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Abstract: Since Mao in 2013 discretised the system observations for stabilisation problem of hybrid SDEs (stochastic differential
equations with Markovian switching) by feedback control, the study of this topic using a constant observation frequency has been
further developed. However, the time-varying observation frequencies have not been considered yet. Particularly, an observational
more efficient way is to consider the time-varying property of the system and observe a periodic SDE system at the periodic
time-varying frequencies. This paper investigates how to stabilise a periodic hybrid SDE by a periodic feedback control, based on
periodic discrete-time observations. This paper provides sufficient conditions under which the controlled system can achieve pth
moment exponential stability for p > 1 and almost sure exponential stability. The Lyapunov method and inequalities are main tools
of our derivation and analysis. The existence of observation interval sequence is verified and one way of its calculation is provided.
Finally, an example is given for illustration. Our new techniques not only reduce the observational cost by reducing observation
frequency dramatically, but also offer the flexibility on system observation settings. This paper allows readers to set observation
frequencies for some time intervals according to their needs to some extent.
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1 Introduction

In the past decades, stochastic differential equations have been play-
ing a critical role in many areas including engineering, finance,
population ecology, etc., and catching increasing attentions from sci-
entists and engineers. For example, due to its ability to capture the
influence of noise, SDE has been used as an important tool in explo-
rations of autonomous vehicles in recent years (see e.g. [1]-[3]). In
particular, hybrid SDEs have been widely used for modelling sys-
tems that may undergo abrupt changes in structures and parameters,
which can be caused by environmental disturbances or accidents.
An intriguing topic for SDEs is automatic control. Different sta-
bilities for various systems including uncertain, jump and singular
systems etc. using different control schemes including feed forward,
feedback and sliding mode control, etc. have been studied (e.g.
[4]-[17]).
Consider a hybrid SDE system

dz(t) = f(z(t),r(t), t)dt + g(x(t),r(t), t)dB(t) (1.1)

ont > 0, where z(t) € R™ is the system state, B(t) is a Brownian
motion, r(t) is a Markov chain (please see Section 2 for formal def-
initions) which represents the system mode. If system (1.1) is not
stable and need to be stabilized by a feedback control, a traditional
controller based on continuous-time observations are not realistic
and expensive, so Mao [13] discretised the system observations and
used a constant observation interval 7, which is a positive number.
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The system needs to be observed at time points O, 7, 27, 37, - - -, in
[13]. Later this study has been developed by many researchers (see
e.g. [18]-[24]).

However, a constant frequency of observations cannot make use
of the time-varying property. For a non-autonomous system, whose
coefficients depend on time explicitly, a time-varying observation
frequency is more sensible than the constant one. Intuitively, when
the system state or mode change rapidly, we should observe them
very frequently and vice versa.

A particular interest for a time-varying system is its periodicity.
Periodic phenomena are all around us, such as satellite orbit, sea-
sons, wave vibration, etc. Stochastic models involving periodicity
have been studied by researchers due to their wide applications in
many areas. To name a few, periodic stochastic volatility, almost
periodic solutions for SDEs, quantification of periodic, stochastic,
and catastrophic environmental variation, almost periodic stochastic
processes, etc. (see e.g. [25]-[32]). Control problem for periodic sys-
tems has also received increasing attentions. To name a few, output
regulation problem for uncertain linear periodic systems, stabiliza-
tion problem for periodic orbits of hybrid systems, control problem
for periodic ETC (event-triggered control) systems and periodic
piecewise linear systems, etc. (see e.g. [33]-[38]).

Since the existing techniques cannot be generalized to cope with
the time-varying system observations, this paper uses a new method
to investigate: how to stabilise a non-autonomous periodic (i.e., the
system coefficients change with time explicitly periodically) hybrid
SDE, by a periodic feedback control based on periodic discrete-time



observations, and make the controlled system exponentially stable,
almost surely and in pth moment for p > 1.

Define a periodic observation interval sequence to be {7;};>1
such that

Tem+j = Tj
for a positive integer M, Vk =0,1,2,--- and j =1,2,--- ,M.In
other words, the system will be observed at time points 0, 71, 71 +

T2, 71 + T2 + 73,---. Note that for any ¢ > 0, there is a positive
integer k such that

then we can define a step function

k
Ot = ZTj. (1.2)
Jj=1
Consequently, the controlled system regarding to (1.1) has the form

da(t) =[f(2(t), (), t) + w(z(dt), r(6¢), )]t
+g(x(t), r(t), t)dB(t). (13)

By making use of the time-varying property, our new results have
two main advantages over the existing theory:
1) reducing the obseration frequency and hence the cost of control.
2) offering the flexibility to set part of the observation frequencies.

The remainder of this paper is organised as follows. Notations
are explained in Section 2. In Section 3, we state the stabilisation
problem, establish the new theory and provide a useful corollary.
In Section 4, we explain how to calculate the observation interval
sequence. Section 5 presents a numerical example and Section 6
concludes this paper.

2 Notation

Let (Q,F,{Ft}i>0,P) be a complete probability space with fil-
tration {F%}¢>0 which is increasing and right continuous with Fy
contains all P-null sets. Let R denote the set of all non-negative
real numbers [0, co). We write the transpose of a matrix or vector A
as AT Denote the m-dimensional Brownian motion defined on the
probability space by B(t) = (Bi(t),--- , Bm(t))". For a vector z,
|| means its Euclidean norm. For a matrix @, its trace norm |Q| =
V/trace(QT Q) and its operator norm || Q|| = max{|Qz| : |z| = 1}.
For a real symmetric matrix @, Apin(Q) and Amax(Q) mean its
smallest and largest eigenvalues respectively. There are some pos-
itive constants whose specific forms are not used for analysis. For
simplicity, we denote those positive constants by C, regardless of
their values.

