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Abstract 

Classical continuum mechanics (CCM) has been widely used in structural analysis for the last two centuries. Dispersion curves, 
which describes the relationship between wave frequency and wave number, are linear according to CCM. This yields constant 
phase velocities. However, experiments showed that for small wavelengths, dispersion curves are nonlinear. Hence, CCM is not 
capable to represent such material behaviour for small wavelengths. As an alternative approach, peridynamics can be utilised for 
this purpose. In this study, closed form dispersion relationships are derived and presented according to the original bond-based 
peridynamics formulation. According to the evaluated results, it can be concluded that peridynamics can capture non-linear 
frequency-wave number relationship as also observed in real materials. 
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1. Introduction 

Classical continuum mechanics (CCM) has been widely used in structural analysis for the last two centuries. CCM 
is a local continuum mechanics approach which only takes into account interactions between material points that are 
directly in contact with each other. The equations of motion of CCM are in the form of partial differential equations. 
These equations face difficulties if the displacement field is not continuous as a result of a crack since spatial 
derivatives are not valid along crack surfaces. Moreover, CCM is suitable to represent long-wave propagation 
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behaviour since it doesn’t have a length scale parameter. Dispersion curves, which describes the relationship between 
wave frequency and wave number, are linear according to CCM. This yields constant phase velocities. However, 
experiments showed that for small wavelengths, dispersion curves are nonlinear. Hence, CCM is not capable to 
represent such material behaviour for small wavelengths. As an alternative approach, peridynamics can be utilised for 
this purpose. Peridynamics (PD) (Silling, 2000) is a non-local continuum mechanics formulation whose governing 
equations are in the form of integro-differential equations. In addition, it has a length scale parameter called horizon 
which defines the range of non-local interactions between material points. There has been a rapid progress on 
peridynamics especially during the recent years. The original PD formulation has been extended for multiphysics 
analysis (De Meo and Oterkus, 2017; Diyaroglu et. al. 2017a,b; Oterkus et. al. 2014; Wang et. al., 2018). PD 
formulation is also suitable for modelling simplified structures such as beam, plates and shells (Diyaroglu et. al., 2015, 
2019; Vazic et. al., 2020; Yang et. al., 2019, 2020). PD can also be applicable for analysis of polycrystalline materials 
(De Meo et. al., 2016, 2017; Zhu et al., 2016) and nano-structures including graphene (Liu et. al., 2018). PD can also 
capture complex damage patterns in composite structures (Oterkus et. al., 2010a; Oterkus and Madenci, 2012a,b). PD 
is suitable for dynamic fracture (Imachi et. al., 2019, 2020; Basoglu et. al., 2019; Vazic et. al., 2017) and impact 
analysis (Oterkus et. al., 2012). Fatigue analysis can also be performed in peridynamic framework (Oterkus et. al., 
2010b). PD was utilized to perform topology optimization of crack structures (Kefal et. al., 2019). An extensive 
overview of PD research can be found in Madenci and Oterkus (2014) and Javili et. al. (2019).  

Dispersion curves have non-linear form in peridynamics so that real material behaviour can be accurately 
represented for small wavelengths (Bazant, et. al., 2016; Butt, et. al., 2017; Zhang, et. al., 2019).  In this study, closed 
form dispersion relationships are derived and presented according to the original bond-based peridynamics 
formulation.  

2. Peridynamic dispersion relationships 

2.1. Peridynamic dispersion relationship for 1-Dimensional models 
 
The equation of motion in bond-based peridynamic theory for the material point x can be written as 
 

             , ,
V

u x t c x x s u u x x dV                                                                                                                    (1)     

where ,x x are the coordinates of the paired material points, ,u u  are the displacements of the material points,
 c x x  is the bond constant,  the mass density,  ,s u u x x   is the stretch of the paired material points, which 

can be expressed in 1-D as 
 

         , u x u xs u u x x
x x

      
 

                                                                                                                          (2)               

