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Abstract

This paper extends the principal component analysis (PCA) to moderately non-

stationary vector time series. We propose a method that searches for a linear trans-

formation of the original series such that the transformed series is segmented into

uncorrelated subseries with lower dimensions. A columns’ rearrangement method is

proposed to regroup transformed series based on their relationships. We discuss the

theoretical properties of the proposed method for fixed and large dimensional cases.

Many simulation studies show our approach is suitable for moderately non-stationary

data. Illustrations on real data are provided.
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1 Introduction

The collection of multivariate time series data grows as the technology advances in many

fields, such as finance, healthcare, industry and social networks. Modelling a multivariate
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time series can be a challenge, especially for high dimensional series. Most of the available

tools, such as vector autoregressive integrated moving average (VARIMA) models, produce

complex and over-parametrized models when applied to such data. Therefore, the use of

dimension reduction method is crucial to model high dimensional series and find a simple

representation of the data.

There is a significant amount of dimension reduction methods in the literature. A

popular approach is the use of principal component analysis (PCA) by projecting the

original data into a space with fewer dimensions. Actually, PCA is a commonly used

technique to perform dimension reduction for static and independent multivariate data.

Bu the classical PCA will not be able to capture the dynamic dependence of among the

components (i.e. variables) of a multivariate time series.

Ku et al. (1995) extended PCA to time series data by including necessary time lags of

the original series in the analysis. Their method is called the dynamic principal component

analysis (DPCA), and it produces dynamic principal components that are linear combina-

tions of both current and lagged values of the original data. However, DPCA is limited

to stationary series, and will not be applicable to nonstationary series. Alshammri and

Pan (2019) proposed the moving dynamic principal component analysis (MDPCA), which

extended MDPCA to moderately non-stationary time series. Instead of using the cross-

covariance matrix, MDPCA applies eigenanalysis on a moving lagged cross-covariance ma-

trix with adjustable window length to extract information from moderately non-stationarity

series.

Another related approach was proposed by Brillinger (1981), where the reduction is

made based on a reconstruction criterion. This method produces dynamic principal com-

ponents that are linear combinations of the original series. Peña and Yohai (2016) proposed

the generalized dynamic principal component analysis (GDPCA), which is also based on a

reconstruction criterion. The dynamic principal components produced by GDPCA could

be a nonlinear combination of the original data. The GDPCA can be applied to both

stationary and nonstationary series.

Factor models are also widely used tools to reduce the dimension of multivariate time

series where the variables of the observed series are considered as linear combinations of

some hidden factors that could be interpreted subjectively. See, for example, Peña and Box

(1987), Stock and Watson (1988, 2002), Bai and Ng (2002), Forni et al. (2005), Peña and
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Poncela (2006), Pan and Yao (2008), Lam and Yao (2012) and many others. These models

are related to PCA as they are based on eigenanalysis of the covariance matrix of the

original series. Zhang et al. (2019) proposed to do co-integration analysis for dimensional

reduction of a high dimensional times eries with unit root components based a nonnegative

definite matrix when there is co-integration relation among components. The co-integration

approach is entirely different from PCA. Canonical correlation analysis of Box and Tiao

(1977) and scalar component analysis of Tiao and Tsay (1989) are also popular tools to

reduce the dimension of a time series.

Of particular interest, a dimension reduction method proposed recently by Chang et al.

(2018) called the principal component analysis for time series (TS-PCA). It produces a lin-

ear transformation of the original series such that the transformed series is segmented into

uncorrelated subseries with lower dimensions. In specific, TS-PCA applies eigenanalysis

to a quadratic function of the lagged cross-covariance matrix of the data. The results are

uncorrelated subseries (univariate and/or multivariate) that can be analysed separately.

However, TS-PCA is limited to second-order stationary series.

In this paper, a new dimension reduction tool will be proposed. The new method we

propose is general in the sense that it can be applied to a wide range of both stationary

and non-stationary time series data. This method can be considered as an extension of

the stationary TS-PCA of Chang et al. (2018) to non-stationary data and therefore will be

called the generalized principle component analysis for moderately non-stationary vector

time series (GTS-PCA). The results of GTS-PCA are also uncorrelated subseries with lower

dimensions that can be analysed individually. We construct a positive definite matrix using

a moving window covariance matrix which is different from that for TS-PCA where the

classical covariance matrix of the data is used in its calculation. In sections 2 and 3 of this

paper we provide a full description of the methodology. Section 2 describes how the GTS-

PCA is derived and Section 3 presents a new columns’ rearrangement method we propose

called the maximum moving cross-correlation method. Theoretical asymptotic properties

will be given in Section 4. Performance of the GTS-PCA will be tested in Section 5 on

both simulated and real data.
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2 Methodology

Consider an m-dimensional time series zt = (z1,t, z2,t, ..., zm,t)
′

that can be non-stationary.

We are seeking a linear transformation

zt = Axt (2.1)

where A is an m×m unknown constant matrix and xt is a hidden m-dimensional time series

that is segmented into n subseries such that xt = (x1,t, x2,t, ..., xn,t)
′
, where 1 < n ≤ m.

These n subseries are uncorrelated with each other. Hence the autocorrelation matrices of

xt are block-diagonal matrices with n being the number of blocks.

Since zt might be non-stationary, the classical cross-covariance function will not be able

to truly measure the linear dynamic dependence of zt as it uses a fixed mean vector for

the calculation across the whole series. To overcome this problem, we are going to use the

moving cross-covariance matrix that was introduced in Alshammri and Pan (2019) as it

can measure the linear dynamic dependence of both stationary and non-stationary time

series. Before we proceed further, the following definitions are needed.

Define the lag l cross-covariance matrix of zi as

Γz,i(l) = Cov(zi, zi−l) (2.2)

where l is a non-negative integer. Once the series zt is observed, the sample lag l cross-

covariance matrix over window zi, with a pre-specified size of 2w + 1, can be used to

estimate Γz,i(l) as follows

Γ̂z,i(l) =
1

2w + 1

i+w∑
t=i−w

(zt − zi)(zt−l − zi)
′

(2.3)

where

zi =
1

2w + 1

i+w∑
t=i−w

zt ,

and w is a positive integer. Then, the lag l moving cross-covariance matrices of zt and xt,

respectively, are defined as

MΓz(l) =
1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

Γz,i(l) (2.4)
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and

MΓx(l) =
1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

Γx,i(l),

where Γx,i(l) is defined for xt similarly to that for zt. The sample lag l moving cross-

covariance matrix of zt is calculated as

M̂Γz(l) =
1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

Γ̂z,i(l) (2.5)

while M̂Γx(l) is defined for xt similarly. When l = 0, we use the notation MΓz and MΓx

to refer to the moving covariance matrix of the series zt and xt, respectively. Notice that

M̂Γ(l) in (2.5) extracts its information from the sample lag l cross-covariance matrices

defined over the T − 2 max(l, w) windows.