Let r(t) for ¢t >0 be a right-continuous Markov chain on
the probability space taking values in a finite state space S =
{1,2,---, N} with generator matrix I" = (7;;) N x v, Whose ele-
ments -y;; are the transition rates from state ¢ to j for i # j and
Yii = = >_j£; Vij- We assume the Markov chain r(-) is indepen-
dent of the Brownian motion w(-). Define a positive number 7 :=
— min;es Vii-

Define a step function &; for t > 0 based on the observation inter-
val sequence. Let &; := 7,41 for any ¢ € [Z?:1 Tj,Z?ill 75)-
This means

0p <t <+ &t

For example, when ¢ € [0, 1), we have §; = 0 and & = 71; when
t € [r1,T1 + T2), we have 6 = 71 and & = T2; when ¢ € [1] +

T9,T1 + T2 + 73), we have d; =711 + 12 and & = 73; ---. The
periodicity of function &; follows from the periodicity of the
sequence {7;};>1.

Define two positive parameters depending on the moment order

p:
(— (2)% forpe(1,2),
- [p(pfl)]% forp > 2
and
(82)% forp € (1,2),
0= pt1 5
(2(p71)p,1) forp > 2

3 Stabilisation Problem

Consider an n-dimensional periodic hybrid SDE
da(t) = f(a(t),r(t), )t + g((t),r(t), )dB(E) (B

on ¢t > 0, with initial values x(0) = zo € R" and r(0) =rg € S.
Here

FR"xSxRy - R"™ and g:R"™ xS xRy —R"™™,
The given system may not be stable and our aim is to design a

feedback control u : R™ x S x Ry — R™ for stabilisation.
The controlled system corresponding to (3.1) has the form

dz(t) =[f(z(t),r(t),t) + u(z(dt), r(0¢), t)]dt
+ g(x(t),r(t), t)dB(t). (3.2)
Assumption 3.1. Assume that f(z,i,t), g(z,i,t) and u(x,i,t) are
all periodic with respect to time t. Assume f, g, u and & have a

common period T'.

The assumption that T" is a period of { means & = &7 for
k=0,1,2,-- and 3, 7 =T

Assumption 3.2. Assume that the coefficients f(x,i,t) and

g(z,i,t) are both locally Lipschitz continuous on x (see e.g. [7]).
and satisfy the following linear growth condition

F,i )] < Ki(®la] and g(z,it)| < Ka(la]  (3.3)

forall (z,i,t) € R" x S x Ry, where K1(t) and Ka(t) are peri-
odic non-negative continuous functions with period T'.

Note (3.3) implies that
f(0,i,t) =0 and g¢(0,%,t) =0 (3.4)
forall (¢,t) € S x Ry.
Assumption 3.3. Assume
lu(z,i,t) — u(y,i,t)| < Ks(t)|lz -yl (3.5
for all (z,y,i,t) € R™ x R"™ x S x Ry, where K3(t) is a peri-

odic non-negative continuous function with period T'. Moreover, we
assume

u(0,i,) = 0 (3.6)
forall (i,t) € S x R.
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Assumption 3.3 implies that the controller function u(z,,t) is
globally Lipschitz continuous on x and satisfies

lu(z, i,t)] < K3(t)|x| 3.7
forall (z,i,t) € R™ x S x Ry.

Remark 3.4. For linear controller of the form u(x,i,t) = U;(t)z,
where U;(t) are n x n real matrices with periodic time-varying
elements for t > 0 and i € S, we can set K3(t) = ||U;(t)||, if the
operator norm ||U;(t)|| is a continuous function of time.

Let

K1 > max Ki(t), K> max Ks(t)
0<t<T 0<t<T

and K3 > Ks(t).
32 max 3(1)

Let U(z,1,t) be a Lyapunov function periodic with respect to ¢,
and we require U € C*1(R™ x S x Ry ;R ). Then based on the
controlled system, we define LU : R" x S x Ry — R by

LU (z,i,t) =U(z,i,t) + Ug(z, i, t)[f (2,4, t) + u(z, i,t)]

1
+ tracelg” (2,6, ) Una (2, )9 (., )]

N

+> kU, k,t). 3.8)
k=1

Assumption 3.5. For a fixed moment order p > 1, we assume that
there is a pair of positive numbers c1 and cg such that
clzl? <U(z,i,t) < calxf? 3.9)

forall (z,i,t) € R™ xS x Ry.

Remark 3.6. For Lyapunov functions of the form

ya
2

U(xz(t),r(t),t) = (&7 ()Quz(t))?,

where Qr(t are positive-definite symmetric n X n matrices,
Assumption 3.5 holds and we can set

P P
1 = Iznelél Arflin(Qi) and co = TE\SX Ar%ax(Qi)

Assumption 3.7. Assume that there is a Lyapunov function
U(z,i,t) and a positive continuous function \(t) which have a
common period T, constants | > 0 and p > 1 such that

LU(z,i,t) + Us (2,4, )| 77 < —A(t)|z[P (3.10)

forall (z,i,t) € R™ x S x [0,T].
Let us divide [0, 7] into Z — 1 subintervals, where Z > 2 is an
arbitrary integer, by choosing a partition {7} }1< <z with T1 =0

and Tz = T'. Then we define the following three step functions on
t > 0 with periodic T*:

