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Abstract—In this paper, we deal with the robust passiv-
ity problem for coupled reaction-diffusion Cohen-Grossberg
neural networks (CRDCGNNSs) with spatial diffusion coupling
and state coupling. First, we present the network model for
CRDCGNNs with state coupling and establish some robust
passivity conditions for this kind of CRDCGNNSs. Then, the
investigation on robust passivity for CRDCGNNs with spatial
diffusion coupling is carried out similarly. At last, the feasibility
of the obtained theoretical results is demonstrated by one
example with simulation results.
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I. INTRODUCTION

In 1983, a kind of network was proposed by Cohen
and Grossberg, which was named Cohen-Grossberg neural
networks [1]. Since then it gained particular concern due to
promising applications in associative memory, classification,
optimization problems and parallel computing. Moreover,
CGNN is very general to cover some well known networks,
for instance, Hopfield neural networks, recurrent neural net-
works. Therefore, lots of researchers devote themselves to
studying the dynamical behaviors of CGNN [2], [3], [4].
Coupled CGNNs have been found to show more sophisti-
cated even unpredictable dynamics compared with a single
CGNN. Recently, some literatures on the synchronization of
coupled CGNNs have been reported [5], [6], [7]. In [6], the
authors investigated synchronization problem in finite time
for coupled CGNN:S.

Note that the network models did not take diffusion
phenomena into consideration in aforementioned works. Ac-
tually, the diffusion phenomena is very important, which can-
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not be ignored in networks. This motivates some researchers
to study the dynamics of coupled reaction-diffusion neural
networks (CRDNNS). Passivity, as one of the most significant
dynamics of networks, has attracted widespread attention
since it plays an indispensable part in system theory and has
been applied into some research areas, e.g., induction motors
and nonlinear descriptor system. Although many attention
has been paid to investigating passivity of CRDNNs (see [8],
[9]), only a few scholars considered the problem of passivity
for coupled reaction-diffusion CGNNs (CRDCGNNSs) except
Chen et al. [10] obtained several passivity conditions for two
types of CRDCGNN:Gs.

In some practical cases, due to the existence of environ-
ment noises and limitations of equipment, the parameters in
the networks maybe change within some bounded ranges in
the network’s modeling process. Thus, it is essential to study
the robust passivity of CGNNs [11], [12]. In [12], Nagamani
and Radhika analyzed robust passivity of Takagi-Sugeno
fuzzy CGNNs. According to our knowledge, there is no
research work covering on robust passivity of CRDCGNNS.

Based on the above introduction, the main content of
this paper is to study the robust passivity of two kinds
CRDCGNNSs. The first kind is CRDCGNNs with state cou-
pling, the second kind is CRDCGNNs with spatial diffusion
coupling. Furthermore, several robust passivity conditions are
derived respectively for these two kinds of CRDCGNNSs. At
last, we provide an example to demonstrate the feasibility
for these obtained results.

II. ROBUST PASSIVITY OF CRDCGNNs WITH
STATE COUPLING

A. NETWORK MODEL

In this section, we discuss the CRDCGNNs with state
coupling which is composed by M identical nodes:

# = DAZ(C 1)+ wi(C) — alz(C 1) [b(zi(C, 1))
~Cf(2:(¢, 1) — Eg(z:(C, 1)) + J]
+9 3 GyT2(C 1), )

J=1



in  which 1 = 1, M, z((1t) =
(zin (1), s 2im(¢, )T € R™ denotes the i-th
node’s state, where ¢ = ((1,---,()T € Q C RY
wi (¢, ) = (W (G 1), ,wim(¢,1))T € R™ is the control
input; A = Z 1 6;2 signifies the Laplace diffusion
operator on €; z;((,t) = (z;1({,t — 71(t)), -+, zim (C, t —
()T € R™, and 7;(t) (j = 1,---,m) stands for the

transmission delay, which meets 7;(t) < 0; < 1(6; > 0)
and 0 < 7;(¢t) < 755 D = diag(di,---,dm) > 0

and d; signifies the transmission diffusion coefficient;
b(zl(ga t)) = (bl (Zil (ga t))? e ab’m(z’bm (Cv t)))T and
bi(z;;(¢,t)) is an appropriately behaved function;
a(zi(¢,t)) = diag(ar(za (1)), -+ s am(zim(C, 1))

