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ABSTRACT

A novel peridynamic model for predicting thermomechanical behaviour of three-dimensional shell
structures with 6 degrees of freedom has been proposed. Also, a numerical algorithm for dealing
with complex shell structures is provided for the first time in the peridynamic literature. The
peridynamic damage criterion based on critical energy release rate is provided for shell structures.
The capability of the developed peridynamic model is demonstrated by predicting deformations
for a flat shell, a curved shell, and a stiffened structure. To further demonstrate the capabilities of
the proposed model, damage on flat shell in a double torsion problem, flat shell with pre-existing
crack, thermal fracturing of a glass cup and damage in a dropped egg are simulated.
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1. Introduction

Predicting damage processes such as crack initiation and propagation is a challenging work that
requires much effort. The classical continuum mechanics (CCM) faces conceptual and
mathematical difficulties in terms of predicting crack nucleation and growth especially for multiple
crack paths since partial-differential equations become invalid in presence of discontinuities. The
peridynamic (PD) formulation of continuum mechanics represents the material behavior by using
integro-differential equations, which are valid in both continuous and discontinuous models [1].
Therefore, discontinuities can be naturally involved in the PD analysis without any special
treatment.

The original PD theory was introduced by Silling [1] and Silling and Askari [2] to predict the
mechanical behavior of three-dimensional solid objects. However, it is computationally expensive
to implement 3D PD models for plates, shells and slender structures. Therefore, structural
idealization is needed to reduce the computational cost. The structural idealization for plates and
shell structures are well understood in classical continuum mechanics [3-6]. The behaviour of these
structures are well represented by using numerical techniques such as finite element analyses [7-
12]. In peridynamics, the first simplified PD model for two-dimensional configurations introduced
by Silling and Bobaru [13], and later by Madenci and Oterkus [14], Breitenfeld et al. [15], Sarego
et al. [16]. Their PD models include two degrees of freedom (DOF). In order to include transverse
displacement caused by bending, O’Grady and Foster [17] introduced a non-ordinary state-based
PD model which is based on Kirchhoff-Love plate theory by disregarding the transverse shear
deformations. PD model developed by the authors can capture the behavior of thin, flat plates with
three DOFs which are three displacement components. In order to include transverse shear
deformations, later, Diyaroglu et al. [18] developed a bond based PD model for plate based on
Mindlin plate theory. The developed PD model can capture the behavior of a plate with three DOF's
including transverse displacement and two rotations. They also developed a bond based PD model
for plane beams with two degrees of freedom to predict bending deformations. Recently, Nguyen
and Oterkus [19] developed a PD model for 3D beam structures with six degrees of freedom to
predict the damages in offshore structures. The bond based PD model for beam and plate developed
by Diyaroglu et al. [18] is implemented in finite element framework by Yang et al. [20].
Chowdhury et al. [21] developed a state based peridynamic model for linear elastic shells by
introducing curved bond definition.

The effect of temperature on mechanical deformations is also considered in peridynamic
framework. Kilic and Madenci [22] introduced bond based PD model for one-way coupled thermo-
mechanics. Later, bond based PD models for fully coupled thermo-mechanics were introduced in
[23-25]. Amani et al. [26] introduced non-ordinary state-based PD model for thermoplastic
problems and Madenci and Oterkus [27, 28] introduced ordinary-state based model for plastic and
thermo-viscoelastic deformations. Recently, Gao and Oterkus [29,30] developed ordinary state-
based PD model for fully coupled thermo-elastic problems. The developed PD models are used to
predict damages due to thermal effects [31, 32]. Xu et al. [33] studied elastic vortices and
thermally-driven cracks in brittle materials by using peridynamics. However, in these PD models
the effect of bending deformations are not included. Therefore, this study focuses on developing a
novel ordinary state based peridynamic model to predict the thermomechanical behaviour of three-
dimensional shell structures with 6 degrees of freedom. The numerical technique and procedure to
deal with complex shell structures are also provided. For verification purposes, static analyses of
a flat shell, a curved shell, and a stiffened structure are presented. The proposed PD model is used
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to predict damages in a flat shell subjected to double torsion loading, flat shell with pre-existing
crack, damages in a glass cup subjected to temperature change and damages in a dropped egg.

This paper is organized as follows. Section 2 presents the classical continuum mechanics
formulations for linear strain, linear stress components and strain energy density for shell
structures. Section 3 provides the PD strain energy density and PD equations of motion for shell
structures. Section 4 presents the transformation of PD equations of motion from local to global
coordinates for both flat and curved shells. Section 5 provides a criterion to predict damage on
shell structures by using the proposed PD model. The numerical algorithm and numerical
techniques to deal with connections of complex shell structures are provided in Section 6. Section
7 presents the PD results, followed by the conclusions in Section 8.

2. Kinematics of Flat Shells in Classical Continuum Mechanics

In this section, first, the descriptions of degrees of freedom for a material point on a shell structure
are provided. Next, the formulations for linear strain and stress are obtained. Finally, the strain
energy density formulation in classical continuum mechanics for shell structures is presented.

2.1. Degrees of Freedom

The kinematics of flat shell is initially based on the theory of plates by including transverse shear
deformations [3-5]. According to assumptions in [3-5], the deformation of each material point in
a plate is represented by five degrees of freedom. Later, Wisniewski, [6] added one more degree
of freedom, which is the rotation with respect to normal axis of the plate’s plane.

Fig. 1 presents a material point in a flat shell with 6 degrees of freedom; u,v,w, 6, 9y , 0, in
the globaland u', v', W', 6, Gy' , 8, 1n the local coordinate systems with respect to undeformed

configuration. The components u’, v’ represent the in-plane displacements of the mid-surface in
x",y" directions, respectively. Meanwhile, w' represents the transverse displacement of the

middle surface in z" direction. The rotations &, , 8.., 8, represent the rotations ofthe plate around
X y z p p

x", y" and 7', respectively. The. The drilling rotation, &, can be found from the rotational
constraint equation as [6]

skew(Q'F)=0 (1a)
where
cos@, —sind,
_ z z 1b
Q Lin 6, cosd, } (1b)
L+u’, U,
F= ) , (1c)
Vi 14V,

The rotational constraint given in Eq. (1a) can also be written as
—(V}y +U, +2)sin@, +(V,, —u', )cos 6, =0 )

If 8, #x/2,Eq. (2) becomes [6]

Vi, —ul,
0, = arctan| ———— 3)

Vi, +Ul +2



For small rotation and small strain conditions, Eq. (3) becomes

1 ! !
0, = E(V,X, ~u),) (4)

Fig. 1. Material point in a flat shell with 6 degrees of freedom

2.2. Linear Strain Components
For small deformations, the displacement components of a point located at (X’, Yy, Z’) with respect
to mid-surface can be expressed as [3-5, 10]

U\’(X’, y’,Z’)ZU’(X’, y’)+2’0yr (53.)
V(x,y,z')=V'(X,y')-176, (5b)
VV(X’, y’,Z’)ZW’(X’, yr) (SC)

where u’,v', w' represent the displacement components of a point located at the mid-surface and
a',v", W represent the displacement components at any point.
By using the displacement components given in Eq. (5), the linear strain components can be

determined as

:
€= [gx’x’ gy’y’ yx’y’ Vxz yy’z’] (63')
where

£ =00'/OX =V, +7'0,,, (6b)
g, =0N[0y' =V, -2'6, , (6¢)
Yy =00/0y" +V/OX" =1, +V, + z’(ey,,y, - ex,,x,) (6d)
Vyp = 00'[07' +OW/OX' =W, +6, (6¢€)
}/y'z' = 8\7’/82’ + 8V/V/Gy’ = \N,’y' - gx' (6D



Note that based on small deformation assumption in linear elasticity, the strain component in the
thickness direction of the shell can be neglected, &,,, =0 [10].

If the temperature effect is considered, total strain components given in Eq. (6) can be determined
as a summation of mechanical strain, £" and thermal strain, &' as [34]

e=g"+¢' (7a)
with
e =[aAT aAT 0 0 0] (7b)

where a represents the coefficient of linear thermal expansion and AT represents the temperature
change. Therefore, the mechanical strain components can be defined as

" =e—e =[el, &l N v ] (8a)
where

Ege =W +2'0,  —a AT (8b)
ggy =V, =2'0, ,—a AT (8¢)
Yy =Vey =Uy +V +2'(6,,-6,) (8d)
Yy = Vg =Wy +0, (8e)
Vye =Vyr =Wy =0, (8

2.3. Stress Components
For a linear elastic isotropic, homogeneous material with o, =0, the stress components can be
expressed as [34]

6 =Dg—DoAT (9a)
with
T v 0 0 0]
vl 0 0 0
£ (00 I=v v 0
2
=t (9b)
oo o v oo
2
00 o o0 =¥
i 2
oa=[a a 0 0 0]T (9¢)

where D represents the constitutive relations and a represents the vector of linear thermal
expansion coefficients.
By substituting Eq. (6) into Eq. (9), the stress components can be expressed as

O = 1—EV2 (U, 420, +v(V,-20,,)-(1+v)aAT | (10a)
o,y = 1—Ev2 [V, =20, +v(W,+20,,)-(1+v)aAT | (10b)



Oyy = 2(1+v) [u,’y, +V, +7' (ey,,y, —-0, )] (10c)
E !

Oy = T (W, +6, ] (10d)
E !

