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SUMMARY

This paper concentrates on the recursive identification algorithms for the exponential autoregressive model
with moving average noise. Using the decomposition technique, we transform the original identification
model into a linear and nonlinear sub-identification model and derive a two-stage least squares extended
stochastic gradient algorithm. In order to improve the parameter estimation accuracy, we employ the multi-
innovation identification theory and develop a two-stage least squares multi-innovation extended stochastic
gradient algorithm. A simulation example is provided to test the effectiveness of the proposed algorithms.
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1. INTRODUCTION

System modeling and parameter estimation are the basis of investigating natural sciences by using
mathematical equations in theory [1, 2, 3, 4]. Time series modeling is necessary for the analysis and
prediction of random processes in the field of economics, biology, power load scheduling and others
[5]. During the past four decades, time series analysis and modeling have been deviating from the
linear paradigm with the aim of revealing nonlinearities. The exponential autoregressive (ExpAR)
family is an important kind of nonlinear time series models, and has shown the appropriateness in
capturing certain nonlinear phenomena, such as amplitude-dependent frequency, jump phenomena
and limit cycles [6, 7]. In the early stage, the classic ExpAR model is derived to model a series of
actual ship rolling data [8]. Later, Ozaki derived a variant of the ExpAR model by using the Hermite
type polynomials, such that a more sophisticated specification for the dynamics of the characteristic
roots of autoregressive models can be obtained [9]; introducing a time-delay and a scalar parameter,
Teräsvirta developed a different variant of the ExpAR model [10]. Recently, Chen et al summarized
other generalized ExpAR models and discussed the stationary conditions of these models [11].

System identification and parameter estimation are widely used to establish mathematical models
of dynamical systems [12, 13], and are basic for adaptive control and fault diagnosis [14] and so
on. In the field of system identification, much attention has been focused on various identification
algorithms, including the least squares (LS) methods [15], the Kalman filter [16] and the subspace
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identification [17], etc. The LS methods are suitable for linear parameter system identification and
can also deal with the identification problems for the nonlinear ExpAR model under certain special
conditions. For example, fixing the nonlinear subsystem parameter at one of a grid of values [7] or
imposing it on certain definition [18], the LS estimates of the parameters of linear subsystem can
be derived for the ExpAR model. However, the LS method expenses large computational cost and
cannot be directly used to estimate all the unknown parameters because the nonlinearity exists in
the ExpAR family. Gradient search based method has showed huge superiority in nonlinear system
identification. For instance, Xu developed several gradient algorithms for sine response signals using
the moving window data [19, 20, 21].

Over the years, some efforts have been advanced to improve the performance of identification
algorithms. For example, the decomposition technique has been applied to linear and nonlinear
dynamical systems [22]. This paper combines the decomposition technique and the multi-innovation
identification theory to derive new methods for nonlinear exponential time series models. The
key of the decomposition based algorithms is to divide the original identification model into
several sub-identification (Sub-ID) models, such that the parameters of different Sub-ID models
can be estimated separately and the computational efficiency of the identification algorithms can
be improved. In this aspect, a decomposition based least squares algorithm was derived for bilinear
state-space systems [23]. In addition, the multi-innovation identification has been developed as an
indispensable branch in the field of system identification. The innovation is known as the useful
information that can improve the parameter estimation accuracy. Multi-innovation identification is
on the basis of innovation expansion, in other words, multi-innovation identification is to expand
the dimension of the innovation and to enhance the data utilization. Using the multi-innovation
identification theory, a weighted multi-innovation stochastic gradient algorithm for Hammerstein
nonlinear systems [24]. Other techniques such as the particle filter [25] can be applied to model
some practical systems [26] and to solve some engineering problems [27, 28].

This paper completely differs from [29] which applied the decomposition to the linear models
and presented a two-stage least squares algorithm while this paper applies the decomposition to
nonlinear ExpAR models and presents a new two-stage multi-innovation algorithm. The previous
works in [30, 31] are based on the assumptions with white noises. This paper extends the previous
works from white noise to colored noises (i.e., correlated noises) by combining the hierarchical
principle and the multi-innovation theory. By means of some mathematical tools [32, 33], the
proposed two-stage recursive identification algorithms for the nonlinear ExpAR model with colored
noise in this paper can be extended to study the identification problems of different systems and
can be applied other literatures [34, 35, 36] such as signal modeling and communication networked
systems and engineering application systems and so on. The main contributions of this paper are as
follows.

• Using the decomposition technique, we divide the ExpARMA model into two subsystems,
one of which contains the unknown parameter vector of the linear subsystem and the noise
model, and the other contains the unknown parameter of the nonlinear part.

• Considering the different mapping relationships between the subsystem parameters and their
corresponding outputs, we adopt the LS principle and gradient search to the optimization
problems respectively and derive a two-stage least squares extended stochastic gradient
algorithm for the ExpARMA model.

• Applying the multi-innovation identification theory, we develop a two-stage least squares
multi-innovation extended stochastic gradient algorithm for the ExpARMA model, such that
the parameter estimation accuracy can be improved.

