y Y

h  u  T  T  C C
θ φ

− −
= = = =

− −
,  ( 3 1) 

w h er e,  
mu  i s  t h e  a v er a g e  v el o cit y  at  t h e  e ntr a n c e, 

0C  i s  t h e  r ef er e n c e  n a n o p arti cl e 

v ol u m e fr a cti o n.  

N o n -di m e nsi o n ali z e  t h e  m o m e nt u m  E qs. (1 1 ) a n d ( 1 4) b y  t h e  n o n -di m e n si o n al 

q u a ntiti es ( 2 2) a n d ( 3 1), w e o bt ai n 

2
21

1  1  1 1  1 12
2 0s

d U
P  G  E  H a  U

d Y
+  −  Ψ −  = , ( 3 2) 

2
2  2 2 22

2  2  2  2  2 22
2 0s

d U
h P  h G E  h H a U

d Y
+  −  Ψ −  = , ( 3 3) 

s u bj e ct  t o t h e b o u n d ar y c o n diti o ns, 

1 2
1  1 2 2

0 0

( )  ( )1 1
( 1) 0, ( 0) ( 0), , ( ) 0

Y Y

d U Y d U Y
U  U U U

d Y d Y hµ= =

=  = = − = ,  ( 3 4) 

w h er e,  1 2  1  2, ,h  h h µ  µ µ= =    1G    a n d 2G    ar e  c o nst a nts,  0i  i  i iH a  B h σ µ=

( 1, 2)i =  ar e t h e n o n -di m e nsi o n al H art m a n n n u m b er s i n r e gi o ns I a n d II, r es p e cti v el y, 

w hi c h is a m e as ur e of t h e str e n gt h of t h e a p pli e d m a g n eti c fi el d. T h e p ar a m et ers iP  

a n d siE   ( 1, 2)i =   ar e  t h e  n o n -di m e nsi o n al  pr ess ur e  gr a di e nt  p ar a m et ers  a n d  t h e 

str e a m i n g p ot e nti als i n r e gi o ns I a n d II, r es p e cti v el y, a n d ar e d efi n e d b y 

P a g e 1 3 of 5 5

htt p:// m c. m a n u s cri pt c e ntr al. c o m/ hff

I nt er n ati o n al J o ur n al of N u m eri c al M et h o d s f or H e at a n d Fl ui d Fl o w

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0



I nt er n ati o n al J o ur n al of 
N u

m eri c al 
M et h o d s f or 

H e at a n d Fl ui d Fl o
w

1 4 

2 2 2
0 1 1 1 1 0 2 2 2 2

1 2

1 2

ˆ ˆ
,  , ,i i si xi

i si

i m  i i  i m m

h  p  E  E  L  n  z e  h  n  z  e  h
P  E  G G

u  x u L u L

ζ ζ

µ  ζ ζ  µ  µ

∂
= − = = =  =

∂

As s e e n i n E qs. ( 3 2) a n d ( 3 3), t h e str e a mi n g p ot e nti al 1sE   a n d 2sE  ar e u n k n o w n. 

It is n ot e d t h at as t h e el e ctr ol yt e fl o ws o v er a s oli d s urf a c e, fr e e c h ar g e d p arti cl es i n t h e 

E D L  s urf a c e  will  m o v e  al o n g  t h e  dir e cti o n  of  li q ui d  fl o w.  T h e  m o v e m e nt  of  t h es e 

c h ar g e d p arti cl es l e a ds t o t h e a c c u m ul ati o n  of c h ar g es d o w nstr e a m. T h us, a p ot e nti al 

diff er e n c e is f or m e d b et w e e n t h e u pstr e a m a n d d o w nstr e a m. T his p ot e nti al is k n o w n as 

str e a mi n g  p ot e nti al.  C orr es p o n di n gl y,  t h e  c urr e nt  pr o d u c e d  b y  t h e  m o v e m e nt  of 

c h ar g e d p arti cl es is c all e d str e a mi n g c urr e nt, d efi n e d b y 

1

1  1 1  1s eI  u dρ
Ω

=  Ω∫ ,       i n R e gi o n I ( 3 5) 

2

2  2 2  2s eI  u dρ
Ω

=  Ω∫ ,        i n R e gi o n II ( 3 6) 

h er e, 1Ω   a n d 2Ω  ar e t h e cr os s -s e cti o n al ar e as of t h e r e gi o ns I a n d II, a n d i ih WΩ =

( 1, 2)i = , W  is t h e wi dt h of t h e mi cr o c h a n n el. 

Usi n g  E qs. ( 2 2)-( 2 4) a n d  ( 3 1),  t h e di m e nsi o nl ess  f or m  of  str e a mi n g  c urr e nt  is 

o bt ai n e d as  
1

1 1 0 1 1 1 10
ˆ2 ( )  ( )s mI  W h u n z e  U Y Y d Y= − Ψ∫ , ( 3 7) 

0

2 1 0 2 2 2 21
ˆ2 ( )  ( )s m h

I  W h u n z e  U Y Y d Y
−

= − Ψ∫ , ( 3 8) 

C o nsi d eri n g t h at t h e str e a mi n g p ot e nti al g e n er at e d b y t h e str e a mi n g c urr e nt will 

pr o d u c e a c o n d u cti o n c urr e nt i n t h e r e v ers e dir e cti o n, t h us 

0 1 1 1
1

s
c

E
I

L

λ Ω
= ,        i n R e gi o n I ( 3 9) 

0 2 2 2
2

s
c

E
I

L

λ Ω
= ,        i n R e gi o n II ( 4 0) 

w h er e , 0 1λ   a n d 0 2λ  ar e t h e el e ctri c al c o n d u cti viti es  of t h e fl ui d i n r e gi o ns I a n d II. 

Usi n g  t h e  r el ati o ns =si si iE E ζ  a n d i ih WΩ = ( 1, 2)i =  ,  t h e  n o n- di m e nsi o n al 

c o n d u cti o n c urr e nt is gi v e n b y 

0 1 1 1 1
1

s
c

E  h W
I

L

λ ζ
= , ( 4 1) 
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 0 2 2 2 2
2

s
c

E  h W
I

L

λ ζ
= , ( 4 2) 

Us u all y  t h e  n et  el e ctri c al  c urr e nt  is  t h e  al g e br ai c  s u m m ati o n  of  t h e  str e a mi n g 

c urr e nt a n d t h e c o n d u cti o n c urr e nt. I n a st e a d y st at e, t his n et el e ctri c al c urr e nt s h o ul d 

b e z er o, w hi c h i n di c at es  

 1 1 0s cI I+ = ,      i n R e gi o n I ( 4 3) 

 2 2 0s cI I+ = ,      i n R e gi o n II ( 4 4) 

T h er ef or e, t h e el e ctr o k in eti c p ot e nti al ( 1, 2)xiE i =  c a n b e o bt ai n e d b y b al a n ci n g 

t h e str e a mi n g c urr e nt a n d c o n d u cti o n c urr e nt at t h e st e a d y st at e. Usi n g E qs. ( 3 7)-( 3 8) 

a n d E qs. ( 4 1)-( 4 2), 1sE   a n d 2sE  ar e o bt ai n e d  

 

 
1

1  3 1  10
2  ( )  ( )sE  G  U Y Y d Y=  Ψ∫ ,     i n R e gi o n I ( 4 5) 

 
0

2  4  2 21
2  ( )  ( )s h

E h G  U Y Y d Y
−

= Ψ∫ ,      i n R e gi o n II ( 4 6) 

w h er e 3 0 1 1 0 1 1ˆ ( )mG u n z e L λ ζ=   a n d 4 0 2 2 0 2 2ˆ ( )mG u n z e L λ ζ=  ar e c o nst a nts.  

