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ON THE SOLUTION OF THE FOKKER-PLANCK EQUATION
WITHOUT DIFFUSION FOR UNCERTAINTY PROPAGATION IN
ORBITAL DYNAMICS

Giacomo Acciarini; Cristian Greco] and Massimiliano Vasile!

This paper presents a method to transform the Fokker-Planck partial differential equation
without diffusion into a set of linear ordinary differential equations. This is achieved by
first representing the probability density function (pdf) through a summation of time-varying
coefficients and spatial basis functions and by then employing Galerkin projection in the
Fokker-Planck equation. We show that this method, compared to other numerical techniques,
can bring several advantages in the field of uncertainty propagation in orbital dynamics, by
not only allowing to retain the entire shape of the pdf through time but also to very rapidly
compute the pdf at any time and with any initial condition, once that the spatial support is
chosen and several time-independent integrals on the chosen support are computed.

INTRODUCTION

In the space sector, the treatment of orbital uncertainties is pivotal for many applications including, but
not limited to, space debris, satellite navigation, and mission analysis studies. Several techniques exist and
have been employed in literature for the propagation of orbit uncertainties. Historically this has been handled
by either using linear and linearized models, such as the extended Kalman filter,' or by taking advantage of
simulation-based techniques, such as Monte Carlo (MC) simulations.? The linear and linearized methods are
usually very efficient as they linearize the dynamics. However, their accuracy quickly declines in the context
of highly nonlinear systems or for long propagation times. Conversely, MC methods are very accurate but
also computationally intensive.? To avoid both drawbacks, several analytic and semi-analytic methods have
been developed for nonlinear propagation and quantification of orbital uncertainties. These include but are
not limited to: Gaussian closure,* differential algebra with Gaussian mixture models,’ tensor decomposition,6
generalized polynomial algebra,” polynomial chaos expansion,® unscented transform® and others.

Most of these methods are usually more powerful for dynamical systems with small nonlinearities and the
majority of them can only retain the first two moments of the distribution. On the other hand, for obtaining
the entire shape of the probability density function as a function of time, one can numerically solve the
Fokker-Planck equation (FPE). This is a partial differential equation (PDE) that can be derived from the
master equation through the Kramers-Moyal Taylor expansion, by truncating it at the second-order term.'”
It describes the time evolution of the probability density function of the state of a system that is subjected
to a combination of drift and diffusion forces. The drift forces are considered to be the deterministic part of
the dynamics, whereas the random forces are associated with the diffusion term. It is clear that the solution
of such an equation is extremely important for any dynamical system that is driven by both random and
deterministic forces and that is affected by uncertainty in the initial conditions and/or in the parameters.
However, its numerical integration often leads to very computationally intensive processes: one example is
the finite element method that requires the generation of a spatial mesh that has, however, several numerical
issues. The main one, often known as the curse of dimensionality, is related to the fact that the complexity
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of geometric structures grows quickly for higher dimensions, thus causing the computational time required
to handle such structures to be very inefficient.'’!2 It is therefore clear that while these techniques might be
appealing for low dimensions, they often become unpractical for higher dimensions or longer propagation
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times.

In order to overcome some of these problems while retaining the advantage of maintaining the full shape
of the probability density function in space and time, we propose to solve the FPE by representing the pdf as
a sum of spatial basis multiplied by time-varying coefficients. Furthermore, we show that such representation
of the pdf allows transforming the FPE without diffusion, in a set of linear ordinary differential equations
(ODEj5) that can be solved with an exponential matrix, once the initial conditions are set. Therefore, under
the condition of employing enough basis functions that are capable of representing the time-varying pdf
in the space domain, we show that it is possible to reach a formulation of the solution that can then be
propagated forward at any time without a significant additional computational cost (provided that the spatial
basis functions cover the pdf support at the time of interest). Notably, such an approach has the key advantage
that most of the computations can be carried on in advance (and in parallel) in a given spatial domain, which
can then be coupled with any initial conditions. This means that once the computations associated with the
spatial domain are performed, one is capable to propagate any possible initial pdf to any time of interest. This
is a key advantage of our method, as it allows us to carry on the slow computations offline and propagate any
possible initial condition within that support very quickly. This also means that one is capable of analyzing
the time evolution of several different scenarios (i.e., several different initial conditions for the pdf) without
having to rerun the simulations and using the same spatial support. Such an approach is based on Galerkin
method'* ! which is often applied to the solution of partial differential equations. This work presents its
application to uncertainty propagation in orbital dynamics, also by means of two test cases: the two body
unperturbed problem with one uncertain variable and the two-body problem with drag with two uncertain
variables, using the equinoctial elements (EE) as state variables.

