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We study the collective decay of two-level emitters coupled to a nonlinear waveguide, for example, a
nanophotonic lattice or a superconducting resonator array with strong photon-photon interactions. Under
these conditions, a new decay channel into bound photon pairs emerges, through which spatial correlations
between emitters are established by regular interference as well as interactions between the photons. We
derive an effective Markovian theory to model the resulting decay dynamics of an arbitrary distribution of
emitters and identify collective effects beyond the usual phenomena of super- and subradiance.
Specifically, in the limit of many close-by emitters, we find that the system undergoes a supercorrelated
decay process where all the emitters are either in the excited state or in the ground state but not in any of the
intermediate states. The predicted effects can be probed in state-of-the-art waveguide QED experiments and
provide a striking example of how the dynamics of open quantum systems can be modified by many-body
effects in a nonharmonic environment.
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The radiative decay of an excited atom, induced by its
coupling to the continuum of electromagnetic modes, is a
prototypical example of irreversible energy loss in quantum
systems. Dicke [1,2] showed that this process can be
modified significantly in settings with multiple closely
spaced emitters, where the decay rate can be collectively
enhanced or suppressed due to interference. Recently,
such super- and subradiant effects have gained considerable
attention in the context of waveguide QED [3–11], where
atoms [12–15], quantum dots [16], or superconducting
qubits [17–21] are coupled to nanophotonic or microwave
waveguides. Along with enhancing the rate of decay, the
strong transverse mode confinement in such structures
also leads to strongly correlated emission between distant
emitters. Under such conditions, collective radiation
effects can give rise to self-organization [22,23], long-
range entanglement [24–29], and efficient light-matter
interfaces [30,31].
Collective radiance is usually modeled under the premise

that the environment is represented by independent har-
monic oscillators. However, in nanophotonic lattices, plas-
monic waveguides, and superconducting resonator arrays,
intrinsic or engineered nonlinearities [32–39] can become
significant at the level of a few photons, breaking the vali-
dity of this assumption. Therefore, a natural question arises:
how radiation behaves in a strongly interacting environ-
ment. In this Letter, we address this question by analyzing
the decay of multiple two-level systems (TLSs) into an
array of coupled cavities with strong on-site photon-photon
interactions. Specifically, we focus on emitter frequencies
below the edge of the propagation band, where single-
photon emission is suppressed and an interaction-induced

decay channel, which forces the TLSs to emit photons in
bound pairs, dominates. In this regime, the decay dynamics
is determined by a new correlation length related to the size
of attractively bound photon pairs. These correlations give
rise to collectively enhanced and suppressed decay proc-
esses beyond the effects of super- and subradiance in linear
photonic systems. Most remarkably, for many closely
spaced emitters, we find a collective acceleration beyond
the N2 scaling of superradiance. This has the intriguing
consequence that, at any time, almost all TLSs are found in
either the excited or the ground state but not in any of the
intermediate mixed configurations. In this limit, sponta-
neous emission becomes perfectly correlated.
Model.—We consider a system of N TLSs with ground

state jgi and excited state jei, which interact with a one-
dimensional (1D) array of tunnel-coupled cavities, as
schematically shown in Fig. 1(a). The photonic lattice is
modeled by a tight-binding Hamiltonian (ℏ ¼ 1)

Hph ¼
X
n

ωca
†
nan −

U
2
a†na

†
nanan − Jða†nanþ1 þ H:c:Þ;

ð1Þ
where an is the photon annihilation operator on site n and
ωc and 4J > 0 are the central frequency and the total width
of the propagation band, respectively. The second term in
Eq. (1) accounts for a Kerr-like interaction between the
photons, which we assume to be attractive, i.e., U > 0. The
Hamiltonian for the whole system is

H ¼ Hph þ
ωe

2

XN
i¼1

σzi þ g
XN
i¼1

ðaniσþi þ a†niσ
−
i Þ; ð2Þ
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where the σ�;z
i are the usual Pauli operators for the ith

TLS located at lattice site ni, ωe is the TLS transition
frequency, and g is the coupling strength. For small g and
ωe ∈ ½ωc − 2J;ωc þ 2J�, an excited TLS can decay with a
characteristic rate Γ1 ∼ g2=J into a propagating single-
photon wave packet. For multiple TLSs, the emitted
photons can interfere, which gives rise to the well-studied
effects of super- and subradiance [1,2,31,40–49].
In the following, we are interested in a scenario where