T h er ef or e, E qs. (3 2 )-( 3 3) ar e tr a nsf or m e d i nt o t h e f oll o wi n g f or m 

 

 
2

1
21

1  1 3  1 1  1  1 12 0
4 0, 0 1

d U
P  G  G  U d Y  H a  U Y

d Y
+  −  Ψ  Ψ −  =  <  <∫ .  ( 4 7) 

 
2

0
2  3 2 22

2  2 4  2 2 2  2  22 1

1
4 0, 0

h

d U
h P  h G G  U  d Y  h H a U  Y

d Y h−
+  − Ψ  Ψ −  =  −  <  <∫ .  ( 4 8) 

Si mil arl y, s u bstit uti n g t h e n o n - dim e nsi o n al v ari a bl es ( 3 1) i nt o E qs.( 1 2) a n d ( 1 5)-

( 1 6),  w e  o bt ai n e d  t h e  r e d u c e d  e n er g y  e q u ati o ns  a n d  c o n c e ntr ati o n  of  n a n o p arti cl es 

e q u ati o n as 

 
22

1 1
12

0, 0 1
d d U

Br Y
d Y d Y

θ  
+  =  < < 

 
, ( 4 9) 

 
2 22

2 2  2  2
22

1
0, 0

d d d d Ud
N b  Nt B r Y

d Y d Y d Y d Y d Y h

θ θ  θφ      
+  +  +  =  − < <     

     
,  ( 5 0) 

 
22

2
2 2

1
0, 0

dd  Nt
Y

d Y  N b d Y h

θφ
+  =  − < < , ( 5 1) 

T h e c orr es p o n di n g b o u n d ar y c o n diti o ns i n n o n- di m e nsi o n al f or m ar e 
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1  1  2 2

1 2 2

1 1
0 0

( 1) 1, ( 0) ( 0), ( 1 ) 1, ( 0) 1,

, 0,
YY Y Yf

h h

h

d d dd
N b  Nt

d Y k d Y d Y d Y

θ θ δ θ θ φ

θ θ θδ φ

= −= = = −

=  =  − =  =

=  + =
  ( 5 2) 

w h er e , 2 0  1 0(  ) (  )w wT  T T Tδ = − −   a n d 1 2f  f fk  k k=  ar e c o n st a nt s, t h e  p ar a m et ers 

( 1, 2)iB r i = , N b  a n d  Nt  ar e t h e Bri n k m a n n u m b er, t h e Br o w ni a n m oti o n p ar a m et er  

a n d  t h e t h er m o p h or esis p ar a m et er, r es p e cti v el y, a n d t h e y ar e d efi n e d b y 

 1  0 2 0

2 2 0

( )  (  )
, ,B T w

i  i i

D C  C  D T  T
Br  Pr  E c  N b Nt

T

τ τ

α α

− −
= ⋅ =  = ,  ( 5 3) 

i n w h i c h i  i iP r ν α=   a n d 2
0[ ( ) ], ( 1, 2)i  m pi  wiE c u c T T i=  − =   ar e  t h e  Pr a n dtl  n u m b er 

a n d E c k ert n u m b er i n r e gi o ns I a n d II, r es p e cti v el y. 

2. 3 I m p ort a nt p h ysi c al q u a ntiti es 

It is n ot e d t h at a n y r e al fl ui ds fl o wi n g al o n g a s oli d b o u n d ar y will i n c ur a s h e ar 

str ess at t h e b o u n d ar y. B esi d es, it is n e c ess ar y t o u n d erst a n d c o n v e cti v e h e at tr a nsf er 

b et w e e n  t h e  mi cr o c h a n n el  s urf a c e  a n d  t h e  fl ui d  fl o wi n g  p ast  it.  T h er ef or e,  t h e 

p h ysi c all y i m p ort a nt q u a ntiti es of pr a cti c al i nt er ests ar e t h e l o c al s ki n fri cti o n, t h e l o c al 

N uss elt n u m b er a n d t h e l o c al S h er w o o d n u m b er. I n pr es e nt w or k, t h e y ar e d e fi n e d as 

f oll o ws ( 1, 2)i =  

 
21

2

,wi
fi

i m

C
u

τ

ρ
= 2

0 1 0

, ,
( )  ( )

i  wi C
i

fi  wi B

h q h  q
N u S h

k T  T  D C  C
= =

− −
  ( 5 4) 

w h er e , 

 
1 1

2( 1) ( 1)

,  , .
i i

i i

i i
wi i wi fi C  B

y h y h y h

d u d T d C
q  k  q D

d y d y d y
τ µ

+ += − = − = −

=  = − = −   ( 5 5) 

S u bstit uti n g E qs. ( 3 1) a n d ( 5 5) i nt o E q. ( 5 4) , w e o bt ai n 

 
1 1  1  2  2  2 1  1

2 2

2 1
R e 2 ( 1),  R e ( ), ( 1),

1  1  1 1
( ),  ( )

f fC  U  C  U  N u
h h

N u S h
h  h  h h

θ

θ φ

′  ′ ′=  = − = −

′ ′= −  −  = − −

  ( 5 6) 

w h er e R e i  i  m i  iu hρ µ=   ( 1, 2)i =   ar e  t h e  R e y n ol ds  n u m b ers i n  r e gi o ns  I  a n d  II, 

r es p e cti v el y. 
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3.  R es ults a n d dis c us si o n  

T h e  h o m ot o p y  a n al ysis  m et h o d ( H A M) is  a p pli e d  t o  o bt ai n  s ol uti o ns  t o  t h e 

pr o bl e m d efi n e d i n t h e pr e vi o us s e cti o n. It is w ort h m e nti o ni n g t h at E qs. (4 7 ) a n d ( 4 8) 

c o nt ai n t w o u n k n o w n c o nst a nts 
1

1 10
U d YΨ∫   a n d 

0

2 21 h
U d Y

−
Ψ∫ . T h e i nte gr al t er ms ar e 

t y pi c all y diffi c ult t o c al c ul at e dir e ctl y b y  eit h er n u m eri c al or a n al yti c al m et h o ds. T o 

o v er c o m e t his diffi c ult y, i n t h e pr es e nt a p pr o a c h , e xt e nsi o n h as b e e n m a d e t o  t h e H A M  

t o o bt ai n t h e a c c ur at e s ol uti o ns of t h e n o nli n e ar e q u ati o ns ( 2 5)-( 2 8) a n d ( 4 7)-( 5 2). I n 

t h e pr es e nt c o m p ut ati o n al pr o c ess, t h e e x a ct v al u e s f or 
1

1 10
U d YΨ∫  a n d  

0

2 21 h
U d Y

−
Ψ∫  

ar e  o bt ai n e d  s p o nt a n e o u sl y  wit h o ut  a n y  a p pr o xi m ati o ns.  U nli k e  t h e  ot h er  a n al yti c 

t e c h ni q u es,  t h e  H A M  pr o vi d es  us  a  c o n v e ni e nt  w a y  t o  c o ntr ol  a n d  a dj ust  t h e 

c o n v er g e n c e  of  s ol uti o n  s eri es,  s o  t h at  t h e  c o n v er g e n c e  of  s ol uti o n  s eri es  c a n  b e 

g u ar a nt e e d. T h e d et ails ar e s h o w n i n t h e A p p e n di x. 

T o v erif y t h e a c c ur a c y of t h e r es ults, t h e m a xi m u m t ot al a v er a g e s q u ar e d r esi d u al 

err or  f u ncti o n is d efi n e d as   

 ( )  m a x {  ( ),  ( ),  ( ),  ( ) },  1, 2
i  i iUE m  E  m E  m E m E m  iθ φΨ= =   ( 5 7) 

w h er e  

 

1 2

1

2

1

2

1 0
2  2 2 2  2

1  1 1 2  2 20 1

1 1
2 2

1 1 1 3  1 1  1  1 10 0

0 0
2  3 2 2  2

2  2 2 4 2  2  2  2  21 1

1
2 2

1  1 10

2

( )  (  )  ,  ( )  (  )  ,

( )  (  4 )  ,

( )  ( 4 ) ,

( )  (  ) ,

( )  (

h

U

U h h

E  m d Y  E  m h d Y

E  m  U  P  G  G  U d Y  H a  U d Y

E  m  U h  P h  G  G  U d Y h  H a  U d Y

E  m  Br U d Y

E m

θ

θ

κ κ

θ

θ

Ψ Ψ −

− −

′′ ′′=  Ψ −  Ψ =  Ψ  − Ψ

′′= +  −  Ψ  Ψ −

′′=  +  − Ψ  Ψ −

′′ ′= +

′′=

∫ ∫

∫ ∫

∫ ∫

∫
0

2  2 2
2  2  2 21

0
2

21

) ,

( )  (  )  ,

h

h

N b  Nt  Br  U d Y

Nt
E  m d Y

N b
φ

θ φ  θ

φ θ

−

−

′ ′  ′  ′+  + +

′′ ′′= +

∫

∫

  ( 5 8) 

i n w hi c h, m is t h e c o m p ut ati o n al  or d er. 

