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Abstract: This paper studies the parameter estimation issues of a block-oriented nonlinear system that is bilinear in the
parameters, i.e., the bilinear-in-parameter system. Using the model decomposition technique, the bilinear-in-parameter model
is decomposed into two fictitious submodels: one containing the unknown parameters in the non-linear block and the other con-
taining the unknown parameters in the linear dynamic one and the noise model. Then a gradient-based iterative algorithm is
proposed to estimate all the unknown parameters by formulating and minimizing two criterion functions. The stochastic gradi-
ent algorithms is provided for comparison. The simulation results indicate that the proposed iterative algorithm can give higher
parameter estimation accuracy than the stochastic gradient algorithms.

1 Introduction for multi-frequency signals based on the gradient search and the
hierarchical identification principle [29].
Parameter estimation plays a major role in signal processing [1, 2], The bilinear-in-parameter systems have been widely applied to
control system design [3—6]. The bilinear-in-parameter model can various areas, such as digital filter synthesis, active noise control
be used to describe the block-oriented nonlinear system, such asind neural networks since they can approximate the block-oriented
Hammerstein systems [7], Wiener systems [8, 9] and their com- nonlinear systems and behave similarly to linear models to some
binations [10]. Much effort has been devoted to the parameter extent [30, 31]. Wang et al. transformed a multi-input multi-output
estimation for above block-oriented nonlinear systems [11, 12]. For Hammerstein system into a bilinear-in-parameter model, and pro-
example, a three-stage recursive least squares scheme was derivgabsed a hierarchical extended stochastic gradient algorithm [32]; a
to estimate Hammerstein systems, which consist of the interac-hierarchical least squares approach has been proposed for a class
tion of a static nonlinear function and a linear dynamic subsys- of bilinear-in-parameter systems [33]. Another algorithm of iden-
tem [13]; a two-experiment method was proposed to identify Wiener tifying bilinear-in-parameter systems is the over-parameterization
systems with a sine signal using the measured input-output datamethod [34]. However, the resulting over-parameterization model
acquired from two separate experiments [14]; introducing the aux- exists the cross-product terms of the parameters, leading to
iliary model based identification idea, a modified multi-innovation many redundant parameter estimates and heavy computational bur-
gradient algorithm for Wiener-Hammerstein systems with unknown den [35].
orders linear subsystems and backlash was developed based on the The iterative methods are usually used to estimate the parameters
key-term separation principle [15]. of linear and nonlinear systems in which the information vector con-
Parameter estimation methods can be applied to many areagains unknown variables. The decomposition technique can convert
[16-19]. Parameter estimation algorithms can be utilized to obtain a system into several subsystems with small dimensions [36-38].
parameter estimates by fitting the measurable information to a befit-On the basis of the work in [39], this paper discusses the parame-
ting model structure in an optimal way [20]. Various parameter ter estimation methods for bilinear-in-parameter systems by using
estimation algorithms such as recursive methods [21, 22], itera-the recursive idea and the iterative technique. Different from the
tive methods [23, 24] and multi-innovation methods [25, 26] were work in [39], in order to avoid the redundant estimates caused by
presented to identify the systems in complex industrial processesthe over-parameterization method, we use the model decomposi-
Recently, employing the hierarchical identification principle, Li tion technique to construct the two identification models. The main
and Liu proposed an auxiliary model based least squares iterativecontributions of this paper are as follows.
algorithm and a filtering based least squares iterative algorithm for
bilinear systems [27, 28]; about the decomposition based identifi-

cation, Xu and Ding discussed the parameter estimation algorithms® By using the negative gradient search and the multi-innovation
identification theory, a decomposition based generalized extended
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stochastic gradient algorithm and a decomposition based multi- Define the system parameter vectgrsand 3, the information
innovation generalized extended stochastic gradient algorithm arevectorse, (t), ¢, (t), ¢(t) and(¢t) and the intermediate variable

presented for the bilinear-in-parameter system. £(t) as

e By using a fixed data batch with a finite length, a decomposition

based generalized extended gradient iterative algorithm is derived p:=lci,co, - yena,di,da, - dny]T € R™T(5)
for generating more accurate parameter estimates than the stochastic

gradient algorithms. 9= [b] g R etna

e By using the model decomposition technique, the original system P

is qleco_mposed _into two subs_ystems, and the proposed_ parameter $,(t) :=F()b e R, ¢o(t) := FT(t)a €R",
estimation algorithms do not involve the over-parameterization of
the parameters, and avoid estimating redundant parameters. p(t) =[~w(t—1),~w(t—2), -, —w(t —ne),

: : : _ t—1),0(t—2),-- 0t —ng)]" e R (6
The outlines of this paper are organized as follows. Section 2 U )l ) v(t =na)] ©
derives the identification models of the bilinear-in-parameter sys- W(t) = P () € RV et

tem with colored noise. For comparison, Section 3 presents two ' p(t ’

stochastic gradient algorithms. The decomposition based general- n T

ized extended gradient iterative algorithm is derived in Section 4. §)=ylt) —p t)peR. (7)
Section 5 offers an example to illustrate the effectiveness of the pro-

posed algorithm. Finally, some concluding remarks are offered in From (5) and (6), we have

