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Dual-stream flows are a ubiquitous feature of turbofan engines used in civil aviation. In
this paper we analyze the spatial structure of turbulence correlations in a high speed round
coaxial jet operating at heated conditions. In particular we consider the effect of axisymmetry
of a second rank correlation tensor and the usual fourth order Reynolds stress auto-covariance
tensor that enters the Goldstein’s generalized acoustic analogy formulation. The invariants of
these tensors can be reduced to a simpler form depending on whether isotropy or axisymmetry
was assumed. We show that an axisymmetric turbulence approximation remains accurate in
the core region but tends to break down in the bypass stream and especially in the interfacial
region between both streams where high level of mixing of turbulence takes place. In the paper
we present some of our latest results and provide a road map for the future calculations that
we have planned.

I. Introduction

The flow from an exhaust nozzle in a turbofan engine used in modern civil aviation possess two co-axial streams.
The interaction between the main core and bypass streams leads to a highly complex turbulence structure, which is

likely to be more pronounced when the operating point (OP) of the engine is supersonic and heated. The promotion of
large-scale mixing of the initial shear layers along the nozzle lip lines from the dual stream interacting with core flow
naturally has an impact on the far-field radiation. One of the most effective ways to assess this is via Aero-acoustic
prediction model based on Goldstein’s generalized acoustic analogy formulation. The generalized analogy formulation
shows that in the absence of solid surface effects and unheated conditions, the acoustic spectrum formula of a jet flow
depends on the near field turbulence through the Reynolds stress auto-covariance tensor, Ri jkl(y,η, τ). Here, the tensor
suffixes range from (i, j, k, l) = (1,2,3) corresponding to the velocity perturbation relative to the Favre (density-weighted)
averaged mean flow along Cartesian directions. This tensor is a vector function of position, y, as well as spatial
separation, η, and time delay, τ, between two correlated points in the jet.

As we shall see in §.3, For the general heated flow the 2nd and 4th suffix of the above tensor range from (1,2,3,4)
and are denoted by Greek letters. Modeling the space-time structure of this tensor still remains a daunting task because,
in general, it possesses 144 components, but not all of these are independent. Afsar et al. (2011) showed that symmetry
between tensor suffixes, reduces (without approximation) to 63 independent components, which is still too large for
practical use especially in complex flow conditions of a dual-stream nozzle. However since the nozzle is ostensibly round
the most natural approximation for the turbulence structure of the Reynolds stress auto-covariance (or the generalized
stress tensor) would be to assume that it is an axisymmetric tensor. While this has been investigated before using LES
data (see Afsar et al. 2010 & 2011 and Kreitzman & Nichols 2015 who applied the Afsar et al. 2010 analysis to a
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Operating Point (OP) Description MJ T R Ma
OP 1.3 Dual stream heated ideally expanded 0.86 2.7 1.4
OP 1.7 Single stream unheated subsonic 0.64 1.0 0.64

Table 1 Gryazev et al (2019) [1] test cases

chevron jet), there has not been any systematic investigation of the structure of high-order turbulence correlations
pertaining to the Reynolds stress auto-covariance, or its generalized form, in the complex jet scenario shown in Fig. 1
below. The aim of this paper is, therefore, to conduct such a study with the aim of: (1). assessing the validity of the
axisymmetric turbulence approximation developed in Afsar et al.(2011) and (2). examining several non-axisymmetric
approximations for the generalized stress tensor in Goldstein’s acoustic analogy.

We use data obtained from a Large-Eddy Simulations of a high Reynolds number (O(106)) heated and non-heated
co-axial round jet flow that operates at conditions shown in table 1. The large-eddy simulation data was reported
in previously in Gryazev et al. (2019) and involves two static single-stream co-axial jets as depicted in Fig. 1.
The LES calculation is based on the Monotonically Integrated LES (MILES) approach. The calculation domain
includes the axi-symmetric nozzle geometry as well as the jet flow with grid volume of almost 20 million cells of
the implicit-multi-block hexagonal type. For the calculations, the high-resolution CABARET method was used (see
Semiletov et al. [2]).

