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ABSTRACT. Guo et al. [GMY17] are the first to study the strong convergence of the
explicit numerical method for the highly nonlinear stochastic differential delay equations
(SDDEs) under the generalised Khasminskii-type condition. The method used there is the
truncated Euler-Maruyama (EM) method. In this paper we will point out that a main
condition imposed in [GMY17] is somehow restrictive in the sense that the condition could
force the step size to be so small that the truncated EM method would be inapplicable. The
key aim of this paper is then to establish the convergence rate without this restriction.

1. Introduction. Stochastic differential delay equations (SDDESs) have been used

in many branches of science and industry (see, e.g., [Arn,CLM01,DZ92,Kha,LL]).
The classical theory on the existence and uniqueness of the solution to the SDDE
requires the coefficients of the SDDE satisfy the local Lipschitz condition and
the linear growth condition (see, e.g., [KM,M97,M02,Moh]). The numerical so-
lutions under the linear growth condition plus the local Lipschitz condition have
been discussed intensively by many authors (see, e.g., [BB,BB05,CKR06, DFLM,
HMO05,KloP,KP,MS,Mil,Schurz, WMO08]).
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The generalised Khasminskii-type theorems established by [M02, MRO05] replace
the linear growth condition with the generalised Khasminskii-type condition in
terms of Lyapunov functions. The numerical solutions of SDDEs under the gen-
eralised Khasminskii-type condition were discussed by Mao [M11], and the theory
there showed that the Euler-Maruyama (EM) numerical solutions converge to the
true solutions in probability Influenced by [M15], Guo et al. [GMY17] were the first
to study the strong convergence of the truncated EM method for the SDDEs under
the generalised Khasminskii-type condition. In this paper, we will explain, via an
example, that a main condition imposed in [GMY17] is sometimes so restrictive that
the step size would be too small for the truncated EM method to be applicable. The
key aim of this paper is to establish the convergence rate without this restrictive
condition.

This paper is organised as follows: In Section 2, we will introduce the necessary
notation, recall the truncated EM method and review one of the main results of
[GMY17] and then point out a restrictive condition imposed in [GMY17] via an
example. In Section 3, we will establish the strong convergence theory without this
restrictive condition. In Section 4, we will compare our new result with the one in
[GMY17] to highlight our significant contribution in this paper. In Section 5, we
will establish the stronger convergence theory for the solutions over a finite time
interval and this was not discussed in [GMY17]. In Section 6, we will discuss three
more examples to illustrate our new theory. Finally, we will conclude our paper in
Section 7.

2. Preliminaries. In this section, we will recall the truncated EM method for the
SDDEs defined in [GMY17]. We will make some modification in order for the EM
method to be more flexible. The main aim of this section is to point out a restrictive
condition imposed in [GMY17] via an example. Removing this restrictive condition
is the motivation for us to write this paper.

2.1 Notation. Throughout this paper, we will use the same notation as used in
[GMY17]. However, for the convenience of the reader, we recall some here. Let | - |
be the Euclidean norm in R™. If A is a vector or matrix, its transpose is denoted
by AT. If A is a matrix, its trace norm is denoted by |A| = \/trace(ATA). Let
R4 = [0,00) and 7 > 0. Denote by C([—7,0]; R™) the family of continuous functions
from [—7,0] to R™ with the norm |||l = sup_,<g<o |¢(8)|. Let (w, F,{Fi}t>0,P) be
a complete probability space with a filtration {j—} TtZO satisfying the usual conditions
(i.e., it is increasing and right continuous while Fy contains all P-null sets). Let
B(t) = (Bi(t), -+, Bn(t))T be an m-dimensional Brownian motion defined on the
probability space. Moreover, for two real numbers a and b, we use a Vb = max(a, b)
and a A b = min(a,b). If G is a set, its indicator function is denoted by I, namely
I¢(z) = 1if ¢ € G and 0 otherwise. If a is a real number, we denote by |a| the
largest integer which is less or equal to a, e.g., |[—1.2] = —2 and |2.3] = 2.

2.2 SDDESs. Consider an n-dimensional nonlinear SDDE

dz(t) = f(z(t),2(t — 7))dt + g(z(t), z(t — 7))dB(t), t =0, (2.1)
with the initial data {z(0) : —7 < 8 <0} =& € C([—7,0];R™), where
fiR"xR" - R" and g¢:R"xR"™ — R"™™.

We assume, as a standing hypothesis, that the coefficients f and g obey the local
Lipschitz condition, namely, for every positive number R there is a positive constant
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K g such that

[f(z,y) = F(@9)]° Vlg(z,y) — 9(2,9)]” < Kr(le — 21> + |y — 91*)

for those z,y, %, 5 € R™ with |z| V |y| V |Z| V |g] < R. As we are concerned with
highly nonlinear SDDEs, we will not impose the linear growth condition. Instead,
we need the Khasminskii-type condition.

Assumption 2.1. There are constants K1 > 0 and p > 2 such that
p—1
" fw,y) + == lg(x. )l < Ka(L+ [l + [yP?) (2:2)

for all (z,y) € R™ x R™.