Klt = sup Kl(s) for Tj <t< Tj+1,
Tj<s<Tjt1

kgt = sup Kz(s) for Tj <t< Tj+1,
Tj<s<Tjt1

Kyt = sup Ks(s) forT; <t<Tjiq, (3.11)
Tj<s<Tjt1

where j =1,--- ,Z — 1.
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Before proposing our theorem, let us define two periodic step
functions:

1pa 1.2 N 1.2 N
P1t =8P f?th + 16 §t2 (1 + §fK§t)(2p §t2 Kft + Cth)
. P .
x exp(4P TP KY, + 4P 0KD,);
and

P A J<ON A
. 16P~1e2 (1 PRP\(9P—lg2 P KP
oo =8P TVEPRY, §A+E £3t)£( SRS +¢ 2)7
1—4p=1ep (67 KTy + 0KG,)

P
2

b A A
for sufficiently small &; such that 4P_1£t2 (&2 KT, + 0K%,) < 1.

3.1 Main Result

Theorem 3.8. Let the system satisfies Assumptions 3.1 and 3.2.
Design the feedback control such that Assumptions 3.3, 3.5 and 3.7
hold. Divide [0, T) into Z — 1 subintervals with Ty = 0 and Ty =
T. Choose the observation interval sequence {T;}1<j<m suffi-
ciently small such that & < Tj1 — Tj for t € [T}, Tjq1) where
7 =1,2,---Z — 1 and the following two conditions hold:

1) forvt €10,7),

either

pt =1t <1, (3.12)
or
p P L A
pr = oy <1 and 472 (E2KY, +0KE) < 1;  (3.13)
2)
T
J B(t)dt > 0, (3.14)

where

MO 1 (P -1
c2 CQP(I - Wt) pl
y [231;—2(1 _ e 4 gp—lw], (3.15)

B(t) = B(Er,t) = PURE(t)

Then the solution of the controlled system (3.2) satisfies

1
lim sup - log(Elz(t)|?) < —— (3.16)
t—o0 T
and
lim sup 1 log(|z(t)]) < -2 as 3.17)
t—oo 1 2 '

for all initial data vy € R™ and rg € S, where

v = JT B(t)dt.

0

Remark 3.9. Notice that T is a period of i, then T is also a period
of B(t). For ¢ defined in either (3.12) or (3.13), we have the follow-
ing discussion: when & = 0, ¢y = 0, then S(t) = A(t)/c2 > 0; if

&t increases, both ¢t and 1f:’0 increases, then B(t) will decrease.

t

So there exists & > 0 for 0 < t < T such that fér B(t)dt > 0.

We will use the same observation frequency in one subinterval of
[0,T7.



Remark 3.10. Notice that & is a right-continuous step function.
Since we use the same observation frequency within the same subin-
terval [T, T;11) where j =1,---,Z — 1, & is constant for t €
[T}, Tj41). Notice that K14, Koy and Ksy are also right-continuous
step functions which are constant for t € [T, Tjy1). So is @t
Therefore, B(t) is a right-continuous step function which only jumps
atTy, To, - - -.

We can calculate the observation interval sequence using both
conditions (3.12) and (3.13) respectively, then choose the one that
yields less frequent observations.

3.2 Proof of the Main Result

Proof.
Step 1. Fix any ¢ € R™ and rg € S. By the generalized It formula,
we have

t
EU (z(t),r(t),t) = Uy + JO ELU(z(s),r(s),s)ds,  (3.18)

where Uy = U(x(0),r(0),0) and

LU (2(s),7(s), s)
N

=Us(z(s),r(s),s) + Z YieU(x, k, s)
k=1

+ Uz(z(s),7(5), 8)[f (2(s),7(5), 8) + u(x(ds),7(3s), 5)]

+ %trace[gT(x(s), r(8), 8)Uza(x(s),7(8), 8)g(x(s),7(s), s)].
(3.19)

Notice that LU (z(s), 7(s), s) can be rewritten as

LU(x(s),7(s),s) =LU(x(s),7(s),s) — Uz(x(s),7(s), s)

x [u(z(s),r(s), 5) = u(x(ds),r(ds), 8)].
(3.20)

By the Young inequality, we can derive that

= Ua((s5),7(s), s)[u(x(s), 7(5), 8) — u(x(ds),7(s), )]

<210 oo r(e), ) 75] T

S

x [P lua(s),7(s), ) = u(@(8s), r(8s), 5) 7]

D

§l|U;c($(S),T(S)7s)|p—l

1,p—1,,_

S e (s), 7(5),5) = u(a(8s), 7(55), )7,
(3.21)

where | = %5 for Ve > 0.
According to Lemma 1 in [21], for any ¢ > tg, v > Oand i € S,

P(r(s) # i for some s € [t,t +v]|r(t) =) <1—e 7", (3.22)
By Assumption 3.3, we have
Elu(z(ds), 7(ds), s) — u(z(ds), r(s), 5)|"

= [E(Ju(x(5s), 7(55), 5) — u(a(8s), 7(s),5) | 75,)]

<2 LR (5)(1 - ¢ T Bl () + Ela(d) - a(s) 7).
(3.23)

Then by the elementary inequality |a 4 b|P < 2P~ (|a|P + |b|P) for
a,b € Randp > 1, we have

Elu(x(s), 7(s), 5) — u(x(3s),7(55), 5)|”
<P UEfu(w(8s),7(05), 5) — u(w(ds), 7(s), 5|

+ 2P Elu(x(8s), 7(s), 8) — u(@(s),7(s), )"
<PPRE () (1 - e T Efa(s)”

