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Abstract Peridynamics is based on integro-differential equations and has a length scale parameter called
horizon which gives peridynamics a non-local character. Currently, there are three main peridynamic for-
mulations available in the literature including bond-based peridynamics, ordinary state-based peridynamics
and non-ordinary state-based peridynamics. In this study, the optimum horizon size is determined for ordi-
nary state-based peridynamics and non-ordinary state-based peridynamics formulations by using uniform and
non-uniform discretisation under dynamic and static conditions. It is shown that the horizon sizes selected as
optimum sizes for uniform discretisation can also be used for non-uniform discretisation without introducing
significant error to the system. Moreover, a smaller horizon size can be selected for non-ordinary state-based
formulation which can yield significant computational advantage. It is also shown that same horizon size can
be used for both static and dynamic problems.

Keywords Peridynamics · Horizon · State-based · Ordinary state-based · Non-ordinary state-based

1 Introduction

Solid mechanics is an important area of engineering dealing with deformations of materials and structures
under external loading conditions. Continuummechanics has been widely used for this purpose for the last two
hundred years, and there are currently different continuum mechanics formulations available in the literature
with different advantages and limitations. Themost common continuummechanics formulationwas developed
byCauchy, and the equation ofmotion of the fundamental object of continuummechanics, i.e. “material point”,
is expressed in the form of a partial differential equation. Since the analytical solution of this equation is limited
to particular geometries, boundary conditions and material systems, different numerical techniques including
finite element method have been developed to obtain solution for numerous problems of interest. However, due
to the spatial derivatives in the partial differential equations, the standard solution procedures become invalid
if discontinuities such as cracks exist in the solution domain. In such cases, additional steps should be taken
to get around the discontinuity problem.

As an alternative approach, Silling [1] developed a new continuummechanics formulation and named it as
“peridynamics”. There are several fundamental differences between peridynamics and Cauchy’s continuum
mechanics (CCM) formulation. First of all, the equation of motion of a material point in peridynamics is in
integral form and does not contain any spatial derivatives. Therefore, it does not suffer from the discontinuity
problem mentioned earlier. Moreover, peridynamics [2–20] is a non-local continuum mechanics formulation
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Fig. 1 Peridynamics and horizon concept [3]

where a material point can interact with other material points which are located at a finite distance with respect
to each other rather than only material points in its nearest neighbourhood as assumed in Cauchy’s formulation.
An extensive review on peridynamics is given in [21]. The range of interactions between material points is
denoted as “horizon” which is a length scale parameter in peridynamics. Such a parameter does not exist in
Cauchy’s formulation. “Horizon” is a fundamental concept in peridynamics, and the term “peri” in the name
basically corresponds to “horizon” in Greek language.

Although horizon is a very important parameter, research on how to choose this parameter has been rather
limited andmainly depends on suggestionsmade in the influential paper written by Silling andAskari [2]. They
suggested to use a horizon size equivalent to three times of the grid spacing between material points based on
the experiences of these researchers for their simulations. However, their conclusion was obtained based on
original peridynamic formulation, named as bond-based peridynamics. Although bond-based peridynamics is
an effective approach, it has certain limitations. To overcome these limitations, advanced peridynamic formula-
tions, such as ordinary state-based peridynamics and non-ordinary state-based peridynamics, were developed.
Moreover, current peridynamic implementations are no longer limited to uniform discretisation. Therefore, it
is critical to determine optimum horizon sizes for ordinary state-based peridynamics and non-ordinary state-
based peridynamics formulations, so that sufficiently accurate results can be obtained in reasonable amount
of time. Hence, this study focuses on determination of optimum horizon size for state-based peridynamic
formulations using uniform and non-uniform discretisation under static and dynamic conditions.

2 Peridynamic theory

2.1 Bond-based peridynamics

By taking into these issues regarding CCM, Silling (2000) [1] proposed a new continuum mechanics formu-
lation and named as peridynamics (PD). Silling relaxed the condition of interaction of material points which
are directly in contact with each other in Cauchy’s formulation. Instead, all material points inside the structure
can interact with each other. In peridynamics, an influence domain is defined to limit the range of interactions
which is called horizon, Hx (Fig. 1). Moreover, the equation of motion does not contain any spatial deriva-
tives. Therefore, these equations are always valid regardless of discontinuities. The equation of motion of
peridynamics can be expressed as