ωe < ωc − 2J lies below the propagation band, such that
this regular decay channel is absent. As indicated in
Fig. 1(b), under this condition it is still possible for two
or more emitters to decay via a resonant excitation of a
bound two-photon state. For a lattice ofNc ≫ 1 cavities, and
neglecting the emitters now, a general two-photon eigenstate
can be written as jΨKi¼ð1= ffiffiffi

2
p ÞPn;mΨKðn;mÞa†na†mjvaci,

where jvaci is the vacuum state of the waveguide and the
wave function ΨKðn;mÞ ¼ eiKðnþmÞ=2ψKðn −mÞ= ffiffiffiffiffiffi

Nc
p

is
symmetric and can be decomposed into center-of-mass
and relative components. For each K ∈ ð−π; π�, there is
a band of scattering states ψq

KðrÞ ∼ cosðqr − φKÞ, which
extend across the whole lattice and have energies
Eq
K ¼ 2ωc − 4JK cosðqÞ, where JK ¼ J cosðK=2Þ. In addi-

tion, there exists one bound state per K with energy
Eb
K ¼ 2ωc −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ 16J2K

p
[50,52,53] and an exponentially

localized wave function ψb
KðrÞ ∝ e−jrj=λK , with size

λ−1K ¼ asinhðUKÞ, where UK ¼ U=ð4JKÞ. As shown in
Fig. 1(b), the energiesEb

K largely overlap with the scattering
states for smallU, but forU ≳ J a finite band of propagating

two-photon states appears below the scattering continuum.
The repulsively bound counterparts of these states have been
observed with cold atoms in optical lattices [54], and they
also exist in 2D and 3D lattices, although at slightly larger
interactions [50].
Correlated two-photon decay.—In Fig. 1(c), we show

the evolution of the excited state population, PeðtÞ ¼P
ihσþi σ−i i=N, for both one and two initially excited

TLSs with a frequency below the band edge and inclu-
ding a small loss rate κ for each cavity. For a single
TLS, we observe only a small residual decay of about

Γ1 ≈ κg2=
�
4

ffiffiffiffiffiffiffi
Jδ30

q �
[50,55], where δ0 ¼ ωc − ωe − 2J is

the detuning from the band edge. However, two nearby
TLSs decay at a much faster rate, which is approximately
independent of κ. To understand this behavior, we consider
the weak-coupling limit g ≪ J, U and write the wave
function of the system as

jϕ2iðtÞ ¼ e−2iωet

�
ceðtÞσþ1 σþ2 þ

X
K

cKðtÞB†
K

þ
X
k

½c1kðtÞσþ1 þ c2kðtÞσþ2 �a†k
�
jg; g; vaci; ð3Þ

where a†k ¼
P

n e
ikna†n=

ffiffiffiffiffiffi
Nc

p
and B†

K is the creation oper-
ator for a bound photon pair, jΨb

Ki ¼ B†
Kjvaci. This does

not include the two-photon scattering states, which play a
negligible role in the dynamics [50]. Since the one-photon
states ji; 1ki ¼ σþi a

†
kjg; g; vaci are separated by an energy

gap δk ¼ ωc − 2J cosðkÞ − ωe ≫ g=
ffiffiffiffiffiffi
Nc

p
, they can be

eliminated using perturbation theory. We hence obtain an
effective coupling between the TLSs and the continuum of
two-photon bound states [50]:

i_ce ¼ −
g2

J
ffiffiffiffiffiffi
Nc

p
X
K

eiKðn1þn2Þ=2fKðn1; n2ÞcK; ð4Þ

i_cK ¼ ΔKcK −
g2

J
ffiffiffiffiffiffi
Nc

p e−iKðn1þn2Þ=2fKðn1; n2Þce; ð5Þ

where ΔK ¼ Eb
K − 2ωe. Equation (5) is valid only for

bound photon states below the propagation band, ΔK ≈ 0,
which are, however, the relevant modes in the following
discussion. The matrix element fKðn1; n2Þ≡ fKðn1 − n2Þ
depends only on the relative separation and can be
expressed in terms of the two-photon correlation function:

fKðn1; n2Þ ¼ −i
ffiffiffiffiffiffi
Nc

p
J
Z

∞

0

dτeiKðn1þn2Þ=2e−iωeτ

× hvacjBK½a†n2a†n1ðτÞ þ a†n1a
†
n2ðτÞ�jvaci: ð6Þ

As illustrated in Fig. 2(a), this quantity can be interpreted
as follows: The first TLS emits a virtual photon at n1.