+ 2P KE(s)(1 — €775 4+ 27T K ()| Bl (05) — a(s) [,

(3.24)

Substitute (3.24) into (3.21). Then by (3.20) and Assumption 3.7,
we obtain that

ELU (z(s),7(s), s)

<= ) = (P R 2 (1 T Bla()
ST R 12 (1= T+ 27 Bl () —a ()

(3.25)

Note that t — §¢ < & for all ¢ > 0. By the It6 formula, Holder’s
inequality, the Burkholder-Davis-Gundy inequality (see e.g. [S5,
p-40]) and [5, Theorem 7.1 on page 39], we obtain that (see e.g.
[23])

Ela(t) — =(3:)|

p—2 t P
<68 [ [ 17099 + uar 6.
+ Clg(@(s),7(s), 5)I* | ds. (3.26)
Let

t
Oa(t), (1), ) = o POPU (), r(1).1).
We can obtain from the generalized It6 formula that

EU ((t),(t),t)
t

=EUp + IEJO LU (x(s),7(s), s)ds

t s
<EUp + J o Bl2)dz [ELU (z(s),r(s), s)
0

+ B(s)EU (z(s),7(s), s)] ds, (3.27)
where LU (z(s),7(s), s) has been defined in (3.19).

By (3.26), Assumptions 3.2 and 3.3, we have that for any s €
[687 63 + fs),

Elz(s) — 2(ds)[”

S
<7 | KYC)EL()

s

+ 2”*15?211«:[3 27 LeE KT (2) + CRE(2) (=) Pz

s

<4PM P RY Elx(8s)[P

ye VN ~
P[Pl E R, +<K§S]E( sup |x(t)\1’)4 (3.28)
§s<t<s
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Step 2. We will prove that under either condition (3.12) or (3.13),
we have

Elz(s) — 2(6s)[" < %Elx(s)lp, (3.29)

for the corresponding 5.
Firstly, we prove it using condition (3.12).

By the elementary inequality |Zf:1 z P < kP71 Zle |z [P
for p > 1 and z; € R (see e.g. [7]), Holder’s inequality and the
Burkholder-Davis-Gundy inequality (see e.g. [, page 40]), we have
that

E( sup |a(t)]?)

6s<t<s

Jt f(x(2),7(2), z)dz‘p)

<4P7'E|z(65)|P + 4p_1IE( sup
65

0s<t<s

+ 417_1IE((SSs<utp<S J; u(z(62),7r(d2), z)}dz’p)
+ 4p71E(6 s<utp<s J: g(z(2),r(2), z)dB(z)‘p)

<APTUE|x(8s) P + (466)P

- , , )
<E( s [ H@UP + KY(Ele(60ra:)

p—1.55% Coer P
+4P77¢,2 OE( sup K5 (2)|z(2)[Pdz
6:<t<sJds

< [4?*1 +(4§5)”*1E Kg(z)dz] E|z(5s)[P

+ [(4§s)p_1f(p +4p_1§pg29f(p ] r E( sup |x(z)|p)dt
1s s 2s
5. No.<a<t

Then the Gronwall inequality implies

B s o))< [ +ae | KE )] Ela(o)P

A~ ya N
X exp(4PHEPRP 44PT1e29KD ).
(3.30)

Substituting this into (3.28) gives
Elz(s) — =(ds)[”
<aP—le3 (e fp p—1 PiD \(oPp—le5 fop D
= gs |:€9 KSS +2 (1 + £5K3s)(2 s Kls + CKQS)
A r L
x exp(4P~ LR, + 47 €2 0KE, )| Ela(ss) 7.
Noticing that
E|lz(3s)[” < 2P Ela(s)[” + 287 'Ela(s) — 2(5s)[?
for all p > 1, we have
Elz(s) — 2(35)[" < @s[El(s)[” + Elx(s) — x(35)["],

where s was been defined in (3.12). Rearranging it gives (3.29).

Alternatively, we prove it under condition (3.13).
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By the elementary inequality, Holder’s inequality and the
Burkholder-Davis-Gundy inequality, we have that

B( sup [a(t)")

§s<t<s

Jt f(w(z),r(z)7z)dz‘p)

§4p71E‘I(55)|p + 4p71E( sup
ds

§s<t<s

—|—4P_1E(5.s<utp<8 J; u(x(az),r(az),z)]dz"’)
+ le_lIE(éss<utp<S J; g(z(2),7(2), z)dB(z)‘p)

<APTUE|x(8s)|” + (4€5)P

t » , ) )
X E(éss;ltpgsjés (K7 (2)|z(2)[P + KL (2)|2(3s)| ]dz)

1,022 g
+4P7 g2 9E< sup J Kg(z)|1:(z)|pdz)
6s<t<sJds
<4P7N(1+ ERE)E|x(8s) [
pa VNN A
+ 4PN (€2 KT+ 0REIE( sup lo()]?). (3.31)
§s<t<s

2 D
The condition in (3.13) requires that 4p_1£t2 (&2
1. So we can rearrange (3.31) and get

KV +0K%,) <

4P~ + PP
2 AS = N E|$(5s)\p-
1—4p=1e2 (€2 KP +0KY)

IE( sup

[2(2)I") <
§s<2<s

(3.32)
Substituting this into (3.28) gives

Elz(s) — 2(ds)[”

P P . N N
< 41971 PR'P 8p71§sz (2p 1552 Kf + CKg)(l + §§K§S)
=~ fs 3s + P P op op

1 —4p=1g2 (€2 KT, + 0K3,)
X E|£E(59)|p

<¢s(Elz(s)|” + Elz(s) — 2(3s)"), (3.33)
where ¢ has been defined in (3.13).
Since condition (3.13) requires ¢; < 1 for all ¢ > 0, we can rear-
range (3.33) and obtain (3.29).