Section 6. ) = D() "
- C(2)
2 The identification model for =[1—-C(2)]w(t) + D(z)v(t)
bilinear-in-parameter systems na
=— (t— div(t —
First of all, let us introduce some notationd =: X” or “X := chw )+ Z ot =) +u(t)
A” stands for “A is defined as X"; the symbdl (I,,) represents
an identity matrix of appropriate size: (< n); 1,, stands for an =@ (t)p+v(t). (8)

n-dimensional column vector whose elements are alll k,xn

represents a matrix of sizex x n whose elements are all 1; the ~ From the above definitions, Equations (4) can be equivalently
superscript T denotes the matrix/vector transpageix[X | denotes written as

the maximum eigenvalue of symmetrlc square maXixthe norm

of a matrix X is defined by|| X || := tr[X X]. y(t) =a F(t)b + w(t)
Consider the following bilinear- in-parameter system, — ¢T(H)a +w(?) ©)
y(t) =a'F ()b + w(t), 1) =pi(t)a+ ¢ (1)p +v(t) (10)
F(t) = [f(u(t — 1)), f(u(t = 2)),--, fu(t —n))], (2) = ¢3()b+ @' (t)p + v(t)
Fu(®) = [f1(ut), fo(u(t), -, fm(u()], ®) =" ()9 +o(t). (11)
where y(t) € R is the system outputF(t) € R™*" is com- From (7) and (10), we have
posed of available measurement dat@,) € R is the system input, T
f(u(t)) € R™ is the known nonlinear basis function, which may be £(t) = ¢1(t)a +v(t). (12)
H%czrllyr;cr)]rg?Is;o[réirlg;)hgmebt:]c:Tf;nﬂgﬂogrs:é t;e[adﬁﬁ?]bv;/ﬁ Sgrlz]amiter Equations (11)—(12) form the identification models for the bilinear-

in-parameter system in (4) based on the decomposition. Considering
the identifiability of the bilinear-in-parameter system in (4), two
identification schemes are discussed: one is the recursive parame-
ter estimation method and the other is iterative parameter estimation
method.In this paper, we use the recursive indgxe.g.,0(t) as

vectors to be estimated.

Remark 1. For the bilinear-in-parameter system with colored noise,
the disturbance with zero mean(t) € R includes three special

cases: 1)u( )= %v(t) is an autoregressive (AR) process [40]; h ' tor th hasti di icorith dth

2) w(t ) D(2)v(t) is a moving average (MA) process [41]; 3) the parameter estimate for the stochastic gradient algorithm, and the
iterative index with subscripk, e.g.,0, to denote the parameter

w(t) = '”(t) is an autoregressive moving average (ARMA)  ggtimate for the gradient-based iterative algorithm.

process [42]p(t) € R is a random white noise with zero mean and

variances?, C(z) and D(z) are polynomials in the unit backward

shift operatonfl (zYy(t) = y(t —1)). 3  The stochastic gradient algorithms
Without loss of generality, assume that the ordets n, n.
andny are predetermined, ang(t) = 0, u(t) = 0, w(t) = 0 and For the purpose of showing the effectiveness of the proposed

v(t) = 0 for t < 0. This paper considers the iterative algorithms for algorithm, we derive a stochastic gradient algorithm as the basic
the bilinear-in-parameter system with ARMA noise. Then, Equation algorithm in this section. According to the parameter identification

(1) can be written as models in (11)—(12), we define two gradient criterion functions:
1 T 2
y(t) = a F(t)b + 58”“)’ ) Ji(a) = 5 [E(t) — @1 (t)al”,
1 T 2
C(Z) =1+ C1271 -+ C2272 4. 4+ Cnczin‘:y JQ(,B) = i[y(t) - w (t),lﬂ .
—1 —2 —
D(z)=1+4d1z" +doz "+ Fdngz " Using the negative search and minimizing the criterion functions

Ji(a) andJz(9) give
In order to avoid estimating the redundant parameters, we use
the model decomposition to express the system output as a linear
combination of the system parameters.

at)y=a(t—-1) - grad[Ji(a(t — 1))]

1
r1(t)
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—a(t- 1)+ 2010 - ol0a - 1)
=at-1)+ (fll((t))

x[y(t) — " (p — ¢1(Da(t — 1)), (13)
r1<t>:m<t—1>+||¢1<>||2, r1(0) =1, (14)
() =Dt —1) - T()grad[b(( 1))]

o -1+ YO pw —yTwde -1, 15)
Tg(t)
ro(t) =ra(t — 1) + [p(@)|?, r2(0) =1, (16)

wherel/r1(t) and1/ro(t) are the step-sizes i.e., the convergence ®1(p,t)
factors. Since the right-hand sides of (13)—(16) contain the unknown
parameter vectorg, b and p and the unmeasurable noise terms

w(t — 1) andv(t — 1), the above algorithm is impossible to imple-
ment. The solution is to replace, b and p with their preceding
estimatesa(t — 1), b(t — 1) andp(¢ — 1), and to replacev(t — )
andv(t — i) with their current estimate$ (¢t — ) andd(t — i), and
use them to define the information vectass(t), ¢, (t) andp(t)
and the parameter estimation vectit) as

$1(t):=F(Ob(t— 1) €R™,  $y(t) = FT(Da(t — 1) € R",
b= | 0] errinen, g = | M) eprnet,