and a;(z;;(C,t)) presents an amplification function;
C = (¢ij)mxm and E = (€;;)mxm, where the elements in
them represent the connection strengths; f(z;((,t)) =
(fl(zil(ga t))v e 7fm(zim(<7t)))Tag(zi(§a t)) =
(910 (Gt = ), > g(zam (G, — Tn(£)))7 where
g; (), f;(-) are the activation functions; J = (Jy, -+, J,)T
and J; is the constant input, I' = (vij)mxm € R™*™
signifies the inner coupling matrix; p > 0 denotes
the coupling strength; G = (Gij)mxm stands for
the coupling weight, where G = —Z;{Lj# Gijs
Gij = Gj; = 0 (i # j). More specifically, if there is a
connection between nodes ¢ and j, then G;; > 0; otherwise
G;; = 0 in the case of ¢ # j. In addition, the ranges of
parameters d;, c;j,e;; in the matrices D,C, E of network
model (1) are given by

D;:= {D=diag(dy, - ,dn): D<D<D,
iend; <di <djyi=1,---,m,
VDED[},

Cr = {CZ(Cij)meZQ C < Cze,c” 2)
<cij<6ij,i,j—1 mVCEC]}

Er = {E:(eij)mxm:E EE J1€., €45
geijgéij,i,j—l, ,m,VEGE]}

The system (1) satisfies the following conditions:

zi (¢, t) =0, (¢, t) € 99 X [—T, 0], 3)
Zz(ga t) = @z(ga t)v (ga t) € x [77—5 O]a (4)
where 7 = max {7j} and ;(¢,t) e R™ (i =1,---, M)

is bounded and continuous on Q x [—7, 0].
In this paper, the following assumptions need to be satis-
fied .
Assumption 1: f; and g; are continuous. Moreover, there
are two scalars I; > 0 and P; > 0 such that
gi(@1) — gj(w@2)

(o) — il
0< 1i(@1) — 15(w2) <F, 0L IRE o op
w1 — W2 w1 — W2
for V wi,ws € R and w; # wsq, where j =1,-- -,
Assumption 2: The function b;(w) is continuous, and

there is a constant b; > 0 such that

bz(wl) — bZ(WQ) S

= bi;
w1 — W2

m.

for V @y, ws € R and @ # wo, where i = 1,--- ,m.

Assumption 3: The function a;(w) is continuous, and

0<g; <ai(w) <a < +o0o

forVweRi=1,---,m
Remark 1: Note that the above assumptions are very com-
monly used in the existing literatures on CGNNs. Similarly,
we assume that these conditions hold throughout this paper.
Suppose that an equilibrium point of CRDCGNNs (1) is
2 = (27, -+ ,25) € R™, then

b(z") — Eg(z") = Cf(z

Therefore, the error vector k;((,t) = 2;(¢,t) — 2* can be
characterized as follows:

)+ J=0.

ORlCt) _ DARCA) +wilCot) — il )] - CO (1)
~FE) 4 b (C.8) ~ () ~ Bla(aC D)
—9(=N] +p Y GigTe (G D), )

For system (5), define the following output vector:

yz(gat) = H"ﬁi(gat) + S’LUZ'(C,t), (6)

where H,S € R™*"™ are known matrices.
The equations (5) and (6) can be described in a compact
form by using Kronecker product:

a’i(C’ t) A

5 ARG, 1) — a(z(¢, 1)) [b(2(¢, 1) — b(2*)
— E(g(=(C.1) - ( N-C(fEEGY) @)
— fEN] +w(¢ t) + p(GOTD)R(C, 1),
y(¢,t) = Hr (¢, 1) + Sw(C,t)
where
K(Ct) = (KT (G, 1), -+, was (G 1),
y(¢t) = (i (¢ 1), - yir (G )T,
w((,t) = (wf (¢,1), -, wir(C,1)7,
FE) =T, )T,

b(z*) = (b7 (2%),- -, 6T (z%))7,
a(z(¢,t))=diag(a(z1(¢, 1)), - - ,a(zm((, 1)),
9(z*) = (g7 (z"), - 9" ()7,
9(2(¢,1))=(g" (21(¢, 1)), -+, 9" (zae (G, 1)),
FEG)=(T(21(¢ ), 5 T (zm (¢G0T
b(Z(C,t))f(bT(m(C,t)), BT (2 (¢ 1))7,

E=IyoEC=Iy®C,
D=1y®D H=Iy®H,S=1y®8S.

