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Abstract 

In this study, free vibration analysis of cracked plates was performed by using peridynamics. Peridynamics is a new 
continuum mechanics formulation which is especially suitable for problems including discontinuities such as cracks. 
A peridynamic Mindlin plate formulation was used and the numerical implementation was done using commercial 
finite element software, ANSYS. First, the formulation was verified by considering intact and cracked plates and 
peridynamic solutions were compared against numerical, theoretical and experimental results available in the 
literature. Once the formulation was verified, the effect of plate thickness, crack size and crack orientation on the 
natural frequencies were investigated for a centrally cracked plate. It was found that natural frequency values 
increase as plate thickness increases. On the other hand, increase in crack length decreases the natural frequency 
values. Moreover, crack orientation also increases natural frequencies for larger cracks. Finally, linear variation of 
thickness inside the plate causes a tilt of the mode shapes towards the thin side of the plate.   
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1. Introduction 
 

Ships and offshore structures are subjected to harsh marine environment which can cause several 
damage scenarios including fracture and corrosion. Ultrasonic damage detection techniques are effective 
and increasingly popular techniques for damage detection. Cracked structures can demonstrate different 
free vibration behaviour in terms of natural frequencies and mode shapes with respect to their intact form. 
Therefore, investigation of free vibration behaviour of cracked structures can provide invaluable 
information for damage detection techniques.    

There are numerous studies in the literature focusing on free vibration behaviour of structures, 
especially plate type structures. Amongst these Stahl and Keer (1972) studied eigenvalue problem of 
cracked rectangular plates to determine their natural frequencies and mode shapes. They formulated the 
problem as dual series equations and reduced to homogeneous Fredholm integral equations of the second 
kind. Krawczuk (1993) developed a finite element model of a rectangular plate with a through crack to 
investigate the effect of crack location and its length on the natural frequency of simply supported and 
cantilever plates. Qian et al. (1990) also used finite element method to determine natural frequencies for 
a simply-supported square plate and a cantilever plate with a thorough crack. They also performed an 
experimental study to verify their numerical results. Zeng et al. (2016) performed the vibration analysis 
of a rectangular plate with a side crack based on classical thin plate theory using the Ritz method with 
admissible functions that were constructed by the moving least square method with enriched basis 
functions. They investigated the effect of location, length and orientation of side cracks on vibration 
frequencies and mode shapes of cracked plates. Doan et al. (2019) recently studied free vibration analysis 
of cracked Mindlin plates by using phase-field method. Soni et. al. (2018) developed an analytical model 
for vibration analysis of partially cracked plates coupled with fluid medium. Huang et. al. (2011) utilized 
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Ritz method to accurately determine the frequencies of thick and crack plates based on Mindlin plate 
theory. Nguyen-Thoi et. al. (2014) used cell-based smoothed discrete shear gap method for free vibration 
analysis of cracked Mindlin plates by utilizing the crack-tip singular enriched functions of the extended 
finite element method. In another study, Yang et. al. (2017) proposed an extended edge-based smoothed 
discrete shear gap method for free vibration analysis of cracked Reissner-Mindlin plate by implementing 
the edge based strain smoothing operation into the discrete shear gap-based extended finite element 
method. Joshi et. al. (2017) developed a non-classical analytical model for free vibration of cracked 
rectangular isotropic and functionally graded micro-plates in the presence of thermal environment by 
combining classical plate theory and modified couple stress theory. Hosseini-Hashemi et. al. (2010) 
analyzed free vibration of moderately thick rectangular plates with an arbitrary number of all-over part-
through cracks by using a set of exact closed-form characteristic equations incorporating shear 
deformation and rotary inertia. Joshi et. al. (2015) developed an analytical model for free vibration 
analysis of a thin rectangular isotropic plate containing an internal crack located at the center of the plate 
using classical plate theory. Xu and Chen (2017) proposed a universal method combining differential 
quadrature finite element method and virtual spring technique to analyze free vibration of thin plates with 
irregular cracks. Shahverdi and Navardi (2017) presented an elemental approach based on differential 
quadrature method for free vibration analysis of cracked thin plate structures. Gupta et. al. (2018) 
performed free vibration analysis of square center-cracked plate at various orientations using finite 
element method. Azam et. al. (2017) investigated the free vibration analysis of rhombic plates with a pre-
existing central crack using finite element method and Mindlin plate theory. Nguyen-Thanh et. al. (2018) 
developed an approach which couples the meshfree method and isogeometric analysis for free-vibration 
analysis of cracks in thin-shell structures. Zhang (2017) adopted discrete singular convolution method 
for free vibration analysis of cracked rectangular plates. Xue and Wang (2019) studied the free vibration 
of a flat plate with a side crack of Mode I fracture reinforced by one stiffener parallel to the edges of the 
plate. Yu et. al. (2019) introduced a new approach using extended finite element method to significantly 
improve the accuracy of natural frequency in free vibration analysis of cracked Reissner-Mindlin plates.   

