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ABSTRACT
This review outlines some of the different scales
involved in computationally modelling arterial
networks. Starting at the largest O(1m) scale we
highlight current activities in reduced modelling of
the pulse waves. We then focus on the O(10-1m) scale
and provide an example of how CFD can be applied
to understand the role of mixing in small amplitude
helical pipes at physiologically relevant flow
conditions. Finally we motivate the interaction at
O(10-3m) scale by considering how localised flow
features are suggestive of different types of arterial
disease patterns.

1. OVERVIEW
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Figure 1: The largest flow related scales of the
cardiovascular system

Flow in the arterial networks exerts numerous effects
on the vessels by virtue of the stresses it imposes on
them and the mass and heat it transports. The
biological and mechanical interactions in the vessels
involve complex multi-scale coupling between fluid

dynamics, vascular mechanics and vascular biology.
For example, as shown in the figure 1, the pulse
waves observed in the different arteries are
influenced by the O(1) scale of the network topology
through wave reflections. The wave patterns then
influence the non-linear flow features at the O(10-1)
scale of the arterial branches. The blood flow at
branches is widely accepted to be related to the
formation of arterial plaques involving the O(10-3)
scale of the blood particles and vessel cells. An even
longer cascade of scales can then be considered from
the cellular scale right down to the genomic level.
In this review we will start in section 2 by the pulse
wave modelling of flow in the cardiovascular system
dating back to the work of Euler in 1775 [1]. A
series of subsequent mathematical developments,
including computational modelling techniques, have
allowed for a complete solution of the wave
propagation in the larger arterial vessels to be
obtained. After outlining the current state of the art
modelling of pulse wave propagation, in section 2,
we discuss how mechanics based, computational
modelling can also simulate the complex flow
patterns that arise in the localised arterial geometries
which are associated with the progression of disease.
Therefore in section 3 we introduce the problem of
mixing in small amplitude pipes relevant to the
design of bypass grafts and potentially a natural
feature of many physiological vessels. Finally in
section 4 we will discuss how localised flow features
are indicative of aspects of the arterial disease
patterns.

2. REDUCED

MODELLING OF PULSE WAVE
PROPAGATION IN THE CARDIOVASCULAR
SYSTEM: VALIDATION AND APPLICATIONS

Pulse waveforms in the cardiovascular system are
useful as a diagnostic tool in clinical practice because
they carry information about the morphology and
functionality of the system. A good understanding of
the mechanics of pulse wave propagation under
normal conditions and the impact of disease and
anatomical variations on the propagation patterns will
provide valuable information for clinical diagnosis
and treatment of cardiovascular diseases whose
initiation and progression depend on haemodynamic
quantities such as blood pressure, blood flow and
wall shear stress. Although there is a growing
interest in three-dimensional (3-D) simulations, the
one-dimensional (1-D) equations of blood flow in
compliant vessels offer a good compromise between
accuracy and computational cost when a global
assessment of the arterial system is required, since
arterial pulse wavelengths are about three orders of
magnitude larger than arterial diameters in normal
conditions. Reduced modelling is also useful to
provide the boundary conditions for 3-D simulations.
We have developed an algorithm to solve the
nonlinear, 1-D equations in arterial networks using a
discontinuous Galerkin scheme with a spectral/hp
spatial discretisation [14,13,3] in which several

lumped parameter, or zero-dimensional (0-D),
models of the perfusion of the microcirculation can
be coupled in the time domain [9]. The 1-D
discontinuous Galerkin algorithm was initially
validated by comparison against a Taylor-Galerkin
formulation [13]. The 1-D equations were
successfully tested in [3] against measurements in the
aorta of an experimental 1:1 latex replica of the left
heart and the human arterial tree [12]. An additional
test of the 1-D equations was presented in [12] by
comparing experimental and numerical pressures and
flows in an improved in vitro 1:1 replica of the
systemic circulation (Figure 2), in which the
parameters required by the numerical model were
directly measured and no data fitting was involved.
Average relative root-mean-square errors between
simulations and experimental waveforms were
smaller than 4% for pressure and 19% for the flow at
all 70 locations studied. The same relative errors
were obtained using the linear formulations,
suggesting that the effect of nonlinearities on pulse
waveforms is only secondary.
The 1-D/0-D model was initially applied to study
blood flow in arterial placental networks in a
monochorionic twin pregnancy with an arterioarterial anastomosis and an arterio-venous