Step 3. Substitute (3.29) into (3.25). Then by (3.15), we have

ELU (z(s),7(s), s)

<= \8) = 5 (T K62 (1= T Bl
+%(%)p‘ll‘fis%f(g(s)[23P—2(1—e—Wﬁs)JrzP—l]Em(s)|P

< — c28(s)E|z(s)|P. (3.34)
Substitute (3.34) into (3.27). Then by Assumption 3.5, we have
EU (2(t), r(t), t)

t s
<EU, +J o PRERLU (2(s), r(s), s) + caB(s)E|z(s)[P)ds

0
<EUjp. (3.35)
Assumption 3.5 indicates that
160 PR (1P < BU(x(t), (1), ) < EUs.
5



Then
Elz(t)|P < Ce™ [5 B(s)ds

Recall that C’s denote positive constants.
So we have

1 —1
lim sup - log(E|z(¢)|?) < lim sup —J B(s)ds = _——
t—oo U t—soo U Jo T

Hence we have obtained assertion (3.16).

Let € € (0, 57+) be arbitrary. Then (3.16) implies that there exists
a constant C' > 0 such that

Ejz(t)[P < Ce” /T~ forvt > 0. (3.36)
Notice that
_ - 1.2, B . N _
PN+ PR — 4P e (67 KY, + 0KE)) !

in (3.32) is bounded. It follows from (3.30) and (3.32) that

E( sup |x(s)|p> < CElz(6)|P < Ce~@W/T=9)% (337
04 <5< +E
for Vt > 0.
Then by the Chebyshev inequality, we have
IF’( sup  |z(s)| > exp[%(Qe - E)}) < Ce .
5, <s<8u & p T

The Borel-Cantelli lemma indicates that, there is a t* = t*(w) > 0
for almost all w € 2 such that

sup  |z(s)| < exp[%(?e - %)] for Vt > t*.

01 <s<o¢+&¢
So 5
1 v t
log —(|x(t —(= —2¢)—.
oz, ((0)) <~ (7 — 20
Ast — oo,
1 1, v
limsup — log(|x(t,w)]) < —=(= — 2¢) a.s.
msup ¢ log(a(t,)]) < — (7 — 20

Letting ¢ — O gives assertion (3.17). The proof is complete. O

3.3 Corollary
For Lyapunov functions of the form

U(z(t),r(t),t) = (&7 ()Qu)z(t))

where Q,.(4) are positive-definite symmetric n X n matrices for p >
2, we propose the following corollary.

(M)

Assumption 3.11. Assume that there exist positive-definite symmet-
ric matrices Q; € R™*™ (i € S) and a periodic positive continuous
Sunction b(t) such that

p(e" Qix) 87 (&7 Qulf(.1,1) + ulw i )]

+ Jwacely” (2,1,6)Qug 1))

N
T L2 T T 4
+p(5 — D" Qia) 2lg" Qual® + D visla” Qe
j=1

< —blal” (338)

forall (z,i,t) € R™ x S x [0,T].

We can see that 7" is a period of b(t).

Corollary 3.12. If Assumptions 3.7 and 3.5 are replaced by
Assumption 3.1110, then Theorem 3.8 still holds for p > 2 with
c2 = max;es Max(Qi), A(t) = b(t) — ld where d = (pcz)P%l
and 0 < I < ming<;<7 b(t)/d.

Proof: Calculate condition (3.10) in Assumption 3.7 for U(z,4,t) =
p
(7 Q;z) 2. Firstly, calculate the partial derivative

Us(x,i,t) = p(a” Qiz) 12T Q.

Then we have

, £-1 -1 -1
U (3, )] < pAinax (Qi)l|QilllxlP ™ = pealaP™"

Secondly, calculate the partial derivative Ut (z, ¢,t) = 0 and

. p_ P __
Usa(x,i,t)=p(p — 2)[2" Qiz]* *Quza’ Qi+pla’ Qua]2 ' Q.
So LU(x,1,t) is equivalent to the left-hand-side of (3.38). This
means

LU (z,i,t) < —b(t)|z|P.

Substitute these into (3.10), we get

LU(z,i,t) + Us (2,4, 8)| 77 < (=b(t) + ld)|z]P? = —A(t)|z|”.
The condition I < ming<;<7 b(t)/d guarantees A(t) is positive.
Consequently, Assumption 3.7 can be guaranteed by Assumption
3.11. The proof is complete. O

4 Computation and Discussion
4.1  Computation Procedure

Now we discuss how to divide [0, 7] and how to calculate the obser-
vation interval sequence. We can either use even division or divide
according to the shape of an auxiliary function. We use the same
observation frequency in one subinterval of [0, T']. Notice that 3 can
be negative at some time points, we only need to guarantee that its
integral over [0, T'] is positive. This gives flexibility on the setting of
&t. For example, we can choose to increase the shortest observation
interval to avoid high frequency observations by reducing the large
observation intervals in some time intervals, or choose to make the
large observation intervals even larger. This will be illustrated in the
example.