In this study, an alternative computational method, peridynamics, was utilised to perform free 
vibration analysis of cracked plates. Peridynamics (PD) was introduced by Silling (2000) to overcome 
the limitations of Classical Continuum Mechanics (CCM). Equations of motion of PD theory are in 
integro-differential equation form and they do not contain spatial derivatives which allow analysing 
discontinuities such as cracks without applying any special treatment to obtain the solution. There has 
been an increasing number of studies on peridynamics, especially during last few years. Amongst these 
Imachi et. al. (2019) introduced a new transition bond method within ordinary-state based peridynamics 
framework for dynamic fracture analysis. Javili et. al. (2019) developed a novel continuum-kinematics 
inspired approach for peridynamics. Nguyen and Oterkus (2019) developed a novel bond based 
peridynamic model for three-dimensional complex beam structures with six degrees of freedom based 
on Timoshenko beam theory. Wang et. al. (2019) proposed a coupled peridynamic-finite element method 
for modelling mechanical behavior and damage growth in materials. Ni et. al. (2019) introduced two new 
implicit static solution procedures to study crack propagation problems by adopting peridynamics-based 
numerical tool. Ozdemir et. al. (2020) utilized peridynamics to simulate dynamic wave propagation and 
crack propagation in functionally graded materials. Li et. al. (2020) developed a peridynamic model to 
investigate thermally-induced fracture for cubic polycrystals and ceramic made of different materials. 
Imachi et. al. (2020) performed dynamic fracture analysis for the crack arrest phenomenon by using 
ordinary-state based peridynamics and transition bond concept. Guski et. al. (2020) investigated the 



damage behavior of a 2D microstructure taken from a plasma sprayed ceramic coating used in solid oxide 
fuel cell sealing systems by using peridynamics. Ye et. al. (2019) performed peridynamic simulations of 
submarine surfacing through ice. Vazic et. al. (2020) investigated in-plane and out-of-plane failure of an 
ice sheet using peridynamics. Wang et. al. (2020) determined the horizon size for state-based 
peridynamics. An extensive review of peridynamics research can be found in Javili et. al. (2019).   

There are fundamental differences between peridynamics and some other numerical techniques 
used for fracture predictions including smoothed particle hydrodynamics (SPH) and extended finite 
element method (XFEM). Although SPH uses governing equations similar to peridynamics as well as an 
influence region similar to the horizon concept in peridynamics, foundations of SPH are different than 
peridynamics. SPH concept is based on the definition of the delta functional widely used in mathematics. 
SPH introduces a smoothing concept for the delta function so that the value of a function at a particular 
point can be obtained by partial contributions of the values of the function at other points inside an 
influence region. In other words, the value of a function at a point can be obtained by performing 
interpolation which makes it a purely numerical approach. On the other hand, as explained in the next 
section, peridynamics is a non-local continuum mechanics formulation, rather than a purely numerical 
approach as in SPH, which takes into account non-local interactions between material points inside 
horizon (influence region) and governing equations can be obtained from Euler-Lagrange equations by 
calculating the total kinetic and potential energies of the system. XFEM was introduced to overcome the 
mesh dependency problem of cohesive zone models by allowing splitting of regular finite elements. 
Although this is a promising idea, it is not very suitable to deal with large number of cracks interacting 
with each other. Moreover, detection of the crack surface in 3-Dimensional analysis is a major challenge 
for XFEM. On the other hand, cracks are not treated as special objects in peridynamics and they are part 
of the formulation. Therefore, any number of cracks can occur and interact with each other in 
peridynamics. There is no need to define crack growth laws in peridynamics for the crack evolution about 
when it will start to grow, in which direction it will grow, whether it should branch or not. There is also 
no need to detect the crack surfaces. Hence, 3-Dimensonal models do not introduce any additional 
challenge to the computations.  