Figure 2: (a) Planview schematic of the in vitro model simulating the left heart and the largest 37 conduit systemic
arteries in the human. 1: Pump (left heart); 2: catheter access; 3: two-leaflet aortic valve; 4: peripheral resistance tube; 5:
stiff plastic tubing (veins); 6: venous overflow; 7: venous return conduit; 8: buffering reservoir; 9: pulmonary veins. (b)
The 37 arteries simulated. (c) Detail of the pump and the aorta. (Taken from [11]).

anastomosis [10]. This study focused on the effects
of the time period of the two fetus' heartbeats and the
role of terminal resistance in the network. Our next
models benefited from the algorithm proposed in [9]
to estimate peripheral resistances and compliances
from in vivo data. The effect of cross-connections
between arteries on pulse waveforms were studied in
arm and cerebral networks. The arm model [7] was
applied to assess the reliability of the modified
Allen's test, a clinical technique to detect the presence
of sufficient collateral flow through the palmar arch
arteries if radial blood supply is interrupted (e.g.,
when the radial artery is harvested and used as a
coronary artery bypass graft). This study showed that
small calibres in the collateral arteries or insufficient
compression of the radial artery could lead to falsepositive results, and proposed a more reliable
alternative technique. The cerebral model [6] was
applied to study the compensatory ability of the most
frequent anatomical variations of the circle of Willis
(CoW) (a ring-like arterial network located at the
base of the brain), in normal conditions and after
occlusion of an inflow (carotid or vertebral) artery.
This study identified the critical collateral pathways
of the CoW and showed that cerebral pulse
waveforms provide valuable information on the
anatomy of the CoW. These findings are important to
understand the factors that increase the risk of
insufficient blood supply to the brain during surgical
procedures in the inflow arteries of the CoW, such as
carotid endarterectomy (surgical incision to remove
plaque in patients with a severe carotid occlusion).
The cerebral model was coupled to a lumped
parameter model of metabolic flow auto-regulation
[4], which allowed a better understanding of the risk
factors previously discussed in [6]. More recently, the
1-D model was applied to simulate the rabbit
systemic circulation in order to interpret changes in
pulse waveform observed in vivo after administering
drugs that alter nitric oxide synthesis [5]. This model
allowed us to test hypotheses that cannot be
addressed in vivo for technical and physiological
reasons and to elucidate the haemodynamic
mechanisms underlying previously observed changes
in pulse waveforms produced in vivo by vasoactive
drugs. According to the model, these changes can be
explained by single or combined alterations of blood
viscosity, peripheral resistance and compliance.
The 1-D model was also very useful for
understanding the mechanics behind the main
features observed in vivo in Arterial pulse waveforms
[3,2,7]. The applicability of the algorithms proposed
in [2,8] to separate the reservoir and wave
components of pulse waveforms was tested using
numerical data obtained with the 1-D model. Our

current research on reduced blood flow modelling
focuses on the development of an algorithm to
systematically follow the waves generated by a single
wavefront propagating from the root of an arterial
network, which will allow us to analyse the pattern of
pulse waves and their relation to the reflection points
in the network [8].

3. MIXING OF STEADY FLOW IN SMALL
AMPLITUDE HELICAL PIPES FOR MEDICAL
APPLICATIONS.
More than 500,000 coronary artery bypass grafts are
fitted each year worldwide. However, over 50% of
these fail within 10 years, due to thrombosis and neointimal hyperplasia. Small amplitude helical pipes
have been proposed for use as arterio-venous shunts
and bypass grafts [15]. Preliminary in vivo tests
found that conventional grafts were completely
occluded by thrombosis, whereas grafts constructed
with helical pipes were not. Swirling flow and inplane mixing induced by the geometry were
hypothesised to be the mechanisms responsible. This
work investigates numerically the mixing behaviour
of steady flow in helical geometries, typical of those
for use in medical applications [16].
3.1 Methods

Figure 3: Typical helical pipe geometry, R=0.25D, for use
in medical applications. The self-similar velocity field,
shown by the contour plots of axial velocity, rotates along
the pipe.