It is known (see, e.g., [MRO5]) that under Assumption 2.1, the SDDE (2.1) has
unique global solution z(t) on ¢ € [—7, 00) which satisfies

sup Elz(t)]P < 0o, VT > 0. (2.3)
—7<i<T

2.3 The truncated EM method. Recall the truncated EM numerical scheme
defined in [GMY17]. We first choose a strictly increasing continuous function y :
R, — Ry such that p(u) — oo as u — oo and

Lup (If @, )|V g(z,y)]) < p(u), Yu>1. (2.4)

Denote by ! the inverse function of i and we see that ©~! is a strictly increasing
continuous function from [1(0),00) to Ry. Choose a constant A* € (0,1] and a

strictly decreasing function A : (0, A*] — (0, 00) such that

h(A) 2 p(1), lim h(A) = oo and AYAR(A) <1, YA € (0,A7]. .
2.5

For a given step size A € (0, A*], let us define a mapping ma from R” to the closed
ball {z € R": |z| < u=1(h(A))} by

wa(z) = (|z| A = (R(A))) ;—‘

where we set x/|z] = 0 when « = 0. That is, 7o will map x to itself when

|z] < p=1(h(A)) and to p=t(h(A))z/|z| when |z| > p~1(R(A)). We then define the
truncated functions

fa(@,y) = f(ra(z),7a(y)) and ga(z,y) = g(ma(x), 7a(y)) (2.6)
for x,y € R™. It is easy to see that
[fale, 9)| V gale, )] < pp= ' (R(A))) = (D), Vi,y € R™. (2.7)

That is, both truncated functions fa and ga are bounded although f and g may
not.
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From now on, we will let the step size A be a fraction of . That is, we will use
A = 7/M for some positive integer M. When we use the terms of a sufficiently
small A, we mean that we choose M sufficiently large.

Define t;, = kA for k= —-M,—(M —1),---,0,1,2,---. The discrete-time trun-
cated EM solutions are defined by setting Xa (tx) = &(tx) for k = —M,—(M —
1),-+-,0 and then forming

XA(try1) = Xa(ty) + fa(Xa(tr), Xa(te—wm))A + ga(Xa(tr), Xa(tr—w))ABy
(2.8)

for k = 0,1,2,---, where ABy, = B(tp+1) — B(tx). As in [GMY17], it is more
convenient to work on the continuous-time approximations. Recall that there are
two continuous-time versions. One is the continuous-time step process Za(t) on
t € [—7,00) defined by

Ta(t) = Z XA(tk)I[k)A’(kJrl)A)(t), (2.9)
k=—M

where Ijpa (k+1)a)(t) is the indicator function of [kA, (k 4+ 1)A) (please recall the
notation defined in the beginning of this section). The other one is the continuous-
time continuous process xa(t) on t € [—7,00) defined by za (t) = £(¢) for t € [—7,0]
while for ¢ > 0

ra(t) = £(0) + / fa(@a(s), 2a(s — 7))ds + / ga(Za(s).2a(s - T>>dB<2.10)

We see that xa(t) is an Itd process on ¢t > 0 with its It differential

dza(t) = fa(@a(t),Za(t — 7))dt + ga(ZTa(t), Za(t — 7))dB(t).
(2.11)

It is useful to know that Xa(tx) = Za(tk) = za(ty) for every k > —M, namely
three of them coincide at t;.

2.4 Review of the main result in [GMY17]. We recall one more notation used
in [GMY17]. Let U denote the family of continuous functions U : R™ x R” — Ry
such that for each b > 0, there is a positive constant x; for which

Uz, 7) < rplz — z|?, Vo, € R™ with |z| Vv |z <b.

Let us state the assumptions imposed in [GMY17] for the strong convergence rate.

Assumption 2.2. There is a pair of constants Ko > 0 and vy € (0, 1] such that the
initial data & satisfies

[€(u) —&(v)| < Kalu—v]|”, —17<v<u<O.

Assumption 2.3. Assume that there are positive constants o and K3z and a func-
tion U € U such that

(o =2 (f(e,) — F(,5) + 5 ol v) — 9(2,9)
< Ky(la —al? +1y — 51%) ~ U, 7) + U(y,9) (212)
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for all z,y, 2,5 € R™.

Assumption 2.4. Assume that there is a pair of positive constants r and K4 such
that

[f(z,y) = f@ D)7V gl y) — 9(z,9)]
< Ka(lz =2+ ly = gP) A+ |2l + 2" + |yl + [7]") (2.13)
forall z,y,z,5 € R™.
The following theorem is one of the main results in [GMY17].
Theorem 2.5. Let Assumptions 2.1-2.4 hold and p > r. Assume that

h(A) = p((A% v [A(R(A))*])~/P=2) (2.14)
for all sufficiently small A € (0,1]. Then, for every such small A,
E|z(T) — za(T)? < C(A* Vv [A(R(A))) (2.15)
and

Elz(T) - za(T)]* < C(A* V [A(R(A))?]). (2.16)

2.5 A motivating example. Let us now point out condition (2.14) is sometimes
so restrictive that the step size would be too small for the truncated EM method
to be applicable. Indeed, consider a highly nonlinear scalar SDDE

dz(t) = [-923(t) + |z(t — 7)>/?)dt + 22 (t)dB(t), t>0, (2.17)

with the initial data {z(0) : —7 < 0 < 0} = & € C([-7,0|;R), where B(t) is a
scalar Brownian motion. Assume that & satisfies Assumption 2.2 with Ky = 1 and
~v = 0.5. Clearly, the coefficients

f(zy) =—92° + [y*’* and g(z,y) =2 (z,y €R)

are locally Lipschitz continuous. Moreover, when p = 18.5, we have, for x,y € R,
zf(z,y) + ]%1|g(x,y)|2 = —9z* + z|y[3/? + 8.752%.
But, by the well-known Young inequality,
zy)?? < (2HYA(y?)3* < 0.252 +0.75y%.