Definition 2.1: 1f there is a constant o € R such that

tp
/ / yT(C (G Ddcdt > —a?
to Q

for all D € D;,C € Ct and E € Ep, where tp,to > 0 and
t, = to, then the system (7) with the uncertain parameters



given in (2) is said to be robustly passive. Especially, if there
are constants y; > 0 and 2 > 0 satisfying

tp tp
/ / yT(C Oyw(C, OdCdt > m / / w7 (¢ tyw(C, tydCdt
to JQ to JQ
tp
o 4 / /Q YT (¢ (G, t)dCdt

for all D € D;,C € Ct and E € Ep, where tp,to > 0 and
t, = to, then the system (7) with the uncertain parameters
given in (2) is called to be robustly input-strictly passive
when ~y; > 0 and robustly output-strictly passive when vy, >
0.

For convenience, we denote

MG = (m(GD (6D )T,
&ij = max{[C;|, |c;; |}, €o =20 Do, z]?
éij—max{|eij|,|gij|}, §E = Zz 12; 1 l]’
D=Iy®D, B=Iyodagb, -, bn),
::IM®diag(ﬁ,~~,1 15m),
P = Iy ® diag(P2,--- , P2),
F = Iy @ diag(F2,--- , F2),

A = IM ®diag(gla o agm)a
A = Iy @ diag(@, - ,am)-
B. ROBUST PASSIVITY

Theorem 2.1: If there exists matrices 0 < L = diag
(L1, ,Lyp),0 < Q = diag (Q1,---,Qn) and a constant
~v1 > 0 such that

)<

0,
L—H
where L; = diag (L, -1 )Qz =
(gi1, - »qim),©1 = —2LAB+F — z | EREDE (e 4

Ai(QN)ep) LA L 4+ PEQ + p[L(G @ F) (G ®T7)L),
then the system (7) with the uncertain parameters given in
(2) achieves robust passivity.

Proof: For system (7), construct the following candidate
functional:

V(t) = /Q KT (1) L (C, 1)dC
+ Z Zl -

=1 j=1

L—HT

475 ®

diag

/Q1] Kij ga dgds 9)

t—7;(t)

2 | H(c,t)L{mn(g,t) —a(=(¢ ) B )
/\Q A
COUFECD) - FE) — ) — BGTD)
)] +w(C,t) + p(G @ T)R(C, 1) pdC

—g(
+/Q/€T
-,

(¢, ) PEQK(C, t)d¢

K1) PQR(C E)dC.

By utilizing some inequality techniques, one can obtain

=27 (¢, 1) La(z(¢, ) (b(2(¢, 1)) — b(2"))
26T (¢, t)LABK(C, 1), (10)

:1)
(C,t)La(( ))C“(f(( )) f(z7)
HT(C,t)( cLA’L + F)x(C,
257 (C,t)La(2(¢, 1) E ((Z(Cf)}
A (@™ ) T(¢, t)La(z(¢, 1) EET

+1(C. 1) PQR(C, 1)
Mr(Qeen” ¢, LA’ Lr((, 1)
+n(<,t PQF&(C ),
L(G®T)k((, t)dC

/N

N

(1D

g(£%))
a(z(¢,1))Lk(C,t)

/N

N

) (12)
K
Q

p/Q/i (([LG@T)HG @TT)L] k(¢ t)d.  (13)

In light of Green’s formula, we have

| AT onDantc

T
i/ ( acﬁ > ana(ét)dg

Similarly, one can get
| (e, DLac g
Q

() mt

54}
Obviously, there exists a matrix 1I € RMMxmM- qatisfying
LD + DL =TI"II. Then,

J

[(AR(C, )T DLr(C,t) + &7 (¢, ) LDAK(C, )] d¢

g T
. ; /Q (6(1’1;25,15))) G(Hgéf,t)) "
< il/g nT(gt)LDgDLn(c,t)dc (14)
From the above equations (10)-(14), we have
V(i) < /QRT(C,t){ — zq: % —2LAB+ F
~ B

o+ A (Q NeR) LA L + p[L(G®T)
+(G®TIT)L] + PEQ}H(C, t)d¢

+2 / KT (¢ 1) Lw (¢, 1)dC. (15)
Q



Then,
V() -2 / yT (¢, tw(C, 1)
Q
. LD+ DL
< /Q;-;T(g,t){ 7;712 —2LAB+F

+H(Ee + A (Q V)R LAL + p[L(G & T)
+(GeTT)L] + PEQ}F;(C, t)d¢

+2/Q;£T(§,t)(L — HYw(¢, t)d¢

+ [ w87 - Su(c. g

0, L — HT

= /QET“’”( Lo g
(¢ 0,0 ()T
Vit <2 /Q yT (G, (. 1)dC.