S u bstit uti n g m  t h  or d er  s ol uti o ns  i nt o  E q.( 5 7),  t h e c orr es p o n di n g  err or  c a n  b e 

o bt ai n e d.  I n  or d er  t o  f a cilit at e  c al c ul ati o n,  t h e  c o nst a nts  a n d  t h e  di m e nsi o nl ess 

p ar a m et ers ar e gi v e n t h e fi x e d v al u es u nl ess ot h er wis e s p e cifi e d i n t h e pr es e n t w or k 

i n cl u di n g 1 2 3 4 1G G  G G= = = = , 1 2 1ζ ζ= = , ˆ 1fk zµ  ε δ= = = = = , 1 2 1P P= = . It 
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i s w ort h n oti n g t h at t h e dist a n c e r ati o of t h e t w o-l a y er fl ui d h   w as c o m m o nl y c h os e n 

as 1 i n m ost pr e vi o us st u di es  ( S hit et al., 2 0 1 6; Xi e a n d Ji a n, 2 0 1 7) i m pl yi n g t h at t h e 

t w o-l a y er fl ui d h a v e t h e s a m e s p ati al s c al es. H o w e v er,  i n a r e al e n gi n e eri n g c as e, t h e 

s p a c e s c al e o c c u pi e d b y t h e t w o l a y ers of li q ui d ar e oft e n  diff er e nt.  I n vi e w of t his, t h e 

diff er e nt  s p ati al  s c al es  f or  t h e  t w o -l a y er  fl ui d  ar e  c o nsi d er e d  i n  t h e  pr e s e nt  st u d y, 

n a m el y, 2h = . I n t his c as e, w e o bt ai n t h e m a xi m u m err or ( )E m  f or v ari o us v al u es 

of 1κ  a n d 2κ   , as li st e d i n Ta bl e I a n d Ta bl e II. It is s h o w n t h at t h e m a xi m u m err or 

c o nti n u es  t o  d e cli n e  wit h  t h e  i n cr e as e  of  c al c ul ati n g  or d er  d e m o nstr ati n g  t h at  t h e 

a c c ur a c y of t h e r es ults is g u ar a nt e e d.  T h er ef or e, t h e 4 0t h or d er c al c ul ati o n r es ults w er e 

a d o pt e d f or a n al ysis a n d dis c ussi o n i n pr es e nt w or k.  It is n ot e d t h at wh e n  t h e v al u e of 

1κ  or 2κ  i s gr e at er t h a n 5, th e err or c o n v er g e n c e of t h e p ot e nti al e q u ati o n t e n ds t o b e  

sl o w,  w hi c h s u bs e q u e ntl y l e a ds t o t h e sl o w c o n v er g e n c e of ot h er e q u ati o ns. I n t h es e 

c as e s, t h e  H o m ot o p y-P a d é   t e c h ni q u e ( Li a o,  2 0 1 2) is e m pl o y e d  t o a c c el er at e   t h e 

c o n v er g e n c e of t h e H A M a p pr o xi m ati o ns. 

Ta bl e I. T h e m a xi m u m err or ( )E m  f or diff er e nt 1κ  i n t h e c as e of 2 1κ = , 1 2 1H a  H a= = , 

1 2 1Br  Br= =   a n d 0. 1N b  Nt= = . 

( )E m  2 1κ =  

O r d er 1 1κ =  1 2κ =  1 3κ =  1 5κ =  1 1 0κ =  

1 0m =  0. 0 3 9 1  0. 0 0 4 9  0. 0 0 6 4  0. 3 1 1 6  1 1 3. 1 1 1  

2 0m =  51. 7 3 6 1 0 −×  98. 9 0 8 1 0 −×  81. 2 0 5 1 0 −×  74. 0 5 0 1 0 −×  52. 2 5 0 1 0 −×  

3 0m =  96. 2 4 8 1 0 −×  1 31. 3 5 8 1 0 −×  1 37. 9 0 8 1 0 −×  1 06. 3 1 2 1 0 −×  73. 6 8 3 1 0 −×  

4 0m =  1 26. 3 5 1 1 0 −×  1 84. 9 5 7 1 0 −×  1 73. 2 6 7 1 0 −×  1 21. 9 1 9 1 0 −×  87. 0 5 5 1 0 −×  

Ta bl e II. T h e m a xi m u m err or ( )E m  f or diff er e nt 2κ  i n t h e c as e of 1 1κ = , 1 2 1H a  H a= = , 

1 2 1Br  Br= =   a n d 0. 1N b  Nt= = . 

( )E m  1 1κ =  

Or d er  2 1κ =  2 2κ =  2 3κ =  2 5κ =  2 1 0κ =  

1 0m =  0. 0 3 9 1  43. 6 7 1 1 0 −×  0. 0 0 4 4  0. 0 0 7 9  5 3 1. 0 7 3  

2 0m =  51. 7 3 6 1 0 −×  81. 9 6 6 1 0 −×  61. 4 6 9 1 0 −×  74. 4 3 8 1 0 −×  78. 1 5 0 1 0 −×  

3 0m =  96. 2 4 8 1 0 −×  1 34. 2 1 9 1 0 −×  1 03. 6 1 2 1 0 −×  93. 5 2 1 1 0 −×  72. 5 6 1 1 0 −×  

4 0m =  1 26. 3 5 1 1 0 −×  1 71. 5 7 0 1 0 −×  1 49. 4 3 6 1 0 −×  1 12. 5 1 6 1 0 −×  81. 6 3 0 1 0 −×  
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( a) For v ari o us v al u es of 1κ  wit h 2 = 1κ  

 

( b) F or v ari o us v al u es of 2κ  wit h 1 = 1κ  

Fi g. 2 T h e  el e ctri c al  p ot e nti al ( )YΨ   wit h ˆ 1zε = =  , 1 2 1ζ ζ= =  , = 2h  .  Li n e:  a n al yti c al 

s ol uti o ns gi v e n b y E qs. ( 2 9) a n d ( 3 0); Tri a n gl e s y m b ols: H A M s ol uti o ns. 

I n Fi g. 2( a) a n d Fi g. 2( b) , t h e el e ctri c al p ot e nti al pr ofil es ar e pr es e nt e d f or diff er e nt 

v al u es of t h e p ar a m et er 1κ   a n d 2κ  r es p e cti v el y. It is n oti c e d t h at t h e pr es e nt H A M 
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s ol uti o ns  a gr e e  wit h  t h e  a n al yti c al  o n es  gi v e n  b y ( 2 9)  a n d ( 3 0) i n  t h e  w h ol e  r e gi o n 

0. 5 1Y−  ≤ ≤  f or  all  c o nsi d er e d  v al u es  of 1κ  a n d  2κ . T hi s  f urt h er  c o nfir ms  t h e 

v ali dit y a n d a c c ur a c y of t h e pr es e nt s ol uti o n pr o c e d ur es. As s h o w n i n Fi g. 2, t h e s oli d 

li n es r e pr es e nt e x a ct s ol uti o ns w hi c h gi v e n b y ( 2 9) a n d ( 3 0) a n d t h e s y m b ols ar e t h e 

r es ults  of  t h e  pr es e nt  H A M  a p pr o xi m ati o n.  It  c a n  b e  o bs er v e d  t h at  t h e  ele ctri c al 

p ot e nti al  pr ofil es ( )YΨ  ar e  c o nsi d er a bl y  r e d u c e d  wit h  i n cr e asi n g 1κ   a n d 2κ . As 

s e e n i n Fi g. 2 ( a), as 1κ  b e c o m es s uffi ci e ntl y l ar g e, ( )YΨ  di mi nis h es  t o z er o n e ar t h e 

mi d dl e of t h e c h a n n el. T h e r e as o n c a usi n g t his p h e n o m e n o n is t h at t h e l ar g er is 1κ , t h e 

t hi n n er is t h e E D L. As 1κ  i s c o nsi d er a bl y l ar g e, t h e t hi c k n ess of E D L a p pr o a c h es t o 

z er o o n t h e u p p er w all of t h e mi cr o c h a n n el. T h er ef or e, t h e el e ctri c al p ot e nti al n e ar t h e 

u p p er w all  of  t h e  mi cr o c h a n n el  will  d e cr e as es  r a pi dl y  wit h 1κ  i n cr e asi n g.  Si mil ar 

p h e n o m e n a c a n als o b e o bs er v e d i n Fi g. 2( b) . 