Replacing the parameter vectarandp and the information vectors
@1 (t) ande(t) in (8) and (9) with their estimates(t), p(t), ¢, (t)
andg(t), the estimates)(¢) andd(t) can be computed through

w(t) :==y(t) — p1(t)a(t),

o(

~
~—
I
S
—~
~
~—
|
S
—
—~
~
~—
>
—~
~
~—

According to the above derivation, we yield the following the

decomposition based generalized extended stochastic gradient (D-

GESG) algorithm:
() — 6t — é1(1)
alt)y=a(t—1)+ )
x[y(t) — b1 (Da(t —1) - @ (B)p(t— 1], (17)
r(t) = ri(t—1) + g1 (D)% r1(0) =1, (18)
B(t) =Dt — 1)+ ;ﬁ—g[y( - d -1, (19)
ra(t) =ra(t — 1) + [PB)]%,  r2(0) =1, (20)
bi(t) = F(t)b(t—1), ¢o(t) = FT(Ha(t—1), (21)
@(t) = [—’UAJ(T,— 1)7_w(t_2), : 7_w(t_n0)7
ot —1),0(t —2),-+, 0(t —ng)]", (22)
W(t) = y(t) — by (H)a(t), (23)
o(t) =i (t) — @ (D) (L) (24)

Remark 2. The bilinear-in-parameter systep(t) = a' F(t)b +
w(t) contains the product term of the parameter vectioandb. To
have identifiability, we adopt the normalization constraintaofor
the system in (4) [43]. Assume thg|| = 1, and the first nonzero
element of the parameter vecioiis positive, i.e.a; > 0. Then we
have

QI

(0 = st Oy

(25)

wheresgn[a; (t)] denotes the sign afy (¢).
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Remark 3. The D-GESG algorithm can be on-line implemented.
The initial values are taken to lag0) = 1, //m (to guarantee that
@(0)]| = 1), D(0) = Ln-tnna/po, @(t — ) = 1/po anda(t -

i) =1/po,i=1,2,--- ,max[ne, nq], wherepy is a large number,
€.9..po = 10

In order to improve the parameter estimation accuracy of the D-

GESG algorithm, we study another stochastic gradient algorithm
for bilinear-in-parameter systems by using the multi-innovation
theory [44]. Letny := m + n¢ + ng, no :=n + ne + ng, ng :=

m + n + ne + ng andp represents the innovation length. Consider
pdatafromj =t — p+ 1toj = t to define the stacked output vec-
tor Y (p, t) and the stacked information matric®s (p,t), ¥ (p, t)
and®,(p,t) as

Y (p,t):=[y(t),y(t —1),--- .yt —p+1)]" €R?,
=[p1(t), d1(t = 1), 1 (t —p+1)]
= [F)b,F(t—1b,--- ,F(t —p+1)b] € R™*P,
W(pt):=[(t), - ¢t —p+1)]
FT() F't—p+1a nax
o(1) oi—pt1) | <E
B (p,t) = [p(t), o(t — 1), @t —p+1)] € ROT)xP,

From (17) and (19), define two scalar innovations

er(t) = y(t) — by (Dt — 1) — T (Hp(t — 1)
— &) — 1 (Da(t— 1),
ea(t) = y(t) — b (HD(t —1).

Then, we expenck;(¢) and ez(t) into two innovation vectors
E; (p7 t) andEQ(p7 t) as

Ei(p,t):=[e1(t),e1(t—1), - ,e1(t —p+ 1) € RP
B ORENOLIGESY
_ §(t—1) ¢1§t—1)a(t—2) . 26)
Lé(t—p+1) — $1(t —p+ alt —p)
Es(p,t) :=[ea(t),ea(t — 1), - ,ea(t —p+1)]" € RP
[ y(t) — {b() t-1)
_ yt—1)— 3 (t—l) (t—2) @)
_y(t—p+1)—12’T(t—p+1)f9(t—p)

Normally, one thinks that the estimatégt — 1), p(t — 1) and
9(t — 1) at time (t — 1) are closer to the true values p and ¥
than the estimatea(t — i), p(t — i) and (¢t — i) at time (¢ — 4
(i > 2). Here, replacing the terma(t — i), p(t — i) andd(t — i)
(i > 2)witha(t — 1), p(t — 1) andd(t — 1) in (26)—(27),E1 (p, t)
andEs(p, t) can be reasonably taken as

W - Byl -1
By | SE-D-@-nae-n |
LE(t—p+1) = 1(t—p+ Da(t—1)
= Y(p,t) — b1 (p,)a(t — 1) — By (p, 0)p(t — 1),
G RR OIS
B | MED-PE-DIE-D
Lyt —p+1) = (t—p+1)I(t—1)
3



=Y (p,t) & (p,)d(t —1).

4  The gradient-based iterative algorithms

The D-GESG algorithm and the D-MI-GESG algorithm can esti-

From the above definitions, we can obtain the following decomposi- mate all the unknown parameters, but they use only the measured
tion based multi-innovation generalized extended stochastic gradiendata{w(i), y(i), i« = 1,2, -- ,t}. In other words, their weakness is

(D-MI-GESG) algorithm:

alt) = at— 1)+ 2@ g ), 28)
r1(1)

Ei(p,t) = Y(p,t) - $1(p, t)a(t — 1) — P (p, t)p(t — 1)29)
ri(t) = ri(t—1) + [®1(p, 1), (30)
a0 = vt -1+ L2 g, (31)

2 (t)