In summary, the rest of this paper is organized as follows. Section 2 describes the identification
problem for the ExpARMA model. A two-stage least squares extended stochastic gradient algorithm
is derived in Section 3. A two-stage least squares multi-innovation extended stochastic gradient
algorithm is developed in Section 4. Section 5 provides a numerical example for testing the
effectiveness of the proposed algorithms. Finally, some concluding remarks are given in Section 6.
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2. PROBLEM DESCRIPTION

Let us introduce some notations first.

Symbols Meaning
0 The zero vector of appropriate size.
1n An n-dimensional column vector whose entries are all 1.
I or In The identity matrix of appropriate sizes or n× n.
XT The transpose of the vector or matrix X .
‖X‖ The norm of a column vector X .
A =: X A is defined as X .
X := A A is defined as X .

Given a time series {y(t), y(t− 1), y(t− 2), · · · }, the n-order ExpAR model with colored noise
can be described as

y(t) = [α1 + β1e−γy2(t−1)]y(t− 1) + [α2 + β2e−γy2(t−1)]y(t− 2) + · · ·
+[αn + βne−γy2(t−1)]y(t− n) + w(t), (1)

where w(t) := D(z)v(t) ∈ R is a colored noise and can be regarded as the output of an MA model
driven by a stochastic white noise v(t), D(z) is the polynomial in the unit backward shift operator
z−1 [z−1y(t) = y(t− 1)]:

D(z) := 1 + d1z
−1 + d2z

−2 + · · ·+ dmz−m, dj ∈ R,

and αi, βi (i = 1, 2, · · · , n), γ and dj (j = 1, 2, · · · ,m) are the parameters to be estimated. The
identification problem for the ExpAR model with AR or ARMA noise are different from the one
which is focused on in this paper and remain to be investigated in the future.

The nonlinearity of the ExpARMA model comes from the exponential dependence on γy2(t− 1).
When the parameter γ is large enough, Equation (1) reduces to an ARMA model with respect to the
parameters αi and dj ; when γ = 0, the ExpARMA model reduces to an ARMA model with respect
to the parameters (αi + βi) and dj . Neither of these two ARMA models can describe any nonlinear
dynamics. Thus, the parameter γ is essentially a scaling factor and should be limited in a range,
such that e−γy2(t−1) is different from both zero and one.

Assume that the orders m and n are known, the data y(t) is measurable. Without loss of generality,
the initial values are set to be y(t) = 0 and v(t) = 0 for t ≤ 0.

It is obvious that y(t) is linear with respect to the parameters αi, βi and dj , and is nonlinear with
respect to the parameter γ. Define the parameter vectors and the information vectors as

ϑ := [θT,dT]T ∈ R2n+m,

θ := [αT,βT]T ∈ R2n,

α := [α1, α2, · · · , αn]T ∈ Rn,

β := [β1, β2, · · · , βn]T ∈ Rn,

d := [d1, d2, · · · , dm]T ∈ Rm,

φ(γ, t) := [φT
s (γ, t),φT

n(t)]T ∈ R2n+m,

φs(γ, t) := [ϕT(t), e−γy2(t−1)ϕT(t)]T ∈ R2n,

ϕ(t) := [y(t− 1), y(t− 2), · · · , y(t− n)]T ∈ Rn,

φn(t) := [v(t− 1), v(t− 2), · · · , v(t−m)]T ∈ Rm,

where subscripts (roman) s and n represent the first letters of the words “system” and “noise”,
respectively. Then, Equation (1) can be written as

y(t) =
n∑

i=1

αiy(t− i) + e−γy2(t−1)
n∑

i=1

βiy(t− i) + w(t)

Copyright c© 2020 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2020)
Prepared using acsauth.cls DOI: 10.1002/acs



4 H. XU, F. DING, M. GAN AND E.F. YANG

= ϕT(t)α + e−γy2(t−1)ϕT(t)β + w(t)
= φT

s (γ, t)θ + w(t),

w(t) =
m∑

j=1

djv(t− j) + v(t) = φT
n(t)d + v(t),

and we obtain the identification model of the ExpARMA process:

y(t) = φT
s (γ, t)θ + φT

n(t)d + v(t)
= φT(γ, t)ϑ + v(t). (2)

The proposed algorithms in this paper are based on this identification model in (2). Many
identification methods are derived based on the identification models of the systems [37, 38, 39,
40, 41] and can be used to estimate the parameters of other linear systems and nonlinear systems
[42, 43, 44] and can be applied to fields such as chemical process control systems.

Note that y(t) is highly nonlinear with respect to the parameter γ, the LS method cannot be used
directly for the ExpARMA model. The objective of this paper is to study new recursive identification
algorithms for the ExpARMA model by using the decomposition technique and the multi-innovation
identification theory.

3. THE TWO-STAGE LEAST SQUARES EXTENDED STOCHASTIC GRADIENT
ALGORITHM

Considering y(t) is nonlinear with respect to the parameter γ, we decompose the identification
model in (2) into two sub-identification (Sub-ID) models by applying the decomposition technique
[45]. In this section, we apply the LS principle and gradient search to these two Sub-ID models,
respectively, and derive a two-stage least squares extended stochastic gradient algorithm for the
ExpARMA model.

3.1. The decomposition of the ExpARMA model

Define the information item ψ(β, t) and the intermediate variable y1(t) as

ψ(β, t) := ϕT(t)β ∈ R,

y1(t) := y(t)−ϕT(t)α− φT
n(t)d ∈ R.