A helix is a 3-dimensional space curve, which can be
described by the following equations:
x = R cos(z /c) , y = R sin(z /c)
where R is the radius or amplitude of the helix, and c
is a parameter such that one pitch length of the helix
is 2!c. Helical pipes of small amplitude, as in Figure
3, can be reasonably approximated as a circular

cross-section translated by a helical centreline. Using
this approximation, the flow is solved with a
coordinate mapping, which allows the Navier-Stokes
equations, plus an additional body-force term, to be
solved within a cylindrical geometry. This is
accomplished using a finite-element formulation on
the cross-sectional mesh, and a Fourier basis function
in the periodic, z coordinate [16,17].
The helical pitch length was fixed at 6 pipe diameters
(D), and the helical radius (R) varied from 0.1D to
0.5D. A physiologically appropriate Reynolds
number of 250 was used for all cases. Mixing is the
process of advection and diffusion [18], although for
the haemodynamic species of interest, diffusion is
negligible. Therefore only advection is examined, by
tracking the uniform grid of passive particles shown
in Figure 4(a), for several helical pitch lengths.
3.2 Results
The velocity field in a helical pipe is self-similar
along the centreline, performing a rotation of 2! over
one pitch length, as shown by the axial velocity
contour plots in Figure 3. As the helical radius, R, is
increased, the axial velocity profile becomes more
asymmetric, and the peak value of velocity moves
towards the wall. The secondary flow is dominated
by a single vortical structure for all the cases
considered. The strength of this vortex, shown for
R=0.25D in Figure 5(f), increases with R.

not constrained within the boundary. This is due to
the movement of the plane along the helix, and hence
the streamtraces are sensible in the context of the 3-D
geometry. Subtracting Vtranslation, to remove the effects
of this motion, produces the streamtraces in Figure
5(c). These are now constrained with the plane, and
correspond approximately to the vortical structure in
the flow, Figure 5(f). The streamtraces of Vrotation are
shown in Figure 5(d). The magnitude is proportional
to the axial velocity, and hence the maximum
velocity corresponds spatially to the peak axial
velocity. Subtracting this rotation gives Vin-plane, the
streamtraces and magnitude of which are shown in
Figure 5(e).
The emergence of the double vortex structure can be
explained by examining the magnitude and
distribution of each of the velocity components as
they vary with R. For all the geometries the
circulation of the vortex Vrotation is the same. However
as R is increased, the location of the peak velocity
moves towards the wall, and away from the peak
velocity of the vortical structure. For R=0.1D the
vortical structure is very weak compared to Vrotation,
and Vin-plane is therefore the single vortex shown in

3.2.1 Particle trajectories
Figures 4(b-f) show slices of the particle trajectories
after five helical pitch length, z=30D, for the cases
R=0.1D to 0.5D, in increments of 0.1D. Despite the
secondary flow being a single vortical structure, a
double-vortex pattern, similar to that of Dean flow,
clearly emerges in the particle trajectories as R is
increased. This apparent discrepancy was first
reported in the computational and smoke
visualisation results of Yamamoto et al. [19]. We
show that it can be explained using a sequence of
coordinate transformations or changes in reference
frame.

(a) initial distribution

(b) R=0.1D

(c) R=0.2D

(d) R=0.3D

(e) R=0.4D

(f) R=0.5D

The cross-sectional plane, by definition, undergoes
translation along the helix, and as Figure 3 shows, the
velocity field undergoes rotation. The movement of
the particles within the plane can be explained by
removing both of these motions:
Vin-plane = Vcartesian – Vtranslation – Vrotation
Figure 5(b) shows that the streamtraces for the crosssectional flow in the Cartesian reference frame are

Figure 4: Particle trajectory slices at z=30D (five pitches)
for varying helical radius

Figure 5(b). As R increases, the strength of the
vortical structure increases, which combined with the
offset of the peak velocity, means that the size of the
second vortex existing in Vin-plane also increases.

areas of interest. A grid was superimposed onto the
section, and Equation (1) applied.
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3.2.2 Quantification of mixing, and its relationship
with geometry
Figures 4(b-f) show a qualitative increase in mixing
with increasing R, caused by the emergence of the
double-vortex structure in the in-plane flow. The
degree of mixing increases with downstream distance
[16].
Conceptually, mixing is the reduction of nonuniformity, or equivalently, the increase of disorder.
Information entropy was first defined by Shannon
[20], and can be interpreted as a measure of disorder.
A formulation introduced to study chaotic
micromixers [21] is used here. In [21] passive,
coloured particles were tracked through the
micromixer, taking sections of the trajectories at

(a) axial Vcartesian

(1)

In Equation (2), i is the cell index, k is the species
index, w is the weighting factor for each cell, N the
!number of cells, N the number of species (i.e.
different colours of particles) and ni,k is the particle
number fraction of the kth species in the ith cell. The
weighting factor wi is defined so that it is zero if a
cell contains no particles, or only particles of a single
species/colour; within such a cell the particle
distribution is uniform, and therefore should
contribute zero to the entropy summation, i.e.
disorder can only occur if particles of different
colours are present. As Figure 4 shows, only two
colours of particles are used throughout this work.
As a value considered in isolation, the entropy
calculated in (1) has little meaning. Again following
Kang and Kwon we define a relative entropy measure
", which quantifies the increase in entropy of the
particle distribution at a particular cross-section from
that of the inlet distribution of particles. This is then
normalised by the maximum possible entropy
increase from the inlet particle distribution, and is
defined as

"=

(b) in-plane Vcartesian

S # S0
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From the above it can be appreciated that when " is
equal to zero, no mixing has occurred, and when "

!