Es(p,t) = Y(p,t) — & (p,)0(t — 1), (32)

ra(t) = ra(t — 1) + & (p,1)|%, (33)
Y (p,t) = [y(t),y(t — 1), ,y(t —p+ D], (34)
B1(p,t) = [F(D)b(t — 1), F(t —p+1)b(t — 1)), (35)
B (p, 1) = [(t), -, p(t —p+ 1), (36)

Bu(p,t) = [$(), @(t— 1), @t —p+ 1), (37)

p(t) = [~(t — 1), —(t - 2), -+, —0(t — ne),
ot —1),0(t —2),--- ,0(t —ng)]", (38)
¢1(t) = F(t)b(t — 1), (39)
b= | O] (40)
b(t) = y(t) - ) (alt), (41)
b(t) = w(t) — ¢ (H)A(L), (42)
d(t) = BT (H)p ()], (43)
() = snfar (0] 240 (@)

The procedures for implementing the D-MI-GESG algorithm in

(28)—(44) are as follows.

1. Lett = 1, choose an innovation length and set the initial val-
ues a(0) = Im/vm, 9(0) = Lnfnctng/po, wit i) =1/po,
v(t—1i) =1/po, 1 = 1,2, -+ ,max|n. + ng|,po = 10° and give
the nonlinear basis functiofy («).

2. Collect the measured dagdt), F'(t) andY (p,t), and construct
the information estimation vectois; (¢) and(t) using (39) and
(40).

3. Computery (t) andrg(t) using (30) and (33).

4. Construct®q (p,t), ¥(p,t) and P, (p,t) using (35), (36) and
37).

5. Compute the information vectot®; (p,t) and Ex(p,t) using
(29) and (32). .

6. Update the parameter estimaég$) andd(t) using (28) and (31)
and normaliz&i(t) using (44).

7. Computew(¢) using (41) andi(t) using (42).

8. Increasd by 1, and go to Step 2.

Remark 4. When the innovation length = 1, we can obtain the D-
GESG algorithm. Obviously, the D-MI-GESG algorithm has higher

computational load than the D-GESG algorithm.
Remark 5. By introducing the innovation lengtt the D-MI-GESG
algorithm uses not only the current data informatiar(t), y(¢)}

and the innovations;(t), j = 1,2, but also the past data informa-
tion {u(t —4),y(t —1),i=1,2,--- ,p — 1} at each recursion and

that the algorithms do not make full use of all the system data infor-
mation. This section develops a gradient-based iterative algorithm
for the bilinear-in-parameter system in (4) based on the model
decomposition technique.

Use the newedtdata and define the stacked output vedtdit)
and the stacked information matric®s (t), ¥ (¢t) and®y(t) as

Y (1) :=[y(t),y(t—1),--- yt —1+1)]" €R, (45)
D1(t) = [p1 (1), , 1 (t — 1+ 1)]
= [F(t)b,-- ,F(t —1+1)b] € R™*!, (46)
()= [(t), -, p(t —1+1)]
FT(t)a F'(t—1+1)a nax
- @Et)) <p((t—l+1§ R (47)
Bu(t) :=[p), - ot —1+1)] € ReHna)xl, (48)

Define two criterion functions:

Ja(a):= S|Y (1)~ Bh(0)p—~ B (Dal®,  (49)
T(0) = LIV (1)~ @7 (0)9)]% (50)

Let k=1,2,3,--- be an iterative variable, andy(t), 9;(t) be
the iterative estimates af and+¥. For the optimization problems
in (49)—(50), minimizingJ3(a) and J4(4¥) and using the negative
gradient search lead to the iterative estimates ahdd:

ap(t) = ar_1(t) — p1 k(t)grad[Jz(ak—1(t))]
=ap_1(t) + p1x(t)P1(t)
X[V (t) — ®u(t)pp_1(t) — @1 (Dar_1(1)], (51)
Dp(t) = Op_1(t) — po i (t)grad(Ja(9p_1(t))]
=01 () + p2,k ()1 (t)
X[V (t) = T (1)1 (1)), (52)

wherepu () > 0 andpug 1 (t) > 0 are the iterative step-sizes i.e.,

the convergence factors to be discussed later. Because Equations
(51)-(52) contain the unknown, b, w(t —4) and v(t — ), the
approach here is based on the iterative principle and the hierarchi-
cal technique. Define the stacked information estimagqtit) and

the stacked information estimation matrices ;(t), @, ;. (t) and

W, (t) as

Prt) =1 (t = 1), =bp_1(t = 2),--- , —Wp—_1(t — nc),

ﬁk—l(t - 1)7@k—1(t - 2)7 T 7@k—1(t - nd)]T7

[é1,
= [F()bg_1(t), -, F(t — 1+ 1)by_1 (1)),
B () = [@r(t), pr(t — 1), -+, @yt — 1+ 1),
Do(t) = [h(t), - bt — 1+ 1)]
_ [ Fi(ag_1(t) FT(t— 1+ Dag_1(t)
Pt Pt —1+1)

hence has higher parameter estimation accuracy than the D-GES@&rom (8), we havew(t — i) = y(t — i) — ¢{ (¢t — i)a. Replacing

algorithm.

¢1(t — i) anda with &)l,k(t —14) andag(t) , the estimateby (t —
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1) of w(t — 7) can be computed by

g (t — i) = — 1t — i)ag(t).