%% =3 em) (W, -6, ] (10e)

2.4. Strain Energy Density
In linear elasticity, the strain energy density (SED) can be expressed as [35]

l m m m m m m
W= [ Oy + Oy ey + Oy + Oy Vs + OV + OV | (11)

By substituting the stress and mechanical strain components given in Eq. (10) and Eq. (8) into Eq.
(11), the strain energy density can be obtained as

W :l{l E . [U,,x' +2'0, +V(ny, - Z'ny,y,)—(1+v)a.AT](u,'X, +2'0, —aAT)
—v

+

v, =20, , +v(u,+2'0, . )-(1+Vv)a.AT |V, -26, , —a AT
2Ly Y ; ¥ ( ) Y Y

(12)

2
+ 2(1 +V) [u,y, +V, +2 (Hy,,y, —0 )}

E , 2 E , 2
+2(1+v)[W~X' +0] +2(1+v)[w~y' ] }

By integrating the SED given in Eq. (12) through the thickness of the shell, the strain energy per
unit area, W can be obtained as

_ 2 ,  Eh , . \2 Eh , L \2 .,
W= IWdZ —m(uwxy'i'va,) +m[(u,y,+vwx,) _4U,X’V,y’:|

-h/2

Eh
+1—[(0{ AT )2 —a AT (u,’x, +V, )}

_Erﬁ (13)
2 1-v 2
+_24(1 _ Vz) [(QX',y’ - ey’,x’) + T((QX”X’ - Hy,,y,) + 4‘9y’,x"9x’,y' ):|

k.Eh 2 2
+ 4(15 ) [(W,’X, + Hy,) + (ny, - HX,) }

where h represents the thickness of the flat shell, v represents the Poisson’s ratio, E represents
Young’s modulus, k, =5/6 represents the shear correction factor to account for the nonuniformity
of the shear stresses [10]

The strain energy per unit area given in Eq. (13) can be represented as

W=W__ +W,_ . +W,._. (14a)

— "Vinplane bending

with




= Eh 2 Eh 2
Wiptane :—z(u,’x, +v,’y,) + [(u,’y, +vfx,) —4u,’x,v,’y}
2(1-v7) 4(1+v) (14b)
Eh Y
+:|:( —OCAT(U +Vy):|
V\_/bending :E—h3 ( ) ( _Hy’,y’) +4Hy Oy Y (14¢)
24(1-v?)
= k,Eh , 2 , 2
W = 20020] [(W,X, +6,) +(w, —ex,) | (14d)
where V\/Inplane , vaending W, represent the strain energy per unit area for in-plane, bending and

shear deformations, respectively.

According to Mindlin—Reissner plate theory, plate element is developed with 5 degrees of freedom
(DOF) as provided in Eq. (14). However, in order to simulate thin curved and stiffened structures
6 DOF shell elements are required. If the drilling rotation is not considered, all the resistance to
the drilling rotation of each node comes directly from the coupling of other rotational DOFs of the
non-planar surrounding nodes. When the model is discretized with very fine mesh, angles of the
kinks between two elements, which are located next to each other, will become close to 27 and
the coupling effect is much reduced [7]. As a result, the global stiffness matrix may become
singular and it results in unrealistic solution results. Therefore, in order to produce a small stiffness
associated with drilling rotation, an additional fictitious torsional strain energy per unit area
corresponding to the drilling rotation can be added as [7]:

W \Nlnplane +Wbend|ng +Wshear Wtorswnal (1 53’)
where
- Eh 1 ’
W iona =Kt ———| 6, —=(V', —-U’, 15b
torsional T 2(1 +V) [ z 2 ( X Ly )jl ( )

in which k; represents torsional constant [7].

Note that, the value of the fictitious stiffness needs to be small enough in order to ensure that this
stiffness will not distort the global solution results [7].

3. Kinematics of Flat Shells in Peridynamics

Peridynamics (PD) is a new formulation of continuum theory which is first introduced by Silling
[1]. In peridynamics, the motion of a particle is expressed by using integro-differential equations
as

p(x)ii(x,t) = I (t(u'—u,x'—x,t) —t'(u—u',x—x',t))dV'+b(x,t) (16a)
HX
which can also be represented in discrete form as [14]
N
Pl = Z(t<k><1>(“u> W05 Xy~ X D) = 0 (W =8 X =X ))Vm +by, (16b)

j=1

where p represents the mass density, u and b represent displacement and body force vectors,
respectively. As shown in Fig. 2, in PD, the motion of a material point is influenced by collective
deformation of surrounding material points within a distance, &, which called horizon size.

9



Material points within the horizon of a material point are called family members of that material
point. In Eq. (16), N represents the number of family members of material point k, j represents

the family member of material point k , t represents the force density that material point j

k(D)

exerts on material point k , and t represents the force density that material point k exerts on

(k)

material point j.

- Y TeS- 5 DcI'orm;d state
Undeformed state
Fig. 2. PD material points x,, and x;, influenced by the collective deformation of others in
their families [14]
As explained by Madenci and Oterkus [14], the equation of motion can be derived based on the

principle of virtual work by satisfying the Lagrange’s equation as

i i —izo (17)
dt\ oq; oq,

where L represents the Lagrangian, (, represents the degree of freedom and ¢, represents the

time derivative of ¢, . The Lagrangian function, L can be expressed as

L=T-U (18)
where T and U present kinetic and total potential energies.

In the following sections, first, the peridynamic form of strain energy density is established. Next,
the kinetic and total potential energies are obtained. After obtaining the Lagrange function using

Eq. (18), the equation of motions for shells are obtained by using Euler-Lagrange equation given
in Eq. (17).

3.1. Peridynamic Strain Energy Density
Similar to the strain energy per unit area in classical continuum mechanics provided in Eq. (15a),
the peridynamic form of strain energy per unit area for a flat shell can be presented as

A PD _\p\/PD A7 PD A PD A/ PD
W(k) _Winplane(k) +Wbending(k) +Wshear(k) +Wtorsional(k) (19)
A7 PD A7 PD A7 PD . . .
where Wi e » Woending ) » Wanear) T€PTesent the components of strain energy per unit area for in-
plane, bending, shear deformations, respectively. The term Vvtfrlsjional(k) represents the additional

term that corresponds to drilling rotation.
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Similar to strain energy density definition by Madenci and Oterkus [14], the PD form of strain
energy per unit area for in-plane deformations can be defined as

N
27 PD 2 2 2
Wiptanedo = @ip1%i) ~Bip2 K10 AT + 8 AT+, Z}(Sipwxn - AT(k)) Vi (20)
J:

where §,, represents the dilatation of material point k , represents the relative bond stretch

ip(k)(j)
of in-plane displacement components between material point k and material point j .
In Eq. (20), the terms &, &, , &,, and b, represent in-plane peridynamic constants as

(Appendix A)

Eh(3v-1)
Ay =—F—— 21a
A1) (21a)
Eha
&y, = T (3v-1) =4aa,, (21b)
Eh
w1 (3v-1)a’ =4a’a,, (21c)
3 E
b = — 21d
P8 1+v 21d)
The effect of temperature change on dilatation term can be included as [14, 28]
N
S =i Z;(Sip(kxn —a ATy, V) +2a AT, (22)
j=
where d,; represents the in-plane PD constant for dilatation as (Appendix A)
2
d =—=_ 23
p 7Z'h52 ( )

The relative bond stretch for in-plane displacement components between two material points can
be defined as [36]
’ ’ ’ ’ :
(“(j) —U(k>)COS(P+(V(,-> _V(k>)sm‘p

Sipk)j) = £ (24)

where U, V,, and U,V represent two in-plane degrees of freedom of material points k and
J , respectively. The parameter ¢ represents the angle of interaction between material points k

and j with respect to the local axis, x’ in undeformed configuration as shown in Fig. 3.

11



Actual
deformation

Average
deformation

Fig. 3. Deformed and initial configuration of a flat shell in PD
The PD form of strain energy per unit area for bending deformations can be defined as

N
Woering o = 8k + bnz;sj(k)(j)éV(j)
i
where 8, and b, represent PD constants for bending as (Appendix B)
_Eh’*3v-1
T 48 1
_ EW
A1+ v)S’

b

The terms &, ,, and S, ;, in Eq. (25) can be defined as

N
oo = s 2S00 Vo)
j=1

s = (00 = Oy0) <052 + (s ~ Oy Jsin @
b(kx(J) = z

with

2
d =——
* zhs?

(25)

(26a)

(26b)

(27a)

(27b)

(27¢c)

Here, 6, and 6, represent rotational degrees of freedom with respect to x and y' axes as shown

in Fig. 1.
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The PD form of strain energy per unit area for shear deformations can be defined as

— — \2

-wW,, 6, +06.

PD (6] (k) () (§))
Wshear(k) C ZL J - 2 : J (J) (28)

where C, represents PD constant for the shear deformations as (Appendix C)
3k, E
=— 29

N (1 + V) 29)

In Eq. (28) the terms g(k) and 5( ;) represent the rotations with respect to the line of action between

the material points k and | as shown in Fig. 3. These rotations can be calculated as [18]

§(k> =0, CosQ+0,,, sing (30a)
0y =0, cosp+0,, sing (30b)
The torsional strain energy per unit area in PD can be defined as
2
Vi, =V u/s —u
Wogrgonaio) = ZC { 0+ ey ( & : © cogp——D K : © s1n(oﬂ &y, (31)

where 6, and 6, represent drilling rotations, which are with respect to z' axis, of material

2(J)
points k and |, respectively.