We therefore have .
p—
zf(z,y) + T\g(x,y)|2 < 0.75y2.

This shows that Assumption 2.1 is satisfied with p = 18.5 and K7 = 0.75. To verify
Assumption 2.3, we note that, for z,Z,y,y € R,

(@ —2)(f(x,y) = [(2,9) = (z —2) [ - 9(® — 2°) + |y|>* — |g*?]
< —4.5|z — 22 (2® + %) + 0.5(x — )2 + 0.5(|y|>/? — |5]>/?)?
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while
(22 —7°)? = (2 — 2)* (v + 7)% < 2z — 7 (2® + 2%).

But, by the mean-valued theorem,

(I = [g[*2)* < 2.25]y — g*(V/Iyl + V1gD)? < 4.5ly — 91> (|ly| + |3)
< 4.5|y — 7121 + 0.5y + 0.57%) = 4.5y — 7> + 2.25y — 7 (v* + 7°).

Hence, for a = 2.375,

(o= D) (y) ~ 1@ 9) + 5 lotay) — o(. )
<225z —z)* + |y — 9*] - U(z,7) + U(y,9),

where
U(z,z) = 1.125|x — z|*(2? + z2).

We have hence verified Assumption 2.3 with o = 2.375, K3 = 2.25 and U being
defined above. It is also straightforward to show that Assumption 2.4 is satisfied
with 7 = 4 (and some K4 which is not important).

To apply Theorem 2.5, we still need to design functions p and h satisfying (2.4)
and (2.5), respectively. Note that

sup  (|f(z, )|V Ig(a,y)]) <100, Vu>1.
2l VIy|<u

We can hence have u(u) = 10u® and its inverse function = (u) = (u/10)*/3 for
u > 0. We also define h(A) = A=Y5 for A € (0,A*], where A* = 10> (s0
h(A*) =10 = p(1) as required). Then condition (2.14) becomes

AY5 > 10A525 namely, A <1071

By Theorem 2.5, we can then conclude that the truncated EM solutions will ap-
proximate the true solution z(¢) in the sense that

Elza(T) — 2(T) > VE|zA(T) — 2(T)> < CA%/® (2.18)

for A < 107!, The problem is that the stepsize needs to be so small that the
truncated EM is almost inapplicable.

This example shows that condition (2.14) is too restrictive sometimes. Could we
remove this condition and still establish the strong convergence theory? We will
give our positive answer in the next section.

3 Main Results

3.1 Lemmas. First of all, we modify the choice of function h to make it more
flexible by choosing a constant h>1anda strictly decreasing function A : (0,1] —
[4(0), 00) such that

lim h(A) = oo and AYAh(A) < h, VA€ (0,1]. (3.1)
—
From now on, our function h will satisfy this condition instead of (2.5). There are

lots of choices for h(-). For example, h(A) = hA~¢ for some € € (0,1/4]. Before we
proceed, let us make a useful remark.
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Remark 3.1. Comparing (3.1) with (2.5), we here simply let A* =1 and remove
condition h(A*) > (1) while we also replace condition A'/4h(A) < 1 by a weaker
one A4h(A) < h. In other words, we have made the choice of function h more
flexible. We emphasise that such changes do not make any effect on the results
in [GMY17]. In fact, condition h(A*) > u(1) was only used to prove [[GMY17],
Lemmas 2.4 and 4.2]. But, it is easy to show (see the proof of Lemma 3.2 below)
that both lemmas there still hold as long as we replace the constant 2K; there by
2K (1v[1/p~1(h(1))]) and this change does not affect any other results in [GMY17].

It is also easy to check that replacing AY4h(A) < 1 by AY4h(A) < h does not
make any effect on the results in [GMY17].

The following lemma shows that the truncated functions defined by (2.6) preserve
the Khasminskii-type condition (2.2) to a very nice degree.

Lemma 3.2. Let Assumption 2.1 hold. Then, for every A € (0,1], we have
1 N
o' fa(r,y) + 5loae y)l* < K+ |af® + [y[?) (3:2)

for all z,y € R", where K = 2K, (1 V [1/p~ 1 (h(1))]).

Proof. This lemma was essentially proved in [GMY17] but we here need only h to
satisfy condition (3.1) instead of (2.5) and, in particular, we do not need condition
h(A*) > (1) as we already pointed out in Remark 3.1.

Fix any A € (0,1]. For z € R™ with |z| < p~'(h(A)) and any y € R", the
assertion follows from (2.2) directly. For z € R™ with |z| > p~!(h(A)) and any
y € R™, we have

p—1
" falz,y) + ——lga(z,y)?

= 7 (@) f(ma (@), ma () + E5lgma (@) ma )
+(z = ma(@)" f(ma(z), ma(y))
< Ki(1+ [ma(@)]? + [ra())
|z
+ (g — e @) f s, maw)) (3.3)
where (2.2) has been used. But it also follows from (2.2) that

ma (@) f(ra(z), ma(y)) < Ki(1+ |7a(@)]® + [7a()?).