The equation of motion can be solved with plane wave solution  ,u x t  
 
           , i kx tu x t Ue                                                                                                                                                   (3)     
 
where U is the constant amplitude vector, k is the wavenumber,  is the angular frequency in rad/sec. Substituting 
the plane wave solution given in Eq. (3) in Eq. (1) leads to 
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where is the horizon size, A is the cross-sectional area, and x x   . Bond constant for isotropic materials in a 
one-dimensional bar can be written as 
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behaviour since it doesn’t have a length scale parameter. Dispersion curves, which describes the relationship between 
wave frequency and wave number, are linear according to CCM. This yields constant phase velocities. However, 
experiments showed that for small wavelengths, dispersion curves are nonlinear. Hence, CCM is not capable to 
represent such material behaviour for small wavelengths. As an alternative approach, peridynamics can be utilised for 
this purpose. Peridynamics (PD) (Silling, 2000) is a non-local continuum mechanics formulation whose governing 
equations are in the form of integro-differential equations. In addition, it has a length scale parameter called horizon 
which defines the range of non-local interactions between material points. There has been a rapid progress on 
peridynamics especially during the recent years. The original PD formulation has been extended for multiphysics 
analysis (De Meo and Oterkus, 2017; Diyaroglu et. al. 2017a,b; Oterkus et. al. 2014; Wang et. al., 2018). PD 
formulation is also suitable for modelling simplified structures such as beam, plates and shells (Diyaroglu et. al., 2015, 
2019; Vazic et. al., 2020; Yang et. al., 2019, 2020). PD can also be applicable for analysis of polycrystalline materials 
(De Meo et. al., 2016, 2017; Zhu et al., 2016) and nano-structures including graphene (Liu et. al., 2018). PD can also 
capture complex damage patterns in composite structures (Oterkus et. al., 2010a; Oterkus and Madenci, 2012a,b). PD 
is suitable for dynamic fracture (Imachi et. al., 2019, 2020; Basoglu et. al., 2019; Vazic et. al., 2017) and impact 
analysis (Oterkus et. al., 2012). Fatigue analysis can also be performed in peridynamic framework (Oterkus et. al., 
2010b). PD was utilized to perform topology optimization of crack structures (Kefal et. al., 2019). An extensive 
overview of PD research can be found in Madenci and Oterkus (2014) and Javili et. al. (2019).  

Dispersion curves have non-linear form in peridynamics so that real material behaviour can be accurately 
represented for small wavelengths (Bazant, et. al., 2016; Butt, et. al., 2017; Zhang, et. al., 2019).  In this study, closed 
form dispersion relationships are derived and presented according to the original bond-based peridynamics 
formulation.  
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             , ,
V

u x t c x x s u u x x dV                                                                                                                    (1)     

where ,x x are the coordinates of the paired material points, ,u u  are the displacements of the material points,
 c x x  is the bond constant,  the mass density,  ,s u u x x   is the stretch of the paired material points, which 

can be expressed in 1-D as 
 

         , u x u xs u u x x
x x

      
 

                                                                                                                          (2)               

The equation of motion can be solved with plane wave solution  ,u x t  
 
           , i kx tu x t Ue                                                                                                                                                   (3)     
 
where U is the constant amplitude vector, k is the wavenumber,  is the angular frequency in rad/sec. Substituting 
the plane wave solution given in Eq. (3) in Eq. (1) leads to 
 

            2

0

2 1 cospd

C
k Ad

 
  


                                                                                                                       (4)     

where is the horizon size, A is the cross-sectional area, and x x   . Bond constant for isotropic materials in a 
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where E is the elastic modulus. Substituting the bond constant expression given in Eq. (5) in the peridynamic equation 
of motion with the plane wave solution given in Eq. (4), the analytical solution of the wave dispersion relationship for 
one-dimensional structures in terms of wave number and the horizon size can be obtained as 
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where  is the Euler gamma constant. Note that dispersion of the peridynamic wave is only related to the 
micromodulus function, density, and horizon. These parameters are inherent properties of the material. 
 