We assume that the moving cross-covariance matrix between any two of the n uncor-

related subseries xj,t and xk,t of xt is essentially the zero matrix at any time

MΓ(xj,t,xk,s) = 0 for all t, s and j 6= k. (2.6)

For identifiability, we assume without loss of generality that

MΓz = Im and MΓx = Im. (2.7)

This can be achieved by replacing zt by [M̂Γz]
−1/2 zt. The above assumption will not

affect the block structure of xt. Under the above assumptions, the constant matrix A is

orthonormal since

MΓz = A MΓx A
′

= AA
′

= Im (2.8)

and therefore, dimension reduction using GTS-PCA will lead to block-diagonal moving

autocorrelation matrices of xt with n blocks. Since A is orthonormal, then equation (2.1)

can be re-written as

xt = A
′
zt. (2.9)

For stationary time series, in order to uniquely define xt and A, Chang et al. (2018)

proposed the use of the sum of a quadratic order of the cross-correlation matrices of zt

up to a pre-specified lag l1. The result is a positive definite matrix whose eigenvectors’

matrix is equivalent to A after rearranging its columns. Once A is found, the hidden

segmentations can be found as the matrix xt can be easily calculated using equation (2.9)
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above. This can be extended to account for non-stationary data based on the definitions

and the assumptions we have so far as follows. Define the quadratic order moving cross-

covariance matrices of zt and xt, respectively, as

MWz = Im +

l1∑
l=1

MΓz(l) MΓz(l)
′

(2.10)

and

MWx = Im +

l1∑
l=1

MΓx(l) MΓx(l)
′
.

Thus, we have the following results:

1. The matrices MWz and MWx will be the generalized symmetric quadratic order

of the cross-covariance matrices used in the stationary TS-PCA and they are also

positive-definite matrices.

2. The matrices MΓx(l) and MWx are block-diagonal m×m matrices.

3. It follows from equation (2.1) that

MWz = A MWx A
′
. (2.11)

Once the series zt is observed, the matrix MWz can be estimated as follows

M̂Wz = Im +

l1∑
l=1

M̂Γz(l) M̂Γz(l)
′

(2.12)

where M̂Γz(l) is defined in (2.5).

Spectral decomposition of the symmetric matrix MWx yields that

MWx = Ux Λ U
′
x

where Ux is an orthogonal matrix whose columns are the eigenvectors of MWx and Λ is

a diagonal matrix whose diagonal elements are the eigenvalues of MWx. It follows from

equation (2.11) that

MWz A Ux = A Ux Λ (2.13)

which means that Uz ≡ A Ux is the orthogonal matrix whose columns are the eigenvectors

of MWz after rearranging its columns. Furthermore, left-multiplying zt by the transposed

matrix of Uz and noting that A is orthonormal we have
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U
′
z zt = U

′
z A xt = U

′
x A

′
A xt = U

′
x xt. (2.14)

The expression in (2.14) exposes the hidden segments, which are the components of the

transformed series U
′
z zt. Here, U

′
z is the transformation matrix used to project the original

data into a new space where the transformed data is segmented into n uncorrelated subseries

with lower dimensions that sum up to m. We assume that different blocks of the quadratic

matrix MWx have different eigenvalues. In the event where different blocks of MWx have

at least one common eigenvalue, then the prospective blocks should be merged together to

form one block. Also, following Proposition 1 in Chang et al. (2018), U
′
z zt is equivalent

to A
′
zt subject to columns’ rearrangement.

Since GTS-PCA uses moving cross-covariance matrices in its calculation, then it is

important to choose a suitable window size to enhance the results. Obviously, the choice

of the window size is case-dependent. In other words, the size depends on the stationarity

of the data under study. The more stationary the data, the wider is the window size

and the opposite is true. For example, if the data exhibits a strong trend, then a smaller

window size is needed. It is also important to choose a window size that is “large enough”

to produce reliable results based on consistent estimators. Therefore, when selecting the

window size, one should balance between the above issues.

Based on the previous discussion, to reduce the dimension using GTS-PCA and find

the hidden segmentation of an observed multivariate time series zt, the following steps can

be used:

1. Replace zt in equation (2.1) by [M̂Γz]
−1/2 zt.

2. Calculate M̂Wz defined in (2.12).

3. Calculate Ûz, the orthogonal matrix that consists of the eigenvectors of M̂Wz.

4. Calculate Û
′

z zt, which is equivalent to A
′
zt subject to columns’ rearrangement.

5. Find x̂t = Â
′
zt by rearranging the columns of Û

′

z zt such that x̂t is segmented into

n uncorrelated subseries.
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3 Columns’ Rearrangement

The main goal of this section is to find the correct columns’ rearrangement of Ûz, which

returns Â; See step 4 and 5 of the GTS-PCA procedure. This can be done by correctly

grouping the correlated components of the transformed series Û
′

z zt in order to find its

equivalent Â
′
zt. For ease of notation, denote f̂t = Û

′

z zt. The following strategy can be

used to reach our goal. Start with each component of f̂t as a separate group. Then merge

any two correlated groups into one group. Repeat the last step until no further groups are

correlated. Examining for significant correlation between the variables of a multivariate

time series can be done by visualizing tools such as the moving cross-correlation plots intro-

duced in Alshammri and Pan (2019). Other methods in literature are based on ratio criteria

instead of using a pairwise multiple hypothesis testing. These ratio tests are favourable

when the dimension of the series is large because they use less calculation to find correlated

components compared with the other methods. Methods such as co-integration searches

for stationary linear combinations of non-stationary series. However, co-integration is con-

cerned with the long-run relationships between non-stationary variables; See Engle and

Granger (1987), Johansen (1995) and Zhang et al. (2019). Chang et al. (2018) developed

the maximum cross-correlation method that can capture the dynamic dependence of sta-

tionary series. But this method is not suitable for non-stationary series because it uses the

classical correlation function in its calculations.

For GTS-PCA, we are going to use the moving cross-correlation function of Alshammri

and Pan (2019) to find correlated components. Additionally, a new ratio based method

will be developed to detect the correlated components of series with high dimensions.

3.1 The Moving Cross-Correlation Function

The moving cross-correlation function is used to examine the dynamic dependence between

the components (i.e. variables) of both stationary and non-stationary vector time series.