From (2), we can see that the ExpARMA model is decomposed into the following fictitious
subsystems or Sub-ID models,

S1 : y(t) = φT(γ, t)ϑ + v(t), (3)

S2 : y1(t) = ψ(β, t)e−γy2(t−1) + v(t). (4)

The parameter sets ϑ and γ in Sub-ID models (3) and (4) contain all the unknown parameters to be
estimated. The parameter γ in φ(γ, t) and the parameter vector β in ψ(β, t) are the associate terms
between these two Sub-ID models.

3.2. The least squares and extended stochastic gradient parameter estimation for subsystems

After decomposition, a linear and nonlinear Sub-ID model arises which can be solved by different
optimization methods. For simplicity, we first derive the parameter estimation sub-algorithms for
ϑ and γ, respectively. Since these two sub-algorithms contain the unknown associate terms, an
interactive identification algorithm is then proposed for the ExpARMA model. The details are as
follows.

According to the Sub-ID model in (3), we define a quadratic criterion function

J1(ϑ) :=
1
2

t∑

k=1

[
y(k)− φT(γ, k)ϑ

]2
.
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Let ϑ̂(t) denote the estimate of ϑ at time t. Minimizing J1(ϑ) by the LS principle, we obtain the
least squares sub-algorithm for computing ϑ̂(t):

ϑ̂(t) = ϑ̂(t− 1) + P (t)φ(γ, t)[y(t)− φT(γ, t)ϑ̂(t− 1)], (5)
P−1(t) = P−1(t− 1) + φ(γ, t)φT(γ, t), P (0) = p0I2n+m, (6)
φ(γ, t) = [φT

s (γ, t),φT
n(t)]T, (7)

φs(γ, t) = [ϕT(t), e−γy2(t−1)ϕT(t)]T, (8)
ϕ(t) = [y(t− 1), y(t− 2), · · · , y(t− n)]T, (9)

φn(t) = [v(t− 1), v(t− 2), · · · , v(t−m)]T. (10)

The difficulty of identification is that the information vectors φ(γ, t) and φn(t) in (7) and (10)
contain the unmeasurable noise v(t− j). The solution is to apply the hierarchical identification
principle, that is, to replace v(t− j) with the estimate v̂1(t− j) and to construct the estimation
vectors φ̂(γ, t) and φ̂n(t) using v̂1(t− j). From (2), we have

v(t) = y(t)− φT(γ, t)ϑ. (11)

Replacing y(t), φ(γ, t) and ϑ in (11) with y(t− j), φ̂(γ, t− j) and ϑ̂(t), the estimate of v(t− j)
can be computed by

v̂1(t− j) = y(t− j)− φ̂
T
(γ, t− j)ϑ̂(t). (12)

Then, the estimation vectors φ̂(γ, t) and φ̂n(t) can be constructed as

φ̂(γ, t) = [φT
s (γ, t), φ̂

T
n(t)]T, (13)

φ̂n(t) = [v̂1(t− 1), v̂1(t− 2), · · · , v̂1(t−m)]T. (14)

In order to avoid the large computational cost of matrix inversion, we apply the matrix inversion
formula

(A + BC)−1 = A−1 −A−1B(I + CA−1B)CA−1

to (6). Then, Equations (5)–(6) can be written as

ϑ̂(t) = ϑ̂(t− 1) + L(t)[y(t)− φ̂
T
(γ, t)ϑ̂(t− 1)], (15)

L(t) = P (t− 1)φ̂(γ, t)[1 + φ̂
T
(γ, t)P (t− 1)φ̂(γ, t)]−1, (16)

P (t) = P (t− 1)−L(t)φT(γ, t)P (t− 1), P (0) = p0I2n+m, (17)

where P (t) ∈ R(2n+m)×(2n+m) is the covariance matrix and L(t) ∈ R2n+m is the gain vector.
Equations (8)–(9) and (12)–(17) construct the recursive least squares (RLS) sub-algorithm for
computing ϑ̂(t). The following derives the sub-algorithm for computing γ̂(t).

From the Sub-ID model in (4), we define the criterion function

J2(γ) :=
1
2
[y1(t)− ψ(β, t)e−γy2(t−1)]2.

Note that J2(γ) is highly nonlinear with respect to the unknown parameter γ, we cannot directly
use the linear LS optimization to obtain the estimate γ̂(t). Instead, the gradient search is adopted to
minimize J2(γ). Computing the gradient of J2(γ) gives

grad[J2(γ)] =
∂J2(γ)

∂γ
= y2(t− 1)ψ(β, t)e−γy2(t−1)[y1(t)− ψ(β, t)e−γy2(t−1)]

= y2(t− 1)ψ(β, t)e−γy2(t−1)[y(t)−ϕT(t)α− φT
n(t)d− ψ(β, t)e−γy2(t−1)]

=−ϑTφ′(γ, t)[y(t)−ϕT(t)α− φT
n(t)d− ψ(β, t)e−γy2(t−1)]
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=−ϑTφ′(γ, t)[y(t)− φT(γ, t)ϑ],

where φ′(γ, t) is the derivative of φ(γ, t) with respect to γ and can be computed by