In this study, Mindlin plate peridynamic formulation developed by Diyaroglu et al. (2015) was used 
to formulate the problem. Numerical implementation was done using commercial finite element software, 
ANSYS, by following the approach described in Yang et. al. (2018). Such an approach provides a 
straightforward way to determine the natural frequencies and mode shapes by using the modal analysis 
algorithms already implemented in ANSYS software.  
    
2. Peridynamic theory 
 
2.1 Basic Theory 



 

Fig. 1. Undeformed and deformed state of peridynamic material points (Madenci and Oterkus, 2014). 

 
Peridynamic theory is a new continuum mechanics formulation introduced by Silling [1] to 

overcome the limitations of classical continuum mechanics (CCM). The most prominent feature of the 
PD theory is that it replaces the spatial differential term of the equation of motion with an integral term. 
PD theory is based on the traditional continuum assumption where the structure consists of infinitely 
small volumes called material points. PD theory is within the class of non-local continuum mechanics in 
which material points can interact with each other in a non-local manner as long as they are located 
within their domain of influence named as horizon, δ. The material points that belong to the horizon of 
a particular material point are called family members As shown in Fig. 1, in the original bond-based PD 
formulation that Silling (2000) proposed, it is assumed that the interaction force between the two material 
points is equal and opposite.  
 
 
2.2. Equation of Motion 

The peridynamic equation of motion can be derived from Lagrange's equation. Therefore, the 
peridynamic equation of motion for the material point k can be written as 
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where Lagrangian (𝐿) is defined as the difference between the total kinetic energy of the system, T, and 
the total potential energy of the system, U. The total kinetic energy and total potential energy of the 
system can be calculated by integrating the kinetic energy and potential energy of all material points. 
Substituting Lagrangian, L, in Eq. (1) and using the assumption for bond-based peridynamics mentioned 
earlier, the peridynamic equation of motion can be obtained as 
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in which ρ is the mass density, Hx represents the neighbourhood region within the horizon of the material 
point x, u and x are displacement and position vectors, respectively, and b represents the body force 
density exerting on the material point x. Moreover, f is the PD force density vector of the pairwise 
interaction between material points which can be expressed as 
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and y is the position vector in the deformed configuration, i.e. y = x + u. The stretch between material 
points, s represents the ratio of change in length between two material points after deformation to the 
original distance between them. ξ and η are relative position and relative displacement vectors, 
respectively. The 𝑐 parameter is a peridynamic parameter called bond constant and can be related to 
material constants of CCM as (Silling and Askari, 2005) 
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in which 𝜅 is bulk modulus and 𝛿 is the radius of the horizon.  

It is not easy to obtain an analytical solution for the PD equation of motion given in Eq. (2). 
Therefore, numerical techniques are generally utilised. If meshless approach is used for spatial 
discretisation, the solution domain is discretised into finite number of material volumes with one point 
representing the volume located at the center of the volume. The equation of motion of the material point 
k can be expressed in discretised form as 
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where ρ(k) is the mass density of the material point k , N is the number of the family members within the 
horizon, u(k) is displacement of the material point k, V(j)  is the volume of the family member point j, and 
b(k) is the body force density acting on the material point k. 
 
3. Peridynamic Mindlin plate formulation 
 

The classical peridynamic theory only considers translational degrees of freedom (DOF). To derive 
the peridynamic equations of a Mindlin plate requires incorporation of out-of-plane deformation, w, and 
rotations, φx and φy, as DOFs (see Fig. 2).  



 
Fig. 2. Initial and deformed configurations of peridynamic Mindlin plate (Diyaroglu et. al. 2015). 