5 )ecc
where £((,t) = (kT . From (8), one gets

(16)
By integrating (16) about ¢ from ¢, to %, it is easy to know

//Q (¢, w(¢, t)dCdt >

Therefore,

tp
/t /Q yT (G (¢, )dCdt > i,

V(tO)

V(ty) = V(to) = —V(to).

where 7, = , tp,to € RT and t, > to. ]
Similarly, the fol]owmg results can be derived.
Theorem 2.2: If there are matrices 0 < L = diag
(L1,-+, L), 0 < Q= diag (Q1,---,Qnr) and a constant
1 > 0 such that

0, L—HT
. ) <0 a7
(L—H ’lemM—ST—S) an
where L; = diag (L1, - ,lim), Qi = diag
(g1, 1 qim),©1 = —2LAB+ I — Z LD+DL +(€c+
Mr(QNEp) LA’ L + PEQ + p[L (G@F) (G@FTM,

then the system (7) with the uncertain parameters given in
(2) achieves robust input-strict passivity.

Theorem 2.3: If there are matrices 0 < () = diag
(@1, - ,Qwm),0 < L =diag (L1, -, Lps) and a constant
2 > 0 such that

O, L—HT +~,HTS
L—H+7%STH ~,8T8-8T_—-§
where L; = diag (L1, - ,lim), Qi = diag
(@1, + Gim), 62 = —2LAB+F — z | ERADL ey
Ai(Q~1)ep) LA L+p[L(GeT) + (G®FT) ]+72HTH+

PZ=Q), then the system (7) with the uncertain parameters
given in (2) achieves robust output-strict passivity.

) <0, (18)

III. ROBUST PASSIVITY OF CRDCGNNs WITH
SPATTAL DIFFUSION COUPLING

A. NETWORK MODEL

A spatial diffusion CRDCGNNS consisting of M identical
nodes can be presented by:

w = DAz ((,t) +wi(¢t) — a(z(¢, 1) [b(zi(¢, 1))
—Cf(z:(¢,1) — Bg(z:(C. 1) + J]
M

where z;(¢,t), A, b(+),a(-),g(+), f(+), J,w;({,t) have the
same meanings as those in Section II, the quantities in
matrices D, C, E are belong to the parameter ranges defined
by (2), p, I and G” meet the similar conditions as in Section
II.

Then, the error vector k;((,t) =
described by

Iri((,t)
ot

zi(¢,t) — z* can be

— C(f(2:(G, 1) = f(z") = b(z") — E(g(2i(¢, 1))

M
+ ﬁ Z G’ijf‘Ae
j=1

(20)

where ¢t =1,--- , M.
Define the same y;(¢,t) as in (6) for system (20). Then,
one has

e-t) — DA ) — alo(6 ) (6. 1) — ")
— E(g(2(C, 1) — g(27)) — (f( €)@
— FE] + (G ) + AC B D)AR(
(¢ 1) = Hr(C, 1) + Sw(C,1)

B. ROBUST PASSIVITY

Theorem 3.1: If there exist two matrices 0 < L = diag

(L1,--+,Ly) and 0 < Q = diag (@1, , Q) such that
A > 0, 22)

©; L-HT
R ) <o, 23
( L-H -ST-8 > (23)
where Li = diag (i, - ,lim), Qi = diag
(G®F)L®3: 15+ F+ PEQ + (& +
A (Q1)¢p)LA'L — 2LAB, then the network (21)

with the uncertain parameters given in (2) reaches robust
passivity.
Proof: Choose the same V (t) as (9) for error system



(21). Then,

V() <

+ / kT (¢, t)PEQK(E, t)dC
Q
- /Q R(C. D) PQRC D).

According to Green’s formula, one knows

/ (A(C, )T (G © TT)Lr(C, )dC

B _Z/ (6&82;15 6&(@“ t)

¢y
/Q (e t)L(G ® F)AH(C, t)d¢

_ 8/-@ § t 8’1(470
Z/Q ( o0, I

Gy
one can derive from (22) that

— 4G,

) (GaITL
) LG et .
Then,
2 [ WT(COPLGT) + LD) ARG
! (G, t)\"  OK(C, 1)
A

;/Q ( o, ) ac,

q

- e
From equations (10)-(12) and (24), it is easy to obtain

+ (§o + )\M(Ql)ﬁE)LZQL}H(Cvt)dC

(C t)dg. (24)

q
{ 2—272LAB+F+PEQ

r=1

+2/ kT (¢, t)Lw(¢, t)dC.
Q

Then,

V() -2 /Q yT (G (¢, 1)dC

. ©; L-HT
< [een( 2y ety )
where £((,t) = (kT (¢, t),wT (¢,t))T. From (23), one gets