Here, this function will be mainly used to investigate the relationships between the m com-

ponents of the transformed series f̂t in order to correctly group the correlated components

and find the hidden segmentations. Define the lag l moving cross-correlation matrix of zt

as
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Mρz(l) =
1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

S−1i Γz,i(l) S−1i−l (3.1)

where Γz,i(l) is defined in (2.2) and Si is the diagonal matrix of the standard deviations

of zi. The (j, j)th element of Si is the square root of the (j, j)th element of Γz,i(0) defined

over zi. Donate the (j, k)th element of Mρz(l) by Mρz,jk(l), which is the lag l moving

correlation between the components zj,t and zk,t−l. Moreover, the sample lag l moving

cross-correlation matrix can be calculated to estimate Mρz(l) as follows

M̂ρz(l) =
1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

Ŝ
−1
i Γ̂z,i(l) Ŝ

−1
i−l (3.2)

where Γ̂z,i(l) is defined in (2.3), and the (j, j)th element of Ŝi is the square root of the

(j, j)th element of Γ̂z,i(0).

Notice that the moving cross-correlation matrix has the following property

Mρz(l) = [Mρz(−l)]
′
. (3.3)

Therefore, in order to calculate and plot the moving cross-correlation between the compo-

nents of the series zt in different time lags, it is enough to calculate Mρz(l) for positive

lags (i.e. l ≥ 0), then use the property in (3.3) to calculate Mρz(l) for negative lags (i.e.

l < 0). The function in (3.1) will be used to evaluate the relationship between the com-

ponents produced by GTS-PCA. For further information and examples about the usage

of the moving cross-correlation function and its plots, the reader is referred to Alshammri

and Pan (2019).

For the case where the time series has a large number of variables, the moving cross-

correlation plots will not be practical as there will be m(m − 1) individual plots to be

examined for a series with dimension m. Hence, the use of multiple hypothesis testing or a

ratio-based method is recommended. Therefore, we propose a new method which is called

the maximum moving cross-correlation method.

3.2 The Maximum Moving Cross-Correlation Method

The maximum moving cross-correlation method is a ratio-based test that will be used to

test for significant correlations between the variables of both stationary and non-stationary
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series. In general, for an observed series zt, we consider its jth and kth variables to be

correlated if M̂ρz,jk(l), the (j, k)th element of M̂ρz(l), is significantly different from zero

over different time lags. In other words, the two components zj,t and zk,t are correlated if

we reject the hypothesis

Ho : Mρz,jk(l) = 0 for l = 0,±1,±2, ...,±p (3.4)

against

Ha : Mρz,jk(l) 6= 0 for some − p ≤ l ≤ p

where p is a prescribed positive integer.

The maximum moving cross-correlation statistics between components zj,t and zk,t is

calculated as

L̂d(j, k) = max
−p≤l≤p

|M̂ρz,jk(l)|, 1 ≤ j < k ≤ m. (3.5)

A total of d = m(m− 1)/2 values for the maximum moving cross-correlation statistics are

needed to be calculated and then reordered in decreasing order as L̂1 ≥ L̂2 ≥ · · · ≥ L̂d.

We use the following ratio criterion to reject the hypothesis in (3.4) based on the

statistics calculated in (3.5). Consider only the correlation corresponding to the largest r̂

maximum statistics in (3.5) to be significantly correlated, where r̂ is defined as

r̂ = arg max
1≤i≤hd

L̂i/L̂i+1 (3.6)

where h is a pre-specified number and 0 < h < 1. A value of h = 0.75 will be used as

recommended by Chang et al. (2018) to avoid extreme cases, where the dominator in (3.6)

is extremely close to zero (i.e. L̂i+1 ' 0). Therefore, we report that the two components

corresponding to L̂j are significantly correlated, where 1 ≤ j ≤ r. Notice that, using

h = 0.75 is one drawback of this method. A small amount of information might be lost

because of using h, especially for extreme cases where strong correlations exist among all

tested components. For these extreme cases, it is recommended to validate the results of

the maximum moving cross-covariance method with those of the moving cross-correlation

plots.

Therefore, the maximum moving cross-correlation method can be applied to find the n

correlated components of f̂t and hence correctly rearrange its columns to find the hidden

segmentation of x̂t as summarized below:
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1. Calculate L̂d(j, k) for the d =
m(m− 1)

2
pairs of the components of f̂t.

2. Rearrange the values of the calculated d statistics in step 1 from largest to smallest

(i.e. L̂1 ≥ L̂2 ≥ · · · ≥ L̂d).

3. Find the value of r̂ using the criterion in (3.6).

4. Consider the pair corresponding to the statistics L̂j to be significantly correlated (i.e.

reject the corresponding null hypothesis), where 1 ≤ j ≤ r̂.

5. Rearrange the columns of f̂t by grouping correlated components according to step 4.

The final result of this step is the vector with the hidden segmentation, x̂t.

These steps can be considered as sub-steps of step 5 of the GTS-PCA procedure.

Example 1. This example is a short simulation study to test the ability of the maximum

moving cross-correlation method to regroup the variables of a non-stationary time series

based on their dynamic relationships. The simulated data with eight variables and 1200

observations in Example 1 of Alshammri and Pan (2019) are used. This series consists of

3 subseries of 4, 3 and 1 variable such that each subseries was generated using different

non-stationary model as follows.

Let 5 be the differencing notation, where 5yt = yt − yt−1. Let at, bt, and ct be three

independent standard normal white noises, which are the innovation terms of the following

three models, respectively, then:
yj,t = ut+j−1, j = 1, 2, 3 and 4

yj,t = vt+j−4, j = 5, 6 and 7

yj,t = wt, j = 8

(3.7)

where (ut, vt, wt)
′

satisfies
5ut = 0.65 ut−1 + at + 0.5at−1,

5vt = bt + 0.8bt−1 − 2.2bt−2,

5wt = −0.555 wt−1 − 0.55 wt−2 + 0.45 wt−3 + ct.

(3.8)
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Figure 1: A time series plot of the simulated series with 8 variables.

Table 1: Correlated variables of the simulated data with 8 variables based on different

methods.

A time series plots of the simulated data is shown below in Figure 1. A window with

size 101 is used in the calculation of the moving cross-correlation function. The outcomes

of the maximum moving cross-correlation method are reported and validated with those of

moving cross-correlation method of Alshammri and Pan (2019); See Table 1. Both methods

were able to capture the dynamic relationship among different simulated variables where

3 uncorrelated subseries of 4, 3 and 1 variable are suggested.