Similarly, Equatlon (9) can be equivalently written a& — i) =
wt—i) = T(t — i)p. Replacingp(t — i) and p with @, (¢ — )
andpy, (t) gives the estimatéy, (¢t —¢) of v(t — i) as
Bpp(t — 1) = by (t — 1) —

Replacing®; (t) and®y(t) in (51) with their estimateél,k(t) and
&, 1(t), and replacing? (t) in (52) with its estimate¥ , (¢), we have

y(t — 1)

Pr(t — i) py(t).

Gy (t) = ag_1(t) + p1 () D1 1 (2)

X[Y () — B o ()P 1 (1) — D1k (D)éage—1 (1))
=[Im — .ul,k(t)@l,k(t)@l,k(t)]dk—l(t)
k(OB (Y (8) — Ba k(b1 (D], (53)
5 (t) = V1 (t) + po ()T (1)
X[ (£) — i ()01 (¢)]
= [In, — 2o ()F 1 ()T L (D)D) 1 (1)
2,k (O R(DY (1) (54)

The above equations can be seen as discrete-time systems.
order to guarantee the convergence m,gg and 9;(t), the

symmetric matrlces[Im — 1 (t )451 k()P1,1(t)] and [In, —

po k(t Y ()P ( )] have all eigenvalues inside the unit circle. One
conservative way is to choose of ;. (t) andus 1 (t) to satisfy

Nl,k( ) < 2/\max[4§1 k( ) k( )}
fi2 1 (1) < 2 max [P (¢ @ (1)].

gt — 8) = y(t — i) — Gy gt — )ag(0), (63)

bt — 1) = g (t — i) — @Rt — 1) Py (1), (64)

pk(t) < 2/|81 £ (L)) 72, (65)

o (t) < 2@k ()] 72, (66)
95(t) = by p(t), -+ bk (), é1 £ (1)s s En, & (1),

dy o (8), -+ sy k(D] (67)

ax(t) = senlas 1O (69

The D-GEGI algorithm can improve the parameter estimation
accuracy by taking full advantage of all the collected measurements.
Although the algorithm requires large computational efforts, this
increased computation is still tolerable and affordable for modern
computers. Here, if we sét= L andt = L in (45)-(48) (: the
data length), then

Y (L) = [y(L), y(L —1),- y(l)}TeRL, (69)
P1(L) :=[p1(L), 1 (L — 1), , ¢y (1)]
= [F(L)b,F(L—1)b,--- 7F(1)b]eRmXL, (70)
Y(L):=[¥(L), -, 9¥(1)]
-~ FT(L)a F'(1)a nixL
= e O
" (D)= [p(D), (L~ 1), @(1)] € ROFIDXE(72)
They contain all the measured data availdhlé), y(i) : i = 1,--- , L}.

Define two criterion functions:

Js(a) = 3 |¥ (L) - L(L)p - B (L)al®

Jo() 1= S |¥ (L) - " (L))

Computing the maximum eigenvalue of a square matrix requires Similarly, minimizing the quadratic criterion function’ (a) and
heavier computational costs than computing its trace. The maximum.js(19) yields the following D-GEGI algorithm:

eigenvalue of a positive definite matrix is always smaller than its
trace. In order to reduce computational burden, an alternative way of -

p1,k(t) andpus . (t) is to take

pi g () < 20181 1 (8] 72,
po g (t) < 2|k (1)) 72

Thus, the decomposition based generalized extended gradient iter-

ative (D-GEGI) algorithm for computing the parameter estimation
vectorsay (t) anddy(t) is summarized as

ap(t) =ap_1(t) + 1, k()1 k(B[ (¢)

~&y (0P (t) — PLe(Dag—1(1)],  (55)
Vi (t) = i1 (t) + po ()P (1)

XY (£) = Zr()Dp_1(2)], (56)
Y (t)=[yt),y(t —1), -yt —1+ D], (57)
Pr(t) =[—wp_1(t = 1), , —Wp_1(t — ne), (58)
b1 (t— 1), 0p_1(t — ng)]', (59)

Py 1 (t) = [9271,k(t)1 : ,&n,k(t —1+1)]
= [F(t)by_1(t), -, F(t — 1+ 1)bs_1(t)], (60)
&, 5(t) =[@p(t), @rt — 1), , @t —1+1)],  (61)
() = [Pr(t), Yrp(t — 1), Yt — 1+ 1), (62)
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a = ay_1 + p1 Py x(L)
XY (L) — b1 (L)pg_1 — 1x(L)ak_1], (73)
Dy =Dp1 + o, kwuL)[Y(L)—@L(ka_ﬂ, (74)
Y (L) = [y(L), y(L — 1), 5], (75)
Prt) = [—p—1(t = 1), , —hp_1(t — nc), (76)
Dp_1(t— 1), op_1(t —ng)]", (77)
P k(L) =1 4 (L), ¢y k(L= 1),y 1 (1)]
=[F(L)bg_1, F(L = 1)by_1,--- , F(1)bg_1],(78)
b, 4 (L) = [@x(L), pr(L — 1), (D)), (79)
b1, (L) = [hy(L), 4y (1)]

-[* EL%‘“;* T e
() = y(t) — 1 k(D) (81)
b1 () = g (t) — i ()P, (82)
pi1k < 2|| P k(L )H_2 (83)
pag < 2 (L)] 7 (84)

Oy, = [by g, 13 ko Clks> > Cno ks
dy g, cind Kl (85)
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QI

D(z),
ult—1) wt—2) u(t—3) u(t—4)
WAt —1) uw?(t—2) wPt-3) uE(t—4) |’
Cz)=1+c12 ' =1+0202"1,

