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Abstract: Flow and heat transfer of a nanofluid through a horizontal microchannel in the presence
of the magnetic field effects and electric double layer (EDL) is investigated theoretically. For a
microchannel with a large aspect ratio, the flow problem is treated as a two-dimensional nonlinear
system. The body force generated by the EDL and magnetic field is considered in momentum
equation. In order to study the mechanism of nanofluid heat transfer, the nanoparticle distribution
and the heat transfer process of nanofluid flow are represented by the Buongiorno's nanofluid model
with the passively controlled nanoparticle distribution at the boundary, which has not been
considered in previous microchannel studies. Compared to the so-called active control of
nanoparticle volume fraction at the boundary, the current approach makes the model physically
more reliable by taking into account of the effect due to varying temperature. The analytical
approximations obtained by the homotopy analysis method reveals that both the magnetic field
effects and the EDL play significant roles on altering the flow and heat transfer in microchannels. It
is also found that the heat enhancement is significantly dependent on the Brinkman number and the
temperature applied to the wall.
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1. Introduction

With the development of miniaturization of scientific instruments, flow and heat
transfer of nanofluids in micro-components have been involved in various fields,

especially in medicine, aerospace and other high-tech fields [1, 2]. However,
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experimental observations [3, 4] have shown that the behaviours of fluid flow and heat
transfer in a microchannel are very different from that in a macro-scale situation. Mala
etal. [5, 6] studied the effect of the EDL on fluid flow and heat transfer in microchannel
between two parallel plates. Their research shows that the EDL results in a reduced
velocity of flow, thus also affects the temperature distribution. Similar conclusions and
other particular features of EDL were found and studied by Ren and Li [7], You and
Guo [8], Shit et al. [9], Jing et al. [10], Zhao et al. [11]. It was indicated that study of
the flow of fluid in the micro-devices should take into account the role of the EDL.

On the other hand, magnetohydrodynamics (MHD) flow is very useful in heat and
mass transfer progresses in many industrial procedures, because the applied magnetic
field can affect the flow and heat transfer characteristics of the fluid [12]. Magnetic
fluid is a kind of fluid containing magnetic particles, the particles of which is generally
nanoscale. Therefore, magnetic fluid can be generally considered as a nanofluid and its
flow and heat transfer can be theoretically studied by using nanofluid models. Recently,
many researchers have paid much attention to the MHD flow and considerable effort
has been devoted to experimental and theoretical research [13-17]. It is worth
mentioning that Ganguly et al. [18] and Shit et al. [19] theoretically studied the electro-
osmotic flow in a hydrophobic microchannel with externally applied magnetic field.
Their work indicates that the magnetic field can be used to alter the distributions of
velocity. Besides, Sheikholeslami and Rokni [20] analysed the flow of nanofluid
convection in the presence of induced magnetic fields. The Buongiorno's nanofluid
model and the active control of nanoparticle volume fraction at the boundary is adopted
in their work. The results showed that the nanofluid motion reduces with the Hartmann
number.

Physically, the concentration distribution of nanoparticles on the wall surface is
not as easy as the temperature to be controlled. The value of the nanoparticle volume
fraction at the boundary has a strong relationship with the temperature and the physical
properties of nanoparticles. Kuznetsov and Nield [21] found that Brownian motion and
thermophoresis have significant effects on heat transfer, and subsequently modifying
the boundary conditions such that the nanoparticle volume fraction on the surface of

the plate passively adjusts itself to whatever temperature is imposed on the surface of



the plate. Therefore, a passively controlled nanofluid model was proposed by
Kuznetsov and Nield [22], which is more physically realistic than previous nanofluid
model. Based on the passively controlled nanofluid model, Xu and Pop [23, 24] studied
the flow and heat transfer of nanofluids and analysed the effects of Brownian motion
and thermophoresis on the distribution of nanoparticles. It should be pointed out that
the Buongiorno's nanofluid model is adopted in their work since the Buongiorno's
nanofluid model can describe the relationship between temperature and nanoparticle
volume fraction with coupled equations.