ρ (x) ü (x, t) =
∫

Hx

f
(
u′ − u, x′ − x

)
dV ′ + b (x, t) (1)

where f
(
u′ − u, x′ − x

)
represents the interaction (bond) force between material points x and x′ and u is the

displacement of material point x.
The definition of the interaction force depends on the material behaviour. For linear elastic isotropic

materials, it can be considered as a spring force. However, it is represented in a slightly different form as

f
(
u′ − u, x′ − x

) = c s
y′ − y
|y′ − y| (2)
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Fig. 2 Bond-based peridynamics [3]

where y = x + u is the position of the material point x in the deformed configuration. In Eq. (2), c denotes
bond constant and s is the stretch of the bond which can be defined as

s =
∣∣y′ − y

∣∣− ∣∣x′ − x
∣∣

|x′ − x| . (3)

The interaction force is calculated in the deformed configuration. In the original peridynamic formulation
(bond-based peridynamics), it is assumed that the force between two material points is equal and opposite to
each other (Fig. 2). Bond constant is the material parameter of peridynamics and can be expressed in terms
of material constants of CCM. These relationships can be established by considering a common parameter
used in both approaches. For instance, strain energy density of a material point can be used for this purpose.
An imaginary structure can be considered, and this structure can be subjected to a simple loading condition.
A material point inside this structure should be identified, and its strain energy density can be calculated by
using both peridynamics and CCM. Since the value of strain energy density calculated from both approaches
should be the same, a relationship between peridynamics parameters and material constants of CCM can be
established. For a linear elastic isotropic material, this relationship can be expressed as

c = 12E

π δ4
(4)

where δ is the size of the horizon. Note that there is only one peridynamic parameter used in the bond-based
peridynamics formulation as opposed to two independent material parameters of CCM which can be chosen
as elastic modulus, E and Poisson’s ratio, ν. Because of this mismatch, one of the parameters of CCM is
constant. In other words, it is not possible to freely define Poisson’s ratio value since peridynamic formulation
automatically captures a constant Poisson’s ratio valuewhich is 1/4 for 3-dimensional geometries. Formaterials
which have Poisson’s ratio value different than this value, advanced version of peridynamic formulations should
be used. Currently, themost common advanced peridynamic approaches are ordinary state-based peridynamics
and non-ordinary state-based peridynamics.

2.2 Ordinary state-based peridynamics

As mentioned earlier, the original bond-based peridynamic formulation encounters a limitation on material
constants since it was assumed that the peridynamic force between two material points is equal and opposite
to each other. Moreover, the peridynamic force between two material points only depends on the motion of
associated material points. In order to eliminate the limitation of bond-based peridynamic formulation, its
assumptions should be relaxed. In other words, it can be assumed that the magnitude of the force between two
materials does not have to be equal to each other (Fig. 3). In addition to this, this force can depend on not only
the motion of associated material points, but also the motion of their family members. Based on these new
assumptions, the equation of motion of a material point can be written as

ρ (x) ü (x, t) =
∫

Hx

{
T
¯
(x, t)

〈
x′ − x

〉− T
¯

(
x′, t

) 〈
x − x′〉}dV ′ + b (x, t) (5)
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Fig. 3 Ordinary state-based peridynamics [3]

or

ρ (x) ü (x, t) =
∫

Hx

(
t − t′

)
dV ′ + b (x, t) (6)

where T
¯

〈•〉 represents the force state which is a new terminology in state-based peridynamics [4] and t is the
peridynamic force that material point x′ is exerting on x.

State is basically an infinite dimensional array ormatrix and stores information about a particular parameter
of peridynamic bonds associated with a particular material point. Therefore, force state stores the peridynamic
forces belonging to peridynamic bonds. When a state operates on a particular bond, it only returns the stored
value for that particular bond. For a linear elastic isotropic material, the force state can be expressed as

T
¯
(x, t)

〈
x′ − x

〉 = t =
(

2adδ

|x′ − x|θ (x, t) + b s

)
y′ − y
|y′ − y| (7)

where a, b and d are peridynamic parameters and θ (x, t) is peridynamic dilatation term which can be defined
as

θ (x, t) =
∫

Hx

(d δs) dV ′ (8)

2.3 Non-ordinary state-based peridynamics

As mentioned earlier, in ordinary state-based peridynamics formulation, although the peridynamic forces
between two material points can have different magnitudes, their directions are assumed to be along the bond
direction. This assumption can be disregarded by allowing the direction of peridynamic forces in arbitrary
directions (Fig. 4). By doing this, it is essential to explicitly impose a condition on conservation of angular
momentum since it is not automatically conserved as in bond-based and ordinary state based formulations.
Therefore, the following relationship must hold:

∫

Hx

{(
y′ − y

)× T
¯
(x, t)

〈
x′ − x

〉}
dV ′ = 0 (9)

Moreover, the peridynamic force between two material points can be expressed in terms of appropriate stress
definitions of CCM. Such an approach can allow direct integration of material models in CCM into peridynam-
ics. For instance, a peridynamic force can be related to the first Piola–Kirchhoff (Lagrangian) stress tensor, P
as

T
¯
(x, t)