In Eq. (31), C, represents PD constant for torsional deformations as (Appendix D)

3 E
C =k —— 32
YT a8 1y (32)

As explained in Section. 2.4, the value of the fictitious stiffness corresponding to the drilling
rotation needs to be small enough in order to ensure that this stiffness will not distort the global
solution results. As suggested by Kanok-nukulchai [7], the value of torsional constant, k;, can be
chosen in order to make the torsional strain energy per unit area has the same order with the
bending strain energy per unit area. Therefore, by equating Eq. (26b) and Eq. (32), the value of k;
can be chosen as
h2

ke =Ky~ (33)
where Kk, constant is added for convergence in PD solution, which is inherited from the suggestion
by Kanok-nukulchai [7] for convergence in FEA simulations, and it is chosen as k, >1.

Note that ordinary state based formulations for in-plane and bending strain energy as provided in
Eq. (20) and (25) removed the limitation on Poisson’s ratio.

3.2. PD Equations of Motion in the Local Coordinate System
The PD form of kinetic and total potential energies in Eq. (18) can be defined as

1 & ph phlzz
T= 2Z£ph“(k>+ph"(k>+ph o T (efm Hyz(lo) A = ‘9z2(k> Ak (34a)
k=1 k)
Np
PD . ' N
U= (W(k> =B Ut — By Vi =B Wi = Mo Brio = My y(k))Am (34b)

=~
Il

1
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where N represents the total number of material points of the PD model, bX ) ,l:_)y ‘) and bZ k)

represent apphed forces per unit area at material point k in X', y" and z' directions, respectively.

The parameters M, ,and M, represent applied moments per unit area with respect to local

coordinate x' and y’, respectively. The parameter | represents the moment of inertia with

2'7'(k)
respect to z' axis. If shell is uniformly discretized with a grid size AX’, the moment of inertia,

I, foreach material point can be calculated as

(Ax)
Iz’z’(k) :T (35)
By substituting the kinetic and total potential energies given in Eq. (34) into Eq. (18), the

Lagrangian function is obtained. Subsequently, the equations of motion for flat shells can be
obtained by using the Euler-Lagrange equation in Eq. (17) as

1
v | 2a,,d; (9 +9)) 8,0, — (AT, +AT))
ipl o T )~ Fpalip (i) —
phui, = z 4 4 cos @V, j, + 0, (36a)
. | +4b, (Sip(kxn “AT(k>) |
N2ad(9+9)ad(AT+AT)
ipl 0 T %) )~ Sipa (i)
phvy, = Z 4 4 sm(oV(J)ery(k) (36b)
j=1
| +4b, (Sip(kxn aAT(k)) |
N 1 _
(k)‘CsZ{ 2[ (ey'(m+‘9y(1>)cos¢’+(‘9x'(k>+‘9x(1>)sm‘/’}}v 0y (36¢)
J

ph’ . . 2abd
O = Z{ b(k) b(1>)+4bn5b(k>(n sin gV,

12
) 36d
1C N ¢ (Hy'(k)+9ym)sm¢)cos¢) 3 (36d)
+§ sZ W5, =W, Sln¢’ > ., (i T Meg
=1 +(Hx'(k)+0x(”)sm @
ph3 | 23,
Oy = Z‘{ b(k) b(n)+4bn5b(k>(j> cosgV,
j=
) (36¢)
e N 5 (Hy'(k)wt@y(”)cos P V. i
5 sZ W) =W, COS(” > . (i My
[ +(¢9x'(k) +¢9X(J))smgpcos¢
hi N V. =V u'. —u
Pl 9z(k)_CtZ 0,0 + 6.5 [u) 09 ¢ gp— 2D ~ Ut sin(pJ &, (369
Ay 2 ¢ ¢

The equation of motion in the local coordinate system given in Eq. (36) can be written in vector
form as
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., ,
mu, = Z foonVan +b(k>

where
[ph 0 0 0 0 0 |
0 h 0 0 0 0 Moo r—
r u(k) W bx’(k) W
0 0 ph 0 0 0 » 5
h (k) _y’(k)
m’ 0 0 0 P 0 0 YA W(k) BI bz’(k)
mg, = 12 U0 = g = .
ph3 ”X(k) X' (K)
0.0 0 0 ‘50 O, U
O | 0 |
L Y20 L
o 0 0o o o PV
I A
w O, o, 0,
foo = [(kxn (kxn f(kxn fisn  foo f(kxn}
with
d L d 1 b
fioch) =| 28,0, ‘9(k>+‘9(1>) 8, Ui g(AT +AT(J)) +4 -p(sip(kxn “AT(k>) cos @

, 1 .
o) = {Za,pl ip 6g(‘g(k>+‘9(1>) 8,0, g(AT +AT(J)) 4bnp(sip(k>(1> “AT(M)}SIH(”

faoxn =Cs {w_%[_(‘gy'(k) +0y5,) €08 9+ (6, + 0y )sin (”]}
f@

2a,d, :
w0 = { P (‘9b(k>+‘9b(1>)+4bosb(k>(i>}m¢

: 4 _(Hy’(k>+0y(1))5ingocos¢
k))smgp—E N
+(0x’(k)+ex(1))81n )

0, 2 d
foon = { (‘9b(k>+‘9b(1>)+4bosb(k>(i>}°w

)cos(p_é _(Hy'(k) Jrey(,))cos2 @
2 +(0x’(k> +'9x(,))sin(pcos(p

6. +6, V. -V u., —u, .
f(‘ix,)—C{ 7k TV (J)g ) cos g (J)g © sing | |&

-G, (\N(,J) Wy,

2

(37a)

(37b)

(37¢)

(37d)

(37¢)

(376

(37g)

(37h)

(37i)

Note that the torsional strain energy per unit area is fictitious and it creates a small stiffness
corresponding to drilling DOF. Therefore, the contribution of drilling rotation to in-plane

displacements can be neglected in the equations of motion [7].
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Note that the PD constants provided in Appendices A-D are obtained based on small deformation
assumption. Therefore, the developed PD model is applicable for linear analysis of shell structures
with small deformations. Within small deformation assumption, the balance laws such as balance
of energy, linear momentum, angular momentum are satisfied.

4. PD Equations of Motion in Global Coordinate System

The equations of motion provided in Eq. (37) are derived in local or body-attached coordinates.
For a structure which includes plates and shells joined together, the equations of motion for each
material point needs to be transformed from local coordinates to global coordinates. Therefore, in
this section, the transformation of equations of motion for flat and curved shells are presented.

4.1. Coordinate Transformation
As shown in Fig. 1, the local coordinates of a shell can be defined with respect to the global

. The unit vectors for material point k can be defined from

7'

coordinates by unit vectors i, ., n
the geometry of the shell as

. T
Moo = [auk) &)1 a3<k)] (38a)
_ T
Ny = [buk) b, k) bs(k)] (38b)
. T
N = [Cuk) Cari C3<k)] (38¢)
The relationship between the global and local coordinates can be written as
X = Hi X, (39a)
where

! ! ! ! T
X = [Xm Yoo Z(k)} (39b)

T
Xty = [Xm Yoo Z(k)} (39¢)
Aoy DHa
. . . T

H, =[nx,(k) Ny ) nz,(k)] =By By By (39d)

Cao Gy P
The transformation of displacement vector can be defined as

ug, = Tyoug, (40a)
with
W =[Wy Ve Wo G G Gl (40b)
w0 =LY Yo Wi %o G e
-
Uy, = [“(k) Vio Wi G0 G 9z(k>] (40¢)

where uj,, and u,,, represent displacement vectors in the local and global coordinate systems,
respectively. The parameter T, represents the displacement transformation matrix of material
point k, which can be obtained from the coordinate transformation matrix, H,, as

1, -|tew O (41)
(k) 0 H(k)
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4.2. Transformation of Equations of Motion for Flat Shells
By using the relations given in Eq. (40a), the equations of motion for shell given in Eq. (37a) can
be written as

N p—
m,,, Ty i, = lef('kxnv(i) +by, (42)
j=
Multiplying both sides by Tj, results in
T = T~ T
Togm Tt =Ty, Z;fw)u)vm +by, (43)
J:

As a result, the equation of motion in global coordinates becomes

N
m, i, = lef(kxnv(i) +by, (44a)
where :

fiociy = Toofoc (44b)
by = Tiob (44c)
m,, =Tj,m{, Ty, (44d)

4.3. Transformation of Equations of Motion for Curved Shells

In general, curved shells can be analysed by dividing them into suitable number of flat shell
elements [37]. Each flat shell element can be considered as a material point with kinematics
described in Section 3 with the orientation represented by three unit vectors given in Eq. (38).
Therefore, the equations of motions for each material point need to be transformed to global
coordinate system. Since each material point has different displacement transformation matrix, the
equations of motion for curved shells can be obtained by modifying Eq. (43) as

N
T — .. T ’ "W
Toon Mo Lol = Tood szmmvm +b<k>} (452)
j=1
where T, represent the transformation matrix of interaction between material point k and ]
and it can be defined as [21]
H,, . 0
R (30)
T(k)(j) _{ 0 H (45b)
()
with
Aoy Loy B
Hooo) = By By B (45¢)
Caon G By
or
Hoi) _[nx'(kxn My iy nz'(k)(i)] (45d)
where M,y Uiy > Mg €an be represented as [21]
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) (R + ;)

Mooy = QX() f(]) (46a)
(o +Tep)
(Ao +1,)

= y'(k) y'(J)

Ny =72 ~ (46b)
(Ao +y)
M+,

ﬁz'(k)(n:'(f() f(”) (46¢)
(nz(k>+nz(1>)‘

5. Damage Prediction in Peridynamics

In this section, a PD damage criterion based on critical energy release rate is introduced. The
energy release rate for each interaction is calculated and compared with the critical value. If the
energy release rate exceeds the critical value, the interaction is considered as broken. When the
interaction between two material points is broken, the force densities between these points are
irreversibly removed which leads to crack growth. The state of interaction, intact or broken, can
be represented by a function, g, ;, introduced by Silling and Askari [2] as

(47)

1 if interaction exists,
o (30 1) = | Fimercton:
(AT o2 0 if no interaction.

