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Hertzian indentation technique is a method that is widely used in the investigation of the fracture toughness and the 
Young’s modulus of a brittle material. Thus, it has been studied in various research studies during the past century. 
The problem describes axisymmetric fracture behaviour of a flaw-free brittle solid under compression due to the 
impact of a stiff indenter. During the fracture process, the evolution of the crack is divided into two stages. Initially, 
a ring crack forms spontaneously outside the contact region under a critical load. Then, it propagates for a small 
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shaped crack occurs at the bottom of the ring flaw and it grows at a certain angle. Hence, in this study a new numerical 
technique, peridynamics, is utilised to analyse the historical complex fracture problem. To reduce the computational 
time, the problem is simplified by considering an axisymmetric model. The effect of Poisson’s ratio on the orientation 
and size of the cone-shaped crack are investigated.    
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1. Introduction 

   Hertzian indentation technique is a method that is widely used in the investigation of the fracture toughness and the 
Young’s modulus of a brittle material (Warren, 1978, 1995; Oliver and Pharr, 1992). Thus, it has been studied in 
various research studies during the past century. The problem describes axisymmetric fracture behaviour of a flaw-
free brittle solid under compression due to the impact of a stiff indenter. During the fracture process, the evolution of 
the crack is divided into two stages as shown in Fig. 1. Initially, a ring crack forms spontaneously outside the contact 
region under a critical load. Then, it propagates for a small distance perpendicular to the free surface of the brittle 
solid. With the increase in load applied on the indenter, a cone-shaped crack occurs at the bottom of the ring flaw and 
it grows at a certain angle. Both theoretical and numerical methods have been utilized to investigate the Hertzian 
indentation fracture. Fracture mechanics was applied by Frank and Lawn (1967) to analyse the Hertzian fracture. 
Kocer and Collins (1998) investigated the angle of cone-shaped crack with finite element method. They found that 
the cracks would propagate along the path with maximum release of strain energy. Boundary element technique 
coupled with criteria for initiation of crack extension and orientation of crack was implemented by Selvadurai (2000) 
to analyse the growth of the crack. A two-dimensional axisymmetric extended finite element model was proposed by 
Tumbajoy-Spinel et al. (2013) to model Hertzian cone crack propagation. Phase field method (Strobl and Seelig, 2019) 
was used to model the Hertzian fracture as well. In this study, peridynamics (Basoglu et. al., 2019; De Meo et. al., 
2017; Diyaroglu et. al., 2017a,b, 2019; Imachi et. al., 2019; Oterkus et. al., 2010a,b, 2012, 2014; Oterkus and Madenci, 
2012a,b; Vazic et. al., 2017; Wang et. al., 2018; Yang et. al., 2019; Zhu et. al., 2016) is utilized to simulate the Hertzian 
indentation fracture problem due to its advantage of dealing with problems with discontinuities. Since the equation of 
motion of peridynamics is in integral form, without spatial derivative terms, it is always valid. No additional crack 
growth law is needed to predict the damage. Thus, it is suitable to model fracture problems. In this paper, in order to 
reduce computation time, the two-dimensional axisymmetric peridynamic model is utilized to model the Hertzian 
indentation fracture.   
 

 
 

Fig. 1. Hertzian indentation fracture 

2. Peridynamic theory 

    In this section, the peridynamic theory is briefly introduced. The peridynamic theory was first proposed by Silling 
(2000) as a non-local meshfree method by reformulating the equation of motion in integral form rather than the 
derivative of the displacements. The discretized material points can interact with each other inside a region called 
horizon. The interactions can be defined as peridynamic bonds. According to Silling (2000), in bond based 
peridynamics, the equation of motion of a material point x can be written as 
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in which  represents the density of the material at point x , and u  is the displacement at time t . Hx  is the horizon 
centred at material point x  while dV x is the infinitesimal volume of the material point x .  ξ x x  represents the 
bond between x and x indicating the relative position in the original configuration. b  is the external force acting at 
the material point x called body force. f is the pairwise force function per unit volume squared which depends on the 
stretch of the bond and material properties.  