The remainder of the paper is structured as follows. We first introduce the background theory, including
the descriptions of both the state variables of the problem and the FPE. Then, we describe the developed
method, which allows one to transform the FPE in a set of linear ordinary differential equations making use
of Galerkin projection. Furthermore, we discuss some details of the technical implementation of the proposed
method as well as some results on space applications. Finally, we discuss conclusions and future work.

BACKGROUND THEORY

In this section, we will describe the background theory and formulation of the problem: this includes both
a description of the state variables employed and the expression of the FPE for such coordinates. In particular,
we will first describe the FPE and then introduce the equations of motion in equinoctial elements.

Fokker-Planck Equation

The Fokker-Planck equation can be expressed as:'”
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where f = [f1, ..., f]? is the drift vector of functions (i.e., the deterministic part of the spacecraft dynam-
ics), whereas D,; are the elements of the diffusion tensor: D = 1/ 2007, where o is an n x n matrix that
models the diffusion part of the dynamics. In particular, the Fokker-Planck equation refers to an Ito process
of the kind:'6

dXt :f(Xt,t)dt+0'(Xt,t)th N (2)

where X; and f(X;,¢) are N-dimensional random vectors and W, is an M-dimensional standard Wiener
process. Therefore, the Fokker-Planck equation models the probability distribution (i.e., P(x,t)) of the



random variable X;, when it is subjected to a drifting and diffusive dynamics.

The formula in Equation (1) holds for any type of state variables chosen. Therefore, for the case in
which the diffusion terms are zero and the state variables coincide with the equinoctial parameters (i.e.,
x = (a, h, k,p, q, \)T), the Fokker-Planck equation becomes:
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where f = (fla '~7f6)T = f(avhvkap7Qa)‘) and P = P(avha k7p7Qa Aat)

Equations of Motions with Equinoctial State Variables

In this work, we express the satellite motion using the equinoctial elements. As shown in Reference 17,
the transformation from Keplerian to EE can be written as:

a=a p = tan(i/2) sin
h = esin(w + Q) q = tan(i/2) cos “4)
k =ecos(w+ Q) A=M+w+9Q,

where a is the semi-major axis, e the eccentricity, ¢ the inclination, w the argument of perigee, €2 the
longitude of the ascending node and M is the mean anomaly. Furthermore, the following relations hold:

F=E+w+Q o)
L=ftwtQ ©)
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where f is the true anomaly, F' is the eccentric longitude, L is the true longitude, and A is the mean
longitude. Using these elements, the equations of motion can be rewritten as: '8
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where 1 = a, 19 = h, 3 = k, 24 = p, x5 = qand x5 = \. Also, the Oz; /0F = [0x; /0%, 0x; /0y, Ox; /02"

represents the partial derivatives vector of each equinoctial elements w.r.t. the velocity. Moreover, n =

\/i/a? is the mean motion, (x;,x;) are the Poisson brackets, ;6 is a Kronecker delta (i.e., ;s = O for

i =1,..,5 and dg¢ = 1), q is the non-conservative perturbing acceleration vector and R is the potential of

the conservative perturbing accelerations. The non-conservative part is also known as Gaussian, while the

conservative one as Lagrangian and the case of the two-body unperturbed problem can simply be written as:

:ti = n(siﬁ . (9)

METHODS

The method we propose consists of several steps that combine separation of variables and Galerkin pro-
jection to transform the original PDE in a set of linear ODEs. In particular, we first propose to write the
pdf as a sum of spatial basis multiplied by time-varying coefficients. We then discuss a method based on
Galerkin projection that manages to reduce the FPE in a set of linear ODESs that describe the behavior of the



time-varying coefficients. Hence, given that the initial coefficients have been found by projecting the initial
pdf over the chosen support, we show that the time-varying coefficients can be simply determined through
a matrix exponential. In this section, we will introduce and develop such a framework. In our analysis, we
always assume that the dynamical system is autonomous (i.e., it does not explicitly depend on time).