D(z)=1+dz ' =1+0232"",

- _ k

ay, =sgnlay p]—-- (86) =a'G#)b+
la] @ G(t)

To summarize, we list the steps involved in the D-GEGI algorithm  G'(¢) =

to estimatez andd ask increases:

1. Set the data length and collect the input-output datgt) and
y(t),t=1,2,---, L. FormF'(t) by (2) andY (L) by (75).

2. Let k=1, and give a small positive numberand the non- _ T Tl
linear basis functiory; (). Set the initial valueséo = 1, /v/m, @ =lar, 2] =10.30, VOO,

D90 = Lntn, 1n,/P0, Po = 10%, o (t) anddy(t) are two random b= [b1,ba,bs,bs)" =[0.54,1.25,1.5,1.5]",
numbers. _ T
3. Form oy (t) using (76).8,, . (¢) using (79).& 5 (¢) using (78) 0 = [0.30,1/0.91,0.54, 1.25,1.5,1.5,0.20,0.23]".
and¥ . (t) using (80).

4. Select a largg:; , according to (83) and update the parameter Thus, the Hammerstein finite impulse response system in Figure 1 is
estimation vectoé, using (73) and normaliz&;, using (86). transformed into a bilinear-in-parameter model like in (4).

5. Select a largeus ;, satisfying (84) and update the parameter

estimation vectof};, using (74).

6. Computewy, (t) andiy (t) using (81)—(82). u(t)
7.0 |lag — ap_1|| + |95 — 9p_1|| > ¢, increasek by 1 and go BAMANNN gg;;
to Step 3, otherwise, obtain the parameter estimation ve@joesd
.
u(t) a(t) x(t) ,L y(t)
Compared with the D-GESG and the D-MI-GESG algorithms, the g(%) B(z) b .

D-GEGI algorithm refreshes the parameter estimateandd;. by
using a fixed data batch with a finite lengthand is able to take
sufficient advantage of all the measured data at each iteration so tha
the parameter estimation accuracy can be greatly improved.

The computational complexity of the algorithm is evaluated by . . . .
the number of multiplications and additions. One multiplication or N Simulation, the input{u(t)} is taken as an uncorrelated
one addition is called a flop, which means floating-point opera- Stochastic signal sequence with zero mean and unit varignce,}
tion. The sum of the flops implies the computational complexity &S & white noise sequence with zero mean and variafice
of the algorithm. The computational efficiency of the D-GESG  APPly the D-MI-GESG algorithm in (28)—(44) and the D-GEGI

algorithm, the D-MI-GESG algorithm and the D-GEGI algorithm lgorithm in (73)—(86) to estimate the parameters of this system with
are given in Tables 1-31 = m + ne + ng, N2 = 1 + ne + ng L = 3000. The D-MI-GESG parameter estimates and their errors
no = m+ 1+ ne + ny). ; N are shown in Table 4 witph = 1, 2 and 3, the parameter estimation

Obviously, the D-GESG algorithm requires small computational €orsé: := [|6(t) — 8||/[|6|| versust are shown in Figure 2. When
cost than the D-MI-GESG algorithm at each recursive step. In P = 3, the2 parameter estimation errafs versust with different
Section 5, we will give the comparison of the computational load ¢~ = 0.20%,2.00%,4.00° are given in Figures 3. For comparison,
for the D-MI-GESG algorithm and the D-GEGI algorithm. we use the D-GEGI algorithm to estimate the unknown parame-

ters, Table 5 gives the parameter estimates and their effors
|8 — 6]|/]10|| under different noise levels and Figure 4 shows the
5 Example parameter estimation errofg versusk.

Fig. 1: The Hammerstein nonlinear finite impulse response system

Consider the Hammerstein finite impulse response system shown
in Figure 1, the nonlinear functiog(*) is a linear combina-
tion of known basis functiong(u(t)) := [g1 (u(t)), g2 (u(t)), - - ,

gm (u(t))]" € R™ and coefficient§ay, az, - - - , am): 085 1

u(t) = g(u(t)) = arg1(u(t)) + azga(u(t)) + - - - + amgm (u(t)), ossf- | ]

w041 D-GESG (D-MI-GESG, p=1)

the linear dynamic block is a finite impulse response with a coeffi- ol
cient(by, ba, - ,bn): : !

D-MI-GESG, p=2

03 . B

B(z) = blz_l + bQZ_2 +o by 025 T _D-MI-GESG, p=3 ]

0.2 L L L L
0 500 1000 1500 2000 2500 3000
t

Define the information matrix
L mxn Fig. 2: The D-MI-GESG estimation error& versust with o’ =
G(t):=lg(ult — 1)), g(u(t —2)),-++ ,g(u(t —n)] e R™". [0

From Figure 1, we have
From Tables 1-3, we can see that the computational efficien-

_ D(z i - M- _ i
y(t) = B(=)alt) + ( )v(t) cies of the D-GESG, D-MI-GESG and D-GEGI algorithms are
C(z) flops, Ny flops andN3 flops at each step. In this example, the total
D(z) flops of the D-GESG, D-MI-GESG and D-GEGI algorithms in run-

=bra(t— 1)+ -+ bpu(t —n) + v(t) ning process ar&; := Nit = 282000, X3 := Not = 726000 and
Y5 := N3k = 30000800.
D(z) From the results of this simulation example, the following con-

C(z) v(®) clusions can be drawn.