Substituting this into (3.3) yields

o fale,) + gloa (e )
K lz|

= W)

< Ky (1 11/ (b)) el + [of? + )

< 20 (1Y 1/ () A+ faf? + 5. (3.4

(1 + |ma (@) + |ma(y)]?)
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Namely, we have showed that the required assertion (3.2) also holds for z € R”
with |z| > p~1(h(A)) and any y € R™. The proof is hence complete. O

The following lemma shows that the truncated functions fa and ga preserve
Assumption 2.4 perfectly.

Lemma 3.3. Let Assumption 2.4 hold. Then, for every A € (0,1], we have

[fa(z,y) = fa@ ) V l9a(z.y) — ga(@,9)[?

< Ka(le =2 +ly —gP) A+ 2" + |27 + |yl + 7]") (3.5)
for all z,y, 2,5 € R™.
Proof. For any z,y,Z,y € R™,
[falz,y) = fa(@ ) Vga(z,y) — ga(@,y)l?
= |f(ra(@),7a(y) — f(ra(@), 7a @) V g(ma(@), 7a(y)) — 9(ra (@), 7a (@)
< Ku(jma(@) = ma (@) + Iraly) = 7a @) + [ma(@)]" +7a @) + [7a @) + [ma@)]).
This implies the assertion by noting that

ma(@)] < lzf,  |wa(z) = 7a(@)? < |z - 2%,

etc. The proof is complete. O

Recalling Remark 3.1, we can then cite two lemmas from [GMY17] on the
continuous-time truncated EM solutions defined by (2.9) and (2.11) for the use
of this paper. From now on we will fit T > 0 arbitrarily and let C stand for generic
positive real constants dependent on T, K1, Ko,& etc. but independent of A and its
values may change between occurrences.

Lemma 3.4. For any A € (0,1] and any p > 2, we have
Elza(t) — Za(t)|P < c,AP/2(h(A))P, Wt >0, (3.6)
where ¢, is a positive constant dependent only on p. Consequently

lim E|$A(t) — i‘A(t)|p =0, Vt>O0. (3.7)
A—0

Lemma 3.5. Let Assumption 2.1 hold. Then

sup sup Elza(t)|P <C. (3.8)
0<A<10<t<T

Lemma 3.4 shows that za (¢) and Za(t) are close to each other in the sense of LP.
We also observe that Za (t) is computable, but z (¢) is not in general. It is therefore
Za(t) that we use in practice. However, for our analysis, it is more convenient to
work on both of them. We also emphasize that Lemma 3.4 holds for any p > 2 but
Lemma 3.5 holds only for the specified p.
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3.2 Convergence rates. The following theorem is one of our main results in this
paper.

Theorem 3.6. Let Assumptions 2.1 - 2.4 hold and assume that p > r + 2. Then,
for every A € (0,1],

Ela(T) — za(T)* < O(A% v AR(A))* V (u ! (A(A))"P772)
(3.9)

and

E|-T(T) - fA(T)P < C(A?‘/ V. A(h(A))2 Vi (/J_l(h,(A)))_(ﬁ_T_2)),
(3.10)

Proof. The proof is very technical so we divide it into three steps.

Step 1. We fix A € (0,1] and the initial data £ arbitrarily. Let ¢ be any integer
such that ¢ > ||¢]|. Define the stopping time

0; = inf{t > 0: |z(t)| A|xa(t)| > i},
where we set inf() = oo (and () denotes the empty set as usual). Set ea(t) =
x(t) — za(t) for t € [—7,T) and we know ea(t) = 0 for t € [-7,0]. By the Ito

formula as well as the elementary inequality (a + b)? < (14 «a)a® + (1 +a~1)b? for
any real numbers a and b, we derive that, for 0 <t < T,

Elea(t A 6;)]?
tAG;
B[ (2RO (s)a(s =) = Fa(@a(shaals =)
+ lg(x(s),2(s — 7)) — ga(Za(s),Tals — T))|2)d5

tAB;
=& [ (2RO ) als ~ 1)~ Feals)eals )
0

+[f(@als),zals = 7)) — fa(@als), zals — 7))])
+g(a(s), x(s — 7)) — glzals), zals — 7))

+g(@a(s),wals = ) — ga@a(s), za(s = )| ") ds

< ]E/O ' (QeZ(S)U(l‘(S)yCC(S — 7)) = f(za(s),za(s — 1))

+ (L +a)lg(x(s), a(s — 7)) — g(zals), zals — 7))?
+2ep(s)[f(wals),zals — 7)) = fa(@als), za(s — 7))]

+(L+a Ylglaals),zals = 7)) — ga(@als), Tals - T))|2>d8-
(3.11)

By Assumption 2.3, we get

Elea(t A 6;)|* < Hy + H, (3.12)
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where
tAD;
=8 [ (s ) + 2Hea + ealo = )
— U (2(s), za(s)) + 2U (x(s — 7), zals — T)))ds
and
tAO;
Hy := E/o (\f(l‘A(S), TA(s — 7)) = fa(Za(s), Za(s — 7))

+ (1 0 )lga(s),vals — 7)) — ga@as), Tals — )P )ds.