By including function g, ;, , the PD equations of motion given in Eq. (452) can be written as

N
. _ T '
[T(kxnm(k)T(k)(n]“(m - Z[T(kxnﬂ(k)(nf(k)(n]V(n +b(k> (48)

j=1
Note that, by including state of interaction represented by function g, ;,, the dilatation, 4, ),

given in Eq. (22), and the term, § ,,, given in Eq. (27a) can be rewritten as

(k)

S = -pzﬂ(kxn(np(kxn “AT(k>)V(J>+2O‘AT (49)

Ko = leﬂ(kxnsb(kxnv(i) (50)
J=

In order to represent the level of damage on the structure, the local damage, ¢, which is the ratio

of'eliminated interactions to the total number of interactions associated with a material point within
its horizon is introduced as [2]

N
Z}ﬂ(kxn (Xm _X(kwt)v(j)
B(xgot) =1-L (51)
Z 0

In order to decide the state of interaction as described in Eq. (47), a damage criterion needs to be
introduced. It can be represented by either critical bond stretch [1] or critical energy release rate
[27, 28]. In this study, the damage criteria based on the critical energy release rate is used. The
average critical energy release rate, ., for one interaction can be computed by the relation

suggested by Madenci and Oterkus [27, 28] as
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9. =— (52)

where G, represents the critical energy release rate of material and N_ represents the total number
of interactions passing through a unit crack area, A. This number can be defined by counting the
interactions passing through a unit crack surface in which the interaction passing the crack tip can
be counted as 1/2 interaction. Fig. 4 shows the interactions passing a unit crack surface A. As
shown in the figure, for a horizon size § = 3.015Ax, there are totally 48 interactions passing the
unit crack surface, in which 24 interactions passing the crack tips. Therefore, the total number of
interactions passing the unit crack surface can be counted as N, =36.

Crack surface, A e——e Interaction is counted as | interaction
e——e Interaction is counted as 1/2 interaction

Fig. 4. Counting the number of interaction, N, passing unit crack surface [27, 28]
The damage criteria in peridynamics can be described as

Okyj) < 9. — interaction exists: £, ;, =1

(33)
Okyj) = 9. — Interaction is broken: £, ;, =0
where @, represents the energy release rate for interaction between material points k and |

which can be calculated as
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_ 1

Yoo = E(g(kxn + g(i)(k)) (54a)
with

Yoo = @oh Do Vo Vi) (54b)

1
9w = (Ah OV (54c)

where @, ;,and @, represent micropotentials of the interaction between material point k and
j - The micropotential @, ;, can be calculated as

a)(k)(j) = a)lnplane(k)(j) + a)shear(k)(j) + a)bending(k)(j) (55)

Where @ iane o iy » @shear oy ) » Poending(ky j) FEPTESENt mMicropotentials for in-plane, shear, and bending

deformations, respectively. Note that the contribution of drilling rotation is not included in the
calculation of total micropotential in Eq. (55) because the strain energy density caused by this DOF
is fictitious.

In linear elasticity with small deformation, the relationship between relative bond stretch and force
density is linear. Therefore, by applying the same idea introduced by Madenci and Oterkus [27,

28], the in-plane micropotential @, ..k j) can be calculated as
1

Oinplane(k)(j) = %tip(k)(j)é:(sip(k)(i) _O‘ATUO) (562)
where
2aipldip aip2dip
Bogon iy :{ & '9(k>_ & AT(k)+2bip(sip(k)(j)—aAT(k)) (56b)
The bending micropotential @,gngingcyj, €an be calculated as
1
Dhending () j) :%tb(kxnésb(k)m (572)
where
-6, +6,. |cosp
o 2abdb3 tohs +1C (w’. . )_é ( y'(k) y(J)) (57b)
b(k)(J) & b(k) b (ki) |4 s VD T Mo )T, 0 0 .
+( (o T x'(i))“n(”
The shear micropotential @y, ;, can be calculated as
1
a)shear(k)(j) = %tshear(k)(j)ésshear(k)(j) (5 83.)
where
Lew 1o JWi—Wo 1 :
Lopearo i) =3 fooci :ECS {T—E[—(Gy,(k) +6’y,(j))cos¢>+(6’x,(k) +6’X,U.))s1n¢>} (58b)
W —W,
() (k)
Sshea\r(k)(j) = J é: (580)
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6. Numerical implementation

The equation of motion in PD can be solved by using a meshless scheme. The domain is divided
into a uniform mesh, with material points associated with specific volumes. The numerical
procedure in PD predictions for shell structures is shown in Fig 5.
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| Initialize geometry and material parameters |
T

| Discretizationr PD material points ]

[ Construct family member amray for each material |

Initialize fail aray to store
information of ) ()
by using Eq. (47)

Pre-exsting cack?

Loop 1: over time steps
it=1,it<N,

Apply boundary conditions

Loop 2: over material points
k=12..,k=<N,

Loop 3: over family members of material point k
j = member™ member'®, . member ™

Calculate Ty, Ty, by using Eq. (41) for flat shells Cacaty locd Gapaoutint oo by

: —{ using Eq. (40a)
Tayn bY Eq.(45p) fo red shell ' v
Do Y UIEE Ea. (1) br furved hits Wiy = Ty, W = Ty,

3
[ Calculate £y, by using Eq. 37) |
+

J= mext family

[ calcutate wiey ) by using Eq. (55) |
¥

Fap 2 9 Calculate gy, by vsing Eq. 54) |

Eaise | k=k+1 I
| Boyen =0 || ﬁmm=1_|

Calculate PD interaction force by using Eq. (48)
For flat shells: T7.., fuy(n Vi = Efes T oo Fio o Vi

For curved shells: T7., fronVipy = Zie T (nkoom Fron Vo

True
I Calculate M, by using Eq. (44d) for flat shells and Eq (435a) for curved shells l
'3

Solving Eq. (48):
Mgl = I f Ve + be
:
Store results, @, k), Ui, for each material point &

True

Fig. 5. Numerical procedure
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For stiffened structures, the geometrical and material properties as well as family members for
each material point need to be defined. Depending on the location of the material point, different
procedure is used. As an example, the stiffened structure shown in Fig. 6(a) is considered. Fig.

6(b) demonstrates the model discretization for a stiffened structure with three shells S,,S;,S;. In
Fig. 6(a) lines L,L,,L, represent the intersections between shells and point k represents the
intersection of the three shells. The material points located at the intersection lines are identified
such as (I_1 A LB) , ( L., Lo ) ,( L.g, Lic ) as shown in Fig. 6(b). During the discretization, material
points along lines L ,L,.,L,. are removed, material points along lines L,,,L,,,L;; are set as

joint points and the material point k is set as the intersection point of three shells as shown in Fig.
6(b).

Fig. 6. Stiffened structue (a) geometry, (b) model discretization

Fig. 7 represents the family members for material points at two different locations. As shown in
Fig. 7(a), material point 8 is located on shell S;, therefore the family members of this material

point belong to shell S;. On the other hand, material point 4 is located at the intersection of shell
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S, and S; as shown in Fig. 7(b), therefore its family members belong to both shells. As a
demonstration, Fig. 8 shows the number of family members for a stiffened structure.

Fig. 7. Identification of family members for a material point located (a) on the shell (b) at the
intersection

For a stiffened structure, each shell may have different material and geometrical properties. The
material and geometrical properties of each interaction is determined based on the family member
of each material point. As shown in Fig. 7(a), since material point 8 and its family members are
located on shell S;, the material and geometrical properties of material point 8 are obtained from
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shell S;. On the other hand, as shown in Fig. 7(b) material point 4 and its family members are

located at both shells S, and S;. Therefore, material and geometrical properties are determined
based on the interaction between material points. For the interaction between material points 4
and 10, since the neighbour material point 10 belongs to shell S;, the material and geometrical

properties of the interaction is included for shell S;. Similarly, for the interaction between material
points 4 and 31, since the neighbour material point 31 belongs to shell S,, the material and

geometrical properties of the interaction is included for shell S,. Material points 4 and 5 are
located at the interface. Therefore, the interaction forces between these points are calculated by
summing two interaction forces. Each interaction force in shell’s local coordinate system is
calculated by using Eq. (36) and transformed to global coordinate by using the transformation
matrix given in Eq. (41) or Eq. (45b).
53
49
45
141
H -_:-'\"-"'.'.:.?-_-. | 37
il i 29
§ 25
(il 21
1 13
;. '..-...j.."'- 9

Fig. 8. Number of family members of material points on a stiffened structure
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7. Numerical results

For verification purposes, the proposed PD model is compared against FEA solutions. The
integration technique for static analyses is described in Appendix E, whereas the integration
technique used for dynamic analysis is presented in [14]. The FEA solutions are conducted by
using ANSYS commercial software by using SHELL181 element. In PD theory, the boundary
conditions can be implemented through fictitious layers as described by Macek and Silling [38].
Based on numerical experiments, in order to ensure that the imposed boundary condition is
accurately reflected in the real domain, this layer needs to be at least at the size of the horizon,o .