φ′(γ, t) =
∂φ(γ, t)

∂γ
= [0n,−y2(t− 1)e−γy2(t−1)ϕT(t),0m]T. (18)

Let µ(t) represent the step-size. Using the gradient search to minimize J2(γ), we obtain the
following recursive relations for computing γ̂(t):

γ̂(t) = γ̂(t− 1)− µ(t)grad[J2(γ̂(t− 1))]
= γ̂(t− 1) + µ(t)ϑTφ′(γ̂(t− 1), t)[y(t)− φT(γ̂(t− 1), t)ϑ]. (19)

Referring to the gradient-based identification algorithms for the ExpAR model in [31], we can
simply take the step-size µ(t) as

µ(t) :=
1

r(t)
, (20)

r(t) = r(t− 1) + ‖ϑTφ′(γ̂(t− 1), t)‖2. (21)

However, a difficulty arises that the information vector φ(γ̂(t− 1), t) in (19) contains the unknown
noise v(t− j). Similar to the RLS sub-algorithm for computing ϑ̂(t), we replace the unmeasurable
noise v(t− j) with the estimate v̂2(t− j) and construct the estimation vectors φ̂n(t) and φ̂(γ̂(t−
1), t) using v̂2(t− j). Replacing y(t) and φ(γ, t) in (11) with y(t− j) and φ̂(γ̂(t− 1), t− j) , the
estimate of v(t− j) can be computed by

v̂2(t− j) = y(t− j)− φ̂
T
(γ̂(t− 1), t− j)ϑ. (22)

Then, we obtain the estimation vectors

φ̂(γ̂(t− 1), t) = [φT
s (γ̂(t− 1), t), φ̂n(t)]T, (23)

φ̂n(t) = [v̂2(t− 1), v̂2(t− 2), · · · , v̂2(t−m)]T. (24)

According to (20)–(24), Equation (19) can be written as

γ̂(t) = γ̂(t− 1) +
1

r(t)
ϑTφ′(γ̂(t− 1), t)[y(t)− φ̂

T
(γ̂(t− 1), t)ϑ]. (25)

Combining (8)–(9), (18) and (21)–(25), we obtain the extended stochastic gradient (ESG) sub-
algorithm for computing γ̂(t):

γ̂(t) = γ̂(t− 1) +
1

r(t)
ϑTφ′(γ̂(t− 1), t)[y(t)− φ̂

T
(γ̂(t− 1), t)ϑ], (26)

r(t) = r(t− 1) + ‖ϑTφ′(γ̂(t− 1), t)‖2, r(0) = 1, (27)

φ′(γ̂(t− 1), t) = [0n,−y2(t− 1)e−γ̂(t−1)y2(t−1)ϕT(t),0m]T, (28)

φ̂(γ̂(t− 1), t) = [φT
s (γ̂(t− 1), t), φ̂n(t)]T, (29)

φs(γ̂(t− 1), t) = [ϕT(t), e−γ̂(t−1)y2(t−1)ϕT(t)]T, (30)
ϕ(t) = [y(t− 1), y(t− 2), · · · , y(t− n)]T, (31)

φ̂n(t) = [v̂2(t− 1), v̂2(t− 2), · · · , v̂2(t−m)]T, (32)

v̂2(t) = y(t)− φ̂
T
(γ̂(t− 1), t)ϑ. (33)

Although the RLS and ESG sub-algorithm is derived for computing ϑ̂(t) and γ̂(t), respectively, they
are technically impossible to be complemented. Since the right-hand sides of the RLS sub-algorithm
contain the unknown parameter γ and that of the ESG sub-algorithm contain the unknown parameter
vector ϑ, which are the associate terms.
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3.3. The coordination for the subsystem parameter estimation

In order to address the above problem, we replace unknown parameters with their corresponding
estimates by the hierarchical identification principle [46]. Specifically speaking, the parameter γ
in the RLS sub-algorithm is replaced with γ̂(t− 1) and the parameter vector ϑ in the ESG sub-
algorithm is replaced with ϑ̂(t− 1). Then, the estimates of ϑ and γ at time t can be computed by
an iterative way:

ϑ̂(t) = ϑ̂(t− 1) + L(t)e(t), (34)

e(t) = y(t)− φ̂
T
(γ̂(t− 1), t)ϑ̂(t− 1), (35)

L(t) = P (t− 1)φ̂(γ̂(t− 1), t)[1 + φ̂
T
(γ̂(t− 1), t)P (t− 1)φ̂(γ̂(t− 1), t)]−1, (36)

P (t) = P (t− 1)−L(t)φ̂
T
(γ̂(t− 1), t)P (t− 1), P (0) = p0I2n+m, (37)

γ̂(t) = γ̂(t− 1) +
1

r(t)
ϑ̂

T
(t− 1)φ′(γ̂(t− 1), t)e(t), (38)

r(t) = r(t− 1) + ‖ϑ̂T
(t− 1)φ′(γ̂(t− 1), t)‖2, r(0) = 1, (39)

φ′(γ̂(t− 1), t) = [0n,−y2(t− 1)e−γ̂(t−1)y2(t−1)ϕT(t),0m]T, (40)