 

( a) F or v ari o us v al u es of 1κ  wit h  2 1κ =  

P a g e 2 0 of 5 5
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( b) F or v ari o us v al u es of 2κ  wit h  1 1κ =  

Fi g. 3 T h e  di m e nsi o nl ess  v el o cit y  pr ofil es ( )U Y   i n  t h e  c as e  of 1 2 3 4 1G G  G G= = = =  ,

1 2 1P P= = , 1 2 1H a  H a= =  a n d  2h = . 

Fi g. 3 ( a)  a n d  Fi g.3 ( b) s h o w  t h e  n o n -di m e nsi o n al  v el o cit y  distri b uti o n  i n  t h e 

mi cr o c h a n n el.  T h e  n o n -di m e nsi o n al  v el o cit y  is  s e e n  i n cr e asi n g  wit h  i n cr e asi n g  1κ  

a n d 2κ  .  T h e  r e as o n  f or  t his  is  t h at  i n cr e asi n g 1κ   or  2κ   i m pli es  eit h er  a  l ar g e 

s e p ar ati o n dist a n c e b et w e e n t h e c h a n n el w alls or a s m all er E D L t hi c k n ess r es ulti n g i n 

l ar g er p orti o n of fl ui d n ot b ei n g aff e ct e d b y t h e E D L a n d i n di c at es t h at i n cr e asi n g t h e 

E D L  t hi c k n ess a p p ar e ntl y  r estr ai ns  t h e  fl ui d  fl o w.  T h er ef or e,  t h e  E D L  m o difi es  t h e 

v el o cit y pr ofil e w hi c h will aff e ct t h e h e at tr a nsf er i n t h e mi cr o c h a n n el.  

T o i n v esti g at e t h e r el ati o ns hi p b et w e e n E D L a n d h e at tr a nsf er, t h e i nfl u e n c e of  1κ  

a n d 2κ  o n t h e di m e nsi o nl ess t e m p er at ur e pr ofil es a n d n a n o p arti cl e v ol u m e fr a cti o n 

pr ofil es ar e pr es e nt e d i n Fi g. 4( a)  a n d Fi g. 4( b) , r es p e cti v el y. I n Fi g.4( a) , it is s h o w n t h at 

( )Yθ  i n cr e as es gr a d u all y as 1κ  e v ol v es. If t h e dist a n c e of t h e t w o -l a y er fl ui d r e m ai ns 

u n c h a n g e d, t h e n 1κ   i s i n v ers el y pr o p orti o n al t o t h e t hi c k n ess of E D L. I n t h e c as e, t h e 

l ar g er  is 1κ ,  t h e  t hi n n er  is  t h e  E D L. As  s e e n  fr o m  Fi g. 4( a) ,  t a ki n g  t h e  v al u e  of 1κ  

fr o m 1 t o 1 0, t h e m a xi m u m v al u e of ( )Yθ  v ari es fr o m 1. 0 1 8 8 t o 1. 0 3 4 1 . It i n di c at es 

t h at  t h e  eff e ct  of  E D L  o n  t h e  distri b uti o n  of  t e m p er at ur e  is  n ot  si g nifi c a nt.  I n  ot h er 
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w or ds, t h e eff e ct of E D L o n t e m p er at ur e is g e n er all y n e gli gi bl e. Si mil ar tr e n d c a n als o 

b e o bs er v e d i n Fi g. 4 ( b). 

 

( a) F or v ari o us v al u es of 1κ  wit h 2 1κ =  

 

( b) For v ari o us v al u es of 2κ  wit h 1 1κ =  

Fi g. 4 T h e  di m e nsi o nl ess  t e m p er at ur e  pr ofil es ( )Yθ    i n  t h e  c as e  of 1 2 1H a  H a= =   , 

0. 1Nt  N b= = , 1 2 1Br  Br= =  a n d  2h = . 
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Fi g. 5 T h e n a n o p arti cl e  v ol u m e  fr a cti o n  pr ofil es  ( )Yφ  f or  v ari o us  v al u es  of 2κ  i n  t h e  c as e  of 

1 1κ = , 1 2 1H a  H a= = , 0. 1Nt  N b= = , 1 2 1Br  Br= =  a n d  2h = . 

Fi g. 5  ill ustr at es  t h e  c h a n g e  i n  n a n o p arti cl e  v ol u m e  fr a cti o n  pr ofil es  f or  v ari o us 

v al u es of 2κ . It c a n b e s e e n t h at t h e v ol u m e fr a cti o n of n a n o p arti cl es i n cr e as es sli g htl y 

wit h t h e i n cr e as e of 2κ . As m e nti o n e d i n t h e pr e vi o us p art, t h e l ar g er is 2κ , t h e t hi n n er 

is t h e E D L. It i n di c at es t h at t h e E D L c an i nfl u e n c e t h e c o n c e ntr ati o n of n a n o p arti cl es. 

T h er ef or e, f or s o m e pr e cisi o n i nstr u m e nts, i n cr e a si n g t h e E D L eff e ct c a n eff e cti v el y 

r e d u c e t h e att a c h m e nt of n a n o p arti cl es t o t h e w all.  I n a d diti o n, f or s uffi ci e ntl y l ar g e 

p ar a m et er 2κ , t h e t e m p er at ur e distri b uti o n a n d n a n o p arti cl e c o n c e ntr ati o n distri b uti o n 

c ur v es will n ot c h a n g e, as s e e n i n Fi g 4( b) a n d Fi g. 5 . It i n di c at es t h at t h e E D L eff e ct c a n 

b e i g n or e d w h e n 2κ  i s s uffi ci e ntl y l ar g e. 

T h e  i nfl u e n c es  of H art m a n n  n u m b er 1H a   a n d  2H a   o n  t h e  distri b uti o n  of 

di m e nsi o nl ess  v el o cit y ar e  pr es e nt e d  i n  Fi g. 6( a)  a n d Fi g. 6( b).  It  i s s h o w n  t h at  t h e 

e nl ar g e m e nt of t h e H art m a n n n u m b er c a us es t h e r e d u cti o n of t h e fl o w v el o cit y i n  b ot h 

r e gi o ns of t h e mi cr o c h a n n el. Si n c e th e H art m a n n n u m b er is t h e s q u ar e r o ot of t h e r ati o 

of el e ctr o m a g n eti c f or c e t o t h e vis c o us f or c e, t h e l ar g er t h e H art m a n n n u m b er is, t h e 

str o n g er t h e m a g n eti c fi el d str e n gt h will b e. W hil e t he m a g n eti c fi el d f or c e c a us e d b y 

fl ui d c utti n g m a g n eti c fi el d li n e a n d t h e vis c o us f or c e ar e d o mi n ati n g i n r estr ai ni n g t h e 
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fl ui d  fl ow. C o ns e q u e ntl y, t h e  fl o w  r at e  of  t h e  fl ui d  is  r e d u c e d  wit h  a n  i n cr e as e  i n 

H art m a n n  n u m b er. 

 

( a) For v ari o us v al u es of 1H a  wit h 2 1H a =  

 

( b) For v ari o us v al u es of 2H a  wit h 1 1H a =  

Fi g. 6 T h e di m e nsi o nl ess v el o cit y pr ofil es ( )U Y  i n t h e c as e of 1 2 1κ κ= =   a n d 2h = . 
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( a) For v ari o us v al u es of 1B r  wit h 2 1Br =  

 

( b) For v ari o us v al u es of 2B r  wit h 1 1Br =  

Fi g. 7 T h e di m e nsi o nl ess t e m p er at ur e pr ofil es  ( )Yθ  i n t h e c as e of 1 2 1κ κ= = , 1 2 1H a  H a= = , 

0. 1Nt  N b= =   a n d 2h = . 
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N or m all y, t h e i nfl u e n c e of vis c o us dissi p ati o n o n t h e fl ui d fl o w is n e gli gi bl e i n 

m a cr o fl o w, t h er ef or e, vis c o us dissi p ati o n t er m oft e n o mitt e d u n d er m ost cir c u mst a n c es. 