〈
x′ − x

〉 = t = w
¯

〈
x′ − x

〉
PK−1 (x′ − x

)
(10)
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Fig. 4 Non-ordinary state-based peridynamics [3]

where K is the shape tensor which is defined as

K =
∫

Hx

w
¯

〈
x′ − x

〉 (
X
¯

〈
x′ − x

〉⊗ X
¯

〈
x′ − x

〉)
dV ′ (11)

where X
¯

〈•〉 is the position state which contains the relative position of materials points associated with a
particular bond and w

¯
〈•〉 state contains the influence function information which defines the strength of

interactions.
In order to incorporate material models of CCM in peridynamics, it is essential to relate the stress compo-

nents to associated strain components. The definition of deformation gradient will be necessary to calculate
the strain tensor. The deformation gradient, F, can be approximated in peridynamic framework as

F̃ =
⎡
⎢⎣
∫

Hx

w
¯

〈
x′ − x

〉 (
Y
¯

〈
x′ − x

〉⊗ X
¯

〈
x′ − x

〉)
dV ′

⎤
⎥⎦
⎡
⎢⎣
∫

Hx

w
¯

〈
x′ − x

〉 (
X
¯

〈
x′ − x

〉⊗ X
¯

〈
x′ − x

〉)
dV ′

⎤
⎥⎦

−1

(12)

where Y
¯

〈•〉 is the deformation state containing the relative position of bonds in the deformed configuration.
Non-ordinary state-based peridynamics is a useful and practical approach. However, it encounters zero-energy
mode problem and several techniques were proposed to overcome this problem [5]. In this study, the approach
proposed by Silling [6] is used to remove the zero-energy mode problem by adding a stabilisation term to
non-ordinary state-based peridynamic force term given in Eq. (10) as

T
¯

(x, t)
〈
x′ − x

〉 = w
¯

〈
x′ − x

〉 (
PK−1 (x′ − x

)+ Gc

w0δ
z
¯

〈
x′ − x

〉)
(13)

where G is a positive constant, c is the bond-based peridynamic bond constant given in Eq. (4), δ is the horizon
size, and w0 is defined as

w0 =
∫

Hx

w
¯

〈
x′ − x

〉
dV ′ (14)

z
¯
in Eq. (13) is the non-uniform part of the deformation state which can be expressed as

z
¯

〈
x′ − x

〉 = Y
〈
x′ − x

〉− F̃
(
x′ − x

)
(15)

3 Numerical implementation

3.1 Spatial integration

Solution of peridynamic equation of motion by using analytical techniques is usually not possible. Therefore,
numerical techniques are utilised and meshless approach is widely used for this purpose. The solution domain
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Fig. 5 Meshless discretisation [3]

Fig. 6 Parameters for volume correction procedure [3]

is discretised into finite number of volumes and each volume can be represented by a point located at its centre
(Fig. 5). The peridynamic equation of motion in integral form can then be expressed in finite summation form
as

ρ (xk) ü (xk, t) =
Nk∑
j=1

{
tk j − t jk

}
Vj+b (xk, t) (16)

where Nk is the number of points inside the horizon of the material point k.
For the material points close to the horizon boundary, only part of the material point is inside the horizon

as shown in Fig. 6. Therefore, a correction parameter, υk j , is introduced and defined as

υk j = (
δ + r − ξ jk

)
/ (2r) (17)

where r = 	/2 with 	 being the discretisation size and ξ jk = ∣∣x j − xk
∣∣.

Then, the peridynamic equation of motion given in Eq. (16) can be modified as

ρ (xk) ü (xk, t) =
Nk∑
j=1

{
tk j − t jk

}
υk j Vj+b (xk, t) (18)

In addition, material points close to the surfaces do not have complete horizon as opposed to the material points
located inside the solution domain. This causes thesematerial points to have less stiffnesswith respect to internal
material points and introduces error to the solution. To reduce this numerical error, surface correction factors
are introduced to compensate the deficiencies due to lack of interactions. Hence, the peridynamic equation
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motion given in Eq. (18) can be further modified as

ρ (xk) ü (xk, t) =
Nk∑
j=1

{
t̄k j − t̄ jk

}
υk j Vj+b (xk, t) (19)

where t̄k j and t̄ jk are corrected peridynamic forces if one of the interacting material points is influenced by
the surfaces.