Step 2. Let us now estimate Hy and Hy. Noting that z(s) = za(s) whence
U(z(s),za(s)) =0 for s € [—7,0], we see that

/Ol i U(x(s—7),za(s —7))ds < / U(xz(s),za(s))ds = /0 l U(xz(s),za(s))ds.

—T

tAO;

Consequently, we have
tAG;

P t
H, < (1 +4K3)E/ |€A(S)|2d8 < (1 +4K3)/ E|€A(S/\9i)|2d8.
0

0 (3.13)

To estimate Hy, we observe that
Hy < Hyy + Haa, (3.14)

Wl ere
H = K x S), T S —1T7 — X S), T S —1T 2
21 - 2/0 ( |f( A( )7 A( )) fA( A( )7 A( ))|

+ (L+a ™ Elg@a(s), zals = 7)) = ga(als) za(s — 7)) ds

and
T
Hyy = 2 / (Elfa(zals)wals =) = fa(ea(s),2a(s = 7))

+(1+a " )Elga(zals),zals — 7)) = ga(@a(s), Tals - T))IQ)ds,

where t A 6; has been replaced by T as t A §; < T and the order of integrations
has also been exchanged. By Assumption 2.4 and the Hélder inequality as well as
Lemma 3.5, we derive that

E|f(za(s),zals — 7)) = falza(s),zals — 7))
:E|f((EA(S),$A(S — T)) — f(?TA(xA(S)), WA(xA(s _ 7_)))|2
<KJE[(|za(s) — ma(@a(s)]® + lzals = 7) = ma(zal(s — 7)) %)
X (14 2|za(s)]” + 2|za(s — 7-)|7’)]
SC(ELTA(S) - WA(QUA(S)NQW@*T) +Elza(s —7) = ma(ra(s — T))|2ﬁ/(ﬁfr)) (@=r)/p
x (14 Eloa(s) +Eleals —7)P)"""
<C(E[Ieatosu-rnany za() /7]

(p—r)/P

E[Leato—nisu-aamleals = 1) )
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But
E[I{|$A(S)|>#*1(h(A))}|$A(3))|2ﬁ/(ﬁ*’”)}
<[P{lza(s)] > p~(A(A))}) PP/ @) [Elm(s))P]Z/(ﬁ‘”]
<C[P{lza(s)| > p~ (W(A))}] (p—r—2)/(p—7)
gc( [m} (P—r=2)/(p—1)
<C(p(h(A)))PP=r=2)/(=r),
Similarly,

E[I{IM(S*T)DV‘(}%(A))}|xA(3 - T))Izﬁ/(ﬁ’r)} < C(uH(h(A))) P2/,
Consequently,
Elf(za(s),za(s — 7)) = fa(@a(s),eals — ) < Cu (h(A))) =72,
Similarly, we can show
Elg(za(s),zals — 7)) — gal@als), zals — 7))|* < C(u™ (h(A)) P72
We therefore have
Hz < C(u~ ' (h(A))) @772, (3.15)

Let us now estimate Hje. By Lemma 3.3 and the Holder inequality as well as
Lemma 3.4 and Assumption 2.2, we derive that

Elfa(za(s),zal(s — 7)) = fa(@als), Za(s — 7))
<KE[(|za(s) — Za(s)” + lzals — 7) — Zals — 7)[%)
X (L4 [za(s)]" + 12a(s)]" + zals = )" + |zals — 7))
<O (Elaa(s) - 2a ()20 4 Elea(s - ) — za(s - )2/ 0=) T

x (1+Elza(s)[” + ElZa ()" + Elea(s — 1) + Elza(s - n)?)""”
<C(AM v A(R(A))?).

Similarly, we have
Elga(za(s),za(s — 7)) — 9a(@als), za(s — 7))|* < C(A* V A(h(A))?).
Consequently
Hay < C(A% vV A(M(A))?). (3.16)

Step 3. Combining (3.12) - (3.16) together yields

Elea(t A 0;)” < C/tE|€A(5 A 6;)|Pds + C (A V A(h(A))? V (= (R(A)) = P72,
0
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The Gronwall inequality shows

Elea(T A 6;)]* < C(A*V A(R(A))*V (7 (h(A))~P72)
Letting ¢ — oo gives the first assertion (3.9). The second assertion (3.10) follows
from the first one and Lemma 3.4. The proof is therefore complete. ]

We observe from Assumption 2.4 that

sup  (|f(z. )|V Ig(z,y)]) < Kzu®T/2 w>1, (3.17)
[z|V]y|<u

for some K5 > 0. We can therefore let p(u) = Ksu®*t7)/2 and h(A) = A~ for
some € € (0,1/4]. This implies the following corollary immediately.

Corollary 3.7. Let Assumptions 2.1 - 2.4 hold and assume that p > r + 2. Let
pw(u) = Ksut/2 and h(A) = A=¢ for some € € (0,1/4]. Then, for every A €
(0,1],

E\x(T) _ JTA(T)|2 < CAQ*«//\(l—Ze)/\(Qe(i)—r—Q)/(2+r)) (318)
and

E|£L'(T) . (EA(T)P < CA27A(172e)/\(2e(;57r72)/(2+r)). (319)

The following corollary is more useful sometimes.