H o w e v er, t h e eff e cts of vis c o us dissi p ati o n i n mi cr os c o pi c o n es c a n b e v er y str o n g, a n d 

t h e  eff e ct  of  vis c o us  dissi p ati o n  o n  t e m p er at ur e  distri b uti o n  c a n  als o  b e  si g nifi c a nt. 

T h er ef or e, it c a n f urt h er l e a d t o t h e fl o w b ei n g m ar k e dl y c h a n g e d i n t h e mi cr o c h a n n el. 

Fi g. 7 ( a) a n d  Fi g. 7( b) e x hi bit  t h e  t e m p er at ur e  distri b uti o n  f or  diff er e nt  Bri n k m a n 

n u m b ers 1Br   a n d 2B r . Bri n k m a n n u m b er is a di m e nsi o nl ess n u m b er r e pr es e nti n g t h e 

r ati o  of  vis c o us  h e at  g e n er ati o n  t o  e xt er n al  h e ati n g.  As  s e e n  i n  Fi g.7( a) , t h e 

di m e nsi o nl ess t e m p er at ur e i n cr e as es wit h 1Br  i n cr e asi n g, es p e ci all y i n R e gi o n I of t h e 

mi cr o c h a n n el.  It  is  als o  s h o w n  i n  Fi g. 7( b) t h at 2B r   h as  a  si g nifi c a nt  eff e ct  o n  t h e 

di m e nsi o nl ess t e m p er at ur e i n R e gi o n II of t h e  mi cr o c h a n n el. T h e t e m p er at ur e ris e i n 

t h e  mi cr o c h a n n el  is  m ai nl y  attri b ut e d  t o  e ff e ct  t h at  t h e  hi g h er  v al u e  of  Bri n k m a n 

n u m b er, t h e sl o w er t h e c o n d u cti o n of h e at g e n er at e d b y vis c o us dissi p ati o n a n d h e n c e 

t h e gr e at er t h e t e m p er at ur e ris e. 

 

Fi g. 8 T h e  n a n o p arti cl e  v ol u m e  fr a cti o n  pr ofil es ( )Yφ  f or  v ari o us  v al u es  of Nt  i n  t h e  c as e  of 

1 2 1κ κ= = , 1 2 1H a  H a= = , 0. 1N b = , 1 2 1Br  Br= =   a n d 2h = . 

T h e eff e ct s of t h er m o p h or esis p ar a m et er Nt  o n t h e n a n o p arti cl e v ol u m e fr a cti o n 

is d e pi ct e d i n Fi g. 8. It c a n b e o bs er v e d t h at i n cr e a si n g t h e v al u e of t h e t h er m o p h or esis 

p ar a m et er, t h e n a n o p arti cl e v ol u m e fr a cti o n i ncr e a s es si g nifi c a ntl y  i n t h e vi ci nit y of t h e 
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l o w er w all. It is w ort h n oti n g t h at t h e l o w er pl at e h as t h e p assi v e b o u n d ar y c o n diti o n 

d u e t o t h e p assi v el y c o ntr oll e d n a n ofl ui d m o d el i n t h e pr es e nt st u d y. I n ot h er w or ds, t h e 

c o n c e ntr ati o n of n a n o p arti cl es o n t h e w all is cl os el y r el at e d t o t h e t e m p er at ur e gr a di e nt 

n e ar t h e w all . W hil e th e t h er m o p h or esis p ara m et er  is pr o p orti o n al t o t h e t e m p er at ur e 

gr a di e nt. T h er ef or e, t h e n a n o p arti cl e v ol u m e fr a cti o n o n t h e l o w er w all v ari es wit h t h e 

c h a n g e of Nt . 

T h e p h ysi c al q u a ntiti es s u c h as t h e l o c al s ki n fri cti o n , t h e l o c al N uss elt n u m b er  

a n d  t h e  l o c al S h er w o o d  n u m b er  ar e  of  i m p ort a n c e  i n  c h a n n el  fl o w.  T h e  f oll o wi n g 

s e cti o n is m ai nl y t o e x a mi n e  t h e i nfl u e n c e of p h ysi c al p ar a m et ers i n r e gi o n II o n t h es e 

p h ysi c al  q u a ntiti es . T h e  v ari ati o n  of  t h e  l o c al  S h er w o o d  n u m b er  wit h t h e 

t h er m o p h or esis p ar a m et er Nt  f or v ari o us v al u es of t h e Br o w ni a n m oti o n p ar a m et er 

N b  o n t h e l o w er w all of t h e mi cr o c h a n n el is s h o w n i n Fi g. 9. It is s e e n t h at t h e l o c al 

S h er w o o d n u m b er  i n cr e as es m o n ot o n o usl y as Nt  i n cr e as es. Als o,  it is o b vi o us t h at 

t he  l o c al  S h er w o o d  n u m b er  d e cr e as es r a pi dl y wit h N b  i n cr e asi n g. It is s h o ws t h at 

Nt   a n d N b  h a v e a vit al r ol e i n t h e m ass tr a nsf er m e c h a nis m . T h at is t o s a y, b ot h t h e 

t y p e  a n d t h e si z e  of t h e  n a n o p arti cl es will  aff e ct  t h e  h e at  a n d  m ass  tr a nsf er  i n  t h e 

mi cr o c h a n n el.  

 

Fi g. 9 Vari ati o n of t h e l o c al S h er w o o d n u m b er wit h t h e t h er m o p h or esis p ar a m et er Nt  f or v ari o us 

v al u es of N b  i n t h e c as e of 1 2 1κ κ= = , 1 2 1H a  H a= = , 1 2 1Br  Br= =   a n d 2h = . 
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T h e  i nfl u e n c e  of  H art m a n n  n u m b er 2H a   o n t h e  l o c al  s ki n  fri cti o n,  t h e  l o c al 

N uss elt n u m b er a n d t h e l o c al S h er w o o d n u m b er  ar e e x a mi n e d i n Fi g. 1 0 a n d Fi g. 1 1 . It 

c a n b e s e e n i n Fi g. 1 0 a n d Fi g. 1 1 t h at t h e v ari ati o n of 2H a  c a us es t h e diff er e nt tr e n ds 

f or t h es e p h ysi c al q u a ntiti es. I n Fi g. 1 0, th e i n cr e as e of 2H a  l e a ds t o a sli g ht i n cr e as e 

of t h e s ki n fri cti o n o n t h e u p p er w all, b ut r es ults i n t h e d e cr e as e si g nifi c a nt l y of t h e s ki n 

fri cti o n o n t h e l o w er w all. It is als o o bs er v e d t h at t h e eff e cts of m a g n eti c fi el d p ar a m et er 

o n S h er w o o d n u m b er is n e gli gi bl e.  I n Fi g.1 1 , t h e Nuss el t n u m b er o n t h e u p p er w all h as 

a  si mil ar  v ari ati o n  tr e n d  wit h  t h e  S h er w o o d  n u m b er . Th e  i n cr e as e  of 2H a  c a us es a 

sli g ht i n cr e as e of t h e N us s el t n u m b er o n t h e l o wer w all . It is w ort h n oti n g t h at, as 2H a  

i s c o nsi d er a bl y l ar g e, t h e  v al u es of t h e p h ysi c al q u a ntiti es cl os e t o c ert ai n c o nst a nts, 

r es p e cti v el y. T h e i nfl u e n c e of t h e p ar a m et er 2κ  o n t h es e p h ysi c al q u a ntiti es  ar e als o 

d e pi ct e d i n Fi g. 1 0 a n d Fi g. 1 1 . It is e as y t o o bs er v e i n Fi g.1 0 t h at th e i n cr e as e of  2κ  

l e a ds t o a sli g ht i n cr e as e of t h e s ki n fri cti o n a n d t h e S h er w o o d n u m b er  o n t h e l o w er 

w all , b ut c a us es a sli g ht d e cr e as e  of t h e s ki n fri cti o n o n t h e u p p er w all . As s e e n i n Fi g .1 1 , 

th e i n cr e as e of  2κ  m a k es  t h e e n h a n c e m e nt of t h e Nuss el t n u m b er o n t h e u p p er w all, 

w hil e c a us es t h e r e d u cti o n of t h e N uss el t n u m b er o n t h e l o w er w all. 