V() <2 [ 47w i es)
By integrating (25) about ¢ from g to ,, we have
/ | Gttt > Vity) = Vi) > =V o)

Hence,
tP
[ [ reouc o > -
to Q
where 75 = V(to), tp,to € RT and t, > to. [ |

Similarly, the following results can be deduced.
Theorem 3.2: If there exist two matrices 0 < L = diag

(Ly,-++, L), 0 <@ =diag (Q1,---,Qn) and a constant

1 > 0 such that
A > 0, (26)

O L—HT

. - . < 0, 27
(L—H ’yllm]\/j—ST—S) ( )
where Li = diag (l£1,~~~ ,lim)A7 Qi = c}iag
FT)L O3 = —ZT “—2 —2LAB+F+P”Q+(§C+
A (Q71)¢ E)LA L, then the system (21) with the uncertain

parameters given in (2) reaches robust input-strict passivity.
Theorem 3.3: If there exist two matrices 0 < L = diag

(L1,---, Lar),0 < Q = diag (Q1,- -+, Q) and a constant
2 > 0 such that

A >0, (28)

O4 L—HT 4+ 4HTS
Lot T TR Y ) <0, 29
(L—H—i—mSTH 987§ — 8T _ § 29)
where L; = diag  (lix, - ,lim), Qi = diag
(qq,---,qzm) A = LD + DL + pL(G ® T) +
PG @ TL6 = -3 B+ PEQ + (6o +
Mi(@NE)LAL + wH"H — 2LAB + F, then

the network (21) with the parameters given in (2) reaches
robust output-strict passivity.

IV. EXAMPLE

Example 1: Given the following spatial diffusion CRD-
CGNNs which is composed by six identical nodes:

w = DAz(( 1) + wil¢ 1) — alz:(¢ 1)) [b(z:(C, 1))

—Cf(2(¢ 1) — Eg(z(C, ) + J]

6

+0. 2ZG”FAZJ (¢, t),i=1,---,6, (30)
j=1
where a(p;) = diag (1.2,1.2,1.2),Q = {x||z| <
04}7‘] = (anvo)Tvb(Mt) (3M11a3Uz273M13) Tj(t) =
g), 2 = ]+17 L fi(p) = g](:u) =

. j o= 1,2,3,w; = 0.2ivVtsin(rx),w;s =
0.3i\/€tlsin(7rx),wi3 = 0.8i+/tsin(mx). Obviously, g;(-) and
fj(-) satisfy Assumption 1 with F; = P; = 0.2; 2" =
(0,0,0)T € R3. Moreover, the parameters D, C, E are given



in the following ranges:

D= {D:diag(dl,"',dm):Qngﬁ,
ie.,0<0.3i<d; <05i,i=1,---,m,
VD e D},

Cri= {C=(cij)mxm:C<C<Cie, g2 (31
<Cij<%—ijjai,j=1,---,m,VCeQI},

Er:== {E=(¢ij)mxm: E<E<E,ie,
<€ij<%,i,j:1,w,m,VEeEI}.

10 T T T T T

©
T

Iz,
Il
L Il
[XEN I
.......... legl- 0l
‘‘‘‘‘‘‘‘‘ leg-Al,

) (e E
) Iy,
) I, -
i, I,
)
)

S

I, i
I,

~

15
t(s)
Fig. 1.

The dynamics of the state, output and input

In addition, I' = diag(0.2,0.9,0.7), and H, S, G = (Gi;)sx6
are taken as:

0.7 03 02 01 01 0

03 —-10 04 0 01 02
gl 02 04 -11 0 03 02

01 0 0 -05 02 02 |°

01 01 03 02 -1.0 03

0 02 02 02 03 -09

0.3 0.1 0.2 05 0 0.3
H=|02 01 0 |,s=| 0 06 02

0 03 02 03 02 0.6

By calculation using the MATLAB, we can obtain the
following matrices:

0.1419 0 0
L=Iy® 0 01172 0 ,
0 0  0.0919
04325 0 0
Q=1Iy® 0 07654 0 ,
0 0  0.9382

which satisfy (22) and (23). From Theorem 3.1, the system
(30) with the uncertain parameters given by (31) is robustly
passive according to Definition 2.1. The change processes of
input, output and state are shown in Fig. 1.

V. CONCLUSION

In this paper, the robust passivity of two types CRD-
CGNNSs has been studied. Based on some inequality tech-
niques, several conditions are established respectively for
ensuring the robust passivity of CRDCGNNs with state
coupling and spatial diffusion coupling. In addition, the
obtained results has been corroborated by an example with
some simulation results.
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