3.2 Time integration

3.2.1 Dynamic problems

For dynamic problems, either explicit or implicit integration schemes can be utilised. Although explicit inte-
gration scheme is easy to implement and does not have large memory requirement, it is only conditionally
stable. The time step size should be chosen smaller than a critical time step size value which is given for
ordinary state-based peridynamics as [3]

	t <

√√√√√√√√√√√√√√√√

2ρ (xk)

Nk∑
j=1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2adδ

⎛
⎜⎜⎜⎜⎝dδ

(
1|x
−xk | + 1|x
−x j |

)
V
∑




⎞
⎟⎟⎟⎟⎠

|x j−xk| + 4bδ|x j−xk|

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

υk j Vj

(20)

The value of the critical time step size is usually very small. Therefore, it is more suitable for short duration
analysis. For long duration analysis, implicit time integration is more preferable. Please note that implicit time
integration may have significant memory requirement for large number of material points in the system. In
this study, explicit time integration is utilised for time integration of dynamic problems. After solving the
acceleration of a material point at time step n, the velocity, u̇ and displacement, u, of the same material point
at the next time step n + 1 can be calculated as

u̇n+1
k = ünk	t + u̇nk (21)

un+1
k = u̇n+1

k 	t + unk (22)

where 	t is the time step size.

3.2.2 Static problems

For static problems, adaptive dynamic relaxation (ADR) is a common technique which artificially enforces
the system to reach the steady-state condition [3]. Another approach that can be used is to assign the inertia
term given in Eq. (19) to 0 and perform implicit solution by solving a matrix system. Again, such system
may require large memory and special solution techniques to obtain the solution. In this study, ADR is used
based on explicit type integration technique which does not cause any memory problems although reaching
the steady-state condition can take certain number of time steps. According to ADR approach, new fictitious
inertia and damping terms are introduced, so that the peridynamic equation of motion can be written as

DÜ (X, t) + cDU̇ (X, t) = F
(
U,U′,X,X′) (23)

where D is the fictitious diagonal density matrix, c is the damping coefficient,

XT = {x1, x2, . . . , xM } (24)
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and

UT = {u (x1, t) ,u (x2, t) , . . . ,u (xM , t)} (25)

for M material points.
The i th component of the force vector, F can be written as

Fi =
Ni∑
j=1

(
ti j − t j i

)
υi j V j + bi (26)

By utilising the central-difference explicit integration scheme, displacement and velocities at the next time
step can be obtained as

U̇n+1/2 =
(
(2 − cn	t) U̇n−1/2 + 2	tD−1Fn

)
(2 + cn	t)

(27)

Un+1 = Un + 	t U̇n+1/2 (28)

The time step size,	t , can be chosen as 1. Since explicit time integration is utilised, there is a stability condition
to be satisfied to obtain a stable solution. In ADR, this can be satisfied by using sufficiently large values for
the components of the fictitious diagonal density matrix, D.

3.3 Application of boundary conditions

Application of boundary conditions in peridynamic theory is different than classical continuum mechanics.
Rather than applying loading as point forces or distributed load, loads are exerted to a volume since the
peridynamic equation motion is in integral form. In this study, boundary volumes are chosen as fictitious
regions, � f outside of the main solution domain, Re, as shown in Fig. 7, which is an effective procedure
suggested in [7].

Fig. 7 Application of displacement constraints in peridynamics by introducing a fictitious region, R f [7]
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Fig. 8 Application of traction boundary conditions on a surface with a normal vector a in x-direction and b in y-direction in
peridynamics by introducing a fictitious region, R f [7]

3.3.1 Displacement constraints

In this study, the size of the fictitious region is specified as twice the horizon size, i.e. 2δ. The prescribed
boundary value of the displacements U∗, V ∗ and W ∗ in the x−, y− and z− directions can be applied by
specifying the displacements of thematerial points in the fictitious region, u f , v f ,w f in terms of displacements
of the material points in the actual domain, u, v, w as (see Fig. 7),

u f
(
x f , y f , t + 	t

) = 2U∗ (x∗, y∗, t + 	t
)− u (x, y, t) (29)

v f
(
x f , y f , t + 	t

) = 2V ∗ (x∗, y∗, t + 	t
)− v (x, y, t) (30)

w f
(
x f , y f , t + 	t

) = 2W ∗ (x∗, y∗, t + 	t
)− w (x, y, t) (31)

3.3.2 Traction boundary conditions

Traction boundary conditions can also be applied similar to displacement constraints by using a fictitious region
as shown in Fig. 8. The displacements of thematerial points in the fictitious region depend on the dimensionality
of the problem (2-D or 3-D) and the unit normal of the boundary on which the traction boundary condition,
σ ∗
i j , with i, j = x, y, z, is exerted.
For 2-dimensional problems and the traction boundary with a unit normal in the x−direction, they can be

written as [7]

u f
(
x f , y f , t + 	t

) =
[

σ ∗
xx

(
1 − υ2

)
E

− υ
v
(
x, y+, t

)− v
(
x, y−, t

)
y+ − y−

] (
x f − x

)+ u (x, y, t) (32)

v f
(
x f , y f , t + 	t

) =
[
2 (1 + υ) σ ∗

xy

E
− u

(
x, y+, t

)− u
(
x, y−, t

)
y+ − y−

] (
x f − x

)+ v (x, y, t) (33)