4 Theoretical Properties

For the GTS-PCA’s model in equation (2.1), we will show that the transformation matrix

Â obtained above is a consistent estimator of A. To this end, we are going to use the

following distance measurement. Let c, c1, c2, ... denote constants whose values might differ
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from place to place. For c1 < c2, let B1 and B2 be any c2 × (c2 − c1) matrices satisfying

the condition B′iBi = I(c2−c1)×(c2−c1), where i ∈ {1, 2}, then the distance between the B1

and B2 is

D(B1,B2) =
√
c2 − c1 − tr(B1B

′
1B2B

′
2) . (4.1)

In particular, let W = 2w + 1 be the window size, then we shall approach the consistency

by showing that D(M(Â),M(A)) → 0 as W → ∞, where M(A) is the linear space

spanned by A’s columns and D(M(Â),M(A)) is the distance between the spaces M(Â)

andM(A). The measurement in (4.1) was also used by Chang et al. (2018) and Alshammri

and Pan (2019).

The convergence of Â can be implied mainly by the convergence of M̂Γz(l), which is

used to calculate M̂Wz to finally formulate Ûz. Recall that Ûz is equivalent to Â after

appropriate arrangement of its columns. Hence, we shall assume that Ûz has a correct

columns rearrangement and therefore Ûz = Â. This assumption is justified as the order of

the columns will not affect the spanned linear space. In this section, we are going to show

the consistency of our estimator when m is fixed and when the growth rate of m depends

on W . Also, we are going to consider the following measurement of dependence:

θl = sup
c

sup
A∈Fc

−∞,B∈F∞c+l

|P (A ∩B)− P (A)P (B)| (4.2)

where Fc4c3 is the σ-field generated by zt for c3 ≤ t ≤ c4. The measurement of dependence

in (4.2) is also called the mixing coefficients.

We are going to assume that the transformed n blocks of MWx do not share the same

eigenvalues, otherwise these blocks should be merged as one block. In other words, denote

by σ(MWx) the set of all eigenvalues of MWx, then the minimum distance between any

two eigenvalues from the different blocks λj , λk ∈ σ(MWx)

dW = min
1≤j<k≤n

|λj − λk| (4.3)

is positive.

4.1 Asymptotic Results (m is fixed)

For ease of notation, assume max(l, w) = w. We need some regularity assumptions.

Assumption 1. Assume

sup
i

max
1≤j≤m

E|zj,i − E(zj,i)|2q
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to be upper bounded by a positive constant M for some constant q > 2, where zj,i is the

jth component of zi.

Assumption 2. Assume that the mixing coefficients θl defined in (4.2) satisfies∑∞
l=1 θ

1−2/q
l <∞ for q defined in Assumption 1.

Assumption 3. Assume that different blocks of MWx do not share the same

eigenvalues. That is dW > 0, where dW is defined in (4.3).

Theorem 1. Under assumptions 1-3 and for a fixed dimension m, there exists

Â = (Â1, Â2, ..., Ân) such that, as W →∞,

max
1≤j≤n

D(M(Âj),M(Aj))
P−→ 0.

The proof of Theorem 1 is given in the Appendix.

4.2 Asymptotic Results (m = o(W c))

As shown earlier, when the dimensionm is fixed, the sample moving cross-covariance matrix

M̂Γz(l) defined in (2.5) is convergent with rate W−1/2. However, for the case where m is

large and its growth rate depends on W , M̂Γz(l) is no longer convergent. This is because

each of the sample cross-covariance matrices used on each window is not consistent; See

Chen et al. (2013). One solution, in this case, is to use a threshold estimator; See Bickel

and Levina (2008). For the GTS-PCA, the threshold estimator can be applied to the

sample cross-covariance matrix Γ̂z,i(l) in order to obtain a consistent estimator for Γz,i(l).

The obtained new matrices then can be used in the calculation of the sample moving

cross-covariance matrix.

Specifically, write the sample lag l cross-covariance matrix over window zi defined in

(2.3) as Γ̂z,i(l) = (ŝ
(i)
j,k(l))1≤j,k≤m. Write the sample lag l moving cross-covariance matrix

defined in (2.5) as M̂Γz,i(l) = (σ̂j,k(l))1≤j,k≤m. Then, the threshold estimator of the sample

cross-covariance matrix of window zi is defined as

Tu(Γ̂z,i(l)) = (ŝ
(i)
j,k(l) I{|ŝ(i)j,k(l)| ≥ u})1≤j,k≤m, (4.4)

where I{·} is the indicator function. When the threshold level u is chosen to be u =

cm2/γ W−1/2, and under some regularity conditions for a specified constant γ and a positive
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constant c, then maxj,k |ŝ
(i)
j,k(l)−s

(i)
j,k(l)| = Op(m

2/γ W−1/2); See Chang et al. (2018). Notice

that ŝ
(i)
j,k(l) now are the elements of the threshold estimator defined in (4.4).

The sample lag l moving cross-covariance matrix of zt defined in (2.5) can be redefined

as

M̂Γ
thre
z (l) =

1

T − 2 max(l, w)

T−max(l,w)∑
i=max(l,w)+1

Tu(Γ̂z,i(l)). (4.5)

M̂Γ
thre
z (l) in this case will be a consistent estimator of MΓz(l); See Lemma 5 in the

appendix. Also, redefine the sample quadratic order of moving cross-covariance matrix of

zt in (2.10) as

M̂W
thre
z = Im +

l1∑
l=1

M̂Γ
thre
z (l) · [M̂Γ

thre
z (l)]

′
. (4.6)

Therefore, the calculation procedure of GTS-PCA in the case where m = o(W c) will remain

the same with replacing M̂Wz by M̂W
thre
z . Under stronger versions of assumptions 1 and

2, the consistency of M̂W
thre
z will be shown in this section.

Define the quadratic order cross-covariance matrix over window zi to be

WΓz,i = Im +

l1∑
l=1

Γz,i(l) · [Γz,i(l)]
′

(4.7)

which can be estimated by

ŴΓ
thre
z,i = Im +

l1∑
l=1

Tu(Γ̂z,i(l)) · [Tu(Γ̂z,i(l))]
′
. (4.8)

Let A(i) be the matrix that consists of the eigenvectors of WΓz,i defined in (4.7), where

A(i) = (a
(i)
j,k)1≤j,k≤m. In the stationary TS-PCA, A(i) is used to transform anm-dimensional

series into uncorrelated r subseries, where the window zi consists of all data in the series

(i.e. only one window is used as W = T ). Denote by

B = max
1≤k≤r

(mk) (4.9)

the maximum dimension among the r different subseries transformed by A(i) after columns’

rearrangement.

In what follows, we will show the consistency of Â based on the threshold estimators,

as defined in (4.4), (4.5) and (4.6). In particular, we shall state the following assumptions.

Assumption 4. Assume for each window zi that

max
1≤k≤m

m∑
j=1

|a(i)j,k|
δ ≤ c5 (4.10)
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and

max
1≤j≤m

m∑
k=1

|a(i)j,k|
δ ≤ c6

for an arbitrary constant δ ∈ [0, 1), where c5 and c6 are positive and allowed to diverge

away with m.