We write the probability density function as a function of the spatial support multiplied by the time-varying
coefficients, as follows:

N
P@ﬂ:Z%@%M, (10)

where the pdf is defined on the domain = € x Q;, x .. X {1, and n is the number of independent
variables. Also, the ®;(x) terms are the multi-variate basis functions: these are basis functions for multi-
dimensions, which are constructed through Kronecker product of the mono-dimensional ones. Therefore,
once that the number of basis for each dimension is chosen (i.e., le s sz, ... Nzp), then the jth multi-variate
basis can be computed as follows:

n
©;(x) = [ [ s (i) - (1)
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where the index of each mono-dimensional basis (i.e., jxi, ..., jxn) range from 1 to the number of basis of
each dimension (i.e., le , .., Ng,, respectively), whereas the index of the multivariate basis ranges from 1

to the product of all the monodimensional basis (i.e., V). This latter can be found as product of the number

of basis of each dimension:
n

N = HNIi. (12)

i=1
Thus, in such cases, the Fokker-Planck equation can be written as:
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where we leveraged the fact that the pdf is now written in such a way that the variables can be separated (e.g.
the time derivatives only act on the coefficients, whereas the space derivatives only act on the basis functions).

Let the scalar product between two generic functions u and v be defined as:

(u,v) :/Q u(z)v(z)w(x)dx , (14)

where w(z) is a weight function. Then, we can perform a Galerkin projection'® on both sides of Equa-
tion (13) and obtain:

N N n
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for K = 1,...,N. As we observe, since the integral is performed on the spatial domain, the temporal
coefficients are not involved in the scalar products. Exploiting this notation, we can, therefore, define two

(N x N) matrices B and M, with elements:

By = (1, ®; ) (16)
My = (@, i a(gfj)> : (17)
i=1 ¢
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By doing this, Equation (15) can be rewritten in matrix form as
Ba(t) = Ma(t) . (18)
This is a linear system of ordinary differential equations, which can be uniquely solved in closed-form starting

from given initial conditions. In particular, the initial condition ag = a(t) is found by projecting the initial
pdf P(x, to) onto the basis functions:

aok = <(I)k-7P(X7 t0)> . (19)
for k =1,..., N. Once the initial conditions are determined, the solution of Equation (18) can be written in
the following form:

-1
a(t) = e Mia,, (20)

where B~! represents the inverse of the B matrix. An important aspect to observe is that when the selected
functions ®; form an orthonormal basis with respect to the weight function, their scalar product becomes:

<<I>k, <I>j> - 1)

with dy; = 1 for k = j, dr; = 0 otherwise. Therefore, in that case, the B matrix corresponds to an identity
matrix.

To sum up, the key aspects of this method can be summarized in the following points:

1. First of all, once the integrals that are contained in the M and B matrix elements are computed, then the
a coefficients can be found solving a system of linear ordinary differential equations, whose solution
is determined through an exponential matrix. This is extremely powerful, as it allows us to find the a
coefficients at any time: meaning that for propagating the solution for a long time, it is not needed to
perform any computationally expensive numerical integration. Hence, provided that the basis functions
are chosen in a proper way (i.e., an high enough number of basis, and with the property that they do not
violate the boundary conditions of the problem), one is capable of propagating the probability density
function through time with an analytical form.

2. Secondly, each integral of the B and M matrix can be computed separately: therefore, a parallelization
strategy can be employed to solve those integrals.

3. Finally, the integrals can be computed offline. Indeed, one can compute the M and B matrix for a
general dynamics and set of basis and in a given spatial domain, and then change the initial probability
density function and see how this probability density function evolves in time. Hence, it allows us to
compute the spatial integrals over a certain domain, and then to be able to propagate in time any initial
probability density function that evolves within that domain. This is a huge advantage w.r.t. numerical
schemes (e.g. finite element method) and simulation-based techniques (such as MC methods) that
require the computations to be performed for every chosen initial condition.

IMPLEMENTATION

In this section, we discuss two key aspects of the technical implementation of our proposed method: the
type of basis functions chosen and the metric used for evaluating the results. In particular, we first introduce
the choice of the quadratic B-spline as basis functions and we then discuss the Kullback-Leibler (KL) diver-
gence: a mathematical tool that is used to quantify how an approximated pdf is different from a reference
one.



B-spline Basis Functions

The basis functions are an important part of the proposed method. Indeed, when constructing the approxi-
mation of the pdf, more adequate basis functions might result in fewer computations and better accuracy. In
particular, since we are transforming a PDE into a set of ODEs, while the initial conditions are imposed in
the ODE, the boundary conditions must be satisfied by choosing appropriate basis functions that are able to
describe the pdf at the boundary. In particular, they shall not prevent the time-varying coefficients to represent
the time-evolution of the pdf at the boundaries. In our case, the boundary conditions would require a periodic
condition along A (since it is required that the pdf at 7 equals the pdf at —).