 
2.2. Peridynamic dispersion relationships for 2-Dimensional models 
 
The dispersion relationships in two-dimensional models can be obtained similarly. To simplify the calculation, 
cylindrical coordinate system is utilised. Fig. 1 presents two material points x and x and linked with a bond  . , ,u u v  
and v are displacement components of the material points x and x and represent the longitudinal (x-direction) and 
transverse (y-direction) displacements, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Fig. 1. Displacement components of the material points x and x . 

As can be observed Fig. 1, the components of the longitudinal and transverse displacements of material points x and
x projected on the bond can be written as 
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Hence, the stretch s between two material points becomes 
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The peridynamic equation of motion with small displacement assumption can be written in longitudinal direction as 
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where  C   is the bond constant. Eq. (9) can be rewritten in cylindrical coordinates as  
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where h is the thickness of the geometry. 
 
While considering the waves propagating in positive x -direction and the transverse displacement of each material 
point is zero, i.e.    , , 0v t v t x x , the equation of motion in the longitudinal direction can be simplified as  
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Inserting the plane wave solution  
 
           , i k tu t Ue   x nx                                                                                                                                              (12)     
, wheren is the unit vector describing the direction of the wave propagation, into the equation of motion in the 
longitudinal direction leads to ( xn e ) 
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Please note that  sin cosk  is an odd function and its integration leads to zero. Performing the integration in Eq. 
(13) yields 
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where  BesselJ ,m   is Bessel function of the m  kind. For the two-dimensional structures,  C  is given as 
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Therefore, the analytical solution of the longitudinal wave dispersion relationship for a two-dimensional structure can 
be obtained as 
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Similar procedure can be followed for the transverse direction. While considering the waves propagating in positive
x -direction and the longitudinal displacement at each material point is zero, i.e.    , , 0u t u t x x , yields the 
equation of motion in transverse direction as 
 

             
2

0 0

, sin sinv t C h v v d d
 

       x                                                                                                   (17)     

 
By using the plane wave solution, the equation of motion in the transverse direction results in 
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  The integration part in Eq. (18) can be solved analytically as 
 

        

 

         

2
2

0 0

1 cos cos sin

BesselJ 1, 2 StruveH 0,
BesselJ 0, 2 StruveH 1,

k d d

k k k
k k

k

 

    

   
     

   

  
     
 
 

 
                        (19)                 

 
where  StruveH ,m  is Struve function of the m kind. Therefore, by using the bond constant expression for a two-
dimensional structure given in Eq. (15), the analytical solution of the transverse wave dispersion relationship can be 
obtained as 
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2.3. Peridynamic dispersion for 3-Dimensional models 
 
To derive the wave dispersion relationships for three dimensional structures, spherical coordinates can be utilised as 
shown in Fig. 2. 
 

 

Fig. 2. Spherical coordinate system. 

where indicates the bond distance between two material points,   is the angle around the z-axis,   is the angle 
between the radial line and the z-axis. By following a similar procedure as in 2-Dimensional structures, the wave 
dispersion relationships, L : longitudinal (x-) direction, T : transverse (y-) direction, V : vertical (z-) direction can 
be obtained as 
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3. Numerical results 

  In this section, dispersion relationships obtained in the previous section are visually presented for the copper material 
for both 1-D, 2-D and 3-Dimensional structures. Copper has a density of 8960 kg/m3, Young’s modulus of 130 GPa, 
and Poisson’s ratio of 0.34. Lattice constant of copper is 3.598 A. The horizon size is specified as 103 10 m   . The 
wave number in dispersion curves is normalized by dividing the wave number with 2 / a where a is the lattice 
constant. 
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Similar procedure can be followed for the transverse direction. While considering the waves propagating in positive
x -direction and the longitudinal displacement at each material point is zero, i.e.    , , 0u t u t x x , yields the 
equation of motion in transverse direction as 
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By using the plane wave solution, the equation of motion in the transverse direction results in 
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  The integration part in Eq. (18) can be solved analytically as 
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where  StruveH ,m  is Struve function of the m kind. Therefore, by using the bond constant expression for a two-
dimensional structure given in Eq. (15), the analytical solution of the transverse wave dispersion relationship can be 
obtained as 
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2.3. Peridynamic dispersion for 3-Dimensional models 
 
To derive the wave dispersion relationships for three dimensional structures, spherical coordinates can be utilised as 
shown in Fig. 2. 
 