(c) Vcartesian–Vtranslation

(e) Vin-plane

(d) Vrotation

(f) axial cartesian vorticity

Figure 5: In-plane velocity transformations to obtain particle
trajectories

Figure 5: Relative entropy increase, ! for increasing
helical radius - calculated at integer multiples of the pitch
length

equals one, the mixing is maximised. Figure 6 shows

" plotted against increasing helical radius, for integer
multiples of the pitch length. It is clear that "
increases sharply with R up to R=0.25D, but very
little beyond this. This is due to the double-vortex
structure only changing slightly for R > 0.25D.
3.3 Summary
The results presented here both quantify and explain
the variation of mixing with helical radius, showing
that mixing increases sharply up to R=0.25D but little
beyond. In [16] we show that the pressure drop over
one pitch length of the helix increases approximately
linearly with R suggesting that if mixing, as
quantified here, is beneficial for medical applications,
a geometry with R=0.25D will provide these benefits,
whilst minimising physiologically costly pressure
losses.

4. COMPUTATIONAL MODELLING OF BLOOD
FLOW IN THE THORACIC AORTA: RELATION
TO ATHEROSCLEROTIC LESION LOCATIONS

Blood flow in the thoracic aorta near side branches is
computed using high-order unstructured spectral/hp
element methods [17]. The objective is to study the
role of di!erent haemodynamic parameters in the
localization of atherosclerosis, a disease that is
responsible for the majority of myocardial infarctions
and which is prevalent in Western societies. The
patchy distribution of atherosclerosis in regions of

haemodynamic stresses exerting a controlling
influence on its rate of development. The current
consensus is that lesions occur most frequently in
regions of low and fluctuating haemodynamic wall
shear stress. However, patterns of lesion prevalence
around the origins of intercostal arteries in the
descending thoracic aorta are known to vary with age
and species [22]. We test the hypothesis that these
variations could reflect di!erences in the pattern of
shear stress exerted on the wall by the flow of blood.
The emergence of an intercostal artery from the
dorsal wall of the descending thoracic aorta, which
has a 10-fold larger diameter, is modelled as a
cylindrical tube emerging perpendicularly from a flat
plate (figure 6a) [23,24]; the idealised geometry
simplifies interpretation of e!ects of the Reynolds
number and side branch flow rate. Using the
Newtonian incompressible Navier-Stokes equations,
high-order steady and pulsatile flow computations are
performed and flow and wall shear stress (wss)
patterns are analysed. Reversing and non-reversing
side branch flows are examined [25]. In addition, the
study is extended to examine flows in more realistic
geometries, such as di!erent configurations of pairs
of intercostal arteries, geometries approximating
those seen in histological sections and corrosion
casts, and anatomically correct models reconstructed
from micro-CT images of corrosion casts of rabbit
aortas made at physiological pressure.
This study shows that patterns of flow and wss are
strikingly dependent on haemodynamic conditions.

Figure 6: (a) Model of intercostal artery. (b) Wall shear stress maps under steady flow conditions. (c) Wall shear
stress maps for reversing side branch flow rate.
arterial curvature and branching is consistent with

Varying the Reynolds number and the side branch

flow rate, either independently or in combination,
alters the wss distribution in steady flow (figure
6(b)). With increasing Reynolds number, stresses are
lowered at the sides of the branch ostium and
increased upstream and downstream. Increased flow
into the side branch enlarges the areas where shear is
altered and intensifies the di!erences in its
magnitude. It also moves the low-shear side lobes
and stagnation region downstream. Under unsteady
flow conditions and for non-reversing side branch
flow, the e!ect of pulsatility is small. However,
significantly di!erent wss patterns are generated
when the side branch flow is made to reverse for part
of the cycle (figure 16c). Arterial geometrical
features appear to have little influence on the wall
shear stress pattern. Aspects of the patterns observed
in this study correlate well with, and may explain,
lesion patterns seen in human, rabbit and mouse
aortas.
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