7.1. A flat shell subjected to constant static loading

In order to verify the developed PD model for flat shells, a square flat shell with dimensions
L =W =1m, and thickness h=0.1 m is investigated as shown in Fig. 9(a). The flat shell is fixed
on the left end and subjected to uniformly distributed loading along the right edge in both x and

negative z directions as p, =1x10" N/m, p, =-1x10" N/m, respectively. The material has

Young’s modulus of E =2x10" N/m” and Poisson’s ratio of v =0.45.
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In PD model, the shell is discretized with uniform 150 integration points along each direction. As
shown in Fig. 9(b), in order to apply boundary conditions along the left edge, fictitious layers of
material points, shown in black, are added on the left edge. All DOFs of these fictitious points are
set equal to zero. In FEA model, same mesh size is also used.

0.5 sterse

l.....
Pz e’
—~ o '...'
! —— _E. 0 o"° 0'.' |
| N |
| ; - /
'/ Dx 051 ’ 0.5
0 ) — :
/ A 02 o4 s - ;
X ! 0.8 ;0 y (m)
X (m)
(a) (b)

Fig. 9. Flat shell subjected to static constant loading (a) geometry, (b) model discretization
As given in Eq. (32) and (33), the PD constant for torsional deformations depends on K, which is
added for convergence in PD solutions. Therefore, the effect of k, to the PD solution is

investigated as shown in Fig. 10 with horizon size 6 =3.015AX. As can be seen from the figure,
the PD results for displacements and rotations of the flat shell is stable for various value of K,.

After checking the stability of the PD solutions, k, =1 is chosen.

0.3 ]
& - ]
025+ ]
—=-u-PD
02+ ~(> u-FEA A
“-w-PD
0.15F -%¥ w-FEA
—=-6 -PD
0.1 e
3 0, -FEA
0.05+
oPp—s——a—s——s-——E 1)
0.05 -
-0.1
0.15}
QQ*J,,-,._f_,,m-@-mrnl,l,,nfh-,m_fm_*
107 10 10°

k[!

Fig. 10. Effect of torsional coefficient K, on PD results at (x = L,y =W /2), horizon size
0 =3.015Ax.
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The effect of horizon size on PD results are investigated by comparing with FEA solutions. Fig.

11 shows the variation of relative error between PD and ANSY'S predictions. The relative error for

each DOF is calculated as

FEA PD
—q ‘

%error(q)z‘ FEA‘ x100 (59)

¢

where g™ represents the FEA and ™" represents the PD solution for a degree of freedom, q .

As it can be seen from Fig.11, relative error between PD and ANSY'S predictions reduces as the
horizon size increases. When the horizon size is bigger than ¢ =3Ax, the relative error for all
degrees of freedom is less than 3%. Therefore, to reduce the computational time 6 =3.015AX is
chosen. Note that, the extra value 0.015Ax is added into horizon size in order to ensure that all
material points within a distance of 3Ax is included.

100 ' .

——u

+V

—.—\\.r |
. Hx

—e— 0

Operror

6

o/ Ax
Fig. 11. Effect of horizon size on PD prediction results at (x =L,y =3W / 4)

Figs. 12-17 present the comparison of PD and ANSY'S predictions for 6 DOFs with ¢ =3.015Ax
and k, =1. As it can be seen from the figures, PD predictions agree very well with FEA results.

Moreover, the good agreement of drilling rotation, &, shows that the additional PD equation of
motion for drilling rotation is acceptable.
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Fig. 12. Variation of displacement U (m) of shell with L/h=10 (a) PD, (b) FEA results
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Fig. 13. Variation of displacement v (m)
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Fig. 14. Variation of displacement w (m) of'shell with L/h=10 (a) PD, (b) FEA results
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Fig. 17. Variation of rotation 6, (rad) of shell with L/h=10 (a) PD, (b) FEA results
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In order to have a better comparison, the PD and FEA solution results along y =W /2 and Xx=L/2

are compared as shown in Fig. 18 and Fig. 19, respectively. As can be seen from the figures, PD
and FEA solution results agree very well for both in-plane and out-of-plane deformations.
Therefore, the developed PD model for thick flat shells is verified.
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Fig. 19. Variation of DOFs v(m), 6, (rad) along x =L /2

In order to verify the developed PD model for thin shells, the flat shell is further investigated for
three different cases corresponding to L/ h =10, 100, 1000. In these cases, the shells are subjected

to p, =1x10°> N/m and p, =-1x10”> N/m. Itis observed that, the relative errors between PD and

FEA results for all DOFs are smaller than 3.71% for these three cases. Therefore, it can be
concluded the developed PD model can be applicable for both thin and thick shell structures. In
all cases, the mesh size is chosen as 150x150. Appendix F provides the PD and ANSYS solutions
for thin shell with L/h=100.
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7.2. A curved shell subjected to constant static loading
In order to verify the developed PD model for curved shells, a shell with a radius of R is

investigated as shown in Fig. 20(a). The shell is clamped at f=75" and it is subjected to a
distributed load as p, =-1x10" N/m at S =90". The shell has a thickness of h=0.1m and

length of L =0.7907 m. It is made of steel with Young’s modulus E =2x10" N/m” and Poisson’s
ratio v = 0.27 .

The shell is discretized with uniform 150 integration points in each direction. In order to apply
boundary conditions, fictitious layers of material points are added as shown in Fig. 20(b). All
DOFs of these fictitious points are set equal to zero. In FEA model, same mesh size is used.

(a)
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Fig. 20. A curved shell subjected to static loading (a) geometry, (b) model discretization

Similar to the previous example, the effects of K, to PD predictions with horizon size & =3.015Ax
is investigated as shown in Fig. 21. In order to check the effect of the curvature, the curved shell
is studied with two different values of radius, R=1m and R =3m. As can be seen from the figure,
the PD predictions for all degrees of freedom of the two curved shells have good agreement with
the FEA solution when K, > 1.Therefore, it can be concluded that the value of k, given in Eq. (33)
can be chosen as K, >1 for both flat and curved shells. Therefore in the following sections Kk, =1
is chosen.
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Fig. 21. Effect of torsional coefficient K, to solutions of curved shell radius of curvature

(a) R=Im (b) R=3mat (x=L/2,y=0,z=R)

The effect of horizon size on PD results for curved shells are also investigated. Fig. 22 shows the
relative errors between PD and FEA results for nonzero DOFs of material point located at

(X =L/2,y=0,z= 3) on the curved shell with R=3m. As it can be seen from the figure, the PD
results converge to FEA solution when ¢ =3.015Ax in which all the relative errors are smaller
than 1.5%. Therefore, 6 =3.015Ax is chosen for the PD representation of curved shells.
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After the stability of the PD prediction is investigated, the PD predictions with k, =1 and
0 =3.015Ax for the curved shell with radius R =3 m are compared with FEA solution. Figs. 23-
28 show the variations of 6 DOFs of the shell in the deformed configuration. The results obtained
from PD analysis agree very well with those in FEA. Moreover, as shown in Fig. 29, the deformed
shape along the line of x = L /2 captured in PD and FEA solutions are on top of each other which
shows the accuracy of the developed PD model for curved shells. A good agreement between PD
and FEA prediction results for thin curved shell with L/h =100 is also observed in Appendix F.2.
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7.3. A stiffened structure subjected to constant static pressure

After verifying the developed PD model for flat and curved shells, this example is to verify the
developed PD model for stiffened structures. As shown in Fig. 30(a), a shell structure made up
from a cylindrical shell and four stringers is investigated. The cylindrical shell has a radius of
R=2m and total length of L=L +L,+L;=1.0472 m with L, =L, =L/4 m. The side view of

the stiffened structure is shown in Fig. 30(b). The height of each stringeris H = 0.1057 m. All the
shells have thickness of h=0.1m and they are made of steel with Young’s modulus
E=2x10" N/m* and Poisson’s ratio v =0.27. The cylindrical shell is subjected to constant
pressure of p, =2x10° N/m’. All four edges of the curved shell and two ends of each stringer,

shown in black in Fig 30(a), are clamped.

In peridynamic model, the curved shell is discretized with 150x150 material points and each
stringer is discretized with 150x 20 material points. The horizon size is & =3.015Ax. In order to
apply boundary conditions, four fictitious layers of material points, shown in black, are added as
shown in Fig. 31. All 6 DOFs of these fictitious material points are set equal to zero. In the FEA
model, the same mesh size is used.