The basis functions chosen for representing the pdf are the B-spline basis functions of order three.? In
general, an order k B-spline is constituted by joining several pieces of polynomials of degree k—1. Moreover,
a set of N non-descending breaking points is defined on the domain: ¢y < t1 < to.. < t. All these breaking
points are collected in the so-called knot vector t = (g, %1,...,t5)7. Once the order of the polynomials
is chosen and the number of breakpoints is established, the B-spline basis functions can be constructed as

follows:2°

t—t; tivk — 1t
7 Ni,}c—l(t) + i+k

Nip(t) = —— 4 kT8
() tivk—1 — & tivk — tip1

Nit1k-1(t), (22)

where these functions can be constructed by recursion, starting from:

1 for ti S t S tiJrl
Al = 23
#all) {0 otherwise . 23)
Furthermore, the derivatives of the B-spline can also be easily constructed by recursion as follows:
sz k(t) k—1 E—1
, - Nijg-1(t) = ——N; _1(t) . 24
dt tivk1 —ti 1(#) tiok —tign TLE 1(t) (24)

As already mentioned, the multivariate case is generated through tensor products of monodimensional
basis functions.

There are several reasons why these basis functions were chosen. First of all, they are always semi-
definite positive, as the pdf that we aim to approximate. This does not directly mean that the function they
represent cannot be negative (since their coefficients can be negative), but it seems more reasonable to choose
a semi-positive definite basis for a semi-positive definite function. Moreover, their spatial structure (both
for one and more dimensions) allows us to easily increase the number of polynomials basis of order & — 1
in space by simply increasing the number of basis functions. This means that by increasing the number of
basis, contrary to what happens in the case of Bernstein and Chebyshev polynomials, for instance, we do not
increase the order of the polynomials, but we only increase the number of polynomials of order k£ — 1 (in our
case k = 3). This seems to be convenient for this case, as we would like to have a set of basis that sufficiently
covers the spatial domain without having to deal with very high degree polynomials (that may more easily
cause numerical instabilities). Finally, the interesting property of this basis is that it is very easy to both
impose periodic boundary conditions, due to their structure.’ An example of a set of 15 basis in one spatial
dimension is shown in Figure 1a, where the x-axis represents the mean longitude, which ranges from — to
7 rad. On the other hand, in Figure 1b, we show a set of 12x12 (i.e., 144) basis in two spatial dimensions,
where the semi-major axis ranges from 6450 to 6750 km, whereas the mean longitude ranges from —7 to 47
rad.

KL Divergence

The Kullback—Leibler divergence is a common mathematical tool for analyzing how one probability dis-
tribution diverges from a second one, considered as the reference one. This metric is often employed when
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Figure 1: B-spline basis functions: (a) 15 one-dimensinal bases; (b) 12x12 two-dimensional bases generated
via tensor product of the monodimensional ones.

comparing a real pdf w.r.t. an approximated one. In particular, given a reference probability distribution (i.e.,
P(x)) and an approximated one (i.e., (x)), their KL divergence (for discrete probability distributions) is
defined as:?!

Dir(P|lQ) =) P(x)log (gg‘(;) . (25)
xeN

Therefore, this metric can be used to compare, at each given time, the distance between the two pdf’s using
a single value. Consequently, a time-varying graph can be used to study how this metric changes as time
passes.

Spatial Integrals Computation

A key aspect of the proposed method concerns the computation of the spatial integrals (see Equation (17)).
In this paper, the integrals have been performed numerically, using a global adaptive quadrature, with an abso-
lute tolerance of 10710 and a relative tolerance of 10~5. The integrals computation can become a bottleneck
for higher dimensions for both their increased computational complexity and also the higher number of inte-
grals to be computed, due to the increased number of basis. For this reason, more efficient techniques for the
integral computations, such as quasi-Monte Carlo methods with sparse grids might enhance the computation
efficiency.?

TEST CASES

In this section, we discuss the preliminary results obtained using the method proposed in this paper, by
comparing them with those of a numerical PDE solver and a Monte Carlo baseline. In particular, we first
show the two-body unperturbed problem test case, which results to have only one spatial dimension. Then,
we tackle the case of two spatial dimensions, by discussing the two-body perturbed problem with drag. In
both cases, it is assumed that the satellite is in a circular orbit around the Earth and that the only time-varying
elements during the satellite motion are the mean longitude (\) and the semi-major axis (a). Also, due to the
relatively short integration time and the shape of the initial pdf, it is assumed that the pdf remains zero at the
boundaries, which therefore allows to impose zero Dirichlet boundary conditions when using the numerical
solver.

