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ABSTRACT  
A novel peridynamic model for predicting thermomechanical behaviour of three-dimensional shell 
structures with 6 degrees of freedom has been proposed. Also, a numerical algorithm for dealing 
with complex shell structures is provided for the first time in the peridynamic literature. The 
peridynamic damage criterion based on critical energy release rate is provided for shell structures. 
The capability of the developed peridynamic model is demonstrated by predicting deformations 
for a flat shell, a curved shell, and a stiffened structure. To further demonstrate the capabilities of 
the proposed model, damage on flat shell in a double torsion problem, flat shell with pre-existing 
crack, thermal fracturing of a glass cup and damage in a dropped egg are simulated. 
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Nomenclature 
 
Latin Letters 

1ipa , 2ipa  , 3ipa ,  ipb , ipd  Peridynamic constants for in-plane deformations 

ba  , bb , bd  Peridynamic constants for bending deformations 

b , b  Body force, force per unit area

sC  Peridynamic constant for the shear deformations 

( )kC  Damping matrix

E  Young’s modulus

( )( )k jf  Vector of peridynamic forces in global coordinate system 

( )( )k jf  Vector of peridynamic forces in local coordinate system 

F  Deformation gradient

cG  Critical energy release rate of material

cg  Average critical energy release rate for one interaction 

( )( )k jg  Energy release rate for interaction between material points k  
and j  in peridynamics 

h  Shell’s thickness 

( )kH , ( )( )k jH  Coordinate transformation matrices for flat shell, curved shell

sk , Tk  Shear correction factor, torsional constant

L , U , T  Lagrangian, kinetic energy, total potential energy 

( )km  Mass matrix in local coordinates

( )km  Mass matrix in global coordinates

( )kM  Mass stable vector

xn 


, yn 


, zn 


  Unit (director) vectors for a material point

cN  Total number of interactions passing through a unit crack area

( )( )ip k js  Relative bond stretch of in-plane deformations 

( )( )b k js   Relative bond stretch of bending deformations 

t , t   Peridynamic force densities

( )kT , ( )( )k jT   Displacement transformation matrices

u , v , w   Global displacements in x , y and z directions, respectively 
u , v , w   Local displacements in x , yand zdirections, respectively 
W  Strain energy density
W  Strain energy per unit area

inplaneW   Strain energy per unit area for in-plane deformations 

bendingW   Strain energy per unit area for bending deformations  

shearW   Strain energy per unit area for shear deformations 

torsionalW   Fictitious strain energy per unit area for torsional 
deformations 
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x , y , z   Global coordinates

x , y , z   Local coordinates

 
Greek Letters 
 
  Linear thermal expansion coefficient

T  Temperature change
  Horizon size

ε , mε , Tε  total, mechanical, thermal strain vectors 

x , y , z  Global rotations around x , y and z axis, respectively 

x  , y  , z    Local rotations around x , yand z axis, respectively 

( )( )k j   Function to represent state of interaction (damaged or intact)

   Poisson’s ratio
   Bond length in initial (undeformed) configuration 
   Mass density
σ   Cauchy stress

 ( ) ,k t x   Local damage coefficient

( )( )k j , ( )( )j k   Micropotentials of the interaction between material point k  
and j  

( )( )inplane k j   Micropotentials for in-plane deformations 

( )( )shear k j   Micropotentials for shear deformations 

( )( )bending k j   Micropotentials for bending deformations 

( )k   Dilatation of material point k  

 
Acronyms 
CCM  Classical Continuum Mechanics
DOF  Degree(s) of Freedom
FEA Finite Element Analysis
PD  Peridynamics
SED  Strain Energy Density
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1. Introduction 
Predicting damage processes such as crack initiation and propagation is a challenging work that 
requires much effort. The classical continuum mechanics (CCM) faces conceptual and 
mathematical difficulties in terms of predicting crack nucleation and growth especially for multiple 
crack paths since partial-differential equations become invalid in presence of discontinuities. The 
peridynamic (PD) formulation of continuum mechanics represents the material behavior by using 
integro-differential equations, which are valid in both continuous and discontinuous models [1]. 
Therefore, discontinuities can be naturally involved in the PD analysis without any special 
treatment.  
 