Figs. 32-37 show the variation of 6 DOFs of the shell structure. As shown in Fig. 34, due to the
applied pressure, the middle region of the curved shell has the highest deformation in the vertical
direction. As a result, due to the connection between the curved shell and the stringers, all stringers
are twisted towards the centre of the cylindrical shell as shown in Fig. 32 and 33. As can be seen
from the figures, the PD results agree very well with the FEA results which shows the accuracy of
the developed PD model for stiffened structures.
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7.4. Damage prediction for double torsion problem

After verifying the developed PD model for both mechanical and thermomechanical behaviour of
shell structures, the damage process in a flat shell in double torsion problem is investigated. As
shown in Fig. 38, the dimensions of the flat shell are L=180mm, W =60mm, h=5mm [39]. The

shell has initial notch at x=W /2 with initial notch length, a=3.6mm. Along the line x=W/2,
an initial channel is created with b=2.4mm and h, =2.48mm [39]. The material is marble with
Young’s modulus E=26.68GPa, Poisson’s ratio v=0.24[39], and fracture toughness
K. = 0.644MPay/m [40]. The critical energy release rate for this material is calculated as

G, =K /E=15.545 J/m’.

The shell is placed on 4 steel balls located at four corners with distances A=1.2mm from corners.
The shell is applied quasi-static loading on two points located at X=W, =23.35mm and X=W -W,

, respectively. The history of the total applied force, F includes two stages as shown in Fig. 39
[39]. In the first stage, the load is increased to peak value of F =158 Nin t=17.079s. Next, in

the second stage, the load is slowly decreased to F =120N as shown in Fig 39.

<}

Fig. 38. Double torsion problem
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In PD simulations, the model is discretized into 50x150 material points (50 layers of material
points along X direction and 150 layers along Y direction). In order to represent the initial

trough, the thickness of material points located along the trough are defined as h—h_ , meanwhile
other material points have a constant thickness h .

In order to apply loading conditions, two material points located at the locations of loading are
defined. During the simulation, these two material points are equally applied force per unit area
52 = F /2(Ax?) in which the value of F as function of time is given in Fig. 39. The adaptive
dynamic relaxation methodology is used in the PD solution for this quasi-static problem. The
problem is simulated in 40000 load steps, in which 15000 load steps are used for first loading
stage, and 25000 load steps are used for second loading stage. Based on these information, the
loading history in real time given in Fig. 39 is converted to loading history for quasi-static solution.

Fig. 40 shows the damage evolution on the flat shell predicted by using the developed PD model.
The damage coefficient is plot in a range of 0<¢#<0.37. Material points which have ¢>0.37 are
considered as completely damaged. As shown in Fig. 40(a), after t =17.079s when the load reaches
to peak value, the structure is primarily damaged along the initial trough. The damage coefficients
of material points along the trough are smaller than 0.1 which can be understood that the crack is
not visibly propagated. At t=22.794s, the crack starts propagating and the structure is more
damaged along the channel as shown in Fig. 40(b). As shown in Figs. 40(c, d, e), the crack
propagates along the channel up to the locations at, y =50mm, y=85mm and y=121mm when
t =88.425s, 1 =247.989s and t =567.116s, respectively. Fig. 40(f) shows the completely damaged

experimental specimens in [39]. As it can be seen from the figures, the crack paths captured by PD
simulation and experiment [39] agree very well.
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Fig. 41 shows the variation of crack length and crack growth velocity captured by PD simulation
and experiments in [39]. As can be seen from the figure, both the crack length and crack growth
velocity captured by PD simulation agree with the experiment which show the capacity of the
developed PD model.
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7.5. A flat shell with a pre-existing crack

In this section, a flat shell with dimensionsof L =0.8 m, W = 0.6 m, and thickness of h=0.01 m
is investigated as shown in Fig. 42. The flat shell has a pre-existing crack at the middle with the
crack length of 2a=W /10. The orientation of the initial crack is defined by angle £ as shown

in Fig. 42. Two different cases of initial crack orientations: £ =90° (case 1) and S =45° (case 2)
are investigated.

Fig. 42. A flat shell with pre-existing crack
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The flat shell is made of steel with Young’s modulus E =2x10" N/m’ and Poisson’s ratio
v =0.27. The fracture toughness of steel is K,_=70x10° Nm™? [41] and the critical energy

release rate is G, =2.2714x10* J/m* .

Ic

The flat shell is fixed on the left edge and it is applied incremental vertical displacement is applied
by increasing the displacement by Aw=-10" m on the right edge as shown in Fig. 42. In PD

model, the shell is discretized with a mesh size of AX=0.008 m. Similar to Section 7.1, three
fictitious layers of material points are added on the left and all degrees of freedom of these fictitious
point and material points located at x =—L /2 are set equal to zero.

Fig. 43 presents the damage evolution on the flat shell with initial crack orientation B =90° (case

1). Fig. 43(a) presents the initial damage on the flat shell. As the applied displacement increases,
the crack propagates continuously and by remaining the initial orientation as shown in Figs. 43(b-
d). As it can be seen from the figures, the crack propagates symmetrically in both positive and
negative y directions. As shown in Fig. 43(d), when the applied displacementw = —0.0366 m, the

crack propagates and nearly reaches the boundary edges of the flat shell.
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Fig. 43. Crack propagation for Case 1 when: (a) w=0, (b) w=-0.0351 m, (c) w=-0.0359 m,
(d) w=-0.0366 m

Fig. 44 presents damage evolution on the flat shell with initial crack orientation = 45° (case 2).
The initial damage on the flat shell is shown in Fig. 44(a). The damage evolution on the flat shell
when the applied displacements w=-0.0321 m, —0.0328 m, —0.0335 m are shown in Figs.
44(b, c, d), respectively. As can be seen from the figures, the crack propagates only on one side of
the crack tip which is near the applied loading edge. As the applied displacement increases, the
crack continues propagating on this side and reaches the boundary edge of the flat shell when the
applied displacement is w=—0.0335 m. It can also observe that although the initial orientation
of the crack is =45, the newly propagated crack path is almost parallel to the right edge on

which the incremental displacements are applied.
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7.6. Damage prediction of the glass cup with hot water

In this section, the damage occurrence in a glass cup due to sudden temperature change is
investigated. It is assumed that the lower part of the cup, shown in red, is subjected to AT =80°C
temperature change and the upper part of the cup, shown in blue, subjected to AT =0°C
temperature change as shown in Fig. 45(a). The shape of the cup is defined as

X=bcosdcos ¢ (60a)
y =bcos@sin g (60b)
z=(a+esinf)sind (60c)

where a=0.1m, b=0.06m, e=0.0d m, -7/2<0<rx/12, —7<Pp<rx

The cup is assumed to have a randomly distributed thickness as shown in Fig. 45(b) as

| 222900 for —0.06 <2 <-0.0561

h(z) = 0.0039 (61)
h, f for —0.0561<1z<0.02625

where 0.9< f <1.1 and h; =1x10"> m.

The water level inside the cup is assumed as d,,, = 0.0345 m measure from bottom of the cup.

The material has Young’s modulus E = 68x10” N/m*, Poisson’s ratio v =0.17, mass density
p=2710 kg/m’ and linear thermal expansion coefficient @ =8.5x10°® m/mK [42]. The critical

energy release rate of the glass is taken as G, =5.2941 J/m* [42].
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Fig. 45. Glass cup with hot water (a) 3D model (b) random thickness variation, (m) (c)
coordinate system
Since the cup is applied sudden temperature change, the problem is solved dynamically by using
explicit time integration scheme with time step size of dt =0.01 xS . The PD model is discretized

by setting incremental angles as d@ = 7 /120 and d¢=7/90.

Figs. 46-47 present the extent of the damage coefficient, ¢ on the cup. As shown in Fig. 46(a), the
cup initially gets damaged around the interface region between the hot and cold part of the cup.
Later, the cup gets damaged around the interface region where there is a sudden thickness change
as shown in Fig. 46(b). As the time increases, the extent of damage is increased in these two regions
and, the cup is almost split into three parts at t =4.5 S as shown in Fig. 47.
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7.7. Damage prediction for a dropped egg
In this example, the extent of damage in a dropped egg is investigated. The shape of the typical
chicken egg is defined as [43]

y :%cos0c0s¢ (62a)

Z= % cos@sin ¢ (62Db)
H : :

X= (7+esm Hjsmﬁ (62¢)

with

—m/2<0<n/2, -w<Pp<rw (62d)

where H represents the height and W represents the width of the egg. In Eq. (62¢), e represents
the egg parameter. The egg parameter is chosen as e = 0.004 m to modify the shape of an ellipsoid
to the shape of an egg [43]. The height and width of the egg is chosen as H =0.06 m and
W =0.045 m, respectively.