Two-Body Unperturbed Problem

As shown before, the equations of motion can generally be written in the following compact form:

% =f(x,1), (26)



where x is the state vector and f the dynamics vector. By looking at Equation (4), it is clear that in the case
that the drag is the only perturbing term and the orbit is assumed to be circular (i.e., e = 0) and to remain on
average circular throughout the entire motion, then the only time-varying elements are a and A, if one also
assumes that there are no out-of-plane forces.”> Throughout our treatment of the two-body perturbed and
unperturbed problems, we will keep these assumptions.

As we have seen in Equation (9), in the case of the two-body unperturbed motion, only the sixth com-
ponent of the equations of motion is present, whereas all the other elements have a zero derivative dur-
ing the motion (i.e., they are integrals of motion). Hence, in this case, the dynamics vector reduces to:
f =[0,0,0,0,0,n(a)]*, where n is the mean motion. Therefore, assuming that the diffusion term is zero,
the FPE becomes:

oP opP

This is a first-order partial differential equation, which we solve by considering a mean motion of n =
8.7266 x 10~ rad/s (which corresponds to a 2 hours orbit around Earth) and initial and final time of £; = 0's
ty = 1440 s (which corresponds to 1/5 of the orbit). Also, we solve this equation with two methods. Firstly,
we employ the Matlab PDE toolbox to propagate the initial pdf to the final one (this uses a FEM method,
in which the boundary and initial conditions must be specified). Secondly, we use the Galerkin projection
method discussed in this paper, by leveraging three different sets of B-spline: with 12, 17, and 22 basis
functions. Furthermore, we compare both the solutions of these methods with a benchmark solution. This
latter is obtained by propagating several initial conditions (sampled from the chosen initial pdf) through the
dynamics, using a sample-based Monte Carlo technique.

The initial pdf is chosen as normal, with a mean of zero and a standard deviation of 0.5. The initial and
final ’real’ pdf’s are shown in Figure 2. As can be seen, due to the fact that the initial pdf is a Gaussian one
and that the dynamics only contains the drift term, the pdf simply drifts across the mean longitude, as the
time passes.

0.8 wm
0.7F —initial
0.6
05F
0 04r
0.3F
0.2

0.1

0
A [rad]

Figure 2: Initial and final pdf’s (propagated using Monte Carlo of the dynamics).

Matlab PDE Toolbox The results using Matlab toolbox are shown in Figure 3, where we display ten
snapshots of the various pdf’s in time, as they are being propagated.

For a technical comparison between this solution and the MC one, in Figure 4a, we show their KL diver-
gence, whereas, in Figure 4b, the integral of the approximated pdf is shown. Of course, one would like this
latter to be as near to one as possible, however, in practice, the integral seems to lose accuracy as the time
passes (although it remains accurate up to the fifth decimal digit). Similarly, also the KL divergence seems
to worsen as time passes, which highlights that the method tends to lose accuracy as the propagation time
increases.

Galerkin Projection Method First of all, in Figure 5 we show the plot of the matrix that drives the time
coefficient evolution (i.e., B~ M), by highlighting all the values of the elements of the matrix using a color
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Figure 3: Ten temporal snapshots of the propagated pdf using MATLAB toolbox.
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Figure 4: 1D test case KL divergence between the ground truth (using the MC method) and approximated
(using the numerical integration scheme) pdf (a) and integral of the approximated pdf (b)

bar. This is considered interesting information since it visually displays the elements that are more influential
in the time propagation of a. As can be seen, this matrix seems to have a sparse structure, although the
elements are not exactly zero they are several orders of magnitude smaller than the diagonal terms.
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Figure 5: B’ M matrix illustration (for the one-dimensional case, with 22 basis).

Moreover, in Figure 6, we show the evolution of the pdf through time in ten different temporal snapshots.

In terms of KL divergence, which can be computed as shown in Equation (25), and integral of the approx-
imated pdf, we show in Figure 7 the plots for all the three tested basis numbers. As one could expect, both
the KL divergence and the integrals are more accurate as the number of basis is increased. Also, similarly to
the case in which the Matlab PDE toolbox was used, the KL divergence and the approximated integral seem
to often worsen as time passes. However, this is not always true, as it happens for the PDE toolbox case.
Indeed, the accuracy of the method only depends on how well the temporal coefficients and spatial basis can
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Figure 6: Ten temporal snapshots of the propagated pdf using quadratic B-spline polynomials with 22 basis.

approximate the pdf at any given time. Therefore, if the pdf moves towards regions of the space where the ba-
sis functions more accurately manage to represent the solution, it is possible that both the KL divergence and
the approximated integral improve with time (this will be more extensively discussed in the two-dimensional
case). This is extremely interesting, as it might allow the solution to maintain a certain accuracy for long
periods of time, without the need to change the basis.