Here we show one method to find an observation interval
sequence that satisfies the conditions in Theorem 3.8, although there
are other ways. We can find an observation interval sequence that
satisfies the conditions in Theorem 3.8 by the following four steps:

Step 1. Choose to satisfy condition (3.12) or (3.13).
Suppose we choose condition (3.12).
Firstly, find a positive number £ such that
e _p e _r _
SRS 167 (1+ SRS (2P TR + ()
_z

X exp(4pflgp71p + 4p71§2 GEP)
<1 4.1)
Noticing that the left-hand-side is an increasing function of £, in

practice, we can find € by solving the equality in (4.1) numerically by
computer and then choosing £ smaller than the approximate solution.
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Secondly, let £ be a positive number to be determined. Define

G(t) =8P 1P KP(1) + 16P e B [1 + ¢PKE (1))
x 2P B kP () + (R (1)]

x exp[APTLEPKP (1) + 4PTLEEOKD (1))

DA 2T () o1
fa®) == el = (1)) o

Alternatively, suppose we choose (3.13).
Firstly, find a positive number £ such that

4P 15 (»f K1 +9K2)

and

8p— 121773? +

17 1757P | 7P
16P~ § (1+£ K3 )(2”7 £°K1 +(CK2)
[
14182 (€2 Ry + 0KS")
Secondly, let £ be a positive number to be determined. Define
- -1
G(t) =8"" €V KL (1)

1677 1¢ 5 (1 + P KB (1)][2P L E KD () + CKB (1)
1— 4P=1e3[e3 KP(t) + KD (1))

and S, (t) has the same form as above.
For choice of either (3.12) or (3.13), using corresponding definitions
above, choose a positive number ¢ < & such that fg Ba(t)dt > 0.

Step 2. The second step is to divide [0, 7] into Z — 1 subintervals.
There is no restriction on the partition. We can simply set even divi-
sion or divide according to the shape of 84 (¢), in which case we want
the maximum and minimum of B4 (¢) in each subinterval are rela-
tively close. Then set a sequence of Z — 1 numbers {ﬁj}lg j<Z-1
such that

< min
b= Ty <t<Tj11 Balt

and Zﬁ Tjr1—Tj) > 0.

If
Z-1

min
5, . P T -

then w; can simply set ﬁj:minTjgtSTj+1 Ba(t) for j=
1,---,Z—1.

T)207

Step 3. Find the solution 7(t) for ¢ € [0,T) to the following
equation

ﬁ(%(t)vt) =,

forj=1,2,---,Z —1. 4.2)
An approximate solution by computer is enough. Then let 75 <
mfte[T T +1) 7(t), i.e. the infimum of 7 over the jth subinterval,
fory=1,---,Z—-1

Find a function 7(¢) with inf,c[g ) 7(¢) > 0 such that
forj=1,2,---

BT(t),t) = B, 7 —1. (4.3)

This can be done by solving Then let 7j = inf;c (7, 7, ,) T(t), i.e.
the infimum of 7 over the jth subinterval, for j =1,--- , Z —
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Step 4. For the jth subinterval, choose a positive integer IV; such
that L_T’ < min(7}, &), then let £, = %i
Find N; and §j forall 1 < j < Z — 1. Then over the jth subinterval
(t € [T}, Tj+1)), the observation interval is éj and we observe the
system N ; times.

This means, for the first subinterval, 7y = --- = 7y, = é »
for the second subinterval, 7y, 41 = -+ = TN, 4+ N, = §2;
for the third subinterval, Tn, 4 Ny4+1 =+ = TN, + Ny Ny = &3

Iﬁ other words, in one period [0, T'), the system is observed at:
0(=1T), & 28, (lel)él;
Ni§ (= T2), N +8&,, Nig +26,, - Nif +(Na—1)&,;
N1§1+N2§2(: T3), N1§, +N2&, +&,, N1&y + N, +26,, -+
N1§1+N2§2+(N371)§3;---

4.2  Discussion

Now let us explain why the observation interval sequence founded
above can satisfy the conditions in Theorem 3.8. Notice 5 <7 <

7(t) fort € [T}, Tj41), j=1,---,Z — 1 and (&, 1) deﬁned in
(3.15) is negatively related to &;. Then we have

T z-1 Tj+1 J+1
JO B(&, t)dt = Jz::l JTj BE; Dt > ZJ B(75,t)dt
Z—1 Tj+1 Z—1
>3 [ a0 = 3 8T - 1) 20
j=1Tj j=1

So condition (3.14) can be guaranteed if we follow the above four
steps. Step 4 gives Jrnauszz_l1 §. <&, which guarantees condition
(3.12) or (3.13) as chosen in Step 1.

Inequality (3.14) is a condition on the integral over one period
instead of on every time point. This gives flexibility to the setting of
observation frequencies. The flexibility comes from the settings of
partition of [0, 7] and {6 }1<j<z—1. By adjusting the partition of
[0,7] and 3 .’s for some j € [1, Z — 1], we can change or set the
observation fIrequency for a specific time interval, to some extent.

Parameter 5(t) is negative related to ¢, K3, 7 and &;. ¢t defined
in either (3.12) or (3.13) is positive related to K1, K2, K3 and &;.
So when K7, K2, K3 or & increases, 3(t) will decrease. There-
fore, large K1 (t), K2(t), K3(t) and 7 tend to yield small &. Notice
that: small observation intervals indicate high observation frequen-
cies; large values of K7(t), K2(t) and K3(t) imply rapid change
of the system state x:(t); and a large 7 is corresponding to frequent
switching of the system mode. So our conditions tend to require fre-
quent observations when the system changes quickly, which is in
accordance with our intuition and experience. However, the integral
condition allows for some exceptions, as long as the negative values
of B(t) in some time intervals can be compensated by its positive
values in some time intervals and its integral over [0, 7] is positive.
In other words, although some corrections to the system are delayed,
as long as it can be compensated by prompt corrections in other time
intervals, the controlled system (3.2) can still achieve exponential
stability.