The aim of the present work is to investigate the flow and heat transfer of nanofluid
between two horizontal plates in the presence of the magnetic field effects and EDL.
The body force due to the EDL and magnetic field are taken into account in the
momentum equation, meanwhile, the pressure gradient parameter is treated as unknown
quantity. The energy equation and nanoparticle volume fraction equation are modelled
by the Buongiorno's nanofluid model and the viscous dissipation is considered in the
energy equation. As one of the highlights in the present approach, the passively
controlled nanoparticles distribution is adopted at the upper plate surface. The
governing equations are reduced by a set of dimensionless quantities and then solved
by homotopy analysis method (HAM) [25]. The effects of the parameters of EDL and
magnetic field on the velocity, temperature and nanoparticle concentration are analysed.
Furthermore, the important physical quantities of practical interests are examined in

detail.

2. Problem description and mathematical formulation

A pressure-driven nanofluid flow between two horizontal plates at the presence of
the EDL and the externally applied magnetic field is described in the following sections.
The boundary walls of the channel are held at different temperatures with the lower
wall at temperature T, and the upper wall at temperature T, . A passively controlled
nanofluid model is adopted here and the upper plate has the passive boundary condition,
while the nanoparticle volume fraction at lower plate is a constantC,. The magnetic
field of strength B is imposed along the y-axis. L is the length of the two plates and

H is the distance between the two plates, as illustrated in Fig.1. The physical model and



boundary conditions in this study conform to the physical facts.
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Figl. Physical sketch of the problem.
The nanofluid flow between two horizontal plates is assumed to be steady, laminar,
fully developed. Therefore, the electrostatic potential equation and Navier-Stokes
equations describing the conservations of the total mass, momentum, thermal energy

and nanoparticle volume fraction respectively can be written as

viy=-Le (1)
gogr
V-V=0, (2)
p(V-V)V=-Vp+uV’V+F, (3)
(V-V)T =aV?T +7[D,VT -VC Dot v Ao, (4)
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(V-V)C =DyV*C+_LVT, (5)
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In Egs.(1)-(5), w is the electrostatic potential, &, is the dielectric constant of the
fluid, &, is the permittivity of vacuum, V is velocity vector, p is the density of
the fluid, g is the viscosity, p isthe pressure, F=E_p, +JxB is the body force
originating from the presence of the EDL and magnetic field, E, is the electric field
strength generated by the electric double layer, p, is the charge density, J is the
current density vector, B is the magnetic flux density vector, « is the thermal

diffusivity, T is the temperature, T, is the reference temperature, C is the



nanoparticle volume fraction, @ is the viscous dissipation term, D, and D,
represent the Brownian diffusion coefficient and the thermophoretic diffusion
coefficient respectively, and 7= (pcp)p/(pcp)f is the heat capacity ratio. Subscripts
p and f, denote the nanoparticles and the base fluid, respectively.

For parallel flow in channels, it is assumed that the velocity component of fluid is
equal to zero along y-direction. The values of temperature and nanometer particle
volume fraction in horizontal direction remain constant, namely, oT/ox=0C/dx=0.
The fluid thermophysical properties are held constant, and the pressure gradient is

assumed to be constant. It is worth noting that the electrical force E,p

e

is caused by
the EDL. Here, the direction of electric field strength is parallel to the x-axis, while the
electric field strength is zero in the y-direction, namely, E, =(E,,0). This is due to the
fact that the free charged particles in the EDL surface will move along the direction of
liquid flow (parallel to the x-axis), and the direction of free charge movement is parallel
to the direction of electric field strength. Therefore, the electric field strength in the x
direction can be noted as E, . Similarly, the velocity of the fluid is zero in y-direction,
and there is no free charge movement in y-direction. Thus, the electric field strength in
the y-direction is zero. It is also assumed that the magnetic Reynolds number is small
(<<1) so that the induced magnetic field can be omitted. According to Ohm’s law, the
current density can be written as

J=c(E+VxB), (6)

where, o is the electrical conductivity, E is applied electric field.

There is no applied electric field in present research, fluid motion is only owing to
the pressure driven, i.e.E=0. In addition, B=(0,B,), V =(u,0). The force exerted
on the fluid due to the electromagnetic interaction with the moving fluid can be written

as

JxB=0(VxB)xB=0c[B(V-B)-V(B-B)]=(-cBu,0). (7)

Based on the above assumptions, the governing equations (1)-(5) are reduce to
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It is noted that the electric potential at the boundary between the diffuse double
layer and the compact layer is zeta potential (£ ). The boundary conditions for the
velocity are non-slip, which requires the x-component of the velocity to vanish at the
wall. It is also assumed that the boundary conditions for the temperature are isothermal.
The passive boundary condition is employed at the upper plate. With these assumptions,

the appropriate boundary conditions of Egs. (8)-(11) are

w(y)=¢, u(y)=0, T(y)=T, C(y)=C,, at y=0, (12)
V) =¢, Uy =0 TW =T, D, S+ 00, at y=H. (3
y T,dy

In the channel flow research, mass flow is usually regarded as a specified quantity.