Furthermore, for the case of 12 basis functions, an aspect to notice is that the KL divergence goes to
negative values due to numerical errors. This cannot generally happen if both the reference and approximated
pdf integrate exactly to one, which is here not the case (since the integral is almost but not precisely one).
Finally, comparing those three cases with the KL divergence of the Matlab PDE toolbox solution, we see
that the Galerkin projection method seems to perform an order of magnitude worse, for the case of 22 basis.
However, this accuracy can be improved further by increasing the number of basis. Also, it is important to
stress that with the numerical toolbox, one has to numerically integrate the pdf up to the required time, every
time a new initial pdf wants to be tested. On the contrary, in the case of our proposed method, once that the
B and M matrix are computed, it is possible to propagate any chosen initial pdf at any desired time without
a significant additional computational cost, provided that the spatial basis functions are still able to represent
the pdf.

Two-Body Problem with Drag

When the drag acts as perturbing acceleration, the equations of motion become:

8$Z‘
or q

fi = n(a)dic + (28)
As stated previously, we will assume that the orbit maintains itself circular during the motion and that the

drag only acts in the orbital plane (i.e., there are no out-of-plane forces acting on the satellite). In this case,

the only time-varying elements are the semi-major axis and the mean longitude. Hence, the derivatives of

these two equinoctial elements w.r.t. the velocity are needed to develop Equation (28). These can be written
.24

as:

da _ 2 .
o n2a
oh . Ok (29)
N _x Ko i gy —px
o D 1+ B D ’

where B = /1 —h2—k2, C = 1+ p? + ¢%, D = na? and the position and velocity vectors in the
equinoctial elements reference frame (i.e., (f,8, w)) are:

10



0.3 T T i T T 5
0.25F / 1
- 02 1 -
B / 5'0.9995 - 1
3
é» 0150 / 2
% 0.1F o :% /
4 ~ € 0.999- 1
< 005t /\ - E /
of
\\\\// o
-0.05 ! : 0.9985 ! —
500 1000 1500 0 500 1000 1500
ts] tis]
(a) 12 basis: KL divergence. (b) 12 basis: integral of the approximated pdf.
0.06 T T 1.00005
0.05F ‘f‘ 4 “— —
/
0.041 /o 099995
c / =
@ ©
> L
g0.0S / 3 0.9999
= )
Sooz £0.99985 \
X - \
0.011 1 0.9998 -
0 . 0.99975 : ‘
0 500 1000 1500 0 500 1000 1500
tls] t[s]
(c) 17 basis: KL divergence. (d) 17 basis: integral of the approximated pdf.
0.05 T T 1.00005
0.04} 1 —
= Z0.99995
80.03f / %
[
o / = 09999
2 s
5 0.021 2
z £0.99985 \\ 1
ooty 0.9998 \
0 — 0.99975 ‘ ‘
0 500 1000 1500 0 500 1000 1500
t[s] t[s]
(e) 22 basis: KL divergence. (f) 22 basis: integral of the approximated pdf.

Figure 7: KL divergence of the 1D test case between the ground truth (using the MC method) and approx-
imated (using Galerkin projection method) pdf and integral of the approximated pdf, for three sets of basis
functions (12, 17, and 22).
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r=Xf+Yg (30)
P=Xf+Vg, (31)

with:

a[(1 — h?b)cos F + hkbsin F — k] = rcos L
= a[(1 — k*b)sin F' + hkbcos F — h] = rsin L

. 2 h+sin L
X = " hkbcos F — (1 — h2b) sin F] = — et sinl)
T

X
Y

VI-h? k2
. na? na(k + cos L)
Y = —[(1 — k?b) cos F — hkbsin F| = ————
I ) = =

Then, if one assumes that the orbit remains circular (i.e, de/dt = dw/dt = 0, e = 0 and v = /u/a),
the only time-varying elements result to be a and A, while all the others are constant in time and their
value remains the same as the initial one (which can be found from the initial Kepler elements, as shown
in Equation (4)): p = q¢q =k = h = 0. Moreover,r = a, A = FF = Land X = acosA, Y = asin ),
X = —nasin \Y = nacos\. Therefore, the dynamics of such scenario reduces to:

A
=—pCp—+/
S p D ra
fi=0 fori=2,...,5 (32)

fgn\/(g.