C(z)

=la’g(u(t —1)),--- ,a"g(u(t —n))]b +
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Table 1 The computational efficiency of the D-GESG algorithm

Variables Expressions Multiplications Additions
at) a(t) = a(t — 1)+ 28 (1) e mm 2m m
er(t) = y(t) — dy(Da(t — 1) — @' (D)p(t — 1) € R m+ ne + g m+ ne + ng
ri(t) =ri(t— 1)+ || (1)]> € R m m
b, (t) = F(t)b(t — 1) € R™ mn m(n—1)
d(t) d=3(t—1)+ ”‘;((?) ea(t) € RPHnetna 2(n + ne + ng) n+ne+ng
ea(t) = y(t) — P ()D(t — 1) € R n+ ne +ng n+ ne +ng
ra(t) =ra(t — 1) + [lh(t)|? € R n+ne +ng n+ne +ng
$o(t) = FT(t)a(t — 1) € R" mn n(m —1)
B(t) o(t) =w(t) — @ ()pER ne +ng ne +ng
0) B(t) = y(t) — ¢y (Da € R m m
Total flops Np :=6ng + 2n1 + 4mn + 3(ne + ng)

Table2 The computational efficiency of the D-MI-GESG algorithm

Variables Expressions Multiplications Additions
a(t) ait)=a(t—1)+ %El (p,t) EeR™ m(p+1) mp
=T . =T .
Ei(p.t) = Y(p,t) — B](p, )at — 1) — By (p, )p(t — 1) € RP (m + ne +na)p (m + ne +na)p
ri(t) =ri(t—1)+ || ®i(p 1) €R mp mp
®1(p,t) = [F(1)b(t — 1), , F(t —p+ 1)b(t — 1)] € R™*P mnp m(n —1)p
B(t) Y =0(t—1)+ qﬁi’é?) Es(p,t) € Rinetna (n+ne+na)(p+1) (n+ ne +na)p
=T - )
Ex(p,t) =Y (p,t) =¥ (p,t)0(t — 1) € R? (n+ne+na)p (n 4+ ne 4+ nq)p
ra(t) = ra(t — 1) + [ ¥(p,1)||> € R (n+mne +na)p (n+ne +na)p
. F't)a(t—1) - F'(t—p+Da(t—1
¥(p,t) = (al ) (¢ -p+ L)al ) € R"2XP mnp n(m —1)p
P(t) pt—p+1)
o(t) a(t) =a(t) - @ ()P ER (ne +na)p (ne +na)p
. . AT
(1) b(t) = y(t) - $y(Da € R mp mp
Total flops Ny :=4n1p + 6nap + dmnp + 4mp + ng — np
Table 3 The computational efficiency of the D-GEGI algorithm
Variables Expressions Multiplications Additions
ay b = a1 + p1,k PR (L) Er € R™ mL+m mL
Bk w1k < 2||451,k(L)||T*2 €R . mL 41 mL —1
Eyk By =Y(L) = Py 1 (L)pr_1 — Py p(L)ar—1 € R (m+ne +ng)L (m+ne+ng)L
Oy, O = g1 + p2 kWi (L) By, ), € RMTetnd (n+nc+na)L+n+ne+ng (n+ne+nq)L
M2k M2k S2||'I/k(L)H_2 eR (TL+7L(‘+TLd)L+1 (n+nc+nd)L—1
AEQJG AEQ’;C =Y (L) T'I’k(L)ﬁk'—l € RL (n 4+ ne +nqg)L (n+ne+nqg)L
b1 (1) b1,x(t) = F(t)by_1 € R™ 2mnlL 2(n —1)mL
P21 (t) &y 1 (1) = FT(t)ap_1 € R" mnL (m—1)nL
Op(t) O (t) = Wi (t) — QTOZ )b €R (ne +nq)L (ne +mna)L
Wy (t) W (t) =y(t) — ¢y p(H)ar €R mL mL
Total flops N3 := (4n1 + 6nz + 6mn + 2m — n)L + ng

e The D-GESG algorithm has high estimation errors. Based on leads to a higher parameter estimation accuracy by both algorithms.
the multi-innovation theory, the D-MI-GESG algorithm make the The D-GEGI algorithm has the higher computational effort than the
parameter estimation errors become smaller when innovation lengthD-MI-GESG algorithm.

p increases. Moreover, the parameter estimation errors given by the

D-MI-GESG algorithm become smaller agicreases.

e The parameter estimation accuracy of the proposed D-GEGI
algorithm becomes higher with the increasing of iteraficand the
parameter estimates are close to their true values.

e For the same data length and noise levels, it is obviously tha
parameter estimation accuracy of the D-GEGI algorithm is higher
than that by the corresponding D-MI-GESG algorithm for bilinear-
in-parameter systems. The results show that a lower noise leve

6  Conclusions

tThis paper considers the parameter estimation problems for bilinear-
in-parameter systems by means of the negative gradient search.
Based on the the model decomposition technique, we derive the
[D-GESG algorithm, the D-MI-GESG algorithm and the D-GEGI
algorithm. The D-GEGI algorithm can generate more accurate

IET Research Journals, pp. 1-9
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Table4 The D-MI-GESG estimates and errors (o2 = 0.202)
D t al as b1 bo bs by c1 dy Ot (%)
1 (D-GESG) 100 0.08767 0.99615 0.52315 0.56623 1.65401 0.72225 -0.56227 0.01155 48.78112