Therefore, the following equation is established
1 ¢H
Uy ==, utyady, (14)

where U isthe average velocity.

2.1 Analytical solution to the electrostatic potential

For the electrostatic potential, the relationship between y and p, is described
by the Poisson equation (8). The net charge density o, ina unit volume of the fluid is

given by [26]

Pe :(n+—n_)ze0 :_ZnozeO Slnh[ZkeOTlf/\/J, (15)
b

where, n” and n”are the number of ions of each type satisfying the Boltzmann

equation n” =n, Exp(—zeot///kb'I:) and n =n, Exp(zeoz///kbf) . Z is the valence of



ions, €, isthe charge of a proton, n, represents the bulk ionic concentration, k, and

T are the Boltzmann constant and the absolute temperature respectively.

Substituting Eq.(15) into the Poisson’s equation (8), the well-known Poisson-

Boltzmann equation is obtained

2
dy _ 2nze Sinh(zeolf/]. (16)

d y2 go[;‘r bT
~\1/
By defining the Debye-Hiickel parameter as k :(Znozzeé/aogrka )12, and 1/k

is generally regarded as the EDL thickness.
Introducing the dimensionless variables

n=2, wo) =L (17)

H k,T

Then EQ.(16) can be non-dimensionalized as
2
%:KZSinh(‘P(n)), (18)
n

where x=HKk.
It is assumed that the electric potential is much smaller than the thermal energy of
the ions, i.e. |zew| <<|kbf|. According to the Debye-Hiickel linear approximation,

Eq.(18) can be transformed into

d’y
20 ), (19)
n
subject to the boundary conditions
ze.¢
¥Y(0)=¥(@1) =—2%, 20
0) =¥ o7 (20)
which has the analytical solution
W)= (e +e), (21)
l+e

where = zeog“/(kb'f), e =exp(*) is exponential function.



2.2 The dimensionless form of the governing equations and boundary conditions

The streaming current is the current due to the transport of the net charge with the
fluid flow. It is defined as [5]
I, =fup,dQ, (22)
Q

where, € isthe cross-sectional area of the channel,and Q=H xW , W isthe width
of the plate.
The streaming potential generated by the streaming current will create an opposite
current, called conduction current and is defined by
. =4,EQ, (23)

where, A4, isthe electrical conductivity of the fluid,and 4, isassumed to be constant.

In Eq. (9), the unknown electrokinetic potential E, can be obtained through the
balance between streaming current and electrical conduction current at steady state. It
means that the net electrical current should be zero at a steady state,

I, +1,=0. (24)

Therefore, the electrokinetic potential E, is obtained as

E = ["upd 25
=t o uedy (25)
Substituting Eq.(25) into Eq.(9) , the momentum equation is transformed into
d’u dp ) 1
————0oBju———| up.dyp, =0. 26
e /IOHIO p.ayp, (26)

Using Eq.(15), Eq.(17) and the Debye- H i ckel linear approximation, the
relationship between the net charge density p, and the dimensionless electrostatic
potential W(7) can be obtained as

p. =—2n,2e,\¥(77) . (27)

Define the dimensionless quantities

T-T, b = C-C,

Y U=t g =
n=g V=7 ,9(77)—T2_TO c .

w (28)

m

where, C, is the reference nanoparticle volume fraction.