Corollary 3.8. Let all the conditions of Corollary 3.7 hold. In particular, let
Assumption 2.1 hold for any p > 2 (K; depends on p of course). Let u(u) =
Ksu®t1)/2 and h(A) = A=¢ for some € € (0,1/4]. Then, for every A € (0,1],

Elz(T) — za(T)|?> < C APN1=29) (3.20)
and

E|z(T) — za(T)|> < C APNA=20), (3.21)

Proof. Choose p > 2 sufficiently large for
2¢(p—r—2)/(2+71) >1-2€.

The assertions then follow from Corollary 3.7. O
It is reasonable to regard the initial data & = {£(t) : —7 < t < 0} as the
observation of the solution on ¢ € [—7,0]. Recalling that the Brownian motion
is a-Holder continuous for a € (0,0.5) (see, e.g., [KR88]), we may assume that
Assumption 2.2 holds for some v € (0,0.5) close to 0.5. In this case, Corollary
3.8 shows the order of the convergence rate is close to 0.5. This is almost optimal
if we recall the order of the classical EM method applied to stochastic differential
equations (SDEs) is 0.5 under the global Lipschiz condition (see, e.g., [KP,M97]).

4 Comparison. Let us now compare our new Theorem 3.6 with the main result
of [GMY17], namely Theorem 2.5 in order to highlight the significant contribution
of our new result. Although the assumptions imposed in both theorems are almost
the same, we observe the following key differences:
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i). The key feature of Theorem 3.6 is that it does not require the restrictive
condition (2.14).

ii). The assertions of Theorem 3.6 hold for any A € (0, 1] while the assertions of
Theorem 2.5. hold only for sufficiently small A which satisfies condition (2.14).

iii). Theorem 3.6 needs a slightly stronger condition on the parameters, namely
p > r + 2, while Theorem 2.5 needs p > r only.

iv). The assertions of Theorem 3.6 look slightly worse than those of Theorem 2.5
but could be the same when p is sufficiently large, for example, 2e(p—r—2)/(2+7r) >
1 — 2¢ in Corollary 3.7.

The key advantage of our new Theorem 3.6 lies in that it does not need condition
(2.14). In Section 2.5, we have shown, via the example, that condition (2.14) could
sometimes make Theorem 2.5 inapplicable and hence our new Theorem 3.6 without
condition (2.14) is particularly useful in this situation.

5 Further Results. In Section 3, we showed that both truncated EM solutions
A (T) and Za(T) converge to the true solution z(7T) in L? for any 7' > 0. This is
sufficient for some applications e.g. when we need to approximate the European put
or call option value at time T (see, e.g., [HMO05]). However, we sometimes need to
approximate quantities that are path-dependent, for example, the European barrier
option value. In these situations, we will need a stronger convergence result like

lim ]E( sup |za(t) — x(t)|2> —0.
A—0 0<t<T

We aim to establish such stronger results in this section. For this purpose, we need
to replace Assumption 2.4 with the following slightly stronger one.

Assumption 5.1. Assume that there is a pair of positive constants r and K4 such
that

[f(2,9) = F@ 9P < Kallz =2 + |y = g*) (A + 2] + 2"+ [yl + [3]") o)

and
l9(z,y) — 9(z,9)1> < Kua(lz — 2* + [y — 9I*) (5.2)
for all x,y,z,5 € R™.

Let us make a useful remark.

Remark 5.2. As Assumption 5.1 is stronger than Assumption 2.4 so all the results
before hold if Assumption 2.4 is replaced with Assumption 5.1. Moreover, it is easy
to see that if Assumption 2.1 holds for some p > 0, then it must hold for any p > 2
as long as Assumption 5.1 holds as well. In fact, if Assumption 2.1 holds for some
P > 0, then together with (5.2), there holds for any p > 2

-1 _
2T (@) + E—lg(a y)? < Ka(1+ a2 + JyP?) (5.3)

for some K. Recalling Corollary 3.8 and its proof, we can then conclude that the
term

C(A% v A(RA)? v (u (h(A))~F72)
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throughout Section 3 can be replaced by

C A2'y/\(1—25)

if Assumption 2.4 is replaced with Assumption 5.1 and we let p(u) = Ksu(?+7)/2
and h(A) = A~ for some € € (0,1/4].

We can now state our stronger result under the stronger conditions.

Theorem 5.3. Let Assumptions 2.1 - 2.3 and 5.1 hold and assume that p > r + 2.
Let p(u) = Ksu®)/2 and h(A) = A€ for some ¢ € (0,1/4]. Then, for every
A€ (0,1],

E( sup |z (t) —xA(t)|2> < 0 APN1-29), (5.4)
0<t<T

Proof. We will use the same notation as in the proof of Theorem 3.6. The Ito
formula shows that

lea()|? < Hs(t) + Hy(t), 0<t<T, (5.5)
where
Hj(t) = /O <2e£(5)[f(x(8)7 z(s — 7)) — fa(@a(s), Zals — 7))]
+lg((s), 2(s = 7)) — ga(@a(s), 7a(s — 7)) ds
and

1:(0) 1= [ 265(5)[gla(s).2(s = 7) — 92 (5 (s). 72 (s — 7)) aB(s)
In the same way as in the proof of Theorem 3.6, we can show that
Hy(0) < (1+415) [ lea(s)Pds
ta:s:cszf:_csfsz2
+ [ (1#@atehaals =) = fataats).oals =)
+ (1 +a Dglxals),zals = 7)) — ga(@als), zals - T))IQ)dS-