For exponential stabilisation, our observations can be less fre-
quently than the constant observation frequency obtained in the
existing studies. To give an extreme example, let the periodic sys-
tem coefficients f(z,i,t) = g(z,4,¢) = 0 for a time interval, say
[t1,t2]. Then we can stop controlling and let u(zx,4,¢) = 0 in this



interval. Thus, we can stop monitoring the system in (¢1,¢2) and
we only need observations at t = ¢; and ¢t = t2. This benefit comes
from our consideration of the time-varying property.

5 Example

Let us design a feedback control to make the following 2-

dimensional periodic nonlinear hybrid SDE mean square exponen-
tially stable.

dz(t) = f(z(t),r(t), t)dt + g(z(t), r(t), t)dB(t) 5.1

ont > 0, where B(t) is a scalar Brownian motion; r(t) is a Markov
chain on the state space S = {1, 2} with the generator matrix

-1 1
=[]
The system coefficients are

F@1 ) =10 | iy 5 ]

cos(z2) 0

05 —0.5
st =ttt | S0 0 |

fla2.0) = kaft) | 2

cos(x1)z2

and
1 ‘/3:3% + x%
g(w727t):7 k4(t) )
2v2 ,/x% + 33:%
where

ki(t) = 1.5+ cos(%t), ka(t) =1+ sin(%t —2.8),

ks(t) = 1.5+ sin(%t), ka(t) =1+ cos(%t +28).

The upper plot in Fig. 1 shows that the original system (5.1) is not
mean square exponentially stable. The system coefficients f(z, 1, t)
and g(z, 7, t) have common period T = 12.

Let us calculate K7 (t) and K2(t). Since | f(x,1,¢)| < k1(t)|z]
and |f(z,2,t)] < [1.5 4+ sin(gF1)]|x], we get

Ki(t)y=15+ max{cos(%t%sin(%t)}.

Similarly, Kz (t) = max{ka(t), %[1 + cos(%t +2.8)]}. Then
Ki(t) < K1 =25 and K3(t) < Ko =2. So Assumption 3.2
holds.

Then we can design a feedback control according to Corollary

3.12, and find an observation interval sequence, to make the con-
trolled system

dzx(t) :[f(x(t)m(t), t) + u(x(0t), r(d¢), t)]dt
+ g(z(t),r(t),t)dB(t) (5.2)

achieve mean square exponential stability.

Suppose the controller has form wu(z,i,t) = A(z,¢,t)x and
our need to design the function A : R? x S x Ry — R?*?2 with
bounded norm. Let us choose the Lyapunov function of the simplest
form U (z,i,t) = 27 « for two modes. In other words, we choose

Original system

N
Py
5t W’JV‘M e A ,.\j/ e ‘v

0 10 20 30 40 50 60 70 80
t
Exponentially stabilized system

0 10 20 30 40 50 60 70 80
t
Fig. 1: Sample averages of |z(t)|? from 500 simulated paths by the
Euler-Maruyama method with step size 1le — 5 and random initial
values. Upper plot shows original system (5.1); lower plot shows
controlled system (5.2) with calculated observation intervals.

Q; to be the 2 x 2 identity matrix, for ¢ = 1,2. Then c3 = 1 and
d = 4. The left-hand-side of (3.38) in Assumption 3.11 becomes

227 (f(z,i,t) +ula,i,t) + g (x,,8)g(z,i,t).  (5.3)

For mode 1, to keep the notation simple, define two matrices
F and G by letting f(z,1,t) = F(z,t)z and g(z,1,t) = G(t)z.
Then (5.3) for mode 1 becomes

20T [F(x,t) + Az, 1,0)]z + 2T GT(1)G(t)z = 2T Qz, (5.4)

where

Q=F(z,t)+F(z,t)+ Az, 1,t) + AT (z,1,4) + GT () G(2).

We design A(z,t) to make Q negative definite, then Assumption
3.11 can hold. Calculate the matrix

k1(t)G1(z) — 0.5k3(t)
0.5k3(t)

- 0.5k3(t)
k1 (t)G1 () — 0.5k3(t)

+ Az, 1,t) + AT (2, 1,1),

where G1(x) = sin(x1) + cos(z2). Let

[ a) az(z, t)
A(m717t) - |: agéi‘,t) al(t) —|—20.1 sin(%t) :| ’

where a1 (t) = —0.25k3(t) — 0.5 and as(z, t) = —0.5k1 (£)G1 (x) —
0.25k3(t). Then

0= -1 0
| 0 —1+40.2sin(5t)
is negative definite.
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For mode 2, (5.3) is

20 [f(x,2,t) +u(z, 2,0)] + g (z,2,8)g(z, 2, t)
=[2ks(t) sin(w2) + 0.5k3 (t)]27
+ [2ks3(t) cos(z1) + 0.5k5 (t)]23 + 227 A(x, 2, t)x.

For simplicity, let A(z, 2,t) be a diagonal matrix. We set

—k3(t)sin(ze) — 1.4 0
Az, 2,t) = ’ 0 ? —k3(t) cos(xz1) — 14 |’

Then (5.3) for mode 2 is
(—2.8+0.5k5(t))|z* < —0.8]|>.
Therefore

b(t) = min{—Amax(Q), 2.8 — 0.5k3(¢)}
=min{1 — 0.2 sin(%t), 1,2.8 — 0.5k3 (1)}

>0.8.