Therefore, non-dimensionalize the momentum EQq.(26) by Eq.(27) and



dimensionless quantities (28), we obtain

U"()+P ~Ha*U () - G .U (7)¥ () ¥ () =0, (29)
where, P is a non-dimensional parameter, Ha is the Hartmann number, G is a
non-dimensional parameter and they are defined by

2 2
p=" p Ha=B,H |2 G- EZH) (30)
pJ H Jrzs

m

in which P, =—dp/dx is the pressure constant,
According to the boundary conditions (12), (13) and the additional boundary

condition (14), the dimensionless boundary conditions for the velocity are

U(0)=U()=0, jolu (7)dn =1, (31)

Similarly, substituting the dimensionless quantities (28) into Egs. (10) and (11),
the reduced energy equation and volume fraction of nanoparticles equation are obtained

respectively

6" () + Nb&' ()¢ (7) + Nt9' (5)? + BrU " (7)? =0, (32)
() +E—;0"(n) -0, (33)

the corresponding boundary conditions in non-dimensional form are

0(0)=5,, 6(1)=1 $(0)=1, Nbg'(l)+Nto'(1)=0, (34)

where, &, =(T,-T,)/(T,—T,) is constant, Br, Nb and Nt are the Brinkman
number, the Brownian motion parameter and the thermophoresis parameter,
respectively, and they are defined by

Br = Pr.Ec, Nb="2s(%1=Co) g 7Dr(T: 7 To).

35
o ol (35)

in which Pr=v/e and Ec=U’/[c (T,-T,)] are the Prandtl number and Eckert

number, respectively.

2.3 Some important physical quantities

The physically important quantities of practical interest are the skin friction, the
Nusselt number and the wall mass flux. These important physical quantities are crucial

to understand shear stress at the boundary, convective heat transfer and mass transfer



between the surface of two plates and the fluid flowing past it. In this case, they are
defined by

Cfl:1TW12'Cf2:1TW22' u, = Hgy, ,NU2=L1
ijm ngm kf(Tl_TO) kf(TZ _To)
Sh=— e gy o MO (36)
DB (Cl - Co) DB (Cl - Co)
where,
wl ﬂdy y:o, w2 /de y:H’ T1 f dy y:O, T2 f y:H’ an
dC dC
=-D,— , =-D. —
Oc1 B dy o Oc2 B dy -

in which, Kk, is the thermal conductivity, the subscript 1 and 2 refer to the physical
quantities for lower wall and upper wall, respectively.

Substituting Egs. (28) and (37) into Eq. (36) , we obtain

ReC,, = 2U'(0), ReC,, = 2U'(L), Nu, = —%9'(0), N =00,
[

Sh, =—¢'(0), Sh, = —¢'(1)

where Re=U_ H /v isthe Reynolds number,

3. Results and discussion

The non-dimensional governing equations (19), (29), (32) and (33) with the
corresponding boundary conditions (20), (31) and (34) are solved for a range of values
of the parameters by employing the HAM technique.

According to the HAM, the initial approximations are chosen as

¥(0)=n*-n+¢, U(0)=6n-67°,

_ 39)
00) =3, +(-3,n, O =111 (

The auxiliary linear operator are given as

10



L] =320y gy = U,
dn? dn? @0)
LoGn] =2 df](j” L) =2 df’j;f).

In the computation, the values of convergence control parameter are chosen as
hy=-12, hy=-1Y2, h,=-1/2, h,=-1/2. It is worth noting that the values of
the convergence control parameters can be adjusted to ensure the convergence of the
results. To examine the accuracy of the results, the residual sum of square functions for

the governing equations are defined as
E, ()= [ (¥"~x*¥)%dy,

1 1
E, (m) = jo (U”+P-Hau —GLU\Pdn‘P)zdn,
(41)
E,(m) = j:(eu NbO'¢’ + Nt&' + BruU?)%d,

1 14 Nt ”
Ey(m) = [, (¢ +~-0")dn,

where, m is the computational order.

For instance, in the case of x=Ha=G=Br=¢=1,Nb=0.2, Nt=0.1 and
0, =0.5, the residual sum of squares for different orders of the solutions are obtain
through the homotopy analysis method solving process (Table 1). As can be seen in
Table 1, the computational errors of each equation decrease rapidly with the increase of
the computational order. It is observed that the maximum residual sum of squares is
8.815x10" at 50th order HAM truncations. In order to ensure the accuracy of the

results, the 50th order calculation results were adopted for analysis and discussion in

present work.
Table 1. The residual sum of squares for different computational orders.
order E, (m) E, (m) E,(m) E,(m)
m=10 2.955x107" 5.048x107" 0.334x10™ 0.596x107
m = 20 1.538x107" 7.618x10™" | 8.590x10° 1.548x10°°
m =30 1.207x10™ | 8.126x10™° | 1.820x10°° 2.634x10°°
m =40 1.032x107% 7.454x107% | 1.601x10™ | 9.125x107"
m =50 8.986x10* 6.455x10°%" | 8.815x10™ | 6.197x107*