The material properties of the eggshell are described as follows: Elastic modulus,

E =55x10° N/m* [44], Poisson’s ratio, v = 0.35 [45], mass density p = 2050 kg/m’ [46], critical
energy release rate, G, =1.6364 J/m’ [47].
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It is assumed that the eggshell falls from a height of 0.2225 m as shown in Fig. 48(a). The density
of the fluid inside the eggshell is considered as py,, =1024.3 kg/m’[48], the weight of the fluid
is taken as 0.0652kg and the weight of the eggshell is ignored. In order to represent the
heterogeneity of the eggshell, a randomly distributed thickness is assumed for each material point
in a range of 3.325x10* m<h <3.675x10" m as shown in Fig. 49.
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Fig. 48. Eggshell (a) geometry (b) coordinate system

<107
36750

36312
3.5875
35438
3.5000
34563
3.4125

33688

3.3250

-0.,02 -0.01 0 0.02 0.03
X (m)

Fig. 49. Random scatter of thickness in the eggshell

When the eggshell hits the rigid surface at t =0.2019s, the velocity of the egg is calculated as
Vg =—1.9809m/s . It is assumed that after 100 s, the fluid velocity inside the egg reduces to

Vaig = 0. Therefore, the acceleration of the fluid inside the eggshell is calculated as
0-(-1.9809)

TSR 1.9809%10* m/s> (63)
X

Aquig =

It is assumed that the pressure on egg surface area, Atk) is caused by inertia forces of fluid particles

that are vertically aligned with material point k as shown in Fig. 50 and all of the fluid particles
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have the same acceleration as provided in Eq. (63). The total inertial force acting on surface Atk)

can be calculated as
Fz(k) = _pfluidvfluid(k)afluid (64)
where Vﬂuid(k) represents the volume of the fluid particles that are vertically aligned with material

point kK . Therefore, the normal force acting on surface Atk) is evaluated as

ﬁn(k)‘z F.0 /Cz<k>‘ (652)
Fator = |Faco| o (65b)
where ﬁz/(k) represents the normal vector of surface Atk) as

ﬁz’(k) :|:Cl(k) G G :|T (66)
Therefore, the pressure generated on the surface Aik) can be estimated as

pn(k) = Ifn(k) / A(k) (67)

Fluid particles
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Fig. 50. Calculating pressure on eggshell due to inside fluid
Fig. 51 shows the distribution of pressure acting on the eggshell due to the inertial forces of fluid

inside the egg. As can be seen from the figure, only the lower half of the eggshell is subjected to
pressure caused by the fluid.
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Fig. 51. Pressure distribution,(Pa) on egg surface due to inertial forces (a) side view (b) bottom
view of the eggshell

Similar to previous example, the damage process of the eggshell is simulated by using explicit
time integration scheme with time step size of dt =0.01usS. Note that, during the simulations, the

locations of the material points are updated. If vertical coordinate of a material pointis z<0, it
isupdated as z =0, where the rigid surface is located.

Figs. 52-55 show the extent of damage on the eggshell during falling at different times. As the
time progresses, the extent of the damage increases. The material points with damage coefficient
¢ >0.37 represent the completely split region on the eggshell. The damaged region is continuously
expanded, and the eggshell is split into many pieces as shown in Figs. 53-55. As shown in Fig. 55,
after t =10 us the lower part of the eggshell is destroyed into many small pieces and the damage

region expanded to the upper part of the eggshell.

Fig. 56 shows the comparison of damage for a dropped egg with PD predictions. As it can be
observed from the figure, the damage patterns predicted in PD simulation are similar to the
experimental results. However, it can also be seen from the figure that the fragments of the
experiment shown in Fig. 56(a) are larger than the PD results shown in Fig. 56(b). The difference
can be explained as follows:

First, in this example, the pressures generated on the eggshell are calculated based on the simplified
fluid model inside the eggshell. Therefore, more realistic predictions can be obtained with more
realistic computational fluid dynamic (CFD) simulations. Moreover, in this example, fluid-
structure interaction between the eggshell and egg liquid is not fully coupled. Therefore, coupling
CFD simulation and PD prediction can be further investigated.

Second, although the material properties of the eggshell are chosen based on recent experimental
studies, the eggshell is modelled with one layer of isotropic material. In fact, the eggshell consists
of many layers with different material properties [49]. Therefore, better predictions can be obtained
with more complex material models.
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Fig. 52. The extent of damage at (a) t = 2.5 us (b) t =3.75 us after egg hits the surface
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Fig. 53. The extent of damage at t = 5 us after egg hits the surface (a) side view (b) bottom
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8. Concluding remarks

This study presents a novel state-based peridynamic model for the thermomechanical behavior of
shell structures in three-dimensional space with 6 degrees of freedom. The PD model is firstly
developed for flat shells, and then modified for curve shells, and further developed for stiffened
structures. The numerical procedure to deal with complex shell structures is also provided. The
behaviors of shell structures captured by the developed PD model are verified by comparing with
FEA solutions with very good agreements. The PD damage criteria for shell structures based on
critical energy release rate is provided for damage predictions.

The developed PD model is used to predict damage on a flat shell in double torsion problem, a flat
shell with pre-existing crack, a dropped egg and a glass cup subjected to temperature change. The
developed PD model can be used for any type of shell structures to predict possible damages that
may occur during the operation process.

Acknowledgment

The authors gratefully acknowledge financial support from the Ministry of Education and
Training in Vietnam and University of Strathclyde.

55



Appendix A. Peridynamic constants for in-plane deformations

A.1. PD dilatation constant, 0,

By using Taylor’s series expansion and by ignoring the higher order terms, the displacement
components of material point j can be expressed as

! _ ! ! 1 _ ! ! 1 _ !

Ugjy = U U (Xu') X(k))"’u,y'(k)(y(n y(k)) (A.1a)
’ — ’ ’ ’ _ ’ ’ ’ _ ’

Vi) = Vi +V,x'<k>(x<j> X<k>)+v,y'<k>(y<j> y(k)) (A.1b)
! _ ! ! ! _ ! ! ! _ !

Wiy = Wiy +W,x'<k>(x<j> X<k>)+v",y'<k>(y<j> y(k)) (A.lc)

The relations given in Eq. (A.1) can be rewritten as

! !
Uiy —Ung

l

, .
: =Uy k) COSP+U i, SINQ (A.2a)

Vi, =V

(]) (k) _ / ’ .
T =V COSP+V i, SINQ (A.2b)
! !

Y00 _yy  cosp W, sin (A.2¢)

P () COSPT Wy SINP :

Therefore, by using Eq. (A.2a) and (A.2b), the bond stretch for in-plane deformations given in Eq.
(24) can be rewritten as

Sincior ) = Uit €0S° @+Uy ) SINOCOS P+V'yy SINQCOSP+V, Sin” 0 (A.3)
The dilatation for in-plane deformations given in Eq. (22) can be rewritten in an integral form as

lg(k) - diphj.oé-‘.oz”

By performing integrations given in Eq. (A.4), the dilatation for in-plane deformations can be
calculated as

U, cos’ @+U',, sin@cosg
o e gdédg +2a AT, (A.4)
Vi SINPCOS P+ V', o sin® o —a AT,

7ho* , >

Ho =0 — (u,x,(k) +v,y,(k))+aA'I'(k)(2—dip7rh5 ) (A.5)
Meanwhile, the classical form of dilatation can be described as

CCM __ | '
o =W TV (A.6)
By comparing Eq. (A.5) and (A.6), the PD dilatation constant dip can be defined as

2
. A A7
p 7Z'h52 ( )

A.2. PD material constants, @;,,, @;,,, &3 and b,p

By using the stretch definition in Eq. (A.3) and dilatation term in Eq. (A.6), the strain energy per
unit area for in-plane deformations given in Eq. (20) can be rewritten in an integral form as
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PD 2 , )
W a-|pl (u x'(k) +Vy(k)) _a-ipz(uwxr(k) y(k))AT +a AT(k)
2
cos’ p+U’ . sin@cosp (A.8)

inplane(k) — ip3
20 Uy (k)
+bh[ [ gdédy
Vo SINPCOSP+V', sin’ ¢ — ATy,
After performing integrations given in Eq. (A.8), the strain energy per unit area for the in-plane
deformations can be evaluated as

PD 2 ' 2
Wlnplane(k) alpl ( X'(k) + V y' (k) ) - aip2 (u,x’(k) (k) )AT + alpBAT(k)

12
3ux(k)+3v (k)+u (k)+vx(k)+2ux(k) y(k)+2u ) X(k)) (A9)

b 27zh5 [

P

2
“ATm( (k) +vy(k))+a AT(k)}
or

W PD 2
inplane(k) — a|p1 X(k) +Vy(k)

7ho® 2
+b, B [ (“x(k)“’y(k)) — AUV y(k>+(“y(k>+vx(k>)}

27hs’ (A.10)
_(aipz +b, T“j(“x(k) Vo) ATy,
27hs?
- (am +b, —— 3 jAT(ﬁ)
By comparing Eq. (A.10) and (14b) following relations can be obtained
3
i ho _ Eh (Alla)
P12 4(1+v)
ho® Eh
a_. +hb = A.11b
P4 2(1-0?) (A1D)
27hs’ Eh
ip2+ ip 3 a:l—\/ (AllC)
27hs’ Eh
a,; +D, 3 o’ =:a2 (A.11d)

Finally, by using the relations in Eq. (A.11), the PD constants for in-plane deformations can be
defined as

3E

.p=m (A.12a)
o = ENGv-1 (A.12b)
oa(l-v?)

