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Abstract

We consider the possibility that the chirality parameters and the non-reciprocity parameters
appearing in the constitutive relations for the displacement and magnetic induction ﬁelds in a biisotropic medium might not be equal and thereby shed light on the physical signiﬁcance of the
fact that they are the same. We ﬁnd, in particular, that they must be equal in order to retain the
local conservation of energy.
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Chiral molecules and chiral media reveal their nature through
their interactions with polarized light. At the molecular level
these arise from processes that include both magnetic-dipole
and electric-quadrupole transitions together with the typically
far stronger electric-dipole transitions [1, 2]. If the molecules
are not aligned, however, then orientational averaging leads to
a simpler description in which electric-quadrupole effects do
not contribute. For such isotropic conﬁgurations it often
sufﬁces to replace the familiar consitutive relations for
dielectric and magneto-dielectric media with the Drude–
Born–Fedorov relations [3–5]
D = e (E + b  ´ E)
B = m (H + b  ´ H) .

There are fundamental reasons and, indeed, experimental
evidence for favouring the forms (1) over (2). To these we
add, in this paper, the observation that the fundamental
requirements of the local and global conservation of energy
require the form (1) with the chirality parameters equal. Our
approach is to postulate the generalized constitutive relations
D = e ( E + bd  ´ E)
B = m ( H + bb  ´ H)

and show that energy is not conserved unless bd = bb.
The parameters appearing in the constitutive relations
are, in general, frequency-dependent so that the complete
expression of the constitutive relations has the form:

(1 )

D (w ) = e (w )[E (w ) + iwb (w ) B (w ) ]
B (w ) = m (w )[H (w ) - iwb (w ) D (w )] .

Here ε and μ are the familiar permittivity and permeability for
the medium and β is the chirality parameter. We note that the
chirality parameter is the same in both constitutive relations,
those for D and for B. It is this similarity that concerns us in
this short paper.
The symmetrical placing of the chirality parameter in the
constitutive relations was not present in the earliest theories;
in the work of Drude, for example, we ﬁnd what is essentially
the form [6]
D = e (E + b  ´ E)
B = m H.

(4 )

These simple relations have been employed in the study of
chiral optical media, their associated ﬁelds and forces on
chiral objects [7–9] and they appear naturally in the study of
bi-isotropic media [10, 11]. The constitutive relations are also
sometimes written in the time domain in the form [12]

(
)
˙
B = m ( H + b D) ,

˙
D = e E - bB

(2 )

(5 )

where it is understood that these apply only if the ﬁelds are
restricted to a sufﬁciently narrow frequency bandwidth so that
the medium properties, em and β, may be approximated by
constants. We note that similar expressions occur in some of
the early theoretical work on this topic [13–15]. Brief but very
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parameter [13]. If we adopt the generalized constitutive
relation (3) then we ﬁnd that the familiar Poynting theorem
for the local conservation of energy becomes

readable accounts of the rival forms of the constitutive
relations and the development of these may be found in the
texts by Lakhtakia and his colleagues [3, 4].
The constitutive relations (1) possess a number of
important symmetries. Principal among these are the properties under inversion in space or time and the Heaviside–
Larmor or duality symmetry [16, 17].
A vector ﬁeld, such as the electric ﬁeld changes sign
under spatial inversion, that is it is odd under the parity
transformation, but a pseudo-vector ﬁeld, like the magnetic
ﬁeld is unchanged and so is parity even. The curl of a vector
ﬁeld is a psuedo-vector ﬁeld and that of a pseudo-vector ﬁeld
is a vector ﬁeld. It necessarily follows that the chirality
parameter, β, is a pseudo-scalar which changes sign under
spatial inversion. This is entirely natural, of course, as this
change under spatial reﬂection is the very nature of chirality.
It follows directly from Maxwell’s equations that the electric
and magnetic ﬁelds have opposite properties under time
reversal and if we agree that charges do not change sign under
temporal inversion, then the electric ﬁeld is unchanged under
time reversal but the magnetic ﬁeld changes sign. It is for this
reason that the time-derivatives of B and D appear in the
constitutive relations when written in the form (5) [16].
The form of the macroscopic Maxwell equations in the
absence of free charges and currents exhibits an electricmagnetic symmetry or duality ﬁrst expressed by Heaviside
and Larmor [18, 19]. This symmetry, which is associated with
the conservation of helicity [20], is most naturally expressed
as an invariance under the duality transformation [12]:
E  E cos x +