(a)

(b) (c)

FIG. 1. (a) Sketch of the waveguide QED setup, where multiple
TLSs are coupled to a photonic lattice with nearest-neighbor
tunneling J and on-site interactionU. (b) The corresponding band
structure in the one- and two-photon subspace. (c) Evolution of
the excited state population PeðtÞ for N ¼ 1 (dotted curves)
and N ¼ 2 (solid curves) emitters with frequency ωe < ωc − 2J,
as indicated in (b). The parameters for the three solid curves
are U ¼ J, K0 ≈ 0.1π, g=J ¼ 0.02, ðωe − ωcÞ=J ¼ −2.04, and
jn1 − n2j ¼ 0ð5Þ for the green (red) line and U ¼ 4J, K0 ≈ 0.5π,
g=J ¼ 0.1, and ðωe − ωcÞ=J ¼ −2.45 for the blue line. For all
plots, κ=J ¼ 3 × 10−4, and the dashed lines show the approxi-
mate analytic result of Eq. (7).

PHYSICAL REVIEW LETTERS 124, 213601 (2020)

213601-2



This photon propagates for a time τ before another photon
is created by the second emitter at n2. Then fKðn1; n2Þ is
the overlap of this photon pair (and its symmetric counter-
part) with the two-photon bound state jΨb

Ki. Therefore, as
shown in Fig. 2(b), the correlations induced can exceed the
size of the two-photon bound state λK and depend on
propagation and interference effects of the intermediate
single-photon states.
To proceed, we assume that the energy of the emitters

lies within the band of bound two-photon states, 2ωe ∈
½Eb

0; E
b
π�, and eliminate the dynamics of those states using a

Wigner-Weisskopf approximation. This is valid when
the group velocity of the emitted photons, vgðK0Þ ¼
∂Eb

K=∂KK¼K0
, where K0 is determined by 2ωe ¼ Eb

K0
, is

larger than the effective coupling ∼g2=J. In this case, we
obtain an exponential decay of the doubly excited state,
PeðtÞ ¼ e−Γt, with a rate [50]

Γ ¼ 2g4

J3
jfK0

ðn1; n2Þj2ρ̃ðK0Þ; ð7Þ

where ρ̃ðKÞ ¼ J=vgðKÞ is the normalized density
of bound two-photon states and vgðKÞ ¼ 4J2 sinðKÞ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ 16J2 cos2ðK=2Þ

p
. Figure 1(c) and additional exam-

ples in Ref. [50] show that this approximate result agrees
very well with exact numerical simulations for typical rates
in the range of Γ=J ∼ 10−4–10−2.
Collective radiance.—To analyze the decay of an arbi-

trary distribution of emitters, we generalize the elimination
of the photons from above, deriving a master equation
(ME) [56] for the reduced density operator ρ of the TLSs. In
a frame rotating with ωe, this equation is [50]

_ρ ¼ −iðHeffρ − ρH†
effÞ þ J ðρÞ; ð8Þ

where J ðρÞ ¼ P
i;j;k;l Γij;klσ

−
i σ

−
j ρσ

þ
k σ

þ
l is the recycling

term with Γij;kl ¼ Γ0RefAij;klg and Γ0 ¼ 2g4ρ̃ðK0Þ=J3
and we have introduced the non-Hermitian Hamiltonian

Heff ¼ −i
Γ0

2

X
i;j;k;l

Aij;klσ
þ
k σ

þ
l σ

−
i σ

−
j þ A�

ij;klσ
þ
i σ

þ
j σ

−
k σ

−
l ; ð9Þ

which describes collective interactions ∼ImfAij;klg and
dissipation processes ∼RefAij;klg, involving up to four
TLSs. The form of the amplitudes

Aij;kl ¼ fK0
ðni; njÞfK0

ðnk; nlÞeiK0jðnkþnlÞ−ðniþnjÞj=2 ð10Þ
shows that the radiation-induced correlations depend on
two processes. First, correlations with a length scale deter-
mined by fK0

arise from the nonlinear decay mechanism, as
discussed above. Second, photons emitted from different
pairs can interfere, which is taken into account by the
exponential phase factor. Similar to collective emission in
regular waveguides [55,57,58], these interference effects
are infinite in range, but here they crucially depend on the
relative positions of all the TLSs involved.
Subradiance.—The coherent and dissipative four-body

interactions in Heff make the decay process of a multi-
emitter system rather complex and can lead to a speed-up of
emission as well as the appearance of subradiance, i.e.,
weakly or even nondecaying states. All single-excitation
states, which remain unaffected by two-photon decay,
belong to this class of states, but there are additional
nontrivial examples. The existence of these states is evident
from Fig. 3(a), which shows the dynamics ofN ¼ 4 excited
TLSs with different spacings x between them. The ME
[Eq. (8)] ensures that only states with an even number of
excitations are populated. We observe a fast initial decay on
a timescale ∼1=½f2K0