Assumption 4 controls the sparsity of the matrix A(i) through δ, c5 and c6 when the

dimension m is large. Â
(i)

converges to A(i) faster when its sparsity level increases; See

Chang et al. (2018).

Assumption 5. Assume that as g →∞,

sup
i

max
1≤j≤m

P (|zj,i − E(zj,i)| > g) = O(g−2(γ+ε))

for constants γ > 2 and ε > 0.

Assumption 5 is a stronger version of Assumption 1, where the tail probabilities of zi

is required to decay faster than those in Assumption 1.

Assumption 6. Assume that as l→∞,

θl = O(l−γ(γ+ε)/2ε)

where θl is the mixing coefficients defined in (4.2), and the constants γ and ε are provided

in Assumption 5.

Assumption 6 requires the mixing coefficients to decay faster than those in Assumption

2. Before stating the last assumption, consider the following notations. Let

f = Bc5c6 (4.11)

where c5, c6 are given in Assumption 4 and B is given in (4.9). Let

dk = min
1≤j≤n, λj 6=λk

|λj − λk| (4.12)

for 1 ≤ k ≤ n, and λj and λk are the eigenvalues of the jth and kth blocks of MWx,

respectively. Let

h = max
1≤l≤l1

‖MΓx(l)‖2 (4.13)
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Assumption 7. Assume that dk > 0 for 1 ≤ k ≤ n, where dk is defined in (4.12).

Theorem 2. Under assumptions 4-7, there exists Â = (Â1, Â2, ..., Ân) such that

max
1≤k≤n

dkD(M(Âk),M(Ak))
P−→ 0

hold for m = o(W γ/4), as W →∞.

The proof of Theorem 2 is provided in the Appendix.

4.3 Asymptotic Results (logm = o(W c))

We now study the asymptotic properties of the transformation matrix Â in the case where

the growth rate of m has an exponential relationship with W . The sample cross-covariance

matrices that are calculated over the windows will not be convergent in this case. We shall

apply a threshold estimator to Γz(l). In particular, the threshold estimator Tu(Γ̂z,i(l))

defined in (4.4) will be used, but with a different threshold level than the previously

used. Chang et al. (2018) showed that when logm = o(W c), under some regularity as-

sumptions, the threshold estimator of the cross-covariance matrix with a threshold level

u = c(W−1 logm)1/2 is consistent. This result can be applied to Tu(Γ̂z,i(l)) over each

window to calculate M̂Γ
thre
z (l) as follows.

Assumption 8. Assume for any g > 0 and ‖y‖2 = 1 that

sup
i
P (|y′(zi − E(zi))| > g) ≤ c7 exp(−c8gη)

where the constants c7, c8 are positive and η ∈ (0, 2].

This assumption implies that the tail probabilities of linear combinations of zi decays

exponentially.

Assumption 9. Assume that

θl ≤ exp(−c9lξ)

for all l ≥ 0, where ξ ∈ (0, 1] and c9 is a positive constant.

This assumption requires the mixing coefficient to decay exponentially.

Theorem 3. Suppose assumptions 4, 7, 8 and 9 hold. Let logm = o(W (b/(2−b))), where

b = 1/(2η−1 + ξ−1). Then there exists Â = (Â1, Â2, ..., Ân) such that

max
1≤k≤n

dkD(M(Âk),M(Ak))
P−→ 0
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as W →∞.

The proof of Theorem 3 is available in the Appendix.

5 Simulations and Real Data Examples

This section provides the numerical properties of GTS-PCA. Our method will be tested on

both simulated and real data sets with various dimensions and sample sizes. All analyses

are carried out using R software. The necessary functions to produce and assess the results

of GTS-PCA can be found under the following R packages: GTSPCA of Alshammri (2020a)

and MpermutMax of Alshammri (2020b).

5.1 Simulation

The simulated data are generated using the following steps. First, we generate the subseries

of xt separately using the arima.sim command. Then, the elements of the transformation

matrix A are generated randomly from uinf(−5, 5) using the runif command. Post

multiplying xt by A will generate zt as in (2.1). GTS-PCA with different window sizes W =

{101, 201, 501} and TS-PCA (i.e. GTS-PCA with W = T ) will be applied to simulated

data. Then, the percentage of correct segmentation will measure the accuracy of the results,

where correct segmentation refer to the case where the final transformed series is correctly

rearranged into uncorrelated subseries as simulated in xt at the first step of the simulation

process. For demonstration purposes, a choice of five-time lags (i.e. l1 = 5) will be used in

the analyses unless stated otherwise.

Example 2. The first simulation study includes a non-stationary time series zt with a

dimension of m = 5. Three different models are used to generate the subgroups (i.e.

subseries) of this series, which consists of 2, 2 and 1 independent variables.

The subgroups of xt are simulated as follows. Let at, bt and ct be independent stan-

dard normal white noises, which are the innovation terms of the following three models,

respectively, then: 
xj,t = ut+j−1, j = 1 and 2

xj,t = vt+j−3, j = 3 and 4

xj,t = wt, j = 5

(5.1)
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where (ut, vt, wt)
′

satisfies
5ut = 0.755 ut−1 + at + 1.5at−1 + 0.5at−2 + 0.2at−3

5vt = −0.55 vt−1 − 0.45 vt−2 + bt − 1.2bt−1 − 2.75bt−2 + 0.5bt−3

wt = −0.9wt−1 − 0.45wt−2 + ct − 1.1ct−1 − 0.8ct−2 − 0.6ct−3 − 1.3ct−4

(5.2)

Then, we post multiply xt by A whose elements are generated randomly from unif(−5, 5)

to obtain zt, as mentioned earlier. GTS-PCA with different window sizes is applied to the

simulated series.

Table 2: Percentages of correct segmentation of 500 replication of the simulated series with

5 variables.

The above simulation was replicated 500 times, and the percentage of correct seg-

mentations are reported in Table 2. It can be seen that the performance of GTS-PCA

was enhanced by increasing T . GTS-PCA with small window sizes (e.g. W = 101 and

W = 201) produced more accurate results compared with those with larger windows (e.g.

W = 501). This is mainly because of the non-stationarity of the data. TS-PCA, on the

other hand, produced the correct segmentations about 47% of the time for different sizes

of T . Hence, GTS-PCA with a small window size is more suitable to capture the hidden
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segmentation in this example.

GTS-PCA with W = 101 is of particular interest, as it outperformed those with larger

window sizes. It produced reasonable results for moderate sample sizes (e.g. T ≥ 600) in

this example. For instance, it produced the correct segmentations 86% of the time when

T = 1000, and 96% of the time when T = 2000.