Fig. 1 Dual stream structure of flow. Three-dimensional view of the LES grid (reproduced from Fig. 1 in [1])

II. Definitions, symmetries and approximations
Consider a region of non-homogeneous turbulence bounded within a high speed jet of order-1 acoustic Mach number,

Ma = UJ/c∞ and order-1 temperature ratio, T R. Pressure fluctuations within the jet propagate to the far field where
they are perceived as sound. We use Goldstein’s generalized acoustic analogy [3] to represent this process in a manner
whereby the wave propagation is calculated via a propagator tensor that depends on ALEE solution and the Reynolds
stress auto-covariance tensor. The latter is modeled appropriately (see appendix). Let the pressure p, density ρ, enthalpy
h, and speed of sound c satisfy the ideal gas law equation of state p = ρc2/γ and h = c2/(γ − 1), where γ denotes the
ratio of specific heats.
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The acoustic spectrum at the observation point, x = (x1, xT ) = (x1, x2, x3 ), given by the Fourier transform

I(x,ω) ≡
1

2π

∞∫
−∞

eiωτp′(x, t)p′(x, t + τ) dτ, (1)

of the far-field pressure auto-covariance, p′(x, t)p′(x, t + τ), can be expressed as a volume integral over a unit volume of
turbulence at y = (y1, yT

) = (y1, y2, y3 ) in the jet via

I(x;ω) =
∫

V∞(y)

I(x, y;ω) dy, (2)

where, V∞(y) is the entire source region.
The pressure fluctuation in (1) is defined as p′(y, τ) ≡ p(y, τ) − p̄(y) where over-bars are denote time average,

•̄(x) ≡ lim
T→∞

1
2T

T∫
−T

•(x, t) dt, (3)

such that • in (3) is a place holder for any fluid mechanical variable, T is the time period of averaging and, by definition,
•′ = 0.

Goldstein & Leib (2008; hereafter referred to as G & L) showed that I(x, y;ω) on right side of (2) depends on the
turbulence through the scripted tensor,Hλjµl(y,η;ω), which is related to the Fourier transform

Hλjµl(y,η;ω) =
1

2π

∞∫
−∞

eiωτRλjµl(y,η; τ) d(τ) (4)

of the generalized auto-covariance tensor,

Rλjµl(y,η; τ) ≡ lim
T→∞

1
2T

T∫
−T

eλj(y, τ)eµl(y + η, τ + τ0) dτ0, (5)

of the stationary random function, eλj(y, τ) = −[ρv′λv
′
j − ρv

′
λv
′
j](y, τ), by the linear transformationHλjµl(y,η;ω) :=

ελjσmHσmγn(y,η;ω)εµlγn. Comparing (5.12) to (5.13) in G & L (2008) and using appropriate outer products of unit
tensors in suffixes (λ, j, σ,m) allows definition of the tensor as, ελjσm ≡ δλσδjm − δλjδσm(γ − 1)/2 in the linear relation
forHλjµl above. The four-dimensional perturbation velocity, v′λ(y, τ) ≡ vλ(y, τ)− ṽλ(y) in which v′λ = v′i is the ordinary
fluid velocity perturbation when suffix, λ = i = (1,2,3), otherwise v′λ = v′4 is proportional to enthalpy fluctuation. The
latter denotes v′4 := (γ − 1)(h′ + v′2/2) ≡ (c2)′ + (γ − 1)v′2/2 where h′ is the fluctuating static enthalpy and (c2)′ is the
fluctuations in the sound speed squared such that v′4/(γ − 1) denotes the moving frame stagnation enthalpy fluctuation
(discussed further in [4]).

The tensor Rλjµl(y, η1, η⊥ ; τ) possesses 144 components (3 × 4 × 3 × 4), however, owing to its two pair symmetry
property – inasmuch as Ri jkl = Rjikl and Ri jkl = Ri jlk when (λ, µ) = (1,2,3) – not all of these are independent. Afsar
et al. (2011) (see table 1 on p.2525 of their paper) show that 144 reduces to 63 independent components when these
symmetries are taken into account. Further reducing this number of components then involves achieving an “irreducible
representation” of the tensor using its symmetry approximations, such as isotropy for example.