200 0.10277 0.99471 0.52408 0.65344 1.61509 0.81650 -0.50942 -0.07412 44.47296
500 0.12137 0.99261 0.55131 0.72590 1.60439 0.89792 -0.49487 -0.11099 41.47031
1000 0.12539 0.99211 0.56476 0.77897 1.59724 0.95942 -0.48259 -0.13627 39.40240
2000 0.13437 0.99093 0.57783 0.83560 1.59293 1.02212 -0.47389 -0.15697 37.42139
3000 0.13943 0.99023 0.58384 0.86443 1.58762 1.05408 -0.46778 -0.16765 36.42892

2 100 0.32342 0.94626 0.47977 0.94839 2.41918 0.84035 0.31580 -0.28117 47.06989
200 0.32637 0.94524 0.42969 0.97905 2.29287 0.97741 0.35584 -0.30189 41.70560
500 0.30556 0.95217 0.43551 1.01274 2.17058 1.08537 0.41366 -0.33790 37.67442
1000 0.29945 0.95411 0.42411 1.01616 2.07946 1.15818 0.45340 -0.35728 35.33572
2000 0.29188 0.95645 0.42359 1.02837 2.00459 1.22956 0.49189 -0.37220 33.55210
3000 0.28994 0.95704 0.42007 1.03286 1.96435 1.26480 0.51319 -0.37559 32.72269

3 100 0.35312 0.93558 0.41925 0.90247 2.47060 0.87967 0.17868 -0.31087 48.59226
200 0.32311 0.94636 0.35763 0.88653 2.23649 1.08311 0.22184 -0.27721 39.12418
500 0.28842 0.95750 0.39645 0.90394 2.02294 1.24272 0.28025 -0.24232 30.87087
1000 0.26929 0.96306 0.39055 0.87510 1.86225 1.33737 0.30436 -0.19563 26.26261
2000 0.25766 0.96623 0.40118 0.87291 1.74563 1.42816 0.29937 -0.12015 22.02908
3000 0.25311 0.96744 0.40424 0.86685 1.68222 1.46337 0.28337 -0.06714 19.98415

True values 0.30000 0.95394 0.54000 1.25000 1.50000 1.5000 0.20000 0.23000

Table5 The D-GEGI estimates and errors

o2 k al az by bo b3 by c1 dy Ok (%)

0.20% 1 0.06399 0.99795 2.08017 2.63747 2.85895 2.85109 -0.12012 -0.00261 104.88295
2 0.11902 0.99289 1.59114 2.15611 2.37300 2.36138 0.03553 0.25148 68.48643

5 0.32034 0.94730 0.87561 1.49035 1.74024 1.74505 0.43594 0.03200 22.38965

10 0.40419 0.91468 0.63494 1.32614 1.62037 1.63392 0.28494 0.23162 9.07650

50 0.30104 0.95361 0.53403 1.24323 1.50986 1.51145 0.25965 0.25768 0.73961

100 0.29620 0.95513 0.53733 1.24044 1.50176 1.50201 0.25721 0.26011 0.48144

2.00? 1 0.06000 0.99820 2.06420 2.59927 2.87529 2.86543 -0.12202 -0.02169 104.52494
2 0.11184 0.99373 1.67939 2.22121 2.49648 2.48243 -0.03191 0.22781 75.94932

5 0.31126 0.95032 0.98593 1.56345 1.86171 1.85374 0.25581 -0.00939 28.91678

10 0.40721 0.91334 0.68172 1.31271 1.64216 1.64042 0.11105 0.13963 12.17191

20 0.32055 0.94723 0.55667 1.20384 1.52231 1.50766 0.09908 0.16467 6.86752

100 0.24763 0.96885 0.54389 1.15762 1.43809 1.40469 0.16203 0.27270 6.57269

4.002 1 0.05558 0.99845 2.04646 2.55682 2.89345 2.88137 -0.12413 -0.04289 104.16434
2 0.10346 0.99463 1.80822 2.32320 2.66128 2.64595 -0.12561 0.18221 86.57320

5 0.32559 0.94551 1.26325 1.79136 2.13437 2.11111 0.05631 -0.01560 47.74720

10 0.51978 0.85430 0.90771 1.46213 1.81849 1.79063 -0.03798 0.07431 26.90482

20 0.41038 0.91192 0.67509 1.24668 1.60224 1.55800 -0.01410 0.11914 13.46115

100 0.21365 0.97691 0.53874 1.08350 1.41699 1.34172 0.15949 0.35027 10.59357

True values 0.30000 0.95394 0.54000 1.25000 1.50000 1.5000 0.20000 0.23000

0?=2.00° 0%=4.00°

L L L
500 1000 1500 2000 2500 3000 50 60 70 80 90 100

Fi29. 3: The D-MI-GESG estimation errofs versust with different Fig. 4: The D-GEGI estimation erroi, versusk with differento>
g

parameter estimates than the D-GESG and the D-MI-GESG algo-the over-parameterization of the parameters and decrease the compu-
rithms by exploiting all the measured input-output data at each iter- tation load. The proposed approaches in the paper can combine other
ation. The proposed algorithms have the advantage of not involvingmathematical tools [45-47] and statistical strategies [48—51] to study

IET Research Journals, pp. 1-9
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the performances of some parameter estimation algorithms and cane
be applied to other multivariable systems with different structures

and disturbance noises and other literature [52-55].
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