Consider one randomly selected replica of the above simulations of zt with T = 1000. A

time series plot of zt is shown in Figure 2. All five variables exhibited similar non-stationary

behaviours. Sample moving cross-correlation plots with W = 101 between the variables of

zt before transformation are shown in Figure 3, where all variables are correlated. Figure 4

provides moving cross-correlation plots with W = 101 between the components of zt after

transformation by GTS-PCA with W = 101. Notice that the transformed series consisted

of three uncorrelated subseries, namely {1, 3}, {2, 5} and {4}, which revealed the hidden

correct segmentation of xt with 2, 2 and 1 variable.

Figure 2: A time series plot of the simulated zt with 5 variables.
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Figure 3: Sample moving cross-correlation plots with W = 101 between the components

of the simulated zt with 5 variables before transformation.

Figure 4: Sample moving cross-correlation plots with W = 101 between the components

of the simulated zt with 5 variables after GTS-PCA with W = 101 is applied.

Example 3. In this example, a non-stationary time series with a dimension of m = 20 is

simulated such that it consists of five uncorrelated subseries with 6, 5, 4, 3 and 2 correlated

variables, respectively.

The five subseries of xt are simulated as follows. Let at, bt, ct, dt and et be independent

standard normal white noises, which are the innovation terms of the following five models,
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respectively, then: 

xj,t = ut+j−1, j = 1, 2, 3, 4, 5 and 6

xj,t = vt+j−7, j = 7, 8, 9, 10 and 11

xj,t = wt+j−12, j = 12, 13, 14 and 15

xj,t = ft+j−16, j = 16, 17 and 18

xj,t = gt+j−19, j = 19 and 20

(5.3)

where (ut, vt, wt, ft, gt)
′

satisfies

5ut = 0.85 ut−1 + at + 3at−1

vt = −0.9vt−1 − 0.4vt−2 + bt − bt−1 − 0.8bt−2 − 0.6bt−3 − 1.4bt−4

5wt = −0.555 wt−1 + ct − 2.1ct−1

5ft = −0.55 ft−1 − 0.45 ft−2 + dt − 1.2dt−1 − 2.75dt−2 + 0.5dt−3

5gt = 0.45 gt−1 − 0.35 gt−2 + et + 2.9et−1 − 0.8et−2 − 1.8et−3 − 1.9et−4

(5.4)

Table 3: Percentages of correct segmentation of 500 replication of the simulated series with

20 variables.
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The series zt then is generated as in the previous example. Based on 500 replica-

tions of the above simulation, Table 3 summarizes the obtained percentages of correct

segmentations. The accuracy of GTS-PCA improved as the sample size is increased, es-

pecially for small window sizes, where the GTS-PCA captured more information out of

the non-stationary series. For example, GTS-PCA with W = 101 produced the correct

segmentations 78% of the time when T = 3000, and 95% of the time when T = 4500.

Furthermore, the performance of GTS-PCA decreased as we increased W . For instance,

when T = 3500, GTS-PCA with windows sizes 101, 201 and 501 produced the correct seg-

mentations 84%, 30% and 13% of the time, respectively. On the other hand, TS-PCA (i.e.

GTS-PCA with W = T ) had a poor performance on the simulated non-stationary series

with percentages of correct segmentations less than 3 % in all cases. Therefore, GTS-PCA

with W = 101 is suggested to reduce the dimension of the simulated series in this example.

Based on one randomly selected replica with T = 3000, a time series plot of zt is

shown in figures 5 and 6. First and last 50 sample moving cross-correlation plots with

W = 101 between the components of zt before transformation are shown in figures 7, 8,

9 and 10. The plots suggested that strong relationships existed among the components of

zt. After applying GTS-PCA with W = 101 on zt, the maximum moving cross-correlation

method with W = 101 suggested to rearrange the transformed series into five uncorrelated

subgroups that consist of the following variables, respectively: {1, 2, 7, 11, 15, 20}, {3,

6, 9, 13, 18}, {4, 8, 14, 19}, {5, 12, 17} and {10, 16}, which match the hidden correct

segmentations of xt.
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Figure 5: A time series plot of variables 1 - 10 of the simulated data with 20 variables.

Figure 6: A time series plot of the variables 11 - 20 of the simulated data with 20 variables.
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Figure 7: First 50 sample moving cross-correlation plots with window size 101 for the

simulated data before before transformation - part 1.

Figure 8: First 50 sample moving cross-correlation plots with window size 101 for the

simulated data before before transformation - part 2.
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Figure 9: Last 50 sample moving cross-correlation plots with window size 101 for the

simulated data before before transformation - part 1.

Figure 10: Last 50 sample moving cross-correlation plots with window size 101 for the

simulated data before before transformation - part 2.

In conclusion, the dynamic relationships between the 20 non-stationary series were

successfully captured by GTS-PCA with W = 101 and the dimension was successfully

reduced to five uncorrelated subseries of 6, 5, 4, 3 and 2 variables. Notice that, since we

increased the dimension of the simulated series to m = 20 in this example, larger sample

sizes were needed to obtain accurate results comparing with those in the previous example.
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Example 4. In this example, GTS-PCA is tested on a stationary data set, and then its

results are validated with those of TS-PCA. Ideally, when GTS-PCA is applied to stationary

data, then one window with a size W = T would be suggested. This is equivalent to use

TS-PCA. However, one would ask about the behaviour of GTS-PCA when it uses a window

size that is smaller than the ideal size. In this simulation study, we are going to answer

this question. We will consider almost the worst-case scenario, where GTS-PCA with a

small window size (e.g. W = 101) is applied to a stationary data.

The data set used in this example is the one used by Chang et al. (2018) with m = 6

and T = 1500. The simulation codes are available in the PCA4TS library in R software.

This data set consists of three subgroups of dimensions 3, 2 and 1. A time series plot of the

stationary series is available in Figure 11. Sample moving cross-correlation plots to show

the relationships between the variables before transformation are provided in Figure 12. A

moderate correlation existed across all six variables. A comparison between the results of

GTS-PCA with W = 101 and TS-PCA are summarized in Table 4. Sample moving cross-

correlation plots of the data after transformation are shown in Figure 13. GTS-PCA and

TS-PCA produced the same results for this data set, as they were both able to successfully

find the correct segmentations.

Figure 11: A time series plot of the simulated data with 6 stationary variables.



28

Figure 12: Sample moving cross-correlation plots with window size 101 for the simulated

data before transformation.

Table 4: Number of subseries after applying GTS-PCA and TS-PCA to the simulated data

with 6 stationary variables.
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Figure 13: Sample moving cross-correlation plots with window size 101 for transformed

data after GTS-PCA is applied.

Moreover, by replicating the above simulation 500 times, GTS-PCA with W = 101 was

able to extract the correct segmentations 97% of the time. This is the same percentage

that was reported reported by Chang et al. (2018) when TS-PCA was used. This indicates

that both methods have identical performance on stationary series, even if GTS-PCA uses

a window that is much smaller than the ideal size.