11




Fig. 2 shows the variation trend of electric potential with different values of «. It
can be observed that the value of the electric potential decreases with the value of x
increasing. According to the definition of «, the value of x is inversely proportional
to the thickness of the EDL. Therefore, the larger value of «, the thinner of the
thickness of the EDL, which causes the decreasing electric potential. It can be seen in
Fig. 2 that the HAM solutions are in excellent agreement with the analytical solutions
for £ =1 given by Eq.(21) for different values of x demonstrating the accuracy of

the present solution.
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Fig.2 Comparison of the dimensionless electric potential ‘V'(77) for various values of x with
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Fig.5 The nanoparticle volume fraction profiles ¢(77) for various values of Ha in the case of

Nt=0.1, Nb=0.2, x=G=Br=¢ =1 and 6,=05.

The influences of Hartmann number Ha on the distribution of dimensionless
velocity, temperature and nanoparticle volume fraction are shown in Fig.3, Fig.4 and
Fig.5 respectively. It is shown in Fig.3 that the enlargement of the Hartmann number
Ha causes slightly enhancement of the flow velocity in the vicinity of the two plates
but the reduction of the flow velocity in the middle of the two plates. The impeding
effect of magnetic field on flow velocity can be observed. As Ha =0, namely, no
magnetic field exists, the velocity distribution curve is a parabola. When Ha 1, the
magnetic field force plays an important role, and the velocity curve flattens out in the
middle of the microchannel. Consequently, magnetic field slows down the flow velocity
and inhibit the generation of turbulence. In Fig. 4, the dimensionless temperature
profiles reduce continuously with increasing Ha due to that the enhanced Lorentz
force increases the thermal boundary-layer thickness between the two plates. Unlike
the dimensionless temperature, the nanoparticle volume fraction profile increases with
increasing magnetic field parameter as shown in Fig. 5 as the consequence of Ha
inhibiting the fluid motion, which alters the distribution of nanoparticles.

In the present work, dissipation effect in heat transfer process is considered. The
Brinkman number is widely used to quantify the relationship between the heat

generated by dissipation and the heat exchange at the wall. Fig.6 and Fig.7 depict the
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distribution of dimensionless temperature and nanoparticle volume fraction for
different Brinkman number. It is found in Fig.6 that the dimensionless temperature
increases rapidly with increasing Br. On the contrary, the increase in Br reduces
nanoparticle volume fraction, as shown in Fig.7. These indicate that the heat energy

generated by viscous dissipation is greater than that generated by heat transfer as Br

increases.
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Fig.8 The dimensionless temperature profiles &(77) for various values of &, in the case of
Nt=0.1, Nb=0.2, xk=G=Ha=Br=¢, =1.

The influence of the lower wall temperature on the distribution of dimensionless
temperature and the nanoparticle volume fraction are shown in Fig. 8 and Fig 9. It can

be observed that the temperature of the lower wall has a great influence on the
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temperature distribution and the nanoparticle volume fraction between the two plates.
With the enhancement of the temperature on lower wall, the fluid temperature between
the two plates increases considerably, as illustrated in Fig.8. Similar trend is also
observed in Fig.9 where the nanoparticle volume fraction increases with the
temperature on lower wall. It is a clear indication that the nanoparticle volume fraction
can be controlled by the temperature of the lower wall. In order to compare the
difference between active control model and passive control model, the passive control
nanoparticles distribution is adopted at the upper plate surface in present work. While
the nanoparticles distribution at the lower plate adopts the active control model, which
makes the value of the nanoparticle volume fraction on the lower wall constant (Fig. 9).
It is to be pointed out that, in reality, it is difficult to keep the nanoparticle volume
fraction constant at the plate surface, especially when the temperature changes.
Therefore, the passively controlled nanofluid model is more physically realistic than

previous nanofluid model.
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Fig.9 The nanoparticle volume fraction profiles ¢(77) for various values of &, in the case of
Nt=0.1, Nb=0.2, x=G=Ha=Br=¢, =1.