Similarly, for the traction boundary with a unit normal in the y−direction, they can be written as

u f
(
x f , y f , t + 	t

) =
[
2 (1 + υ) σ ∗

xy

E
− v

(
x+, y, t

)− v
(
x−, y, t

)
x+ − x−

] (
y f − y

)+ u (x, y, t) (34)

v f
(
x f , y f , t + 	t

) =
[

σ ∗
yy

(
1 − υ2

)
E

− υ
u
(
x+, y, t

)− v
(
x−, y, t

)
x+ − x−

] (
y f − y

)+ v (x, y, t) (35)

4 Determination of horizon size

In this study, we considered a special condition that there is no existence of damage in the structure and
non-local effects are insignificant. For such a condition, peridynamic solution should converge to the classical
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Fig. 9 Meshless uniform discretisation and horizon of a material point with a size equivalent to three times of the discretisation
size

continuum mechanics solution as horizon size converges to 0 [3]. Therefore, in this case, classical continuum
mechanics solution can serve as a reference solution for peridynamics. Comparing peridynamic results against
analytical and finite element method solutions will be sufficient to make decisions on the suitable value of
horizon size. Several important aspects are explored to determine the horizon size for both uniform and non-
uniform discretisation.

4.1 Horizon size for uniform discretisation

In this task, we explored how to determine the optimum size of the horizon with respect to the grid spacing and
the size of the solution domain for uniform discretisation. As mentioned earlier, peridynamic equations are in
the form of integro-differential equations and analytical solutions for such equations are limited. Therefore,
numerical solution based onmeshless discretisation is a commonpractice. For simplicity, uniformdiscretisation
is utilised by dividing the solution domain into equal volumes with finite size and each volume is represented
with a point located at its centre. Therefore, in practice, it is not possible to obtain a condition where horizon
size becomes infinitely small. In such cases, Silling and Askari (2005) [2] suggested to use a horizon size
equivalent to three times of the discretisation size, i.e. smallest distance between two neighbouring points
based on their experience and observations of the results that they obtained using bond-based peridynamics
(Fig. 9).

To make decisions on the horizon size, there are several important aspects to be considered. The first
one is to take into account sufficient number of interactions between material points to capture all possible
deformation modes. For instance, if a material point is only interacting with its nearest neighbours except
the ones located at its diagonals, it is not possible to capture shear deformation especially in bond-based
peridynamic formulation. The second important aspect is the dependence of horizon size on the discretisation
size. Using smaller discretisation size will increase the accuracy of the numerical calculations. However, this
will also increase the computational time. Therefore, it is important to determine an optimum discretisation
size providing sufficient accuracy and leading to reasonable computational time. Since horizon size should be
bigger than discretisation size, achieving efficiency in computational time introduces additional restriction on
the horizon size approaching to its ideal size, i.e. becoming infinitely small. Currently, a common approach is
to perform m- and δ- convergence analysis by changing the discretisation size and horizon size, respectively.
However, since such convergence studies are time-consuming especially for large-scale problems, it is essential
to determine a horizon size which can be safely used in all applications and leading to minimum computational
time. Another important aspect is the nature of the problem being static or dynamic. It is necessary to determine
if the same size of horizon is suitable for both conditions. Moreover, dynamic problems may experience
unphysical wave reflection which can lead to inaccurate results as the waves are travelling inside the solution
domain. Finally, it is important to investigate if the same horizon size is applicable for all 1-dimensional
(1-D), 2-dimensional (2-D) and 3-dimensional (3-D) geometries. Moreover, both ordinary state-based and
non-ordinary state-based formulations are utilised and it is important to investigate if same horizon size can
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Fig. 10 Non-uniform discretisation

be used in both formulations. This investigation can also show if state-based formulations will have a different
tendency with respect to bond-based formulations since in state-based peridynamic formulations the effect of
family members are taken into account which is ignored in bond-based peridynamic formulation.

To determine the horizon size, first, simple geometries, boundary and loading conditions are considered
under both static and dynamic conditions. To demonstrate the general applicability of the determined horizon
sizes, more complicated problem cases are considered. Finite element solutions for the same cases are also
evaluated as a reference solution.

4.2 Horizon size for non-uniform discretisation

In this task, we explored how to determine the optimum size of the horizon that we can use for non-uniform
discretisation. Uniform discretisation is simple and widely used in peridynamic simulations. However, for
certain problems, uniform discretisation becomes unfeasible such as a sub-region with a very small thickness.
Moreover, as in the finite element simulations, it may be computationally advantageous to use different grid
sizes at different parts of the domain (Fig. 10). Note that such a case is more prone to numerical errors.