The original PD theory was introduced by Silling [1] and Silling and Askari [2] to predict the 
mechanical behavior of three-dimensional solid objects. However, it is computationally expensive 
to implement 3D PD models for plates, shells and slender structures. Therefore, structural 
idealization is needed to reduce the computational cost. The structural idealization for plates and 
shell structures are well understood in classical continuum mechanics [3-6]. The behaviour of these 
structures are well represented by using numerical techniques such as finite element analyses [7-
12]. In peridynamics, the first simplified PD model for two-dimensional configurations introduced 
by Silling and Bobaru [13], and later by Madenci and Oterkus [14], Breitenfeld et al. [15], Sarego 
et al. [16]. Their PD models include two degrees of freedom (DOF). In order to include transverse 
displacement caused by bending, O’Grady and Foster [17] introduced a non-ordinary state-based 
PD model which is based on Kirchhoff–Love plate theory by disregarding the transverse shear 
deformations. PD model developed by the authors can capture the behavior of thin, flat plates with 
three DOFs which are three displacement components. In order to include transverse shear 
deformations, later, Diyaroglu et al. [18] developed a bond based PD model for plate based on 
Mindlin plate theory. The developed PD model can capture the behavior of a plate with three DOFs 
including transverse displacement and two rotations. They also developed a bond based PD model 
for plane beams with two degrees of freedom to predict bending deformations. Recently, Nguyen 
and Oterkus [19] developed a PD model for 3D beam structures with six degrees of freedom to 
predict the damages in offshore structures. The bond based PD model for beam and plate developed 
by Diyaroglu et al. [18] is implemented in finite element framework by Yang et al. [20]. 
Chowdhury et al. [21] developed a state based peridynamic model for linear elastic shells by 
introducing curved bond definition. 
The effect of temperature on mechanical deformations is also considered in peridynamic 
framework. Kilic and Madenci [22] introduced bond based PD model for one-way coupled thermo-
mechanics. Later, bond based PD models for fully coupled thermo-mechanics were introduced in 
[23-25]. Amani et al. [26] introduced non-ordinary state-based PD model for thermoplastic 
problems and Madenci and Oterkus [27, 28] introduced ordinary-state based model for plastic and 
thermo-viscoelastic deformations. Recently, Gao and Oterkus [29,30] developed ordinary state-
based PD model for fully coupled thermo-elastic problems. The developed PD models are used to 
predict damages due to thermal effects [31, 32]. Xu et al. [33] studied elastic vortices and 
thermally-driven cracks in brittle materials by using peridynamics. However, in these PD models 
the effect of bending deformations are not included. Therefore, this study focuses on developing a 
novel ordinary state based peridynamic model to predict the thermomechanical behaviour of three-
dimensional shell structures with 6 degrees of freedom. The numerical technique and procedure to 
deal with complex shell structures are also provided. For verification purposes, static analyses of 
a flat shell, a curved shell, and a stiffened structure are presented. The proposed PD model is used 
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to predict damages in a flat shell subjected to double torsion loading, flat shell with pre-existing 
crack, damages in a glass cup subjected to temperature change and damages in a dropped egg. 
 
This paper is organized as follows. Section 2 presents the classical continuum mechanics 
formulations for linear strain, linear stress components and strain energy density for shell 
structures. Section 3 provides the PD strain energy density and PD equations of motion for shell 
structures. Section 4 presents the transformation of PD equations of motion from local to global 
coordinates for both flat and curved shells. Section 5 provides a criterion to predict damage on 
shell structures by using the proposed PD model. The numerical algorithm and numerical 
techniques to deal with connections of complex shell structures are provided in Section 6. Section 
7 presents the PD results, followed by the conclusions in Section 8. 

2. Kinematics of Flat Shells in Classical Continuum Mechanics 
In this section, first, the descriptions of degrees of freedom for a material point on a shell structure 
are provided. Next, the formulations for linear strain and stress are obtained. Finally, the strain 
energy density formulation in classical continuum mechanics for shell structures is presented. 

2.1. Degrees of Freedom 
The kinematics of flat shell is initially based on the theory of plates by including transverse shear 
deformations [3-5]. According to assumptions in [3-5], the deformation of each material point in 
a plate is represented by five degrees of freedom. Later, Wisniewski, [6] added one more degree 
of freedom, which is the rotation with respect to normal axis of the plate’s plane.   
Fig. 1 presents a material point in a flat shell with 6 degrees of freedom; u , v , w , x , y , z  in 

the global and  u , v , w , x  , y  , z   in the local coordinate systems with respect to undeformed 

configuration. The components u , v  represent the in-plane displacements of the mid-surface in  
x , y  directions, respectively. Meanwhile, w  represents the transverse displacement of the 

middle surface in z  direction. The rotations x  , y  , z   represent the rotations  of the plate around 

x , y  and z , respectively. The. The drilling rotation, z    can be found from the rotational 
constraint equation as [6] 

( ) 0Tskew Q F  (1a) 
where 

cos sin

sin cos
z z

z z

 
 

 

 

 
  
 

Q  (1b) 

, ' , '

, ,

1

1
x y

x y

u u

v v 

  
    

F  (1c) 

The rotational constraint given in Eq. (1a) can also be written as  

   , , ' , , '2 sin cos 0y x z x y zv u v u              (2) 

 
If / 2z   , Eq. (2) becomes [6]  

, , '