ðxÞΓ0�, after which the system reaches
a quasistationary state with a finite population in the two-
excitation subspace. For equal spacing this is a true
stationary state and the excitation remains trapped for all
times, while for arbitrary ni it eventually decays but on a
much longer timescale.
The fast relaxation into a doubly excited, but non-

decaying state is a rather unexpected feature, which is

(a) (b)

FIG. 2. (a) Illustration of the correlated two-photon decay
process. The first TLS emits a virtual photon (i), which
propagates for a time ∼1=δk (ii) before it combines with the
second emitted photon into a propagating bound state (iii).
(b) Contour plot of fK¼0ðn1; n2Þ for different ratios U=J. The
black and the white dashed lines represent the bound-state size
λK¼0 and the 1=e decay length of f0ðrÞ, respectively.

(a) (b)

FIG. 3. (a) The dynamics of PeðtÞ, obtained from Eq. (8), for
N ¼ 4 TLSs with different spacings, niþ1 − ni ¼ x. The solid
lines represent the numerical results, and the dashed lines are
from a semianalytic calculation [50]. The parameters are U ¼ J,
K0 ≈ 0.1π, g=J ¼ 0.02, and ðωe − ωcÞ=J ¼ −2.04. (b) Sketch of
the dominant decay paths into and out of the two-excitation
eigenstates of Heff . The thickness of the lines indicates the
relative strength of the decay rates [50].
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explained by Fig. 3(b). Here, the possible decay paths are
represented in terms of the eigenstates ofHeff with different
excitation numbers. For equal spacing niþ1 − ni ¼ x > 0,
we find that in the two-excitation manifold there is one
exact dark state, satisfying Heff jD2i ¼ 0, and additional
subradiant states with decay rates ≲10−2Γ0. These other
subradiant states are almost decoupled from the waveguide
due to symmetry. Therefore, they are long-lived but also
hardly populated during the dynamics. In contrast, there is
an efficient decay path into state jD2i, which does not
decay further. We find that the form of the dark state is

jD2i ¼ αðxÞjeggei − βðxÞjgeegi; ð11Þ
where αðxÞ=βðxÞ ¼ fK0

ðxÞ=fK0
ð3xÞ ≥ 1 [50]. This state is

not invariant under the inversion jgi ↔ jei, which explains
why it is possible to have different rates for decaying into
and out of it. Similar states also exist for a larger number of
emitters, emerging from the combination of long-range
interference and the presence of additional correlations,
∼fK0

ðni; njÞ, which vary considerably across the ensemble.
Collective-spin limit.—From the results of Fig. 3(a), we

already see that the rate of emission is enhanced when the
spacing between emitters is small. Therefore, we consider
next the special case where all TLSs are located in the same
lattice site and collective effects are most pronounced. In
this limit, the ME reduces to

_ρ ¼ Γ
2
ð2S2−ρS2þ − ρS2þS2− − S2þS2−ρÞ; ð12Þ

where Γ ¼ Γ0f2K0
ð0Þ and S− ¼ P

i σ
−
i is the collective

spin-lowering operator. Since ME (12) conserves the total
spin, we can label all the states involved in the dynamics by
their spin projection quantum number Szjmi ¼ mjmi,
where jm ¼ N=2i ¼ je1…eNi is the fully excited initial
state. This leads to a reduced equation for the populations
pm ¼ hmjρjmi:

_pm ¼ −Γm;m−2pm þ Γmþ2;mpmþ2; ð13Þ
where Γm;m−2 ¼ Γjhm − 2jS2−jmij2. In Fig. 4(a), we use
this equation to evaluate the collective decay of a large
ensemble of TLSs. The nonexponential and accelerated
decay is reminiscent of regular Dicke superradiance
described by the ME [2,40]