The effects of thermophoresis parameter Nt and Brownian motion parameter
Nb on the nanoparticle volume fraction are depicted in Fig.10 and Fig.11. It is seen in

Fig.10 that increasing the value of the thermophoresis parameter, the nanoparticle
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volume fraction decreases significantly. As observed in Fig.11, the Brownian motion
parameter can alter the nanoparticle volume fraction dramatically. The enhancement of
Nb leads to an increase of nanoparticle volume fraction. It is worth noting that the
upper plate has the passive boundary condition due to the passively controlled nanofluid
model in the present study. Therefore, the nanoparticle volume fraction on the upper
wall varies with the change of Nt and Nb . This behaviour agrees with the studies of
Kuznetsov and Nield [22].
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Fig.10 The nanoparticle volume fraction profiles ¢(77) for various values of Nt in the case of

Nb=02, xk=G=Ha=Br=¢ =1 and 6,=05.
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Fig.11 The nanoparticle volume fraction profiles ¢(7) for various values of NDb in the case of
Nt=0.1, k=G=Ha=Br=¢ =1 and 6,=05.

The effect of x on the pressure constant P with different values of Ha is
shown in Fig.12. It is seen that the pressure constant decreases monotonously as «
increases. When « is sufficiently large, the pressure constant approaches to a constant
value. As the value of « increases, the thickness of EDL reduces, which leads to a
weakening of the EDL effect. The strong EDL can lead to back flow near the channel
wall which induces a stronger flow resistance in the bulk fluid. Therefore, when x is
sufficiently large, the flow resistance caused by the EDL can be neglected, and the
velocity of the fluid increases. It is worth mentioning that the variation trend of the
pressure constant is consistent with the result of previous study [11]. Different from the
previous study, however, both the EDL and the magnetic field effects are considered in
present work. The variation of the pressure constant P with the Hartmann number
Ha isalso illustrated in Fig.12. It is found that the Hartmann number has a significant
effect on the pressure constant. The increase of Ha leads to a rapid enhancement of

the pressure constant.
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Fig.12 Variation of the pressure constant P with & in the case of Nt=0.1, Nb=0.2,
G=Br=¢ =1 and 6,=05.

Many studies on nanofluid flow containing the magnetic field effect have been
reported, however, the effects of magnetic field on friction coefficient, Nusselt number
and Sherwood number are seldom studied. Thus, the influence of Hartmann number on
these physical quantities are examined in detail. It can be seen in Fig.13 that the
variation of Ha causes the different trends for these physical quantities. The increase
of Ha leads to a slight increase of the skin friction on the upper wall, but results in
the decrease slightly of the skin friction on the lower wall. It is also observed that the
effects of magnetic field parameter on Nusselt number and Sherwood number are
negligible. However, the influence of the Hartmann number on the pressure parameter
is significant. The pressure parameter P increases monotonically as Ha increases.
According to Bernoulli's principle, the velocity decreases with increasing pressure.
Therefore, increasing the magnetic field has the effect of inhibiting the flow rate, which

is consistent with the finding shown in Fig.3.
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Fig.13 Variation of the physical quantities with Ha in the case of Nt=0.1, Nb=0.2,
k=G=Br=¢=1and §,=05.

4. Conclusions

The behaviour of nanofluid flow and heat transfer between two horizontal plates
considering the magnetic field effects and EDL is investigated in this paper. The
passively controlled mathematical model for nanofluids is employed. In addition, the
pressure gradient parameter is treated as unknown quantity and the viscous dissipation
is considered in energy equation. The improved model with consideration of these
conditions represents more physical reality of the problem. By using the HAM solution
technique, the effect of the parameter x, the Hartmann number Ha, the Brinkman
number Br, the lower wall temperature 5,, the thermophoresis parameter Nt and
the Brownian motion parameter Nb on the dimensionless electric potential, velocity,
temperature, nanoparticle volume fraction and various physical quantities are examined
and discussed in detail. The results revealed that the magnetic field and EDL can be
used to control the flow and heat transfer in microchannels. It is also found that the heat
enhancement is significantly depend on the Brinkman number and the temperature
applied to the wall. In addition, the magnetic field has an effect on the nanoparticle

volume fraction and the friction coefficient, however the effect of the magnetic field on
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Nusselt number and Sherwood number can be neglected in present problem. These

findings provide important guidance for the application of microfluidic devices under

the external applied magnetic field.
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