By the end of the above simulation studies, we conclude that GTS-PCA was able to

reduce the dimension of a multivariate time series into uncorrelated subseries with lower

dimensions. Our simulations showed that GTS-PCA performed well when applied to series

with large sample sizes.

5.2 Real Data Examples

Example 5. In this example, we apply GTS-PCA on a non-stationary series that consists

of the daily stock prices of six US companies in US Dollar from Nov 07, 2013 to Dec 18,

2017. The total number of observations is 1036 days. The six companies are CVS health

(CVS), Chevron (CVX), Express Scripts Holding (ESRX), Intel (INTC), Lowe’s (LOW)

and Prudential Financial (PRU). The data was obtained from Yahoo! Finance.
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Figure 14: A time series plot of the daily stock prices of the 6 US companies

The six companies showed non-stationary behaviours over time, according to the time

series plot in Figure 14. GTS-PCA withW = 101 and l1 = 5 is used to reduce the dimension

of the series. The sample moving cross-correlation plots with W = 101 between the six

companies before applying GTS-PCA is provided in Figure 15. A moderated dynamic

relationship existed between the six companies. For example, the company INTC had a

moderate relationship with LOW. The companies INTC and PRU had a strong relationship

with CVX for negative lagged values. Moreover, the company ESRX was weakly correlated

with INTC.

After GTS-PCA was applied, the moving cross-correlation with W = 101 suggested

dividing the data into four subseries with three univariate subseries and one multivariate

subseries that consisted of the companies CVS, ESRX and LOW; See Figure 16.
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Figure 15: Sample moving cross-correlation plots of the daily stock prices of the 6 US

companies before GTS-PCA is applied.

Therefore, we conclude that GTS-PCA was able to reduce the dimension of zt from

six to four uncorrelated series of dimensions 3, 1, 1 and 1. These four subseries can be

analysed separately as they are uncorrelated statically and dynamically.

Figure 16: Sample moving cross-correlation plots of the daily stock prices of the 6 US

companies after the GTS-PCA is applied.

Example 6. In the following example, we apply the GTS-PCA on a non-stationary data
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set with 22 variables. The data set in this example consists of the daily stock prices of 22

US companies in US Dollar from Nov 07, 2013 to Dec 18, 2017 by Yahoo! Finance. The

total number of observations is 1036 days. The companies’ names and labels are listed in

Table 5.

Table 5: Names and labels of the 22 US companies.

A time series plot of the daily stock prices of the 22 companies is shown in figures 17,

18 and 19. The non-stationary behaviour of the variables can be clearly seen from the time

series plot.

Figure 17: A time series plot of the daily stock prices of the 22 US companies - Part 1
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Figure 18: Time series plot of the daily stock prices of the 22 US companies - Part 2

Figure 19: Time series plot of the daily stock prices of the 22 US companies - Part 3

Figures 20, 21, 22 and 23 show only the first and last 50 sample moving cross-correlation

plots with W = 101 of the 22 companies before applying GTS-PCA, where a moderated

relationship existed between the 22 companies.
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Figure 20: First 50 sample moving cross-correlation plots of the daily stock prices of the

22 US companies before GTS-PCA is applied - Part 1.

Figure 21: First 50 sample moving cross-correlation plots of the daily stock prices of the

22 US companies before GTS-PCA is applied - Part 2.
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Figure 22: Last 50 sample moving cross-correlation plots of the daily stock prices of the

22 US companies before GTS-PCA is applied - Part 1.

Figure 23: Last 50 sample moving cross-correlation plots of the daily stock prices of the

22 US companies before GTS-PCA is applied - Part 2.

After applying GTS-PCA with W = 101 and l1 = 5 to the daily stock prices, the

maximum moving cross-correlation with W = 101 suggested to segment the data into 15

subseries that consisted of 11 univariate subseries, three bivariate subseries and one multi-

variate time series with five variables, as shown in Table 6. Further analyses can be applied

separately to these 15 subseries since they are uncorrelated statically and dynamically.
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Table 6: Summary results of the transformed segmentation of the 22 US companies after

applying GTS-PCA with W = 101

So we were able to reduce the dimension of the non-stationary daily stock prices of 22

US companies to 15 uncorrelated subseries by using GTS-PCA with a window size of 101

and 5 lagged series.

6 Concluding Remarks

In summary, GTS-PCA is a PCA-based dimension reduction method that can reduce the

dimension of both stationary and non-stationary time series to uncorrelated subseries,

where further analyses can be done separately on these subseries. TS-PCA can be consid-

ered as a special case of GTS-PCA where W = T , and they produce the same segmentation

on stationary data; See Example 4.

GTS-PCA transform data by applying eigenanalysis on M̂Wz defined in (2.12). The

moving cross-correlation function of Alshammri and Pan (2019) can be used to rearrange

the components of the transformed series with moderate dimensions into subseries based

on their dynamic relationship. The maximum moving cross-correlation is a new proposed

tool that is based on the moving cross-correlation function and can be used to rearrange

the components of transformed series with higher dimensions into correlated subseries.

Choosing the window size for GTS-PCA depends on the stationarity of the data. GTS-

PCA with smaller window sizes is more suitable for data with stronger non-stationarity,

and the opposite is true. Based on simulated data, we noticed that GTS-PCA was able to

produce accurate results even when it used window sizes that are smaller than required.

A further research idea is to develop a criteria that can objectively determine the optimal

window size for GTS-PCA.

We studied the convergence of the estimator Â when the dimension m is fixed and

when m depends on the window size W for large dimensional cases. We stated the needed
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assumptions to obtain the convergence rates for these cases and showed that Â is a con-

sistent estimator of A. For ultra high dimensions, where m depends on W , a threshold

estimator of the sample cross-covariance matrix over each window Γ̂z,i(l) should be used

to preserve the convergence of Â.

Our simulations showed that GTS-PCA performs reasonably on time series with differ-

ent dimensions and sample sizes. We also tested GTS-PCA on real data sets. A drawback

of GTS-PCA is that the transformed uncorrelated subseries might not exist. This might

occur in some cases where all the transformed series are correlated. A similar conclusion

was reported for the stationary TS-PCA; See Chang et al. (2018).
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APPENDIX

Proofs: Asymptotic Results (m is fixed)

In order to prove Theorem 1, we present a few lemmas first.

Lemma 1. Assume the dimension m is fixed. Under assumptions 1 and 2, for each i, it

holds that

‖Γ̂z,i(l)− Γz,i(l)‖2 = Op(1/
√
W ),

and therefore

‖Γ̂z,i(l)− Γz,i(l)‖2
P−→ 0

for all l ≤ l1 as W →∞, where Γz,i(l) and Γ̂z,i(l) are defined in (2.2) and (2.3),

respectively.