Bond based peridynamics has a limitation that the Poisson’s ratio of the material can only be 1/4 for the three-
dimensional models and 1/3 for the two-dimensional models as mentioned by Madenci and Oterkus (2014). Thus, it 
is necessary to introduce the ordinary state based peridynamic theory for more general implementation. As derived by 
Silling et al. (2007), the governing equation can be rewritten as 
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where    , ,t t    T x x x T x x x  indicates the force per unit volume squared that particle x and particle x are 
exerting on each other. Here, T , is the force vector state at time t . It can be regarded as an output mapping from the 
original bond vector  ξ x x . As shown in Figure 2, the direction of force vector state is parallel to the deformed 
bond vector  y y in the current configuration. Therefore, the force vector state can be expressed as 
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    
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y yT x x x x
y y

                                                                                                                                (3)                

 

in which t  is the magnitude of T called scalar force vector state. 

 
Fig. 2. Peridynamic forces in ordinary state-based peridynamics 

 

3. Axisymmetric Peridynamic model 

    In the Hertzian indentation problem, since the geometry model, the external loading, and the boundary conditions 
are all symmetric about the central axis of the cylinder, it can be regarded as an axisymmetric problem. Thus, two-
dimensional model of the cylindrical section can be considered instead of a three-dimensional cylinder, which is less 
time-consuming for numerical computations. To obtain the equation of motion based on the axisymmetric 
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peridynamic model introduced by Zhang and Qiao (2018), the expression of PD strain energy density formula needs 
to be proposed first. Then, by equalizing the PD energy density with the corresponding energy from classical 
continuum mechanics, the related parameters in the PD energy density equation can be obtained. By calculating the 
derivative of the PD strain energy density, we can finally get the peridynamic force vector state.  

    To solve the axisymmetric problem, the cylindrical coordinate is utilized in this study. In classical continuum 
mechanics, for the isotropic material under linear elastic deformation, the strain energy density can be expressed as 
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in which   and   are the Lame constants of the material. ij is the strain tensor, which can be defined as 
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where ru and zu are the displacement components in radial and axial directions, respectively.  represents the volume 
dilatation which can be defined as 
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Here, /dS S , is regarded as surface dilatation. Substituting Eqs. (5) and (6) into Eq. (4), the strain energy density in 
classical theory can be rewritten as 
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where the indices 1,2 represent r and z , respectively. 

In order to propose a suitable formula for the PD strain energy density, a new variable * is introduced as 

 

        * 2 x e
q

 
                                                                                                                                                          (8)      

in which  is the influence function, having a value between 0 and 1, and only depending on the distance between 
the material points. x is the position scalar state indicating the original length of the bond, e represents the extension 
scalar state defined as e x  and q is the weighted volume expressed as q x x  (Silling et. al., 2007). The dot 
product is the integral of the product of two vectors as explained in Silling et. al. (2007).  

    To simplify the study, we assume the model is under isotropic deformation. Thus, the surface dilatation will be
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/ 2dS S  . * is calculated as the same value as the surface dilatation. In this way, it can be regarded as the 
equivalence of the surface dilatation.  

    By making an analogy to the equation of the classical energy density, the PD strain energy density expression is 
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where , , ,     are the parameters that need to be determined. The elongation e can be written as  
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The representative volume element in this model is like a ring. As shown in Fig. 3, assuming the length of the bond 
equal to l, the infinitesimal volume dV of material point x can be expressed as 
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Fig. 3. A single bond in the axisymmetric model 
 

Utilising Eqs. (10), (11) and by defining 1 cosl  , 2 sinl  , and   as the horizon size, the second term of the 
PD energy equation given in Eq. (9) can be obtained as 
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The weighted volume can be calculated as 
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which only depends on r. 

    By considering Eq. (13), the factors associated with ij  in Eq. (12) can be calculated as 
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Substituting Eqs. (14)-(16) in Eq. (12), the second term of the PD strain energy density expression can be rewritten as 
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Thus, the PD strain energy density expression can be rewritten as 
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Equating the PD strain energy density with the strain energy density from classical continuum mechanics, the 
undetermined parameters can be calculated as 
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q
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After obtaining the PD strain energy density expression, we can calculate the scalar force state vector from the 
derivative of the peridynamic strain energy density PDW . However, PDW here is not only related to bond elongation, 
but also depends on the radial displacement ru . Therefore, the increment of the PD energy is divided into two parts. 
One part is influenced by the bond elongation,  e PDW e   . The Frechet derivative of PD strain energy density, 
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e PDW , is a scalar force state. The second part arises from the increment of the radial displacement,  ru PD rW u  . 