Recalling (3.14), we then get

T
E( sup Hg(t)) <1+ 4K3)/ Elea(s)|?ds + Hay + Hoo.
0<t<T 0

By Theorem 3.6 and Remark 5.2 as well as (3.15) and (3.16), we get

E( sup Hg(t)) < O APNA=26) (5.6)

0<t<T
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On the other hand, by the Burkholder-Davis-Gundy inequality (see, e.g., [DZ92]),
we derive

IE( sup H4(t)>
0<t<T

T
<6E( [ lea()Pla(a().a(s = 7)) = 2 @a(5). 7 (s = 7))

1/2

1/2

<6E([ sup_lea(s)?] / ' l9(w(s), a(s = 7)) — ga(@a(s), 25 (s = 7))|*ds)

0<t<T

T
§0-5]E[ sup Iea(S)F] + QE/ l9(2(s),2(s = 7)) — ga(Ta(s), Za(s — 7))|%ds.
0<t<T 0 (5.7)

But
T
E/O lg(x(s),2(s = 7)) = ga(Ta(s), Ta(s — 7))|%ds
§2E/0 l9(x(s), (s — 7)) — g(za(s), za(s — 7)) ds
T
+2E/0 9(xa(s),zals = 7)) = ga(Za(s), Tal(s — 7))[*ds.

Recalling the estimate on Hs in the proof of Theorem 3.6 as well as Remark 5.2,
we see that

E / 9(za(s), zals — 7)) — ga(@a(s), Ta(s — 7)) Pds < C A2A1=20).

Moreover, by Assumption 5.1,

E / l9(2(s),2(s — 7)) — glza(s),za(s — 7)) ds

T
g/ (Ela(s) — 2a(s)> + Elo(s — 7) — zals — 7)) ds
0

SC AQ'}//\(l—Qe).
It therefore follows from (5.7)that

IE( sup H4(t)> < CAYMNI=29 L 05E| sup |ea(s)|?]. (5.8)

0<t<T 0<t<T

Hence the required assertion (5.4) follows from (5.5) along with (5.6) and (5.8). The
proof is complete. 0

As pointed out in Section 3, Za(t) is computable, but xa(¢) is not in general.
It would therefore be very useful to have a convergence result like (5.4) but za(?)
there is replaced by Za(t). For this purpose, let us present a lemma.
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Lemma 5.4. Let A € (0,1] and € € (0,1/4]. Let v be a sufficiently large integer
for which

2v 1
T+1)Y" <2 Z<e )
21/—1( +1)/" < and S < (5.9)
We then have
E( sup |za(t) —:EA(t)\2> < 2(2v + 1)(h(A))2A1<, (5.10)
0<t<T

Proof. Let k be the integer part of T/A, namely x = |T/A]. Recalling (2.7), we
derive

=z, a0 - 2a(0F)

gIE( max  sup  |fa(Za(tr)(t —tk) + ga(@a(te))(B(t) —B(tk))lz)

0<k=<r ¢, <t<tpi1

< 21@(01;13;%;%%“ [Fa(@ate) P = ) + l9a@a () PIBE®) - Bty

< 2(h(A))? [A? +]E< max  sup |B(t) — B(tk)|2)] (5.11)

0SkSF ¢, <t<tii

By the Holder inequality and the Doob martingale inequality, we then derive that

]E( max sup |B(t) — B(tk)|2>

0<k<rt, <t<tpy1

< ]E( max su B(t) — B(t 2”)}
_ OSkSHtk§t§§k+1| (t) — Bty

K

o 2v v
<[2B(, s 180) - Beor)]
<[5 (2) ot - o]

K

< [3 (2 - ]
k

< :(gfi 1)2”(T+1)(2u_1)!w—1r/”, (5.12)

where 2v —D'=2r—-1) x 2r—3) x --- x 3 x 1. But

v

(20 — Y < %Z(Zz‘ 1=

i=1
Hence

2v

(T + 1) vACTI < 2pal e
-

(5.13)

E( max sup |B(t) —B(tk)|2) < 5

0<k<k ¢y <t<tji1
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Substituting this into (5.11) yields the required assertion (5.9). The proof is com-
plete. O

The following more useful theorem follows from Theorem 5.3 and Lemma 5.4
immediately.

Theorem 5.5. Let Assumptions 2.1 - 2.8 and 5.1 hold and assume that p > r+ 2.
Let p(u) = Ksu®*)/2 and h(A) = A~ for some ¢ € (0,1/4]. Then, for every
A € (0,1],

]E( sup |z(t) —a‘cA(t)|2> < 0 ADN1=39), (5.14)
0<t<T

6 Examples. Let us discuss more examples in this section to illustrate our theory.

Example 6.1. Let us first return to the SDDE (2.17). In Section 2.5 we have
verified Assumptions 2.1 - 2.4 and, in particular, we have p = 18.5, r = 4 and
v = 0.5.

First of all, let h(A) = A™'/% as in Section 2.5. By Corollary 3.7, we can then
conclude that the truncated EM solutions will approximate the true solution ()
of the SDDE (2.17) in the sense that

Elza(T) — 2(T) > VE|za(T) — 2(T)> < CA%/? (6.1)

for all A € (0,1]. We emphasise that the order A%/® is the same as that in (2.18)
but (6.1) holds for any A € (0, 1] while (2.18) holds only if A < 107! which may
be too small in practice.