φ̂(γ̂(t− 1), t) = [φT
s (γ̂(t− 1), t), φ̂n(t)]T, (41)

φs(γ̂(t− 1), t) = [ϕT(t), e−γ̂(t−1)y2(t−1)ϕT(t)]T, (42)
ϕ(t) = [y(t− 1), y(t− 2), · · · , y(t− n)]T, (43)

φ̂n(t) = [v̂(t− 1), v̂(t− 2), · · · , v̂(t−m)]T, (44)

v̂(t) = y(t)− φ̂
T
(γ̂(t− 1), t)ϑ̂(t), (45)

ϑ̂(t) = [α̂1(t), · · · , α̂n(t), β̂1(t), · · · , β̂n(t), d̂1(t), · · · , d̂m(t)]T. (46)

Equations (34)–(46) form the two-stage least squares extended stochastic gradient (2S-LS-ESG)
algorithm for the ExpARMA model.

Algorithm 1 The pseudo-code of implementing the 2S-LS-ESG algorithm
Require: {y(t), t = 1, 2, · · · , Le}, m, n, ε

Ensure: ϑ̂(t) and γ̂(t)
1: Initialization: t = 1, ϑ̂(0) = 12n+m/p0, γ̂(0) = 1/p0, P (0) = p0I2n+m, v̂(t− j) = 1/p0 (j =

1, 2, · · · ,m), p0 = 106.
2: for t = 1 : Le do
3: Form the information vectors ϕ(t), φs(γ̂(t− 1), t), φ̂n(t) and φ̂(γ̂(t− 1), t) by (41)–(44).
4: Compute the gain vector L(t), covariance matrix P (t) and innovation e(t) by (35)–(37).
5: Update the parameter estimation vector ϑ̂(t) by (34).
6: Form the derivative vector φ′(γ̂(t− 1), t) by (40).
7: Compute the reciprocal of the step-size r(t) by (39).
8: Update the parameter estimate γ̂(t) by (38).
9: Compute the noise estimate v̂(t) by (45).

10: If ‖ϑ̂(t)− ϑ̂(t− 1)‖+ ‖γ̂(t)− γ̂(t− 1)‖ > ε
11: t = t + 1;
12: else
13: Read out α̂i(t), β̂i(t) and d̂j(t) from ϑ̂(t) in (46), break;
14: end
15: end for

The pseudo-code of implementing the 2S-LS-ESG algorithm is shown in Algorithm 1. The
proposed two-stage recursive identification algorithms for a class of nonlinear time series models
with colored noise in this paper can combine some mathematical tools [47, 48, 49] to study the
parameter estimation problems of different systems with colored noises and can be applied other
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literatures [50, 51] such as signal modeling and communication networked systems [52, 53] and
engineering application systems [54, 55] and so on. Moreover, the quantity e(t) := y(t)− φ̂

T
(γ̂(t−

1), t)ϑ̂(t− 1) ∈ R in (35) is a scalar and called the innovation. Applying the multi-innovation
identification theory, we derive a two-stage least squares multi-innovation extended stochastic
gradient (2S-LS-MIESG) algorithm for the ExpARMA model in the next section.

4. TWO-STAGE LEAST SQUARES MULTI-INNOVATION EXTENDED STOCHASTIC
GRADIENT ALGORITHM

In order to improve the parameter estimation accuracy of the 2S-LS-ESG algorithm, we expand
the scalar innovation into an innovation vector and derive a 2S-LS-MIESG algorithm by using the
multi-innovation identification theory. The details are as follows.

Let p represent the innovation length and expand e(t) in (35) into the innovation vector

E(p, t) =




y(t)− φ̂
T
(γ̂(t− 1), t)ϑ̂(t− 1)

y(t− 1)− φ̂
T
(γ̂(t− 1), t− 1)ϑ̂(t− 1)

...
y(t− p + 1)− φ̂

T
(γ̂(t− 1), t− p + 1)ϑ̂(t− 1)



∈ Rp. (47)

Define the stacked vector Y (p, t) and the stacked information matrix Φ̂(γ̂(t− 1), t) as

Y (p, t) :=




y(t)
y(t− 1)

...
y(t− p + 1)


 ∈ R

p, Φ̂(γ̂(t− 1), t) :=




φ̂
T
(γ̂(t− 1), t)

φ̂
T
(γ̂(t− 1), t− 1)

...
φ̂

T
(γ̂(t− 1), t− p + 1)




T

∈ R(2n+m)×p.

Then, the innovation vector E(p, t) in (47) can be written as

E(p, t) = Y (p, t)− Φ̂
T
(γ̂(t− 1), t)ϑ̂(t− 1).

For simplicity, we define the generalized information item

ψ0(t) := ϑ̂
T
(t− 1)φ′(γ̂(t− 1), t) ∈ R.

In order to make the matrix multiplication dimension compatible, we expand the generalized
information item ψ0(t) into the generalized stacked information vector

Ψ(p, t) := [ψ0(t), ψ0(t− 1), · · · , ψ0(t− p + 1)]T ∈ Rp.

When the innovation length p = 1, we have

E(p, t) = e(t), Y (p, t) = y(t), Φ̂(γ̂(t− 1), t) = φ̂
T
(γ̂(t− 1), t), Ψ(p, t) = ψ0(t).