 

Fi g. 1 0 Vari ati o n of l o c al s ki n fri cti o n a n d t h e l o c al S h er w o o d n u m b er wit h  2H a  f or v ari o us v al u es 

of 2κ  i n t h e c as e of 1 1κ = , 1 1H a = , 0. 1Nt  N b= = , 1 2 1Br  Br= =  a n d 2h = . 
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Fi g. 1 1 Vari ati o n of t h e l o c al N uss elt n u m b er  wit h  2H a  f or v ari o us v al u es of 2κ  i n t h e c as e of 

1 1κ = , 1 1H a = , 0. 1Nt  N b= = , 1 2 1Br  Br= =   a n d 2h = . 

 

Fi g. 1 2 Vari ati o n of t h e l o c al N uss elt n u m b er a n d t h e l o c al S h er w o o d n u m b er wit h 2B r  f or v ari o us 

v al u es of 2κ  i n t h e c as e of 1 1κ = , 1 1Br = , 0. 1Nt  N b= = , 1 2 1H a  H a= =   a n d 2h = . 

P a g e 2 9 of 5 5

htt p:// m c. m a n u s cri pt c e ntr al. c o m/ hff

I nt er n ati o n al J o ur n al of N u m eri c al M et h o d s f or H e at a n d Fl ui d Fl o w

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0



I nt er n ati o n al J o ur n al of 
N u

m eri c al 
M et h o d s f or 

H e at a n d Fl ui d Fl o
w

3 0 
 

T h e i nfl u e n c e of Bri n k m a n n u m b er 2Br  o n t h e l o c al N uss elt n u m b er a n d t h e l o c al 

S h er w o o d n u m b er ar e pr es e nt e d i n Fi g. 1 2.  It i s e vi d e nt  t h at th e i n cr e as e of 2B r  l e a ds 

t o a si g nifi c a nt i n cr e as e of t h e l o c al S h er w o o d n u m b er. Th e l o c al N uss elt n u m b er  o n 

t h e u p p er w all i n cr e as es sli g ht l y as 2B r  i n cr e as es, w hil e  th e l o c al N uss elt n u m b er  o n 

t h e l o w er w all d e cr e as e si g nifi c a ntl y  as 2B r  i n cr e as e s. It c a n als o b e o bs er v e d t h at  t h e 

l o c al N uss elt n u m b er  a n d t h e l o c al S h er w o o d n u m b er h a v e a li n e ar r el ati o ns hi p wit h 

Bri n k m a n  n u m b er 2Br . T h er ef or e,  t h e B ri n k m a n  n u m b er  c a n  b e  us e d  t o  pr e di ct  t h e 

v al u es of t h es e p h ysi c al q u a ntiti es b y usi n g li n e ar fitti n g t o o bt ai n t h eir r el ati o ns hi p. In 

Fi g . 1 2, t h e Nuss el t n u m b er o n t h e u p p er w all a n d t h e l o c al S h er w o o d n u m b er i n cr e as e 

wit h th e e n h a n c e m e nt  of 2κ , w hil e t h e Nuss el t n u m b er o n t h e l o w er w all  r e d u c es wit h 

th e e n h a n c e m e nt  of 2κ , r es e m bl e tr e n ds o bs er v e d i n Fi g . 1 0 a n d Fi g. 1 1. 

4.  C o n cl usi o n s 

T h e h e at a n d m ass tr a nsf er of i m mis ci bl e t w o -l a y er fl o ws i n t h e pr es e n c e of t h e 

E D L  a n d  m a g n eti c  fi el d  h a v e  b e e n  i n v esti g at e d t h e or eti c all y.  T hr o u g h 

n o n di m e nsi o n ali z ati o n,  t h e  g o v er ni n g  e q u ati o n s  ar e  tr a nsf or m e d  i nt o  n o nli n e ar 

or di n ar y diff er e nti al e q u ati o ns. T h e r es ulti n g c o u pl e d n o nli n e ar e q u ati o ns ar e s ol v e d b y 

h o m ot o p y a n al ysis m et h o d. T h e r es ults of el e ctri c p ot e nti al, v el o cit y, t e m p er at ur e a n d 

n a n o p arti cl e v ol u m e fr a cti o n ar e o bt ai n e d a n d e x a mi n e d i n d et ail. T h e m ai n fi n di n gs 

ar e as f oll o ws:  

i). T h e e x pli cit e x a ct s ol uti o ns of t h e el e ctr ost ati c p ot e nti al i n b ot h r e gi o ns ar e 

o bt ai n e d. B esi d es, t h e pr es e nt r es ults of el e ctr ost ati c p ot e nti al, v el o cit y a n d 

t e m p er at ur e ar e c o ns e c uti v e a n d s m o ot h i n t h e w h ol e r e gi o n. 

ii). T h e p ar a m et ers 1κ   a n d 2κ  ar e t h e k e y f a ct or t o m e as ur e t h e E D L eff e cts. 

T h e l ar g er is t h e p ar a m et er  1κ   a n d 2κ , t h e t hi n n er is t h e E D L o n t h e u p p er 

w all a n d l o w er w all.  F or s uffi ci e ntl y l ar g e p ar a m et er  1κ   a n d 2κ , t h e E D L 

eff e cts o n t h e fl ui d m oti o n a n d h e at tr a nsf er c a n b e i g n or e d, t h us t h e r el at e d 

q u a ntiti es t e n d t o b e c o nst a nts. 

iii). B ot h  t h e E D L  eff e cts  a n d  m a g n eti c  fi el d  c a n  r estr ai n  t h e  fl ui d  fl o w i n  t h e 

mi cr o c h a n n el. T h er ef or e, t h e E D L eff e ct  a n d m a g n eti c fi el d  c a n b e a p pli e d 

f or fl o w c o ntr ol i n mi cr o c h a n n els a n d mi cr ofl ui di c d e vi c es. 
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i v). T h e i n cr e as e i n Bri n k m a n n u m b er c a n e n h a n c e t h e t e m p er at ur e distri b uti o n i n 

b ot h  r e gi o ns  a n d  t h e  i n cr e as e  i n  t h er m o p hor esi s  p ar a m et er  r es ults  i n  a n 

i ncr e as e of t h e n a n o p arti cl e v ol u m e fr a cti o n  i n R e gi o n II. 

B ot h t h e E D L a n d n a n ofl ui d c h ar a ct eristi cs h a v e si g nifi c a nt i nfl u e n c e o n t h e fl ui d 

fl o w  a n d  h e at  tr a nsf er.  T h e  fi n di n gs  wit h  t h e  i nsi g hts  of  p h ysi c al  c h ar a ct eristi cs 

o bt ai n e d  i n  t his  st u d y  will  pr o vi d e  s oli d  b asis  f or  f urt h er  r es e ar c h  i n  t h e  fi el d  of 

mi cr ofl ui di cs.  T h e  r es ults  pr es e nt e d  i n  t his  p a p er  als o  s er v e  as  a  b e n c h m ar k  wit h 

d et ail e d i nf or m ati o n t o o pti mi z e a n d i m pr o v e mi cr ofl ui di c d e vi c es.  