5 Results and discussion

Todetermine the optimumhorizon size, several benchmark problems are considered. To investigate the dynamic
behaviour, a square plate is subjected to uniaxial strain condition as initial condition. For static analysis,
same geometry is subjected to uniaxial tension condition. Results are obtained by using ordinary state-based
peridynamics and non-ordinary state-based peridynamics with either uniform or non-uniform discretisation.
Finally, more complex problems are considered to check if the determined optimum horizon size values can
produce accurate results for these more complex problems.

5.1 Vibration of a plate with uniform discretisation

In the first problem case, a square plate with dimensions of L = W = 1m is considered. The plate has a
thickness of 0.01 m and subjected to an initial condition in the form of uniaxial strain as shown in Fig. 11.
Elastic modulus and density of the plate are specified as 200 GPa and 7850 kg/m3, respectively. The left edge
of the plate is fully fixed by using a fictitious region as demonstrated in Fig. 12. The solution is obtained using
explicit time integration with a time step size of 1× 10−7 s. The plate is uniformly discretised with a grid size
of 	x = 0.01 m. Five different horizon sizes are considered as δ = 1	x , 2	x , 3	x , 4	x and 5	x.
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Fig. 11 Square plate subjected to initial uniaxial strain condition

Fig. 12 Geometry and discretisation of the square plate

Fig. 13 Variation of horizontal displacement of the material point located at (0.255 m, 0.255 m) with time

5.1.1 Ordinary state-based peridynamics

Ordinary state-based peridynamics is a more general case of bond-based peridynamics which allows specifi-
cation of any Poisson’s ratio. In this case, Poisson’s ratio is specified as 0.25. Comparison of the horizontal and
vertical displacement values of the point located at (0.255m, 0.255 m) is shown in Figs. 13 and 14. Although
horizon displacements of all horizon size cases agree well with finite element method (FEM) results obtained
by using ANSYS, a commercially available finite element software, best agreement is obtained with the hori-
zon size values of δ = 3	x and δ = 4	x for the vertical displacements. Horizon size values of δ = 1	x and
δ = 2	x could not capture accurate displacements for the vertical displacements.
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Fig. 14 Variation of vertical displacement of the material point located at (0.255 m, 0.255 m) with time

Fig. 15 Variation of horizontal displacement of the material point located at (0.255 m, 0.255 m) with time

Fig. 16 Variation of vertical displacement of the material point located at (0.255 m, 0.255 m) with time

5.1.2 Non-ordinary state-based peridynamics

Vibration of a plate analysis is also considered by using non-ordinary state-based peridynamics and Poisson’s
ratio of 0.25. As shown in Figs. 15 and 16, different than ordinary state-based cases, better agreement is
obtained for the horizon size values of δ = 1	x and δ = 2	x. Other horizon size values δ = 3	x , 4	x and
5	x also yield accurate horizontal and vertical displacement values.

5.2 Plate under tension with uniform discretisation

In the second problem case, the square plate considered in the previous section is subjected to a uniaxial tension
loading of σ* = 200 MPa at the right edge as shown in Fig. 17. The applied loading is specified by creating
a fictitious region at the right edge as demonstrated in Fig. 18. The steady-state solution is obtained by using
the adaptive dynamic relaxation technique.
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Fig. 17 Square plate subjected to uniaxial tension loading

Fig. 18 Geometry and discretisation of the square plate

Fig. 19 Variation of horizontal displacement along the central axis (x , y = 0)

5.2.1 Ordinary state-based peridynamics

First, ordinary state-based formulation is utilised and horizontal and vertical displacements along the central
axes are obtained as shown in Figs. 19 and 20. According to these results, it can be concluded that horizon size
values of δ = 3	x and 4	x provide better agreement with FEM results. Similar to the dynamic case, horizon
values of δ = 1	x and 2	x could not provide accurate displacement values.

5.2.2 Non-ordinary state-based peridynamics

The plate under tension problem is also investigated using non-ordinary state-based peridynamics formulation.
As in the vibration case, all horizon size values yield accurate results as shown in Figs. 21 and 22. The best
match with FEM results is achieved with the horizon size values of δ = 1	x and 2	x.
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Fig. 20 Variation of vertical displacement along the central axis (x = 0, y)

Fig. 21 Variation of horizontal displacement along the central axis (x , y = 0)

Fig. 22 Variation of vertical displacement along the central axis (x = 0, y)

5.3 Vibration of a plate with non-uniform discretisation

In Sects. 5.1–5.2, two different cases are considered to determine the suitable horizon size for 2-dimensional
structures using ordinary state-based peridynamics and non-ordinary state-based peridynamics under static or
dynamic conditions. Although uniform discretisation is widely used in the peridynamic studies available in
the scientific literature, it can be computationally advantageous to have flexibility to use different grid sizes at
different parts of the solution domain which is a common procedure used in numerical calculations such as in
FEM. Hence, in this part of the study, we present the capability of peridynamics using variable grid sizes. As
the first demonstration case, vibration of a plate problem considered is investigated. As shown in Fig. 23, the
solution domain is split into two regions with a possibility that each of these regions can have different grid
sizes.