Thus, the 2S-LS-MIESG algorithm for the ExpARMA model can be derived as follows,

ϑ̂(t) = ϑ̂(t− 1) + L(t)[y(t)− φ̂
T
(γ̂(t− 1), t)ϑ̂(t− 1)], (48)

L(t) = P (t− 1)φ̂(γ̂(t− 1), t)[1 + φ̂
T
(γ̂(t− 1), t)P (t− 1)φ̂(γ̂(t− 1), t)]−1, (49)

P (t) = P (t− 1)−L(t)φ̂
T
(γ̂(t− 1), t)P (t− 1), P (0) = p0I2n+m, (50)

γ̂(t) = γ̂(t− 1) +
1

r(t)
ΨT(p, t)E(p, t), (51)
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E(p, t) = Y (p, t)− Φ̂
T
(γ̂(t− 1), t)ϑ̂(t− 1), (52)

Y (p, t) = [y(t), y(t− 1), · · · , y(t− p + 1)]T, (53)

Φ̂(γ̂(t− 1), t) = [φ̂(γ̂(t− 1), t), φ̂(γ̂(t− 1), t− 1), · · · , φ̂(γ̂(t− 1), t− p + 1)], (54)
Ψ(p, t) = [ψ0(t), ψ0(t− 1), · · · , ψ0(t− p + 1)]T, (55)

r(t) = r(t− 1) + ‖ψ0(t)‖2, r(0) = 1, (56)

ψ0(t) = ϑ̂
T
(t− 1)φ′(γ̂(t− 1), t), (57)

φ′(γ̂(t− 1), t) = [0n,−y2(t− 1)e−γ̂(t−1)y2(t−1)ϕT(t),0m]T, (58)

φ̂(γ̂(t− 1), t) = [φT
s (γ̂(t− 1), t), φ̂n(t)]T, (59)

φs(γ̂(t− 1), t) = [ϕT(t), e−γ̂(t−1)y2(t−1)ϕT(t)]T, (60)
ϕ(t) = [y(t− 1), y(t− 2), · · · , y(t− n)]T, (61)

φ̂n(t) = [v̂(t− 1), v̂(t− 2), · · · , v̂(t−m)]T, (62)

v̂(t) = y(t)− φ̂
T
(γ̂(t− 1), t)ϑ̂(t), (63)

ϑ̂(t) = [α̂1(t), · · · , α̂n(t), β̂1(t), · · · , β̂n(t), d̂1(t), · · · , d̂m(t)]T. (64)

When p = 1, the 2S-LS-MIESG algorithm reduces to the 2S-LS-ESG algorithm. Similar to
the 2S-LS-ESG algorithm in (34)–(46), the 2S-LS-MIESG algorithm computes the parameter
estimates ϑ̂(t) and γ̂(t) by an interactive way. Moreover, the recursion computation of 2S-LS-
MIESG algorithm involves more innovations and data. The proposed two-stage least squares
multi-innovation extended stochastic gradient algorithm in this paper can joint some mathematical
strategies [56, 57] to explore new identification methods of linear and nonlinear stochastic systems
[58, 59, 60, 61] and can applied to other fields [62, 63, 64, 65].

The pseudo-code of implementing the 2S-LS-MIESG algorithm is shown in Algorithm 2.

Algorithm 2 The pseudo-code of implementing the 2S-LS-MIESG algorithm
Require: {y(t), t = 1, 2, · · · , Le}, m, n, ε, p

Ensure: ϑ̂(t) and γ̂(t)
1: Initialization: t = 1, ϑ̂(0) = 12n+m/p0, γ̂(0) = 1/p0, P (0) = p0I2n+m, v̂(t− j) = 1/p0 (j =

1, 2, · · · ,m), p0 = 106.
2: for t = 1 : Le do
3: Form the information vectors ϕ(t), φs(γ̂(t− 1), t), φ̂n(t) and φ̂(γ̂(t− 1), t) by (59)–(62).
4: Compute the gain vector L(t) and the covariance matrix P (t) by (49)–(50).
5: Update the parameter estimation vector ϑ̂(t) by (48).
6: Compute the derivative φ′(γ̂(t− 1), t), information item ψ0(t) and r(t) by (56)–(58).
7: Form the stacked vectors and matrix Y (p, t), Ψ(p, t) and Φ̂(γ̂(t− 1), t) by (53)–(55).
8: Compute the innovation vector E(p, t) by (52).
9: Update the parameter estimate γ̂(t) by (51).

10: Compute the noise estimate v̂(t) by (63).
11: If ‖ϑ̂(t)− ϑ̂(t− 1)‖+ ‖γ̂(t)− γ̂(t− 1)‖ > ε
12: t = t + 1;
13: else
14: Read out α̂i(t), β̂i(t) and d̂j(t) from ϑ̂(t) in (64), break;
15: end
16: end for

On the basis of the multi-innovation identification, the scalar innovation e(t) in (35) is expanded
into the innovation vector E(p, t) in (52). This way, the 2S-LS-MIESG algorithm involves not only
the current measurement data and innovation, but also the preceding (p− 1) measurement data and
innovations at each recursion. Moreover, (p− 1) data and innovations are repeatedly used in two
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adjacent recursions of the 2S-LS-MIESG algorithm. These are the reasons why the 2S-LS-MIESG
algorithm has improved parameter estimation accuracy.