Peridynamic interactions between material points can be described by introducing peridynamic 
transverse shear force and bending moment densities, respectively, as (Diyaroglu et al. 2015) 
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in which cs and cb are peridynamic parameters, i.e. bond constants, that are related with shear angle ϕ(k)(j) 
and curvature κ(k)(j), respectively, between material points k and j. The shear angle and curvature arising 
from the interaction between material points k and j can be described as  
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The rotations of material points k and j, φ(k) and φ(j), can be expressed in terms of rotational DOFs, φx and 
φy, as  

                         ( ) ( ) ( )cos sink x k y kφ φ θ φ θ= +                                  (13) 
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where θ is the orientation of the bond between material points k and j with respect to horizontal axis. The 
total kinetic energy and total potential energy of the Mindlin plate are given as 
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in which h is the thickness of the plate, A(k) is the cross-sectional area of the material point k , and α can 
be x or y. The three equations of motion can be obtained by substituting Eqs. (15) and (16) in Eq. (1) and 
replacing q(k) with w(k), φx(k) and φy(k) as 
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Peridynamic parameters cs a nd cb can be expressed in terms of elastic modulus, E as 
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where ks represent the shear correction factor and the value of π2/12 is used for most plates (Stephen, 
1997). Please note that peridynamic Mindlin equations given in Eqs. (17-19) are in the form of infinite 
summations with infinitely small volumes. This means that these infinite summations can also be written 
in integral form as in Eq. (2). Although in peridynamics it is possible to define that all material points 
can interact with each other, in order make computations feasible, an influence region, horizon, is 
introduced so that only material points inside the horizon can interact with each other. If a uniform 
discretization is utilized, the size of the horizon is usually chosen as three times of the discretization size. 
Please also note that the main difference between the classical Mindlin equations and peridynamic 
Mindlin equations is their mathematical form. Classical Mindlin equations are in the form of partial 
differential equations whereas the peridynamic equations are in the form of integrations or summations 
and do not contain spatial derivatives.         
 
4. Implementation of peridynamic Mindlin plate formulation in ANSYS 
 

In this study, the numerical implementation was done by using the commercial finite element 
software, ANSYS version R19.2 and following the approach presented in Yang et al. (2018). Although 



classical finite element method and peridynamics has fundamental differences, it is possible to implement 
peridynamic formulation in a commercial finite element software by representing peridynamic 
interactions with traditional finite elements (see Fig. 3) and calibrating parameters of finite element 
analysis with parameters of peridynamic analysis. Peridynamic Mindlin formulation presented in the 
previous section can be represented by using BEAM4 elements since this element has both translational 
and rotational DOFs and is based on Timoshenko beam element.  

 

 
 

Fig. 3. Material points (represented by nodes) and peridynamic interactions between material points (represented by beam 

elements) implemented in ANSYS. 

 
To represent peridynamic interactions in finite element framework, peridynamic equations of 

motion given in Eqs. (17-19) can be rewritten for finite number of interactions by multiplying all 
equations with the volume of the material point k, dividing with the plate thickness, h, and using the 
shear angle and curvature definitions given in Eqs. (11) and (12) as 
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where N is the number of the material points within the horizon. Based on Eqs. (22-24), peridynamic 
bond forces and moments between material points k and j can be expressed as  
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According to Classical Continuum Mechanics, the force and bending moment of Timoshenko beam can 



be described as 
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where G(k)(j) and E(k)(j) represent peridynamic shear modulus and Young’s modulus of the bond between 
material points k and j. ks, A and Iy represent shear correction factor, cross-sectional area and moment of 
inertia of the beam, respectively. Note that these three parameters, i.e. ks, A and Iy , are geometrical 
properties that are calculated based on the distance between material points and plate thickness. Therefore, 
these values cannot be used as calibration parameters. On the other hand, G(k)(j) and E(k)(j) can serve as 
calibration parameters. By equating peridynamic and CCM forces and moments given in Eqs. (25,26) 
and (27,28), respectively, calibrated shear modulus and Young’s modulus values to be used in finite 
element analysis can be obtained as 
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Please note that ANSYS is only used to solve peridynamic Mindlin equations given in Eqs. (22-24). 
Although finite elements are utilized, they are mainly used to represent the peridynamic forces and 
moments between material points. The main motivation of following such an approach is to utilize the 
advanced computational features of commercial finite element software packages since they use efficient 
solvers and allows parallel computing without putting extra effort. Moreover, complex analysis can be 
easily performed such as modal analysis (as in the current study) and geometrical nonlinear analysis 
because their solution process are already available within the commercial software package. Please also 
note that such an approach also introduces additional feature to commercial finite element packages, so 
that a finite element user can perform peridynamic analysis without the requirement of writing a new in-
house peridynamic code.     
 