In this paper, we use an axisymmetric turbulence model that is a much more realistic kinematic representation for
jets and which reduces the 63 components to a manageable number. The approximation assumes that the transverse
correlation lengths are small compared to that in the streamwise flow direction. This is a well founded assertion in jets
(see, for example, Pokora & McGuirk’s measurements[] in Figs. 19-21 and also Fig.10 of their conference paper, AIAA
2008-3028). Afsar et al. (2011) used Pokora & McGuirk’s data to propose that Rλjµl(y, η1, η⊥ ; τ) is an axisymmetric
tensor where η

⊥
= |η

⊥
| and η

⊥
= (η2, η3 ). The spectral equivalent of this (lemma’s 3.1 and 3.2 in Afsar[5]) requires that

Φ∗
λjµl
(y, k1, k

2
⊥
;ω) is axisymmetric with the streamwise direction, k1 , being the principle direction of invariance. The

physical space approximation is consistent with experiments by Morris & Zaman [6] who show in their Fig. 15 that the
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transverse and azimuthal correlation lengths are virtually constant across range, St = (0.01 − 1.0) for an isothermal
axisymmetric jet. The real space (i.e. non-spectral tensor) equivalent of Eq. (3.20) in reference [5] is:

Ri jkl(y, η1, η⊥, τ) =
[
δi jδkl − δi1δj1δkl − δk1δl1δi j + δi1δj1δk1δl1

]
R2222(y, η1, η⊥, τ)

+
[
δikδjl + δilδjk − 2δi jδkl + 2δi1δj1δkl + 2δk1δl1δi j

− δi1δl1δjk − δj1δl1δik − δj1δk1δil − δi1δk1δjl
]
R2323(y, η1, η⊥, τ)

+
[
δi1δl1δjk + δj1δl1δik + δj1δk1δil

+ δi1δk1δjl − 4δi1δj1δk1δl1
]
R1212(y, η1, η⊥, τ)

+
[
δi1δj1δkl − δi1δj1δk1δl1

]
R1122(y, η1, η⊥, τ)

+
[
δk1δl1δi j − δi1δj1δk1δl1

]
R2211(y, η1, η⊥, τ)

+ δi1δj1δk1δl1R1111(y, η1, η⊥, τ) (6)

As discussed in Afsar et al. (2010), the tensor Ri jkl possesses two invariants quadratic forms: Ri ji j and Rii j j . The
validity of (6) can be assessed by contracting Ri jkl to Ri ji j and Rii j j using the LES data to compute the terms on the
right hand sides without approximation and comparing that to reduced formulae obtained for these invariants using (6).
The reduced formulae are summarized in Fig. 2 below. Following [7] we compare to other simpler kinematic models of
Ri jkl such as the statistical isotropic model given by Eq. (34) in Afsar et al. [8] and Eqs. (6.11) & (6.12) in [9].

Fig. 2 Reduced form of the invariants of Ri jkl (Table 1 in [7])
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III. Amplitude results of the invariants of Ri j kl
Figs. 3 and 4 show the spatial structure of Rii j j and Ri ji j at the radial shear layer location of core stream (r/Dj = 0.18)

and for the bypass stream (r/Dj = 0.38) for OP1.3. It is clear that axi-symmetry given by (6) does perform very well at
the these locations. There is some departure at large streamwise distances x/Dj > 6 for Ri ji j at the location of the core
stream, which could be an artefact of the large-scale mixing effect alluded to in the Introduction. While there does
not appear to be any appreciable departure for the streamwise structure of the invariants in the bypass stream, there is
some evidence of this in Fig. 4, which shows the structure of the Millionshchikov identity. That is, (6) implies that,
R2222 = R2233 + 2R2323 (equation 12.131 on p.68 of Monin & Yaglom [10]).

(a) Invariant 1, Rii j j in core stream (b) Invariant 1, Rii j j in bypass stream

(c) Invariant 2, Ri j i j in core stream (d) Invariant 2, Ri j i j in bypass stream

Fig. 3 Streamwise structure of invariants in Fig. 2.

A. Radial variation of amplitudes of Invariants
In Figs. 5-8 we show the radial variation of the invariants in Fig.2 (Figs. 5-7) and the Millionshchikov identity

(Fig. 8). In the main axi-symmetry (defined through either Invariants 1, 2 or the Millionschikov identity) is accurate
within the jet region. That is for r/Dj < 1. This is the case for the streamwise location that is closest to the nozzle (Figs.
5a-b and 6a-b), i.e. x/Dj = 2. Interestingly, at locations further away, near the long region that defines the end of the
potential core (6 < x/Dj < 10) the agreement is even better and shows that axi-symmetric turbulence defined by the
relations in Fig. 2 hold true up to r/Dj ∼ 1.5. Similar results are found with the Millionshchikov identity in Fig. 8 (cf.
Figs. 8a-b to Figs. 8c-d).