Remark 1. For the convergence analysis of the proposed 2S-LS-MIESG algorithm, we assume
that the noise sequence {v(t)} satisfies

(A1) E[v(t)] = 0, E[v(t)v(t + i)] = 0, i 6= 0,

(A2) E[v2(t)] = σ2 < ∞.

That is, {v(t)} is a white noise sequence with zero mean and variance σ2.
Theorem. For the identification model in (2) and the 2S-LS-MIESG algorithm in (48)–(64), if
assumptions (A1) and (A2) hold, and there exist two constants a, b and an integer t0 such that when
t > t0, the following persistent excitation condition holds,

(A3) aI2n+m ≤ 1
t

t∑

j=1

φ(γ̂(j − 1), j)φT(γ̂(j − 1), j) ≤ bI2n+m, a.s.,

and there exist an integer N and a positive constant c independent of t such that the following
persistent excitation condition holds,

(A4)
N−1∑

j=0

ΨT(p, t + j)Ψ(p, t + j)
r(t + j)

> c, a.s.

Then the parameter estimation errors ‖ϑ̂(t)− ϑ‖ and ‖γ̂(t)− γ‖ given by the 2S-LS-MIESG
algorithm converge to zero.

The proofs of Theorem given in this paper can be done in a similar way to those in [66].
Remark 2. In respect of fitting the nonlinear ExpAR model, many literatures suppose that the

parameter of the nonlinear part γ is known a priori or imposed on certain conditions, and use the
LS estimator to identify the parameters of the linear part [7, 11, 18]. Other literatures converted
the ExpAR model into a nonlinear state-space model through the model transformation technique
and derived the extended Kalman filter methods [67]. Compared with the existing identification
algorithms in these publications, the multi-innovation identification algorithm proposed in this paper
relaxes the conditions on the parameter γ, does not involve model transformation, and can identify
all the unknown parameters by an interactive way.

5. EXAMPLE

Consider the following ExpARMA process

y(t) = [α1 + β1e−γy2(t−1)]y(t− 1) + · · ·+ [αn + βne−γy2(t−1)]y(t− n) + D(z)v(t)

= [1.06− 1.20e−0.13y2(t−1)]y(t− 1) + [−0.59 + 2.03e−0.13y2(t−1)]y(t− 2)
+0.03v(t− 1) + 0.04v(t− 2) + v(t).

The parameters to be estimated are

ϑ = [α1, α2, β1, β2, d1, d2]T = [1.06,−0.59,−1.20, 2.03, 0.03, 0.04]T, γ = 0.13.

For convenience, we define the parameter vector Θ := [ϑT, γ]T ∈ R2n+m+1. In simulation, the noise
{v(t)} is taken as a white noise sequence with zero mean and variance σ2, and the data length is
taken as Le = 5000. The measurement data y(t) is shown in Figure 1.

To exhibit the advantage of the proposed multi-innovation identification algorithm, taking the
variance σ2 = 0.202, we adopt the 2S-LS-MIESG algorithm with the innovation length p = 2 and
p = 3 to estimate the parameters of this ExpARMA model, respectively. The parameter estimation
errors δ := ‖Θ̂(t)−Θ‖/‖Θ‖ × 100% versus t are shown in Figure 2, the parameter estimates of
the 2S-LS-MIESG with p = 3 versus t are shown in Figures 3–4.
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Figure 1. The measurement data
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Figure 2. The LS-ESG and 2S-LS-MIESG estimation errors δ versus t (σ2 = 0.202)
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Figure 3. The 2S-LS-MIESG parameter estimates α̂1(t), α̂2(t), d̂2(t) and γ̂(t) versus t (σ2 = 0.202, p = 3)
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Figure 4. The 2S-LS-MIESG parameter estimates β̂1(t), β̂2(t) and d̂1(t) versus t (σ2 = 0.202, p = 3)

To show the influence of the noise level on the proposed 2S-LS-MIESG algorithm, we fix the
innovation length p = 3 and adopt the 2S-LS-MIESG algorithm to estimate the parameters of this
ExpARMA model with the noise variance σ2 = 0.202, σ2 = 0.302 and σ2 = 0.402, respectively.
The parameter estimation errors versus t are shown in Tables I–III and Figure 5.

Table I. The 2S-LS-MIESG parameter estimates and errors (p = 3, σ2 = 0.202)

t α1 α2 β1 β2 d1 d2 γ δ (%)
100 1.60530 -1.07061 -2.25956 2.93696 0.12183 -0.02871 0.14076 59.38394
200 1.13814 -0.69759 -1.42494 2.28159 0.15808 -0.03735 0.13235 14.77609
500 1.06689 -0.56187 -1.29102 2.05322 0.07383 -0.02357 0.12937 4.70709
1000 1.10952 -0.60223 -1.33956 2.09667 0.02311 0.00648 0.12942 6.26669
2000 1.07329 -0.59043 -1.21047 2.01511 0.04445 0.04073 0.12682 1.01587
3000 1.06941 -0.58618 -1.19981 2.00300 0.03263 0.05160 0.12730 1.17930
4000 1.09596 -0.61016 -1.24723 2.04562 0.02789 0.05149 0.12696 2.47511
5000 1.08396 -0.60258 -1.21841 2.02425 0.02649 0.04249 0.12822 1.26365