5. Free vibration analysis of cracked plates 

 

Fig. 4. Creation of cracks in ANSYS without including elements (interactions) passing through the crack surface. 

 
In this section, the free vibration analysis of cracked plates is performed by using the peridynamic 



model implemented in ANSYS. BEAM4 element in ANSYS represents each bond between material 
points and the MASS21 element represents the mass of each material point. As shown in Fig. 4, cracks 
are created without including elements (interactions) passing through the crack surface. Please note that 
it is pretty straightforward to define cracks and any number of cracks can exist in the solution domain 
and they can easily interact with each other. Other existing methods can encounter difficulties especially 
analyzing multiple crack cases. Various crack configurations are considered to investigate the effect of 
crack length and crack orientation. Peridynamic results are compared with experimental, theoretical and 
numerical results provided by Krawczuk (1993), Barton (1951) and Qian et al. (1991).  

 
 

 
Fig. 5. The geometry of a cantilever plate with a crack. 

5.1. Verification cases 
 

For the numerical analysis, a cantilever plate with in-plane dimensions of 240×240 mm2 and 
thickness of 2.75 mm is considered as shown in Fig. 5. The plate is made of aluminium with Young’s 
modulus of 67 GPa, Poisson’s ratio of 1/3 and mass density of 2800 kg/m3. First, natural frequencies of 
an intact plate without crack are obtained for verification purposes. As shown in Table 1, peridynamic 
results are compared with numerical and theoretical results of Krawczuk (1993) and Barton (1951), 
respectively, and the finite element results obtained  using ANSYS shell element. The natural 
frequencies from all four different approaches are similar to each other and the differences between FE 
and peridynamic results are smaller than 3%. 

Next, the values for relative change of natural frequencies of cracked plates with respect to intact 
plates are obtained and compared with values from Krawczuk (1993) and Qian et al. (1991). The crack 
is parallel to the fixed edge with a length of 34 mm and its centre is located 90 mm apart from the lower 
right corner of the plate, i.e. x = y = 90 mm. Based on the results given in Table 2, a good agreement 
between peridynamic results and the numerical, theoretical and experimental results from the literature 
is obtained. Note that the natural frequencies of the cracked plate given in this table are normalized with 
respect to the natural frequencies of the intact plate. Therefore, it can be concluded that the current 
peridynamic model provides reliable natural frequencies and can be used for the analysis of other 
configurations. 

 
 
 



Table 1. Validation of peridynamic result with other methods of intact plate.  

Mode 
Krawczuk 
(1993) 
[Hz] 

Barton 
(1951) 
[Hz] 

FEM 
[Hz] 

Peridynamics 
[Hz] 

% 
Diff 

1 41.49 40.39 39.36 40.452 2.70 

2 99.87 96.94 94.89 101.10 1.92 

3 255.91 242.36 239.92 249.77 1.31 

 
Table 2. Comparison of relative changes in natural frequencies of cracked plate. 

Mode 
Krawczuk 
(1993) 
numerical 

Qian et al. 
(1991) 
theoretical 

Qian et al. 
(1991) 
experimental 

Peridynamics 

1 0.9891 0.9931 0.9917 0.9909 

2 0.9985 0.9989 0.9981 0.9978 

3 0.9826 0.9837 0.9807 0.9899 

 
5.2. Demonstration cases 
 

After verifying the current formulation, an analysis to investigate the effect of crack length, crack 
angle (orientation) and plate thickness is performed for a centrally cracked plate. The material properties 
are the same as in the previous case. The plate is subjected to a clamped-clamped condition (CFCF) and 
the results are summarised in Table 3. As can be seen in these results, natural frequencies increase as the 
thickness of the plate increases. On the other hand, the crack length increase yields reduction in natural 
frequency values. Moreover, although natural frequency is insensitive to crack angle change for smaller 
cracks, i.e. c/W = 0.1, natural frequency values increase as the crack angle increases. Comparing plate 
thickness, crack length and crack angle, plate thickness has more influence on natural frequency values.   
Fig. 6 shows the first five-mode shapes for three cases of crack angle (0°, 30° and 60°) for the centrally 
cracked plate, respectively. As shown in this figure, mode shapes change as the crack angle increases. In 
particular, there are significant differences in modes of fourth and higher.  
 