¶ 1
(D · E + B · H) +  · (E ´ H)
¶t 2
1
˙ ·H
˙
= m ( bb - bd ) E
2
1
¨ - bb E
¨ ·H .
+ m b d E · H
2

(

(7 )

This has the familiar form of a local conservation law with a
time derivative of a density, the divergence of a ﬂux and what
appears to be a source term, the latter appearing on the righthand side of the equation. We need to be careful, however, to
extract from this residual term any component that may be
incorporated into the characteristic form of the continuity
equation on the left-hand side of the equation. To this end we
note that
¨ - bb E
¨ ·H
bd E · H
¶ 1
=
( bd + bb ) E · H˙ - E˙ · H
¶t 2
1
¨ +E
¨ ·H .
+ ( b d - bb ) E · H
2

(

)

(

)

(8 )

We can associate the ﬁrst of these terms with a chiroptical
contribution to the energy density but no similar interpretation
is possible for the second term. Hence we can rewrite (7) in
the form
1
¶
¨ +E
¨ · H - 2E
˙ ·H
˙ ,
w +  · S =  m ( b d - bb ) E · H
4
¶t

(

m
H sin x
e

e
E sin x + H cos x
m
e
D  D cos x +
B sin x
m
m
BD sin x + B cos x
e

)

)

(9 )

H -

where w is the full energy density and S is the familiar
Poynting vector:
1⎡
˙ -E
˙ · H ⎤⎦
⎣ D · E + B · H +  m ( b d + bb ) E · H
2
S = E ´ H.

w=
(6)

(

)

(10)

for any choice of the pseudoscalar ξ. We note that the
constitutive relations (1) are invariant under this transformation and so respect the Heaviside–Larmor symmetry [17].
This is not true for the Drude form (2), nor for our postulated
form (3) and this feature alone is a strong evidence in favour
of (1). Further evidence, as we now show, comes from
consideration of energy conservation for light propagating
through a chiral medium.
It is known that the constitutive relations (1) are consistent with the local conservation of energy as expressed in
the form a continuity equation [3, 13]. Our task is to show that
energy is not conserved if we adopt an imbalanced form as in
(3) or, as a special case, the Drude form (2). It is simplest to
work with the form of the constitutive relations (5) in which
the time derivatives appear, remembering that we have the
implicit condition that the frequency bandwidth is sufﬁciently
narrow that the medium parameters may be considered to be
constant. We note also that chiroptical effects are typically
small and it sufﬁces to work to ﬁrst order in the chirality

It is clear that there is a source or sink term for the
electromagnetic energy in the continuity equation (9) and this
cannot be incorporated, in general, into the left-hand side of
the equation as the time derivative of an energy density. We
may conclude that the energy of an electromagnetic ﬁeld
propagating through a non-absorbing chiral medium characterized by the generalized constitutive relation (3) leads to a
violation of the local conservation of energy unless, of course,
the two chiral parameters, bd and bb are precisely equal,
which is the currently accepted form as given in (1).
Such observations are readily extended to a general biisotropic medium. To illustrate this, let us now postulate the
constitutive relations
D = e (E + b  ´ E) + ad H
B = m (H + b  ´ H) + ab E,

(11)

where we have allowed here for the possibility that the
Tellegen or non-reciprocity parameters [21, 22] ad and ab are
2
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not equal, in which case electric-magnetic duality is not
respected. We then ﬁnd that
¶
1
˙ ·H-E·H
˙
w +  · S = ( ad - ab ) E
¶t
2

(

)

(12)

to ﬁrst order in the chirality parameter and non-reciprocity
parameters. Evidently, the local conservation of energy [22] is
only ensured provided ad = ab , as is the case, of course, in
reality. It is interesting to note that the quantity
˙ ·H-E·H
˙ ) 2 which appears in (10) and (12) is itself
(E
a density of a conserved property of freely propagating light;
the 00-zilch [23, 24].
That the chirality parameters and the non-reciprocity
parameters appearing in the constitutive relations for D and B
in a bi-isotropic medium are equal is now well established and
this fact may be traced back to fundamental quantum
mechanical interaction of atoms and molecules with light [2].
It is also clear that this equality is required by the more subtle
nature of the duality symmetry of Heaviside and Larmor [17].
To these convincing arguments we can now add the observation that this equality is also required by the local conservation of energy in an electromagnetic wave propagating
through a bi-isotropic medium. It is, perhaps, this requirement
that provides the simplest and most fundamental reason for
the equalities.
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