_ρ ¼ Γ
2
ð2S−ρSþ − ρSþS− − SþS−ρÞ; ð14Þ

but there are important qualitative differences. First, at
short times, where m ≈ N=2, the decay rate scales as
Γm;m−2 ∼ N2. This is N times faster than for N independent
TLSs and shows that, even in the initial stage of the
evolution, the dynamics is dominated by correlations. For
states near the equator of the Bloch sphere, m ≈ 0, the rates
then scale as Γm;m−2 ∼ N4 compared to the N2 scaling for

regular superradiance. Overall, this results in a strongly
reduced decay time of Td ∼ 1=ðΓN2Þ.
More importantly, while the dynamics of Eq. (14) can be

well described by a mean-field approximation hS2zi ≈ hSzi2
[40], a similar approach for Eq. (12) fails to accurately capture
the system evolution [50]. This can be understood from the
snapshot of the populations pm shown in Fig. 4(b), which is
taken at the half-decay time Th, defined by hSziðThÞ ¼ 0.We
see that for regular superradiance there is a broad distribution
around its mean value. In contrast, the two-photon decay
process leads to a bimodal distribution, where most of the
population is in the states withm ≈�N=2. The intermediate
levels are hardly populated, since they decay with a much
faster rate. This different behavior can also be clearly seen by
looking at individual trajectories of a stochastic ME simu-
lation [59].The redcurves inFigs. 4(c) and4(d) showexample
trajectories for the two-photon decay process and regular
superradiance, respectively. We see that, in the former case,
the time that the system spends near the fully excited state,
Te ∼ 1=N2, is considerably longer than the time it takes to
transition through all the partially excited states, Tt ∼ 1=N3,
such that Tt=Te ∼ 1=N → 0 for large N. This means that,
when measuring the system at random times during the
decay, all TLSs are either still found in the excited state or
already in theground state. It is thusmore appropriate to speak
of supercorrelated emission rather than just superradiance.
This qualitative difference can also be quantified by the
correlation parameter

C ¼ max
t∈½0;∞Þ

4½hS2ziðtÞ − hSzi2ðtÞ�
N2

; ð15Þ

(c) (d)

(a) (b)

FIG. 4. (a) The evolution of hSzi predicted by Eq. (12) for an
initially fully excited ensemble of TLSs. (b) Snapshot of the
populations pm for a supercorrelated (blue) and regular super-
radiant (orange) decay, evaluated when hSzi ¼ 0. (c),(d) Example
trajectories as obtained from a stochastic simulation of Eqs. (12)
and (14). The thick lines show the corresponding average values
of 2hSzi=N (black) and 4ðhS2zi − hSzi2Þ=N2 (dashed blue). In
(b)–(d), we have used N ¼ 100.
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which measures the maximal correlations between the pop-
ulations of the TLSs during the decay. For independent
emitters, C ≈ 0 in the limit of large N, while it reaches a
maximal value ofC ¼ 1when all the emitters are correlated at
the point when hSzi ¼ 0. We find that C ≈ 0.2 for super-
radiance and C ≈ 1 −Oð1=NÞ [50] for the supercorrelated
decay process described by Eq. (12), giving a clear signature
of the dynamics discussed above.
Discussion and conclusions.—In summary, we have

studied the collective radiance of an ensemble of TLSs
coupled to a nonlinear environment. We found that this
system supports a strongly correlated decay process outside
the scope of conventional super- and subradiance. In the
optical domain, implementations of nonlinear photonic
lattices have already been proposed for engineering
strongly correlated fluids of light [32–36], and similar
ideas can be used to explore these decay processes.
Alternatively, superconducting qubits can be coupled to
an array of microwave resonators, where embedded
Josephson junctions provide a strong nonlinearity [60].
In such systems, values of g≲ J, U ≈ 50–200 MHz can
be achieved with existing technology [61–63]. For
J ¼ 100 MHz, the achievable decay rates of around
Γ ≈ 0.1–1 MHz [50] are still fast compared to the bare
qubit decay times of T1 ¼ 10 μs [64]. The supercorrelated
limit N ≫ 1 can further be accessed by replacing the qubits
by a large ensemble of Rydberg atoms trapped above the
resonator array [65–68] or even above a single nonlinear
cavity [50] to further reduce the experimental complexity.
Beyond the specific setting considered in this work, our

analysis demonstrates how nontrivial interactions in the
environment can strongly modify the qualitative behavior
of open quantum systems. In turn, the established relation
between collective radiance and few-body effects in the
bath can potentially be used as a more general method to
probe complex many-body processes through the corre-
lated decay of multiple quantum emitters.
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