This lemma can be obtained in a similar way to the proof of Lemma 2 in the supple-

mentary materials of Chang et al. (2018) by noting that the condition in assumption 1 is

assumed uniformly over i.

Lemma 2. Under assumptions 1-3,

‖M̂Γz(l)−MΓz(l)‖2
P−→ 0

for all l ≤ l1 as W →∞, where MΓz(l) and M̂Γz(l) are defined in (2.4) and (2.5),

respectively.
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Proof of Lemma 2. From the definitions of MΓz(l) and M̂Γz(l), and by assuming 1-3

hold and m is fixed, then

‖M̂Γz(l)−MΓz(l)‖2 = ‖ 1

T − 2w

T−w∑
i=w+1

Γ̂z,i(l)−
1

T − 2w

T−w∑
i=w+1

Γz,i(l)‖2

≤ 1

T − 2w

T−w∑
i=w+1

‖Γ̂z,i(l)− Γz,i(l)‖2

P−→ 0.

Lemma 3. Under assumptions 1 and 2, then

‖M̂Wz −MWz‖2
P−→ 0

as W →∞.

Proof of Lemma 3. From Lemma 2 above, we know that

‖M̂Γz(l)−MΓz(l)‖2
P−→ 0

for all l ≤ l1, and by using the definition of MWz in (2.10), then the result follows

immediately.

Now, we are ready to prove Theorem 1.

Proof of Theorem 1. Let assumptions 1-3 hold and the dimension m is fixed. Applying

the results of Theorem 8.1.10 of Golub and Van Loan (1996), we have

max
1≤j≤n

D(M(Âj),M(Aj)) = Op(‖M̂Wz −MWz‖2)

Then, from the results of Lemma 3 above, we get

max
1≤j≤n

D(M(Âj),M(Aj))
P−→ 0

as W →∞.

Proofs: Asymptotic Results (m = o(W c))

We are going to prove Theorem 2 based on a few lemmas. Recall, the estimators in (4.4),

(4.5) and (4.6) are used instead of the ones in (2.3), (2.5) and (2.10), respectively, where
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the threshold level is set to u = cm2/γ W−1/2. The following lemma can be proved by the

similar way to that in Chang et al. (2018).

Lemma 4. For an m-dimensional series zt where m = o(W γ/4), under assumptions 4-6,

for each window zi, we have

‖Tu(Γ̂z,i(l))− Γz,i(l)‖2 = Op((m
4/γW−1)(1−δ)/2f),

where f is defined in (4.11).

Therefore we have the following lemma based on the result of Lemma 4 above.

Lemma 5 Let assumptions 4-6 hold. Assume that m = o(W γ/4). Then we have

‖M̂Γ
thre
z (l)−MΓz(l)‖2

P−→ 0

for all l ≤ l1, as W →∞.

Proof of Lemma 5 Under assumptions 4-6, applying Lemma 4 to each window zi, we

get

‖Tu(Γ̂z,i(l))− Γz,i(l)‖2
P−→ 0

for all l ≤ l1 as W →∞, provided m = o(W γ/4). By following similar argument to the

proof of Lemma 2, the proof of this lemma is complete.

Lemma 6. Let the assumptions 4-6 hold. Assume further that m = o(W γ/4). Then it

holds that, as W →∞,

‖M̂W
thre
z −MWz‖2

P−→ 0.

Proof of Lemma 6. Since

‖M̂W
thre
z −MWz‖2 = ‖M̂Γ

thre
z (l) [M̂Γ

thre
z (l)]

′ −MΓz(l) MΓ
′
z(l)‖2

≤ 2‖M̂Γ
thre
z (l)−MΓz(l)‖2 ‖MΓz(l)‖2 + ‖M̂Γ

thre
z (l)−MΓz(l)‖22

≤ 2‖M̂Γ
thre
z (l)−MΓz(l)‖2 ‖MΓx(l)‖2 + ‖M̂Γ

thre
z (l)−MΓz(l)‖22.

Recall that h = max1≤l≤l1 ‖MΓx(l)‖2, then by Lemma 6, we have

‖M̂W
thre
z −MWz‖2

P−→ 0.

Now, we are ready to prove Theorem 2.
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Proof of Theorem 2. Under assumptions 4-7. Assume further that m = o(W γ/4).

Then by applying the results of Theorem 8.1.10 of Golub and Van Loan (1996), we have

max
1≤k≤n

dkD(M(Âk),M(Ak)) = Op(‖M̂W
thre
z −MWz‖2).

By Lemma 6, we get

max
1≤k≤n

dkD(M(Âk),M(Ak))
P−→ 0.

Proofs: Asymptotic Results (logm = o(W c))

The following lemmas are needed to prove Theorem 3. Recall that we are using the esti-

mators in (4.4), (4.5) and (4.6) but with the threshold level u = c(W−1 logm)1/2.

Lemma 7. Let assumptions 4, 8 and 9 hold. Let logm = o(W b/(2−b)) where

b = 1/(2η−1 + ξ−1). Then

‖M̂Γ
thre
z (l)−MΓz(l)‖2

P−→ 0

as W →∞.

Proof of Lemma 7. Notice that logm = o(W b/(2−b)) and u = c(W−1 logm)1/2. Under

assumptions 4, 8 and 9, if we apply Lemma 4 on each window zi, then it follows

‖Tu(Γ̂z,i(l))− Γz,i(l)‖2 = Op(f(W−1 logm)(1−δ)/2).

Therefore, noting that W−1 logm→ 0, we have, for each i,

‖Tu(Γ̂z,i(l))− Γz,i(l)‖2
P−→ 0

as W →∞. The rest of the proof can be obtained by following similar argument to the

proof of Lemma 2.

Lemma 8. Let assumptions 4, 8 and 9 hold. Then for logm = o(W b/(2−b)), it follows

‖M̂W
thre
z −MWz‖2

P−→ 0

as W →∞, where b = 1/(2η−1 + ξ−1).

Proof of Lemma 8. Using the results from Lemma 7, the proof of this lemma can be

obtained by following similar steps to the proof of Lemma 6.
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Proof of Theorem 3. Under assumptions 4, 7, 8 and 9. Let logm = o(W b/(2−b)) where

b = 1/(2η−1 + ξ−1). Theorem 8.1.10 of Golub and Van Loan (1996) yields

max
1≤k≤n

dkD(M(Âk),M(Ak)) = Op(‖M̂W
thre
z −MWz‖2).

Then, by using Lemma 8, we complete the proof as

max
1≤k≤n

dkD(M(Âk),M(Ak))
P−→ 0.