To improve the convergence order, we next let h(A) = A™Y6 for A € (0,1].
Then condition (2.14) becomes

A71/6 > 10A~1/8:25 namely, A < 10722,
By Theorem 2.5, we can only conclude that
Elza(T) — 2(T) > VE|ZA(T) — 2(T) > < CAY? (6.2)

for A < 10722, But it is almost impossible to use such a small stepsize in practice.
On the other hand, by Corollary 3.7, we can conclude that

Elza(T) — 2(T) > VE|ZaA(T) — z(T) > < CAY? (6.3)

for all A € (0,1]. In other words, we do not only get the same convergence order
but also allow the stepsize A € (0, 1].

Example 6.2. Consider the scalar SDDE
de(t) = f(x(t), z(t — 7))dt + g(x(t), z(t — 7))dB(t), t>0, (6.4)

with the initial data {z(0) : —7 < 0 < 0} = £ € C([—, 0]; R) satisfying Assumption
2.2, where

|4/3 3

f($7y) =a; + a2|y — asr and g(.’I],y) = a4|$|4/3 + asy, T,y € R7
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and aq,--- ,as5 are all real numbers with ag > 0. Clearly, the coefficients f and g
are locally Lipschitz continuous. Moreover, for any p > 2, we have

af(z,y) + ]%llg(x,y)IQ < Jarlfz] + |agllz|ly|*® — aslz[* + (b — 1)(a3|2*/* + aZly|?).
But, by the well-known Young inequality,
l2|lyl** = ()2 ([y*)*? < |2 + [y[>.
We therefore have
of(z,y) + %Ig(ﬂc,y)l2

< Ja|z] + lazlz* + a3 (p — D> — aslz|* + (Jaz| + a3(7 — 1))yl
< Ki(1+yP),

where K7 = (Jaz| +a2(p — 1)) V 81 and

B = sup [Jar|u + |as|u® + a3(p — 1))u®/? — azu’] < .
u>0

That is, Assumption 2.1 is satisfied for any p > 2.
To verify Assumption 2.3, we note that, for x,Z,y,y € R,

(@ = 2)(f(z,y) = f(2,9)) = (z = 2)[ - as(z® = 2°) + aa(|y[** - |g|*/*)]
< —0.5as|z — (2% + £2) + 0.5a2(z — )% + 0.5a2(|y|/3 — |g[*/?)?

while
lg(z,y) — g(2,7)> < 2a3(x|*? — |2|**)? + 243 |y — g|*.

But, by the mean-valued theorem,
4/3 _ (-4/3y2 _ 16 —1201,11/3 1 [5(1/3)2
(™= = 1917%)" < <5 ly = g7 (™ + 1917)

<ly — g2 + 191*"3) < |y — 91*(82 + (as/2a3) (ly|* + [7]*)),

where
By = sup(2u?/® — azu?/a2) < co.
u>0
Similarly,
(J[*/* = 12|*%)? < |o — 2> (85 + (as/8ad) (j2* + |2]%)),
where

By = sup(2u?/? — azu?/8a?) < co.
u>0

Hence, for a =1,

(o= D) (y) ~ 1@ 9) + 5 lotay) — oz, )

< Ksllz—zP + |y —y’] - U, 2) + Uy, 7)),
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where K3 = 0.5a3(1 + f2) + 24303 + 2aZ and
U(z,Z) = 0.5a3]x — 7|*(z* + z?).

We have hence verified Assumption 2.3. It is also straightforward to show that
Assumption 2.4 is satisfied with » = 4 (and some K4 which is not important).

To apply Theorem 3.6, we still need to design functions p and h satisfying (2.4)
and (3.1). Note that

sup (|f (@) V]g(x)]) < au®, Vu>1,
o] <u

where @ = (Ja1| + |az| + a3) V (las| + |as|). We can hence have u(u) = au® and
its inverse function p~'(u) = (u/a)'/® for u > 0. For ¢ € (0,1/4], we define
h(A) = A=< for A > 0. By Theorem 3.6, we can then conclude that the truncated
EM solutions will converge to the true solution of the SDE (6.4) in the sense that

E|za(T) — 2(T)> VE|za(T) — 2(T)|? < CAPN1=2¢) (6.5)

for all A € (0,1]. In particular, if « is close to 0.5 (or bigger than half), this shows
that the order of convergence is close to 0.5.

Example 6.3. Let us still consider the scalar SDDE (6.4) but change the diffusion
coefficient into g(z,y) = asx + asy. We see clearly Assumptions 2.1 - 2.3 and 5.1
hold. We also let pu(u) = au? for u > 0 and h(A) = A~¢ for € € (0,1/4]. Then, by
Theorem 5.5, we can conclude that for every A € (0,1],

]E( sup |z(t) —:EA(t)|2) < O APN1I=39), (6.6)
0<t<T

7 Conclusion. In this paper, we reviewed one of the main results of [GMY17]
and pointed out a restrictive condition imposed there via an example. We then
successfully established the strong convergence theory without this restrictive con-
dition. We compared our new result with the one in [GMY17] and highlighted our
significant contribution in this paper. We also established a new strong convergence
theory for the solutions over a finite time interval, and this was not discussed in
[GMY17]. Examples were used to motivate our paper and to illustrate our new
theory.
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