True values 1.06000 -0.59000 -1.20000 2.03000 0.03000 0.04000 0.13000

Table II. The 2S-LS-MIESG parameter estimates and errors (p = 3, σ2 = 0.302)

t α1 α2 β1 β2 d1 d2 γ δ (%)
100 1.24663 -0.75993 -1.78566 2.56814 0.17118 -0.01361 0.16332 31.95780
200 0.99980 -0.53834 -1.29207 2.15873 0.19016 -0.03156 0.15153 9.42004
500 0.96184 -0.40049 -1.21491 1.92145 0.07242 -0.03106 0.14658 9.57691
1000 0.99035 -0.42692 -1.23242 1.93447 0.02224 0.00186 0.14641 7.84580
2000 0.98281 -0.43616 -1.12248 1.86780 0.03359 0.04118 0.14346 9.38690
3000 0.98311 -0.44436 -1.12191 1.87978 0.03380 0.04962 0.14330 8.91695
4000 1.00237 -0.46350 -1.15747 1.91412 0.02949 0.05190 0.14296 7.03171
5000 0.99256 -0.45500 -1.12852 1.88823 0.02645 0.04356 0.14524 8.27074

True values 1.06000 -0.59000 -1.20000 2.03000 0.03000 0.04000 0.13000

From Tables I–III and Figures 2–5, we can draw the following conclusions.

• The parameter estimation accuracy of the proposed 2S-LS-MIESG algorithm becomes higher
with the innovation length p increasing – see Figure 2.
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Table III. The 2S-LS-MIESG parameter estimates and errors (p = 3, σ2 = 0.402)

t α1 α2 β1 β2 d1 d2 γ δ (%)
100 1.04840 -0.53654 -1.56017 2.32251 0.19381 -0.01743 0.18108 18.86669
200 0.89303 -0.38614 -1.19312 2.01674 0.19630 -0.03236 0.16842 12.14561
500 0.90058 -0.32039 -1.16662 1.86941 0.07940 -0.02951 0.16152 13.74720
1000 0.93157 -0.34354 -1.18071 1.86772 0.02276 0.00373 0.16088 12.27536
2000 0.94466 -0.37072 -1.08303 1.81686 0.02743 0.04542 0.15750 13.11461
3000 0.94154 -0.37444 -1.08823 1.83283 0.03721 0.05165 0.15611 12.64386
4000 0.95673 -0.38820 -1.11799 1.85824 0.03134 0.05385 0.15594 11.20137
5000 0.95070 -0.38034 -1.09176 1.82938 0.02460 0.04638 0.15939 12.42111

True values 1.06000 -0.59000 -1.20000 2.03000 0.03000 0.04000 0.13000
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Figure 5. The 2S-LS-MIESG estimation errors δ versus t (p = 3)

• With an appropriate innovation length, the 2S-LS-MIESG parameter estimates approach to
their corresponding true values and the 2S-LS-MIESG algorithm is effective to identify the
ExpARMA process – see Table I and Figures 3–4.

• The parameter estimation errors of the 2S-LS-MIESG algorithm become smaller with the
decreasing of noise levels – see Tables I–III and Figure 5.

For the model validation, we use the remaining Lr = 200 data from t = Le + 1 to t = Le + Lr

and the estimated model obtained by the 2S-LS-ESG algorithm and the 2S-LS-MIESG algorithm
with σ2 = 0.202 and p = 3. The 2S-LS-ESG predicted data ŷ1(t), the 2S-LS-MIESG predicted
data ŷ2(t) and the measurement data y(t) are plotted in Figures 6–7. To evaluate the prediction
performance, we define and compute the mean square errors (MSEs):

MSE1 :=

[
1
Lr

Le+Lr∑

t=Le+1

[ŷ1(t)− y(t)]2
]1/2

= 0.22896,

MSE2 :=

[
1
Lr

Le+Lr∑

t=Le+1

[ŷ2(t)− y(t)]2
]1/2

= 0.20919.

From Figures 6–7, we can see that the 2S-LS-MIESG predicted data ŷ2(t) is close to the
measurement data y(t), which means the estimated model can capture the dynamics of this
ExpARMA model.
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Figure 6. The 2S-LS-ESG predicted data and measurement data
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Figure 7. The 2S-LS-MIESG predicted data and measurement data

6. CONCLUSIONS

This paper studies the identification problems for the ExpARMA model. Using the decomposition
technique and the multi-innovation identification theory, we derive a two-stage least squares
extended stochastic gradient (2S-LS-ESG) algorithm and a two-stage least squares multi-innovation
extended stochastic gradient (2S-LS-MIESG) algorithm. The simulation results indicate that the
proposed 2S-LS-MIESG algorithm can effectively deal with the parameter estimation for the
ExpARMA model and has improved parameter estimation accuracy. The methods in this paper
can be applied to system modeling [68, 69, 70] and other fields such as information processing
[71, 72, 73, 74, 75] and communication systems and so on.
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