 

Fig. 2. Spherical coordinate system. 

where indicates the bond distance between two material points,   is the angle around the z-axis,   is the angle 
between the radial line and the z-axis. By following a similar procedure as in 2-Dimensional structures, the wave 
dispersion relationships, L : longitudinal (x-) direction, T : transverse (y-) direction, V : vertical (z-) direction can 
be obtained as 
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3. Numerical results 

  In this section, dispersion relationships obtained in the previous section are visually presented for the copper material 
for both 1-D, 2-D and 3-Dimensional structures. Copper has a density of 8960 kg/m3, Young’s modulus of 130 GPa, 
and Poisson’s ratio of 0.34. Lattice constant of copper is 3.598 A. The horizon size is specified as 103 10 m   . The 
wave number in dispersion curves is normalized by dividing the wave number with 2 / a where a is the lattice 
constant. 
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Fig. 3. Dispersion relationship for a 1-Dimensional structure made of copper. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Dispersion relationship for a 2-Dimensional structure made of copper. 
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Fig. 5. Dispersion relationship for a 3-Dimensional structure made of copper. 

Dispersion relationships for 1-D, 2-D and 3-Dimensional structures made of copper are depicted in Figs. 3-5. As 
shown in these figures, peridynamics captures non-linear frequency-wave number relationship as also observed in real 
materials.   

4. Conclusions 

  In this study, closed form dispersion relationships were derived and presented according to the original bond-based 
peridynamics formulation. Peridynamic dispersion relationships were visually shown for the copper material for both 
1-D, 2-D and 3-Dimensional structures. According to the results, it was concluded that peridynamics can capture non-
linear frequency-wave number relationship as also observed in real materials. 

Acknowledgements 

This material is based upon work supported by the Air Force Office of Scientific Research under award number 
FA9550-18-1-7004. 

References 

Basoglu, M.F., Zerin, Z., Kefal, A., Oterkus, E., 2019. A computational model of peridynamic theory for deflecting behavior of crack propagation 
with micro-cracks. Computational Materials Science 162, 33–46. 
Bažant, Z.P., Luo, W., Chau, V.T., Bessa, M.A., 2016. Wave dispersion and basic concepts of peridynamics compared to classical nonlocal damage 
models. Journal of Applied Mechanics 83(11). 
Butt, S.N., Timothy, J.J., Meschke, G., 2017. Wave dispersion and propagation in state-based peridynamics. Computational Mechanics 60(5), 725–
738. 
De Meo, D., Zhu, N., Oterkus, E., 2016. Peridynamic modeling of granular fracture in polycrystalline materials. Journal of Engineering Materials 
and Technology 138(4), 041008. 
De Meo, D., Oterkus, E., 2017. Finite element implementation of a peridynamic pitting corrosion damage model. Ocean Engineering 135, 76–83. 
De Meo, D., Russo, L., Oterkus, E., 2017. Modeling of the onset, propagation, and interaction of multiple cracks generated from corrosion pits by 
using peridynamics. Journal of Engineering Materials and Technology 139(4), 041001. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized wave number

0

1

2

3

4

5

6

7

8

9

10

Fr
eq

ue
nc

y 
(1

012
s-1

)

Copper = 3e-10 m  - Longitudinal
Copper = 3e-10 m  - Transverse
Copper = 3e-10 m  - Vertical



 Bingquan Wang  et al. / Procedia Structural Integrity 28 (2020) 482–490 489 Author name / Structural Integrity Procedia 00 (2019) 000–000  7 
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Fig. 4. Dispersion relationship for a 2-Dimensional structure made of copper. 
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