By keeping the grid size in Region 2 constant, i.e. 	x2 = 0.01 m, three different grid sizes for Region 1
are considered, i.e. 	x1 = 0.01 m (k = 1), 	x1 = 0.005 m (k = 2) and 	x1 = 0.025 m (k = 4) for the
horizon size value of δ2 = 3	x2.
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Region 1               Region 2 Region 1               Region 2 

Region 1               Region 2 

Fig. 23 Discretisation and horizons for coarse or refined grid-coarse grid case

5.3.1 Ordinary state-based peridynamics

The solution is first obtained by using ordinary state-based peridynamics. As shown in Figs. 24 and 25, although
all three cases yield close results for the horizontal displacements, k = 2 and k = 4 cases yield better results
since the number of material points inside the horizon is higher for these cases which reduces the error for
numerical integration.

5.3.2 Non-ordinary state-based peridynamics

Next, non-ordinary state-based peridynamic formulation is utilised to obtain the solution. As shown in Fig. 23,
by keeping the grid size in Region 2 constant, i.e. 	x2 = 0.01, three different grid sizes for Region 1 are
considered, i.e. 	x1 = 0.01(k = 1), 	x1 = 0.005(k = 2) and 	x1 = 0.025(k = 4) for the horizon size
value of δ2 = 2	x2. As shown in Figs. 26 and 27, all three cases yield close results regardless of discretisation
size which shows that non-ordinary state-based peridynamics is not sensitive to discretisation being uniform
or non-uniform.
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Fig. 24 Variation of horizontal displacement of the material point located at (0.255 m, 0.255 m) with time

Fig. 25 Variation of vertical displacement of the material point located at (0.255 m, 0.255 m) with time

Fig. 26 Variation of horizontal displacement of the material point located at (0.255 m, 0.255 m) with time
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Fig. 27 Variation of horizontal displacement of the material point located at (0.255 m, 0.255 m) with time

Fig. 28 Variation of horizontal displacement along the central axis (x , y = 0)

5.4 Plate under tension with non-uniform discretisation

As the second demonstration case, plate under tension problem is considered to investigate the effect of non-
uniform discretisation under static condition. As shown in Fig. 23, the solution domain is split into two regions
with a possibility that each of these regions can have different grid sizes.

5.4.1 Ordinary state-based peridynamics

First, ordinary state-based peridynamics is utilised to obtain the solution. By keeping the grid size in Region
2 constant, i.e. 	x2 = 0.01, three different grid sizes for Region 1 are considered, i.e. 	x1 = 0.01(k = 1),
	x1 = 0.005(k = 2) and 	x1 = 0.025(k = 4) for the horizon size value of δ2 = 3	x2. As shown in
Figs. 28 and 29, although all three cases yield close results for the horizontal displacements, k = 2 and k = 4
cases yield better results since the number of material points inside the horizon is higher for these cases which
reduces the error for numerical integration.

5.4.2 Non-ordinary state-based peridynamics

Next, non-ordinary state-based peridynamics is used to obtain the solution. As shown in Fig. 23, by keeping
the grid size in Region 2 constant, i.e. 	x2 = 0.01, three different grid sizes for Region 1 are considered, i.e.
	x1 = 0.01 (k = 1), 	x1 = 0.005(k = 2) and 	x1 = 0.025(k = 4) for the horizon size value of δ2 = 2	x2.
As shown in Figs. 30 and 31, all three cases agree well with FEM results although there exist some oscillations
at the interface region between Regions 1 and 2.
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Fig. 29 Variation of vertical displacement along the central axis (x = 0, y)

Fig. 30 Variation of horizontal displacement along the central axis (x , y = 0)

Fig. 31 Variation of vertical displacement along the central axis (x = 0, y)

5.5 Complex cases

In addition to the several benchmark problems considered for the determination of the optimum horizon size,
two more complex cases are selected to check the performance of the selected horizon sizes.

5.5.1 Plate with a square cut-out under tension

In the first problem case, plate with a square cut-out problem is considered as shown in Fig. 32. The plate is
subjected to displacement loading at the right edge. The left and upper boundaries of the plate are constrained
in x- and y- directions, respectively.
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Fig. 32 Model for a problem of a plane stress square plate with a square hole under uniaxial loading

(a) (b)

Fig. 33 FEM results a horizontal, b vertical displacements

The plate with a square cut-out problem is first investigated by using ordinary state-based peridynamics
with a Poisson’s ratio of 0.25 and horizon size of δ = 3	x . Both FEM and peridynamic results are given
in Figs. 33 and 34. According to these figures, it can be concluded that a very good agreement is observed
between peridynamic and FEM analysis results.