As shown in Equation (32), in the case in which the abovementioned assumptions are made and the drag is
the only perturbing acceleration, the dynamics vector results to be bi-dimensional in the equinoctial elements
space. Therefore, the relevant partial derivatives for the Fokker-Planck equation can be computed as:

of _ 1 juA
da 2\/;mpCD
dfe

DY

As a consequence, the FPE without diffusion term reduces to:

oP oP 0 oP
7:_f17_Pi_f67:
ot da da o\ (33)
A oP 11 uw OP
= pC' — — +P-—) /==
P Dﬁm<\/a@a + 2\/6> a® O\

In this case, the problem consists of solving a first-order partial differential equation with two spatial
dimensions (one along the semi-major axis, a, and the other one along the mean longitude \). This is done
under the assumption that pCp A/m has a value of 1075 m™! and assuming that the air density is constant.
In reality, this is an assumption: due to the local variations of the atmosphere, its temporal dependency,
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and its variation w.r.t. the altitude, a more accurate model should be considered. However, a more detailed
analysis of this goes beyond the scope of this work. Also, the gravitational parameter of the Earth (i.e., u) is
3.986 x 10'4m3/s2, while the initial pdf has a mean vector of 6600 km and 0 rad, and the standard deviation
matrix has only diagonal elements (i.e., 0,5 = o), = 0) equal to: g4, = v/500 km and O\ = /0.3 rad.

Hence, the same analysis as for the one-dimensional case was performed: three different strategies were
compared, the Monte Carlo one with 10° samples (considered as the ground truth for the pdf), the Matlab PDE
toolbox solution and the one found using the proposed method. In the following two sections, we discuss the
results of those methods. Furthermore, in both cases the solution is computed in the box: Q) x Q, = [—7, 7]
rad x [6450,6750] km.

Matlab PDE Toolbox In this case, a triangular mesh was generated in the spatial domain, with a minimum
height of 10714 and a maximum one of 0.5 for each triangle: this resulted in a mesh with 34859 nodes per
dimension. Furthermore, the solution was propagated with the already mentioned initial conditions (i.e., a
normal bi-dimensional pdf) and with zero Dirichlet boundary conditions. The solution took nearly 130 s of
CPU time (with a 3.1 GHz Intel Core i5) to be propagated for 180 s. In Figure 8, we show the KL divergence
as a function of time, between the MC and the Matlab’s solution. As can be seen, the KL-divergence is only
propagated until around 180 seconds of simulation time, as it was not possible to propagate further without
having a significant loss in accuracy. Moreover, as we could expect from the one dimensional case, the KL
divergence tends to worsen as time passes.

x10°

o o N o
T T

KL-Divergence [-]
»

- N w
T T

0 26 4‘0 66 £;0 160 1é0 14;0 1é0 180
t[s]
Figure 8: 2D test case KL divergence between the ground truth (using the MC method) and approximated
(using the numerical integration scheme) pdf.

Galerkin Projection Method. Similarly to what has been done in the previous section for the one-dimensional
case, in Figure 9 we show the plot of the matrix that needs to be computed for evaluating the time evolution
of the coefficients (i.e., B~ M), by highlighting all the values of the elements of the matrix using a color
bar. As it was happening for the one dimensional case, also in this case many elements are close to zero. In
particular, it seems that only a few diagonals of the matrix might play a role in describing the time evolution
of the coefficients.

%! 0

-5

50 100 150 200 250 300 350 400 450

Figure 9: B’ M matrix illustration (for the one-dimensional case, with 22 basis).
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Furthermore, in Figure 10, we compare three different choices of basis: 12x12 (i.e., 144), 17x17 (i.e., 289)
and 22x22 (i.e., 484) basis functions. The results are shown both in terms of KL divergence and approximated
integral values.
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(a) 12x12 basis: KL divergence.
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(c) 17x17 basis: KL divergence.
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(e) 22x22 basis: KL divergence.
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(b) 12x12 basis: integral of the approximated pdf.
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(d) 17x17 basis: integral of the approximated pdf.
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(f) 22x22 basis: integral of the approximated pdf.

Figure 10: KL divergence of the 2D test-case between the ground truth (using the MC method) and approx-
imated (using Galerkin projection method) pdf and integral of the approximated pdf, for three sets of basis
functions (12, 17, and 22).