A p p e n di x: S ol uti o n P r o c e d u r es  

I n  vi e w  of  t h e  H A M  t e c h ni q u e,  w e  first  d efi n e
1

1 10
U d YΨ∫  , 

0

2 21/ h
U d Y

−
Ψ∫   as 

b el o w 

 
1 0

1 1  0 2  2  00 1
1 1

,j jh
j j

U d Y  m  m  U d Y n n
∞ ∞

−
= =

Ψ = +  Ψ  = +∑ ∑∫ ∫ ,  ( 5 9) 

t h e n t h e e x pr essi o n f or t h e f u n cti o ns  ( ), ( ), ( )( 1, 2)i  i iY  U Y  Y  iθΨ =   a n d ( )Yφ  c a n b e 

writt e n as  

 , 0 , , 0 , , 0 , 0
1  1  1 1

,  , ,i  i i j  i  i  i j  i  i  i j j
j  j  j j

U u  uψ  ψ θ  θ  θ  φ φ  φ
∞  ∞  ∞ ∞

= = = =

Ψ =  +  =  +  =  +  =  +∑  ∑  ∑ ∑ .  ( 6 0) 

I n t h e s ol uti o n pr o c ess of t h e H A M, t h e m t h or d er H A M d ef or m ati o n e q u ati o ns 

c a n b e  writt e n as  

 
1 1 2  21, 1, 1 , 2, 2, 1 ,,m m m  m  m m m  mR Rψ ψ ψ  ψψ  χ ψ ψ  χ ψ− −

′′ ′′ ′′ ′′− =  −  =  ,  ( 6 1) 

 
1 1 2  21, 1, 1 , 2, 2, 1 ,,m m m  u u m  m m m  u u mu  u  R u  u  Rχ χ− −

′′ ′′ ′′ ′′− =  −  =  ,  ( 6 2) 

 
1 1 2  21, 1, 1 , 2, 2, 1 ,,m m m  m  m m m  mR Rθ θ θ  θθ  χ θ θ  χ θ− −

′′ ′′ ′′ ′′− =  −  =  ,  ( 6 3) 

 1 ,m  m m mRφ φφ  χ φ −
′′ ′′− =  , ( 6 4) 

T h e c orr es p o n di n g b o u n d ar y c o n diti o ns ar e 
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1, 2, 1, 2, 1, 2,

1, 2, 1, 2, 1, 2,

1, 2 , 1, 2 , 1, 2,

ˆ1
ˆ( 1) 0, ( ) 0, ( 0) ( 0), ( 0) ( 0),

1 1
( 1) 0, ( ) 0, ( 0) ( 0), ( 0) ( 0),

1
( 1) 0, ( ) 0, ( 0) ( 0), ( 0) ( 0),

1
( 0) 0, ( )

m  m  m  m m  m

m  m  m  m m  m

m  m  m  m m  m

f

m m

z
z

h

u  u  u  u u  u
h

h k

N b  Nt
h

ψ  ψ  ψ  ψ ψ  ψ
ε

µ

δ
θ θ θ δ θ θ θ

φ φ

′ ′=  − =  = =

′ ′=  − =  = =

′ ′=  − =  = =

′=  − + 2,

1
( ) 0,m

h
θ ′ − =

,  ( 6 5) 

w h er e , , ( 1, 2)
i i iu iψ θ =    a n d φ   ar e  t h e  H A M  a u xili ar y  p ar a m et ers ,  w hi c h 

pr o vi d e us a si m pl e w a y t o a dj ust a n d c o ntr ol t h e c o n v er g e n c e of t h e H A M a n al yti c al 

a p pr o xi m ati o ns.  Als o, ,i mR ψ  , ,iu mR  , , ( 1, 2)
i mR iθ =  , ,mR φ  ,  a n d mχ  , ar e  d efi n e d, 

r es p e cti v el y, as 

1

2
, 1, 1 1 1, 1m m  mR ψ ψ  κ ψ− −

′′= − , 

2

2 2
, 2, 1 2 2, 1m m  mR hψ ψ  κ ψ− −

′′= − , 

1

1
2

, 1, 1 1 1 3 1, 1 1 1, 1
0

( 1 ) 4
m

u m  m m j  m  j m
j

R u  P  G  G  m  H a uχ ψ
−

− − − −
=

′′=  + − − −∑ , 

2

1
2 3 2 2

, 2, 1 2 2 4 2, 1 2 2, 1
0

( 1 ) 4
m

u m  m m j  m  j m
j

R  u  h P  h G G  n  h H a uχ ψ
−

− − − −
=

′′=  +  − − −∑ , 

1

1

, 1, 1 1 1, 1, 1
0

+
m

m  m j m  j
j

R  Br u uθ θ
−

− − −
=

′′ ′ ′= ∑ , 

2

1 1  1

, 2, 1 2, 1 2, 2, 1 2 2, 2, 1
0 0  0

+ +  +
m m  m

m  m j m j j m j j m j
j j  j

R  N b Nt Br u uθ θ  φ θ  θ  θ
− −  −

− − − − − − −
= = =

′′ ′ ′ ′ ′ ′ ′= ∑ ∑  ∑ , 

, 1 2, 1+m m  m

Nt
R

N b
φ φ θ− −

′′ ′′= , 

w h er e  

0, 1,

1, 1.
m

m

m
χ

≤
= 

>
( 6 6) 

T h e  s ol uti o ns of E qs.( 6 1)-( 6 4) ar e e x pr ess e d as 

*
1, 1 1, 1 1, 2, ,m  m m  m  mC  C Yψ  ψ  χ ψ −= +  + + , ( 6 7) 

*
2, 2 2, 1 3, 4, ,m  m m  m  mC  C Yψ  ψ  χ ψ −= +  + + , ( 6 8) 
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*
1, 1 1, 1 5, 6,m  m m  m  mu  u  u  C  C Yχ −= +  + + , ( 6 9) 

*
2, 2 2, 1 7, 8,m  m m  m  mu  u  u  C  C Yχ −= +  + + , ( 7 0) 

*
1, 1 1, 1 9, 1 0,m  m m  m  mC  C Yθ  θ  χ θ −= +  + + , ( 7 1) 

*
2, 2 2, 1 1 1, 1 2,m  m m  m  mC  C Yθ  θ  χ θ −= +  + + , ( 7 2) 

*
1 1 3, 1 4,m m m  m  mC  C Yφ  φ  χ φ −= +  + + , ( 7 3) 

w h er e  

1 1 2  2

* *
1  , 2  ,,m mR d Y d Y R d Y d Yψ ψ ψ  ψψ ψ= =∫∫ ∫∫  , 

1 1 2  2

* *
1  , 2  ,,u  u m u  u  mu  R d Y d Y u  R d Y d Y= =∫∫ ∫∫  ,

1 1 2  2

* *
1  , 2  ,,m mR d Y d Y  R d Y d Yθ θ θ  θθ θ= =∫∫ ∫∫  , 

*
,mR d Y d Yφ φφ = ∫∫  . 

T h e i nt e gr al c o nst a nts , ( 1, 2, , 1 4)i mC i = ⋅⋅⋅ i n E qs.( 6 7)-( 7 3) ar e d et er mi n e d b y t h e  

b o u n d ar y c o n diti o ns ( 6 5). T h er ef or e, all s ol uti o ns of t h e pr o bl e m ar e o bt ai n e d. 

T h e i niti al g u ess 0 ( )Yψ , 0 ( )u Y , 0 ( )Yθ   a n d 0 ( )Yφ   s h o ul d b e c h os e n pr o p erl y. 

B as e d o n t h e  b o u n d ar y c o n diti o ns  ( 2 7), ( 2 8), ( 3 4) a n d ( 5 2), t h e i niti al g u ess v al u es i n 

t h e pr es e nt st u d y ar e c h o s e n as f oll o ws 

2 2 2
1, 0 1 2, 0 2( )  ,  ( )  ,Y  Y  Y  h Yψ  ζ ψ  ζ= =  

2 2
2 2

1, 0 2, 0

1 1 ( 1 ) 1
( ) ,  ( ) ,

( )  ( ) ( )  ( )

h h  h  h
u Y Y  Y  u Y Y  Y

h h  h h h h  h h

µ µ µ

µ µ  µ  µ

− +  −  +
= + −  = +  −

+ +  +  +
 

1, 0 2, 0

( 1 )( 1 )
( ) ,  ( ) ,

( )  ( )

f f  f

f f f  f

h k  h k  h kh
Y Y  Y  Y

h k  h k h k  h k

δ δ δδ
θ θ

δ δ

+  − +−
= + = +

+ +  +  +
 

0

( 1)
( ) 1.