5



(a) M identity in core stream (b) M identity in bypass stream

Fig. 4 Streamwise structure of the Millionshchikov identity.

IV. Space-time structure of axi-symmetric turbulence
One aspect of the validation of the basic axi-symmetric turbulence theory that was never considered before was the

variation of the relations in Fig. 2 with spatial separation and/or time delay (the analysis in [5] only considered the
amplitude). In Figs. 9-11 we conduct the first step toward achieving this goal by showing how the Millionshchokov
identity varies with non-dimensional time delay at various fixed values of streamwise separation (we considered
dx/D j = (0.1,0.3) at the fixed streamwise locations where the turbulence is at its most intense (i.e. at x/Dj = (6,10)).
Comparing Figs. 10 to 9, we see that the turbulence within the core region of OP1.3 remains relatively axi-symmetric
(i.e. R2222 = R3333 here and the Millionschikov identity holds) for at least half of the range of time delays that we
considered. In the bypass region of OP1.3 however (Fig. 10), as the spatial separation is increased (Figs. 10b & d) the
depature from axi-symmetry appears to increase further compared to core region in Figs.9b & 9d respectively. The
bypass flow for OP1.3 captures the features of axi-symmetric turbulence stated above for almost all values of time delay
that we considered and with increasing streamwise separation.

V. Conclusion
The aim of this paper was to assess what impact a complex axisymmetric flow field such as that produced by

supersonic heated coaxial flow has on the turbulence structure of high order turbulence correlations that determine the
sound radiation in the acoustic analogy. This validation was not conducted before for the co-axial heated flow operating
at high jet speeds Our results indicate that the large-scale mixing induced by the nozzle operating in the complex flow
condition for OP1.3 within which a core region interacts across an interface with the bypass flow changes the structure
of what initial (in the core region at least — see Fig. 9) is more-or-less axi-symmetric. The fact that the OP1.7 (see Fig.
11) operating point does display axi-symmetric turbulence qualities gives credence to the above hypothesis. Future work
will consider the space-time structure of the invariants in Fig. 2 as well as their structure in the frequency domain.
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(a) x/D j = 2: OP1.3 (b) x/D j = 2: OP1.7

(c) x/D j = 6, OP1.3 (d) x/D j = 6, OP1.7

Fig. 5 Radial variation of invariant 1 in Fig. 2 showing core and bypass regions.

8



(a) x/D j = 2: OP1.3 (b) x/D j = 2: OP1.7

(c) x/D j = 6, OP1.3 (d) x/D j = 6, OP1.7

Fig. 6 Radial variation of invariant 2 in Fig. 2 showing core and bypass regions.
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(a) Invariant 1: OP1.3 (b) Invariant 2: OP1.3

(c) Invariant 1: OP1.7 (d) Invariant 2: OP1.7

Fig. 7 Radial variation of invariants 1 and 2 (Fig. 2) for OP1.3 and 1.7 far downstream at x/Dj = 10.
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(a) x/D j = 2: OP1.3 (b) x/D j = 2: OP1.7

(c) x/D j = 6, OP1.3 (d) x/D j = 6, OP1.7

Fig. 8 Radial variation of Millionshchikov identity showing core and bypass regions.
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(a) (x, dx)/D j = (6, 0.1) (b) (x, dx)/D j = (6, 0.3)

(c) (x, dx)/D j = (10, 0.1) (d) (x, dx)/D j = (10, 0.3)

Fig. 9 Variation of Millionshchikov identity at fixed spatial separation dx/Dj with time delay for OP1.3 in the
core region.

12



(a) (x, dx)/D j = (6, 0.1) (b) (x, dx)/D j = (6, 0.3)

(c) (x, dx)/D j = (10, 0.1) (d) (x, dx)/D j = (10, 0.3)

Fig. 10 Variation of Millionshchikov identity at fixed spatial separation dx/Dj with time delay for OP1.3 in
the bypass region.
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(a) (x, dx)/D j = (6, 0.1) (b) (x, dx)/D j = (6, 0.3)

(c) (x, dx)/D j = (10, 0.1) (d) (x, dx)/D j = (6, 0.3)

Fig. 11 Variation of Millionshchikov identity at fixed spatial separation dx/Dj with time delay for OP1.7 in
the bypass region.
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