The ordinary derivative of PD strain energy density, 
ru PDW , is regarded as a body force rb , the direction of which 

is always consistent with the positive r-axis. The scalar force state t and the body force rb can be written, respectively, 
as 
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4. Peridynamic contact model of axisymmetric problem 

    The interaction between the indenter and the cylinder needs to be considered during the contact process. When two 
particles are approaching very close to each other, a new type of force will be generated to prevent different material 
points from sharing the same position. This repelling force is calculated as a short-range force according to Madenci 
and Oterkus (2014) which is one of the most widely used method to depict the contact model in the peridynamic 
framework. Thus, as shown in Fig. 4, if the distance between two material points that belong to different bodies is less 
than the critical distance c , a contact model is introduced. In this study, the critical distance is defined as the radius 
of the contact area to justify whether there is contact pairwise force between two material points in the current 
configuration. In Fig. 4, S represents the interface of two bodies. Since frictionless contact is assumed in the Hertzian 
indentation case, the friction contact force can be neglected in this study. The normal contact force state nT is proposed 
as an external force to represent the contact model. Therefore, by taking the contact model into consideration, the 
peridynamic equation of motion can be formulated as 

   

                       , , , , , ,
c

n n
H H

t t t dV t t t dV          
x

x xx u x T x ξ T x ξ b x T x ξ T x ξ                      (22)                 

 

in which the normal contact force state is perpendicular to the contact interface, i.e. 

 
         sgnn n z zt  T ξ ξ Y ξ e e                                                                                                                         (23)                

 

where nt  is the scalar of the contact force state and ze represents the unit vector along the z-axis direction. 
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Fig. 4. Peridynamic contact model 

According to the contact model used in the two-dimensional axisymmetric pull-out numerical model by Zhang and 
Qiao (2019), the relationship between the normal contact pressure cp  acting on the contact surface and the normal 
contact force state nt can be defined as 
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in which yr  is radial coordinate of the material point x in the current configuration. Assuming there is a virtual bond 
between the two material points in contact, the normal contact pressure cp can be calculated based on the stretch of 
the virtual bond and can be expressed as 
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where cE is the contact stiffness and can be written as            
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5. Numerical results 

    In this section, numerical cases of the Hertzian indentation are simulated based on the axisymmetric peridynamic 

model and the numerical results will be compared with the results obtained from FEM to testify the accuracy of the 

axisymmetric peridynamic model. After the validation case, the crack propagation inside the cylinder will be analysed. 
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5.1. The axisymmetric indentation problem without fracture 

    The aim of this case is to verify the accuracy of the application of the axisymmetric peridynamic model for the 

Hertzian indentation problem. The small indenter has a radius of 45.0 10 mindr   while the radius of the cylinder is 

set as 35.0 10 mcylr   , i.e. 10 times larger than that of the indenter. Therefore, the effect of the edge can be neglected. 

The cylinder has a height of 36.0 10 mH   . The geometry can be simplified as a two-dimensional model. For the 

cylinder, it is uniformly discretized into 200 and 240 material points distributed along the radial and axial directions, 

respectively. Whereas 20 particles are located along the boundary of the indenter. The bottom of the cylinder is 

vertically fixed with additional three fictitious layers of material points. The vertical displacement of fictitious layers 

is defined as zero to constrain the bottom surface of the cylinder. The displacement of 51.0 10 md   is applied at 

the top boundary of the indenter as shown in Fig. 5. Thus, there will be contact between the indenter and the cylinder 

with the radius of the small indenter. To implement the loading condition to the numerical model, three fictitious 

layers of the material points is added at the top boundary of the indenter. The material utilized in this case is the 

borosilicate glass with the elastic modulus of 80GPaE  , Poisson’s ratio of 0.22  , and energy release rate of 

29 J/mcG  (Mouginot and Maugis, 1985). Since it is a static problem, the adaptive dynamic relaxation method is 

implemented to ensure the convergence of the quasi-static solution. The radius of the horizon is defined as 
57.5375 10 m   , which is 3.015 times of the spacing between the particles. In addition, in this study we set the 

critical contact radius as 57.5375 10 mcontr   which is the same as the horizon size. 