As can be seen, in two dimensions, the situation is slightly more complex than the mono-dimensional case.
Indeed, the KL divergence does not behave predictably, sometimes showing a wobbling behavior in time (e.g.
for 12x12 basis), some others showing an almost constantly increasing behavior. (e.g. for 17x17 basis) and
even a decreasing one (e.g. for 22x22 basis). This can be explained by thinking about the spatial structure of
the basis in two dimensions. Indeed, their space-frequency might explain both the wobbling behavior and also
the increasing and decreasing ones. For instance, as time passes, the function might move in some regions of
the space that are well covered by certain sets of basis functions, thus causing the KL divergence to diminish
its values. However, the opposite is also possible. In general, we would expect that the more the number of
basis is increased, the more the accuracy is also increased (since for an infinite set of basis we are guaranteed
to converge to the pdf). Although this is guaranteed only for an infinite number of basis, in our analysis, we
can see that this pattern is confirmed and, on average, the accuracy seems to enhance as the number of basis
increases. Nonetheless, the behavior as a function of time does not seem to follow a clear pattern, but only
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varies depending on the movements of the pdf on the spatial domain, the number of basis chosen, and how
well these basis are still capable of representing the given pdf at later times.

Finally, when comparing our proposed solution with the one found using the numerical toolbox, we observe
that the obtained solution has managed to reach lower KL values for all the tested basis and for almost all the
propagation times. Moreover, while the KL divergence tends to monotonically grow in the numerical solution,
this does not happen for the proposed method. Hence, besides showing more stability in representing the
solution on a bigger time window (i.e., 400 s against 180 s), our method also seems to show a better accuracy,
which is maintained throughout time.

DISCUSSION AND FUTURE WORK

In this work, we have presented a method to decompose the computation of the FPE (without diffusion)
solution in two different problems: first the computation of matrix of integrals in the spatial domain and then
the evaluation of the time-varying part of the pdf through an exponential matrix. This method has shown
several advantages.

First of all, with the right number and type of basis functions, one is capable of propagating the probability
density function at any future time without increasing the computational cost (meaning that the computational
cost is independent of the propagation time, once the spatial basis functions computations are performed).
Secondly, the computation of the spatial basis integrals can be done only once for any initial condition and it
can be performed offline and in parallel. For instance, one can compute the required spatial integrals over a
certain region, store these values and then use them in a real-time scenario for very quickly propagating the
pdf through time (provided that the number of spatial basis is large enough to describe the pdf of interest).
This is an advantageous feature w.r.t. numerical or simulation-based techniques that need to redo the com-
putations for every different initial condition to be tested with a computational time increasing with longer
propagation horizons.

On the other hand, the dynamical and uncertainty structure of the problem may require a high number of
basis functions that the computation of the M matrix becomes unfeasible. Indeed, an n-dimensional case
where m basis per dimension are used would require to compute an m’ x m™ matrix of integrals, where each
integral is n-dimensional. Moreover, the complexity of these integrals can increase consistently if a complex
and highly nonlinear dynamics is tackled. However, in the investigated test cases, the matrix of integrals
has shown a sparse behavior which has seemed to emphasize when the number of spatial dimensions was
increased (from one to two): if confirmed for higher dimensions, this would mean that the number of integrals
to be computed could be drastically reduced. Further studies will investigate the basis decoupling to pinpoint
the matrix zero elements and leverage such sparsity to increase the efficiency of uncertainty propagation in
space applications.

Moreover, a further improvement to computational time could be to split the domain into grid cells. Di-
viding the space into subdomains would allow to adaptively choose the number of basis according to the
dynamics local time scale enabling uncertainty propagation in highly nonlinear scenarios, e.g. a flyby. Each
cell would then require a lower, possibly adaptive, number of basis functions to accurately describe the pdf in
its subdomain when compared to the full domain case. This is advantageous because the number of integrals
to solve grows exponentially with the number of bases m?2" (without sparsity exploitation) but only linearly
with the number of subdomains. Furthermore, each integral would need to be solved in a smaller spatial do-
main reducing its numerical complexity. Therefore, future work will explore the use of domain splitting with
adaptive basis functions allocation and its impact on the equation governing the coefficient evolution (18).

In addition, future work will expand the applications to higher dimensional cases with a specific focus on
the required number of basis for more complex dynamics and/or complex initial pdfs. Finally, further work
is needed to investigate if and how the diffusive term of the dynamics can be integrated into the proposed
scheme.
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