Next, plate with a square cut-out problem is also analysed by using non-ordinary state-based peridynamics
with a horizon size of δ = 2	x . By comparing the reference FEM results given in Fig. 33, peridynamic results
given in Fig. 35 have a very good agreement with FEM results.

5.5.2 Plate with a square cut-out vibration

In the second problem, plate with a square cut-out problem considered in the previous section is analysed under
dynamic loading conditions by applying uniaxial strain condition to the entire domain as initial condition as
shown in Fig. 36.

The problem is analysed both by using ordinary and non-ordinary state-based peridynamics and peridy-
namics results are compared with FEM results given in Fig. 37. According to the comparison, ordinary and
non-ordinary peridynamic results shown in Figs. 38 and 39 match very well with FEM results under dynamic
conditions for the selected horizon sizes of δ = 3	x and δ = 2	x , respectively.

5.6 Discussions of results

Since numerous results are generated to determine the optimum horizon size for peridynamics and presented
in the previous sections, several important observations are summarised and discussed in this section.
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(a) (b)

Fig. 34 Ordinary state-based peridynamic results a horizontal, b vertical displacements

(a) (b)

Fig. 35 Non-ordinary state-based peridynamic results a horizontal, b vertical displacements

Fig. 36 Model for a problem of a plane stress square plate with a square hole subjected to uniaxial strain initial condition
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(a) (b)

Fig. 37 FEM results a horizontal, b vertical displacements at t = 4 × 10−4 s

(a) (b)

Fig. 38 Ordinary state-based peridynamics results a horizontal, b vertical displacements at t = 4 × 10−4 s

(a) (b)

Fig. 39 Non-ordinary state-based peridynamics results a horizontal, b vertical displacements at t = 4 × 10−4 s
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First, uniform discretisation is utilised to discretise the solution domain and two benchmark problems are
considered including vibration of a plate and plate under tension. Hence, both dynamic and static conditions
are explored. Solutions are obtained by using ordinary state-based and non-ordinary state-based peridynamics.
Dynamic analysis and static analysis results yield similar conclusions about the horizon size selection. Based on
numerical results, it was confirmed that horizon size of δ = 3	x is an optimum horizon size for ordinary state-
based peridynamic analysis as for bond-based peridynamic analysis that Silling andAskari [2] suggested earlier.
Although bond-based peridynamics is a special case of ordinary state-based peridynamics, the outcome is not
intuitive since the peridynamic force in ordinary state-based peridynamics is dependent on motions of family
members rather than only motions of interacting material points as in bond-based peridynamics formulation.
For non-ordinary state-based peridynamics, it was concluded that δ = 2	x is the most optimum choice
for horizon size. This will result in significant reduction in computational time especially for 3-dimensional
analysis since there are much less material points inside a horizon of δ = 2	x than a horizon with a size of
δ = 3	x . This conclusion should also be confirmed with the existence of the damage in the solution domain.
Based on the numerical results, it should also be noted that for non-ordinary state-based formulation the horizon
should be small since the non-ordinary state-based model used in this study, i.e. correspondence model, has
a direct connection with classical (local) continuum mechanics and requires determination of deformation
gradient in peridynamic framework as the first step.

After determining optimum horizon sizes for all ordinary and non-ordinary state-based peridynamic for-
mulations, the performance of these horizon sizes is investigated for non-uniform discretisation by considering
the same benchmark problems for the uniform discretisation analysis. By considering different scenarios hav-
ing refined discretisation on one side of the domain with same horizon size, it was concluded that if there are
more material points within a horizon, it reduces the numerical error due to numerical integration and leads to
a more accurate solution

Finally, the suggested horizon sizes are checked by considering more complex problems and comparison
against reference FEM solution shows that suggested horizon sizes can provide accurate solutions with the
advantage of computational efficiency.

6 Conclusions

In this study, optimum horizon sizes and shapes for two widely used peridynamic formulations, i.e. ordinary
state-based peridynamics and non-ordinary state-based peridynamics, are investigated. After numerous numer-
ical tests, it is concluded that horizon size of three grid size is suitable for ordinary state-based peridynamics.
On the other hand, it is sufficient to use a horizon size of two grid size for non-ordinary state-based peridy-
namics. Moreover, it is shown that peridynamic implementation can be done using non-uniform discretisation.
Although non-uniform discretisation can introduce numerical error especially for dynamic analysis, accurate
results can be obtained if the suggested horizon sizes are used for such cases.
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