 
Fig. 5. Axisymmetric indentation problem 

 

The comparison of the displacements along the radial and axial directions between the peridynamic results and the 

results obtained from FEM for the Hertzian indentation are shown in Fig. 6. 
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(a) 

 
(b) 

Fig. 6. The comparison of (a) radial, (b) axial displacements for the axisymmetric indentation problem. 

 

It can be clearly seen from this figure that the displacements obtained from the axisymmetric peridynamic model agree 

well with the FEM result. Only some error occurs near the boundary due to incomplete horizon. Therefore, the 

accuracy of the axisymmetric peridynamic model is verified and the numerical model can be used for the Hertzian 

indentation analysis. 

 
Fig. 7. The initial damage of the Hertzian indentation model 
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5.2. The fracture of the Hertzian indentation 

    A pre-existing crack near the maximum stress point located at 4
0 5.75 10 mr   between two particles is inserted 

to investigate its propagation. The radial coordinate of the pre-existing crack is defined as 45.8 10 mcrackr   .The 
material parameters utilized in this case is same as the former case under same loading condition. The initial length 
of the crack is set as 4

0 1.25 10 ma   which is 5 times of the distance between the particles as shown in Fig. 7. The 
bonds between the material points that cross the initial crack were broken to represent the failure. In order to model 
the bond rupture, the failure criterion is introduced. In this study, the energy criterion is considered. When the bond 
energy exceeds the critical energy, the bond between the material points is broken. As mentioned by Zhang and Piao 
(2018), the critical energy can be calculated as, 
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In peridynamics, the energy for a single bond can be written as 
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The propagation of the pre-existing crack is shown in Fig. 8. The figure at the right side indicates the detail of the 
crack. Initially, the ring crack vertically grows for a small distance. Then, with the increase in load, a cone crack is 
generated and propagates at an angle of approximately 45 degrees. 

 
Fig. 8. The deformation and the crack propagation during the indentation 

By changing the Poisson’s ratio of the material and maintaining the other parameters as constant, we investigated the 
influence of the Poisson’s ratio on the crack propagation. The results can be seen in Fig. 9. It is obvious that by 
increasing the value of the Poisson’s ratio, the length of the propagated crack becomes shorter. The angle of cone 
crack maintains as 45 degrees. 
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crack. Initially, the ring crack vertically grows for a small distance. Then, with the increase in load, a cone crack is 
generated and propagates at an angle of approximately 45 degrees. 

 
Fig. 8. The deformation and the crack propagation during the indentation 

By changing the Poisson’s ratio of the material and maintaining the other parameters as constant, we investigated the 
influence of the Poisson’s ratio on the crack propagation. The results can be seen in Fig. 9. It is obvious that by 
increasing the value of the Poisson’s ratio, the length of the propagated crack becomes shorter. The angle of cone 
crack maintains as 45 degrees. 
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Fig. 9. The damage of the cylinder with different Poisson’s ratio values 

6. Conclusion 

    In this paper, the two-dimensional axisymmetric peridynamic model is briefly described. By equalizing the strain 
energy density between the peridynamics and classical continuum mechanics, the strain energy equation for 
axisymmetric peridynamics can be obtained. Then, the force state vector is calculated from the derivative of the strain 
energy. By introducing the contact model in the framework of peridynamics, the Hertzian indentation can be 
simulated. The validation case without fracture verifies the accuracy of the axisymmetric peridynamic model. With 
the energy failure criterion, the propagation of a pre-existing crack inside the brittle solid is simulated. The crack 
initially grew with a small distance perpendicular to the free surface of the brittle solid. Then, with the increase in 
load, a cone-shaped crack occurred and steadily propagated at a certain angle, approximately 45 degrees in this case. 
By increasing the value of the Poisson’s ratio, the length of the propagated crack becomes shorter. However, the angle 
of cone crack maintains as 45 degrees.  
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