Eha
aipz_l—v (3v-1) (A.12c¢)
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8, =0 (3v-1)a’ (A.12d)

ip3
p 1_V2

Appendix B. Peridynamic constants for bending deformations

B.1. PD constant, db

By using Taylor’s series expansion and by ignoring the higher order terms, the rotation
components of material point j can be expressed as

_ ' ' ' '
Oy = Octoy + Oy (Xm =X ) +6, 0 (yu) - y(k)) (B.1a)
_ ’ ’ ' '
Oyiy = Oy + Oy i (Xu) X ) 6,y (ym - y(k)) (B.1b)
The relations given in Eq. (B.1) can be rewritten as
6., =6,
(i~ .
T =0 x40 COSP+ 6,0 4, SIN Y (B.2a)
6,.—-0,
y'(J) y'(k) ;
: =0, 04 COSP+0, ) SINQ (B.2b)

Therefore, by using Eq. (B.2), the term S, given in Eq. (27b) can be rewritten as
2 . . . 2
Soconiy = Oy x €08” @ =6 iy SINPCOS P+ O, 44y SINPYCOSP+6,, () SIN” @ (B.3)
The term '%(k) given in Eq. (27a) can be rewritten in an integral form as
5 p2n Oy e €OS* @ =6, iy, SIN P COS @
oo =duh | e " L |£déde (B.4)
050 \ 40, 54 SINQCOSP+ O, SIN @

By performing integrations given in Eq. (B.4), the term '%(k) can be written as

ho”

S = 7 (_gy',x%k) +9x:y'<k>) (B.5)
On the other hand, the corresponding term in classical form can be described as

CM _
G =0y v+ Oy (B.6)
By comparing Eq. (B.5) and (B.6), PD constant, db can be defined as

2
- B.7
> 7hs? B.7)

B.2. PD material constants, @, and bb

By using Eq. (B.3) and (B.6), the strain energy per unit area for bending deformations in Eq. (25)
can be rewritten in an integral form as
2

0, v, €OS” @ —0 sin ¢ cos
y'.X' (k) 4 ) ¢ ¢ fzdfdgo (B.8)

— 2 s p2x| T Ty
PD _ y.y'(k

Wbending(k) =8 (_ey’,x’(k) + ex’,y’(k)) + bbhjo -[0 0 . 0 .2

+ XX (K) SIm@cos e+ X,y (k) sin- @

After performing integrations given in Eq. (B.8), the strain energy per unit area for bending
deformations can be written as
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WP =a (0~ O i)
bending (k) b | Yx,y' (k) y' X' (k)

zhs?

—_— (B.9)
: 2
o 12 [3(0X"y'(k)_9y'~x'(k)) +49y',x'(k)9x’,y'(k)+(9x',x'(k)_0y',y'(k)) ]

By comparing Eq. (B.9) and (14c¢), PD constants for bending deformations can be defined as
Eh? _Eh'(3v-1)

b — A =——— B.10
" 45’ (1+v) 48(1-v7) (8.10)

Appendix C. Peridynamic constants for shear deformations

By assuming ,, ~. forsmall deformations, Eq. (28) becomes
0~

2
0~ (k) n
Wio i = ZC( ’ k)] &, (C.1)

By using the relations in Eq. (A.2c¢) and (30a), the strain energy per unit area for shear deformations
given in Eq (C.1) can be rewritten in an integral form as

WsEe[;r(k) C h.[ .[2”( Wi + y(k))cos{o—i—(w,,y’(k) _ex'(k))sm(o)z &*dgde (C.2)

By performmg integrations given in Eq. (C.2), the strain energy per unit area for shear
deformations can be written as

! 2 !/ 2
W30 = Cthd [ (W, + 0,00 ) + (Wi = 0o ) | (C3)
By companng Eq. (C.3) and (14d), the PD constants for shear deformations can be defined as
3k, E
=2 (C4)
75 (1+v)

Appendix D. Peridynamic constants for torsional deformations
By using strain energy per unit area given in Eq. (15b), the potential energy corresponding to
drilling rotation, 6, can be defined as

Eh IR
torsmnal I torsional dA = I k Tv)[gz’ _E(V,X’ _u,y' )jl dA (Dl)

The kinetic energy corresponding to drilling rotation can be defined as

THZ :%phlz’z’gz’2 (D2)

By substituting Eq. (D.1) and (D.2) into Eq. (18), the Lagrangian corresponding to drilling rotation

can be obtained as

1 . Eh 1 ' ' ’
I—az :Taz _Uaz :Ezohlz'z'lgz'2 _IA kT m[‘gf _E(V,x’ _u,y’)} dA (D.3)

As mentioned in section 3.3, since the torsional strain energy is a fictitious energy, the contribution
of drilling rotation into the equation of motion other degrees of freedom can be neglected [7].
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Therefore, the equation of motion for drilling rotation in classical continuum mechanics can be
derived by using the Euler-Lagrange equation given in Eq. (17) as

phl . . Eh }
— 0,—k 0 ——(V.,—-U., D4
A " Tty 2( x ’y) D-4)

Meanwhile, by using relations given in Eq. (A.2a) and (A.2b), the PD equation of motion for
drilling rotation given in Eq. (36f) can be written in an integral form as

7 Q... +6, Vi €0S° @ +V' .\ sin ¢ cos
=Chf] [T e ('(k) P 2 ¢J]§zd§d¢ (D.5)

phlzz(k) 9
' : ' r .2
2 Uy SiN@cos@—U', . sin” @

At 7' (k)

By assuming 6, ;,

~0,,, for small deformations, Eq. (D.5) can be rewritten as

pohl,, 2 Vx(k)cos @ +V') ., Sin Y cos
0G0 =C j j 0,00~ v - | |gdede (D.6)
Ay —U'y, Sin@cosp—U',, sin’ @

By performing integrations given in Eq. (D.6), the equation of motion for drilling rotation can be
written as
27hs’

phlzz(k) 1 ' '
AY ez(k) C 3 92’(k) _E(V,x’(k) _u,y’(k)) (D7)
k

By comparing Eq. (D.4) and (D.7), the PD constants for drilling rotation can be defined as
3 E
C =k —— D.8
b 218t 14y (88

Appendix E. Adaptive Dynamic Relaxation for static and quasi-static solution
According to Kilic and Madenci [50], the adaptive dynamic relaxation (ADR) can be used in PD

solutions for static and quasi-static problems. The mass vector m,, can be replaced by a mass
stable vector M, ,, and damping force is added into the PD equations of motion given in Eq. (44a)
for flat shells and Eq. (45a) for curved shells as

M i, +C oo = D oo fio Vi P (E.T)
=

where C, represents the damping matrix.

According to Underwood [51], the mass stable vector and the damping matrix can be chosen
arbitrarily to get a converged solution. However, the matrix M, is required to be a diagonal

matrix. In this study, the mass stable vectors in global coordinates can be defined as

w 0 0 0 0 0
o M, 0 0 0 0
o 0 M, 0 0 0

MoZlg 0 0 M, o o (2
o 0 0 0 M, 0
o o o 0 0 M,
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with

_ _ _ ’ ’ ’
Uiy MV(k) - MW(k) - max(M“('k) ’ MV('k) ’ MW('M) (E.3)
_ _ _ ’ ’ ’
by MHy(k) - MBz(k) - max(M@x’(k) ’ MHy'(k) ’ M‘9z'm) (E.4)
’ ’ ’ ’ ’
where My, . My ", M, . Mg . Mg . Mg, —represent the components mass stable vector

corresponding to translational and rotational DOFs in the local coordinates, M by ?

Vi ? Wy ?

60 Mg, » M, represent the components of a mass stable vector in the global coordinates.

The components of the mass stable vector in the local coordinates can be calculated based on PD
bond constants as

1 ., 4b 7hs?
=M/ >—dt* 2 — (E.5)
Uc Vin T 4 AX'
2
I\/IV'V(,k) Z%d'[2 CSZ:? (E.6)
L 1 .,4b 7hs’
MHx'(k) N MHy'(k) szt T (E.7)
2
M > LgeCoho (E.8)

P T g AX' (AX')?
where dt =1 represents the time step for quasi-static solution [51], AX" represents mesh size in the
local coordinates, by, represents PD constant for in-plane deformation which is given in Eq. (21d),

C, represents PD constant for shear deformation given in Eq. (29), b, represents PD constant for

bending deformation given in Eq. (26b), C, represents PD constant for torsional deformation given
in Eq. (32).
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Appendix F. Peridynamic prediction results for thin shells

In order to verify the capability of the developed PD model for thin shell, the same problems
discussed in this Section 7.1 and 7.2 are investigated with thinner shells. In this section, the PD

prediction results for both flat shell in Section 7.1 and curved shell in Section 7.2 with L/h =100
are presented.

F.1. Flat shell with L/h =100 subjected to loads p, =1x10> N/m, p, =-1x10* N/m

Figs. F1-F8 show the comparison between PD prediction results with FEA results for thin flat shell
with L/h=100. The mesh size 150x150 is used in both PD and FEA solutions. As can be seen

from the figures, the PD and FEA solution results much very well which show the accuracy of the
developed PD model for thin shell.
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Fig. F7 and Fig. F8 show the comparison between the PD and FEA solution results along y =W /2

and x=L/2, respectively. As can be seen from the figures, PD and FEA solution results agree
very well for both in-plane and out-of-plane deformations. Therefore, the developed PD model for
thin flat shells is verified.
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F.2. curved shell with L/h=100 subjected to loads p, =-10 N/m
Figs. F9-F15 show the comparison between PD prediction results with FEA results for curved shell
R=3m with L/h=100. The mesh size 150x150 is used in both PD and FEA solutions. As can

be seen from the figures, the PD and FEA solution results much very well which show the accuracy
of the developed PD model for thin shell.

Fig. F15 shows the deformed shape along X =L/2 of the curved shell with the displacements are
magnified 100 times. It can be seen that PD and FEA solution results have very good agreement.

Therefore, it can be concluded that the capability of the developed PD model for thin shell is
validated.
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