Then set [ = 0.1 and we have A(¢) = b(¢) — 0.4. Assumption 3.3
holds with K3(t) = max,cgrz je(1,2) [[A(@, 3, 1) T'=12 is a
period of u. So we have designed a feedback control for stabilisation.

Then let us calculate the observation interval sequence. We
choose condition (3.12) and get the integral of the auxiliary function
f(l) 2Ba(t)dt = 0.1218 > 0. Based on its shape, we divide [0, 12]
into 20 subintervals, which is shown in Fig. 2. When /3, (t) change
fast, we divide that time period into narrow subintervals; when (B4 (t)
change slowly, our partition is wide. Specifically, the partition 7 =
0,7, =1,T3 =1.85, ---,Tog = 11, To1 = 12. Then we use the

Partition and lower bound setting
0.5 T T

Fig. 2: Partition of one period and lower bound setting for calcula-
tion of observation intervals. The blue dash-dot line is the auxiliary
function B¢ (t). The black solid line is {gj H<j<20-

lower bound {ﬁj}lgjggo to calculate 7(t), which is shown in Fig.
3. Based on 7(t), we calculate the observation interval {§] Hi<j<20
that leads to an integer time of observations in each subinterval. For
example, in the first subinterval, 0 < ¢ < 1, the observation interval
is 0.00035 and the system would be observed for 2822 times. The
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« 107 Calculation of observation interval sequence
7.5 T T T T

0 2 4 6 8 10 12

Fig. 3: Calculation of observation interval sequence for each subin-
terval. The blue dash-dot line is the function 7(¢). The red solid line
is the calculated observation interval {éj H<j<20-

largest observation interval is 0.00041, which is for the third subin-
terval [1.85,2.9). The shortest observation interval is 0.00028 for
the fourth subinterval [2.9,4.7).

We substitute the results into Theorem 3.8 and calculate. We find
¢ € (0.0001,0.0065) € (0,1) and [ Ba(t)dt = 0.0877 > 0. So
all the conditions are satisfied, the system is stabilised. The lower
plot in Fig. 1 shows that the controlled system (5.2) is indeed mean
square exponentially stable.

In addition, we calculate observation intervals using condition
(3.13). This gives better result, as shown in Fig. 4. The black and
red lines almost coincide, the blue and red lines also almost coin-
cide when ¢t > 8. The largest and smallest observation intervals we
get are 0.0012 and 0.00037 respectively. When ¢ € [8.3,9.95), the
system is set to be observed 1375 times with interval 0.0012. The
highest observation frequency is required for ¢ € [11,12).

X107 Calculation of observation interval sequence
16 T T T
fffff #)
14 | e . 1
Y] i
\\
12} |- —
10 - 1

Fig. 4: Calculation of observation interval sequence for each subin-
terval. The blue dash-dot line is the function 7(¢). The black line is
inf;e(7; 7, ,) 7(¢). The red solid line is the calculated observation
interval {éj } 1<;5<20-



Moreover, existing theory yields the constant observation interval
7 < 0.00026, calculated with the same controller and same Lya-
punov function, according to [23] with observation of system mode
discretised. Previously frequent observations were required for all
times. Clearly, both conditions (3.12) and (3.13) give better results
than this. Our shortest observation interval is still wider than the
constant one given by existing theory. This benefit comes from our
consideration of system’s time-varying property.

Another advantage of our new results is the flexibility of obser-
vation frequency setting. On one hand, we can reduce the lowest
observation frequency. There are two ways to make it. One is by
dividing some certain subintervals into several shorter intervals,
without changing the setting of lower bound £ .. This will not affect
the observation frequencies in other subintervafs. The result is shown
as a red dashed line in Fig. 5. Over time [0, 0.1), the system can
be observed once every 0.00075 time units. The other way is to
reduce 3 . for the corresponding subinterval. However, this would
increase the observation frequencies in some other subintervals.
On the other hand, the flexibility brought by the integral condition
enables us to reduce the high observation frequencies. By dividing
the period into 24 subintervals with narrower partition and changing
the lower bound [ ., we increased the shortest observation interval
from 0.00028 to 0.00032. The result is shown in Fig. 5 as a blue
dash-dot line.

8 %107 Observation interval sequence
j original setting
TR, e increase large Tj 1
I
i —.—.——.-increase small 7
1
6 1
|
b [l s i
I
by |
4 i 7’_\L S ——— Y S (A |
i [ Lo |
* : e 7]| |
Ly | -
3t WEEEEES ]
2 i : ; ) ‘
0 2 4 6 8 10 12

t

Fig. 5: Three settings of observation intervals. The green solid line
shows original setting. The red dashed line and the blue dash-dot line
respectively show settings to increase the large and small observation
intervals.

6 Conclusion

This paper provides sufficient conditions for exponential stabilisa-
tion of periodic hybrid SDEs, by feedback control based on periodic
discrete-time observations. The stabilities analyzed include expo-
nential stability in almost sure and pth moment for p > 1. We point
out that, since inequality plays an important role in derivation of
the new results, using less conservative inequalities would reduce
observation frequencies.

The main contributions of this paper are: (1) using time-varying
observation frequencies for stabilization of periodic SDEs; (2)
improving the observational efficiency by reducing the observation
frequencies dramatically; (3) allowing to set observation frequencies
over some time intervals flexibly without a lower bound, as long as
it can be compensated by relatively high frequencies over other time
intervals.

These three contributions update existing theories by improving
the observational efficiency and providing flexibility. This paper
provides theoretical foundation for stabilization of SDEs using
time-varying system observations.
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