( )

f

f

h kNt
Y Y

N b h k

δ
φ

δ

−
= +

+
 

I n  t h e  H A M  s ol uti o n  pr o c e d ur e, t h e  i nt e gr al  t er ms 
1

1, 0 1, 00
u d Yψ∫    a n d

0

2, 0 2, 01 h
u d Yψ

−∫ c a n  b e  o bt ai n e d  usi n g  t h e  i niti al  g u ess  v al u es .  Th er ef or e,  all  t h e 

s ol uti o n s eri es f or t h e i nt e gr al t er ms c a n b e o bt ai n e d fr o m 1, 2, 3,m = ⋅⋅⋅ . 
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Fi g 1. S c h e m a ti c of t h e p h y si c al m o d el 

8 2 x 5 8 m m ( 3 0 0 x 3 0 0 D P I ) 
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( a ) F o r v a ri o u s v al u e s of k 1 wi t h k 2 = 1   
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( b ) F o r v a ri o u s v al u e s of k 2 wi t h k 1 = 1 
Fi g. 2 T h e el e c t ri c al p o t e n ti al Ψ ( Y )  wi t h ε = z = 1,  ς 1 = ς 2 = 1,  h = 2. Li n e : a n al y ti c al s ol u ti o n s gi v e n b y E q s. ( 2 9 ) 

a n d ( 3 0 ) ; T ri a n gl e s y m b ol s : H A M s ol u ti o n s. 
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( a ) F o r v a ri o u s v al u e s of k 1 wi t h k 2 = 1 
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( b ) F o r v a ri o u s v al u e s of k 2 wi t h k 1 = 1 
Fi g. 3 T h e di m e n si o nl e s s v el o ci t y p r ofil e s U ( Y ) i n t h e c a s e of G 1 = G 2 = G 3 = G 4 = 1, P 1 = P 2 = 1, H a 1 = H a 2 = 1 a n d 

h = 2. 

P a g e 4 1 of 5 5
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( a ) F o r v a ri o u s v al u e s of k 1 wi t h k 2 = 1 
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( b ) F o r v a ri o u s v al u e s of k 2 wi t h k 1 = 1 
Fi g. 4 T h e di m e n si o nl e s s t e m p e r a t u r e p r ofil e s θ ( Y )  i n t h e c a s e of H a 1 = H a 2 = 1, N t = N b = 0. 1, B r 1 = B r 2 = 1 a n d 

h = 2. 

P a g e 4 3 of 5 5

htt p:// m c. m a n u s cri pt c e ntr al. c o m/ hff

I nt er n ati o n al J o ur n al of N u m eri c al M et h o d s f or H e at a n d Fl ui d Fl o w

1
2
3
4
5
6
7
8
9
1 0
1 1
1 2
1 3
1 4
1 5
1 6
1 7
1 8
1 9
2 0
2 1
2 2
2 3
2 4
2 5
2 6
2 7
2 8
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
3 9
4 0
4 1
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4
5 5
5 6
5 7
5 8
5 9
6 0



I nt er n ati o n al J o ur n al of 
N u

m eri c al 
M et h o d s f or 

H e at a n d Fl ui d Fl o
w

 

Fi g. 5 T h e n a n o p a r ti cl e v ol u m e f r a c ti o n p r ofil e s Φ ( Y )  f o r v a ri o u s v al u e s of k 2 i n t h e c a s e of k 1 = 1, 
H a 1 = H a 2 = 1, N t = N b = 0. 1, B r 1 = B r 2 = 1 a n d h = 2. 

P a g e 4 4 of 5 5
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( a ) F o r v a ri o u s v al u e s of H a 1 wi t h H a 2 = 1 
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( b ) F o r v a ri o u s v al u e s of H a 2 wi t h H a 1 = 1 
Fi g. 6 T h e di m e n si o nl e s s v el o ci t y p r ofil e s U ( Y ) i n t h e c a s e of k 1 = k 2 = 1 a n d h = 2. 
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( a ) F o r v a ri o u s v al u e s of B r 1 wi t h B r 2 = 1   
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( b ) F o r v a ri o u s v al u e s of   wi t h   
Fi g. 7 T h e di m e n si o nl e s s t e m p e r a t u r e p r ofil e s θ ( Y )  i n t h e c a s e of k 1 = k 2 = 1, H a 1 = H a 2 = 1, N t = N b = 0. 1 a n d 

h = 2 
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Fi g. 8 T h e n a n o p a r ti cl e v ol u m e f r a c ti o n p r ofil e s f o r v a ri o u s v al u e s of Φ ( Y )  i n t h e c a s e of k 1 = k 2 = 1, 
H a 1 = H a 2 = 1, N b = 0. 1, B r 1 = B r 2 = 1 a n d h = 2. 
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Fi g. 9 V a ri a ti o n of t h e l o c al S h e r w o o d n u m b e r wi t h t h e t h e r m o p h o r e si s p a r a m e t e r N t f o r v a ri o u s v al u e s of N b 
i n t h e c a s e of k 1 = k 2 = 1, H a 1 = H a 2 = 1, N b = 0. 1, B r 1 = B r 2 = 1 a n d h = 2. 

P a g e 5 0 of 5 5
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Fi g. 1 0 V a ri a ti o n of l o c al s ki n f ri c ti o n a n d t h e l o c al S h e r w o o d n u m b e r wi t h H a 2 f o r v a ri o u s v al u e s of k 2 i n t h e 
c a s e of k 1 = 1, H a 1 = 1, N t = N b = 0. 1, B r 1 = B r 2 = 1 a n d h = 2. 

P a g e 5 1 of 5 5
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Fi g. 1 1 V a ri a ti o n of t h e l o c al N u s s el t n u m b e r wi t h H a 2 f o r v a ri o u s v al u e s of k 2 i n t h e c a s e of k 1 = 1, H a 1 = 1, 
N t = N b = 0. 1, B r 1 = B r 2 = 1 a n d h = 2. 

P a g e 5 2 of 5 5
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Fi g. 1 2 V a ri a ti o n of t h e l o c al N u s s el t n u m b e r a n d t h e l o c al S h e r w o o d n u m b e r wi t h B r 2 f o r v a ri o u s v al u e s of 
k 2 i n t h e c a s e of k 1 = 1, B r 1 = 1, N t = N b = 0. 1, H a 1 = H a 2 = 1 a n d h = 2. 

P a g e 5 3 of 5 5
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T a bl e I. T h e m a xi m u m err or   f or diff er e nt   i n t h e c as e of  , , ( )E m 1 2 1  1 2 1H a H a 

 a n d .1 2 1Br Br  0. 1N b Nt 

( )E m 2 1 

Or d er 1 1  1 2  1 3  1 5  1 1 0 

1 0m  0. 0 3 9 1 0. 0 0 4 9 0. 0 0 6 4 0. 3 1 1 6 1 1 3. 1 1 1

2 0m  51. 7 3 6 1 0  98. 9 0 8 1 0  81. 2 0 5 1 0  74. 0 5 0 1 0  52. 2 5 0 1 0 

3 0m  96. 2 4 8 1 0  1 31. 3 5 8 1 0  1 37. 9 0 8 1 0  1 06. 3 1 2 1 0  73. 6 8 3 1 0 

4 0m  1 26. 3 5 1 1 0  1 84. 9 5 7 1 0  1 73. 2 6 7 1 0  1 21. 9 1 9 1 0  87. 0 5 5 1 0 
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T a bl e II. T h e m a xi m u m err or   f or diff er e nt   i n t h e c as e of  , , ( )E m 2 1 1  1 2 1H a H a 

 a n d .1 2 1Br Br  0. 1N b Nt 

( )E m 1 1 

Or d er 2 1  2 2  2 3  2 5  2 1 0 

1 0m  0. 0 3 9 1 43. 6 7 1 1 0  0. 0 0 4 4 0. 0 0 7 9 5 3 1. 0 7 3

2 0m  51. 7 3 6 1 0  81. 9 6 6 1 0  61. 4 6 9 1 0  74. 4 3 8 1 0  78. 1 5 0 1 0 

3 0m  96. 2 4 8 1 0  1 34. 2 1 9 1 0  1 03. 6 1 2 1 0  93. 5 2 1 1 0  72. 5 6 1 1 0 

4 0m  1 26. 3 5 1 1 0  1 71. 5 7 0 1 0  1 49. 4 3 6 1 0  1 12. 5 1 6 1 0  81. 6 3 0 1 0 
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