 
 
 
 
 
 
 
 
 
 
 
 



Table 3. Peridynamic results for natural frequencies of the cracked plate (CFCF). 
  

Thickness 
[mm] 

Crack 
length 
ratio 
(𝑐 𝑊) 

Crack 
angle 
(𝛼) 

Peridynamics 
[Hz] 

8 0.1 0° 706.18 

  30° 707.99 

  60° 709.99 

 0.3 0° 676.32 

  30° 686.03 

  60° 703.15 

 0.5 0° 631.05 

  30° 657.55 

  60° 695.31 

10 0.1 0° 874.09 

  30° 874.30 

  60° 879.50 

 0.3 0° 837.09 

  30° 848.17 

  60° 870.63 

 0.5 0° 780.83 

  30° 812.47 

  60° 860.72 

12 0.1 0° 1040.0 

  30° 1038.9 

  60° 1045.87 

 0.3 0° 994.86 

  30° 1007.3 

  60° 1035.1 

 0.5 0° 927.95 

  30° 964.54 

  60° 1022.98 

 



 

 

 

 

 

 
Fig. 6. First five vibration mode shapes of central cracked plate (CFCF) 

(Mode: from top to bottom; 1st, 2nd, 3rd, 4th and 5th) (Crack angle: from left to right; 0°, 30° and 60°) 



 
Fig. 7. The geometry of a plate with a variable thickness along the length of the plate.  

Next, the free vibration analysis was performed for a centrally cracked plate with linearly increased 
thickness. The in-plane dimensions of the plate are same as in the previous case. As shown in Fig. 7, the 
plate has a different thickness in the direction of the width. The h1 and h2 parameters are the smallest and 
largest thicknesses of the plate, respectively. The thickness ratio (h2 / h1) is specified as 2 with the right 
side of the plate becoming the thick side. Fig. 8 shows the mode shapes for the plate with linearly varying 
thickness. Overall, it can be seen that the centre of each vibration mode shape is tilted to the left which 
is the thin side of the plate. Other than this difference, it has similar mode shapes as the constant thickness 
case demonstrated in Fig. 6. 
 
6. Conclusions 
 

In this study, a free vibration analysis of cracked plates was performed by using peridynamics. A 
commercial finite element software, ANSYS was utilized for numerical implementation of peridynamics.   
Peridynamic formulation was verified by considering a cantilever plate with and without a crack. 
Peridynamic results were compared against numerical, theoretical and experimental results available in 
the literature and a good agreement was obtained between different approaches. After verifying the 
formulation, it was utilised to investigate the effect of crack length, crack orientation and plate thickness 
on the natural frequency values for a centrally crack plate with CFCF boundary conditions. After 
considering many different configuration, it was observed that natural frequencies increase as the plate 
thickness increases. This is expected since increase in thickness will increase stiffness which will then 
increase the natural frequency. On the hand, increase in crack length decreases the natural frequency 
values. This is also expected since defects like cracks decrease the stiffness which will then decrease the 
natural frequency. Regarding the effect of crack orientation, although smaller cracks have minimal effect 
on natural frequency values, natural frequency values increase as the crack orientation angle increases. 
Amongst the three factors, the most dominant factor was found to be the plate thickness. Mode shapes 
were also investigated for different crack orientations. It was shown that the effect of crack orientation 
increases as the mode number increases. Finally, a centrally cracked plate with linearly increased 
thickness was considered. It was found that the center of each vibration mode shape is tilted to the thin 
side of the plate. Based on the validation and demonstration cases considered in this study, it can be 
concluded that peridynamics can be a suitable alternative for the free vibration analysis of cracked plates. 



As a future study, free vibration analysis of cracked stiffened plates, which are widely used in ships and 
offshore structures, can be investigated by using the developed methodology. Moreover, free vibration 
analysis of a plate with a large number of cracks can also be studied which is a very good example to 
demonstrate the advantage of peridynamics with respect to some other existing approaches.   

 

 

 

 

 



 
Fig. 8. First five vibration mode shapes of a variable thickness cracked plate (CFCF) 

(Mode: from top to bottom; 1st, 2nd, 3rd, 4th and 5th)(Crack angle: from left to right; 0°, 30° and 60°) 
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