, , '

arctan
2

x y
z

y x

v u

v u
 




  
      

 (3) 
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For small rotation and small strain conditions, Eq. (3) becomes  

 , , '

1

2z x yv u      (4) 

 
Fig. 1. Material point in a flat shell with 6 degrees of freedom 

2.2. Linear Strain Components 

For small deformations, the displacement components of a point located at  , ,x y z    with respect 

to mid-surface can be expressed as [3-5, 10]  

   ˆ , , , yu x y z u x y z           (5a) 

   ˆ , , , xv x y z v x y z           (5b) 

   ˆ , , ,w x y z w x y        (5c) 

where u ,v , w   represent the displacement components of a point located at the mid-surface and  
û , v̂ , ŵ   represent the displacement components at any point.  
By using the displacement components given in Eq. (5), the linear strain components can be 
determined as 

T

x x y y x y x z y z                ε  (6a) 

where  

, ,ˆx x x y xu x u z              (6b) 

, ,ˆy y y x yv y v z              (6c) 

 , , , ,ˆ ˆx y y x y y x xu y v x u v z                          (6d) 

,ˆ ˆx z x yu z w x w                 (6e) 

,
ˆ ˆ

y z y xv z w y w                 (6f) 
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Note that based on small deformation assumption in linear elasticity, the strain component in the 
thickness direction of the shell can be neglected, 0z z     [10]. 

If the temperature effect is considered, total strain components given in Eq. (6) can be determined 
as a summation of mechanical strain, mε  and thermal strain, Tε  as [34] 

m T ε ε ε  (7a) 
with 

 0 0 0
TT T T   ε  (7b) 

where   represents the coefficient of linear thermal expansion and T  represents the temperature 
change. Therefore, the mechanical strain components can be defined as 

Tm T m m m m m
x x y y x y x z y z                  ε ε ε  (8a) 

where 

, ,
m
x x x y xu z T            (8b) 

, ,
m
y y y x yv z T            (8c) 

 , , , ,
m
x y x y y x y y x xu v z                    (8d) 

,
m
x z x z x yw           (8e) 

,
m
y z y z y xw           (8f) 

2.3. Stress Components 
For a linear elastic isotropic, homogeneous material with 0z   , the stress components can be 

expressed as [34] 
T  σ Dε Dα  (9a) 

with 

2

1 0 0 0

1 0 0 0

1
0 0 0 0

2
1 1

0 0 0 0
2

1
0 0 0 0

2

E






 



 
 
 
 
 

  
  

 
 

 
  

D  (9b) 

 0 0 0
T α  (9c) 

 
where D  represents the constitutive relations and α  represents the vector of linear thermal 
expansion coefficients. 
By substituting Eq. (6) into Eq. (9), the stress components can be expressed as 

   , , , ,2
1

1x x x y x y x y

E
u z v z T     

                  
 (10a) 

   , , , ,2
1

1y y y x y x y x

E
v z u z T     

                  
 (10b) 
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   , , , ,2 1x y y x y y x x

E
u v z  

              
 (10c) 

  ,2 1x z x y

E
w 

      
 (10d) 

  ,2 1y z y x

E
w 

      
 (10e) 

2.4. Strain Energy Density 
In linear elasticity, the strain energy density (SED) can be expressed as [35]  

1

2
m m m m m m

x x x x y y y y z z z z x y x y x z x z y z y zW                                            (11) 

By substituting the stress and mechanical strain components given in Eq. (10) and Eq. (8) into Eq. 
(11), the strain energy density can be obtained as 

     

     

   

 

, , , , , ,2

, , , , , ,2

2

, , , ,

2

,

1
1 .

2 1

1 .
1

2 1

2 1 2 1

x y x y x y x y x

y x y x y x y x y

y x y y x x

x y

E
W u z v z T u z T

E
v z u z T v z T

E
u v z

E E
w

      


      


 





        

        

     

 

                  

                

       

      
2

, y xw 
  

    

 (12) 

By integrating the SED given in Eq. (12) through the thickness of the shell, the strain energy per 
unit area, W  can be obtained as 

       

   

    

   

/2
2 2

, , , , , ,2
/2

2

, ,

3
2 2

, , , , , ,2

2

,

4
4 12 1

     
1

1
     4

24(1 ) 2

     
4 1

h

x y y x x y

h

x y

x y y x x x y y y x x y

s
x y

Eh Eh
W Wdz u v u v u v

Eh
T T u v

Eh

k Eh
w



 


     





     


 

           

 

              

       
        

  




 2

, y xw  
    

 (13) 

where h  represents the thickness of the flat shell,   represents the Poisson’s ratio, E  represents 
Young’s modulus, 5 / 6sk   represents the shear correction factor to account for the nonuniformity 
of the shear stresses [10] 
The strain energy per unit area given in Eq. (13) can be represented as  

inplane bending shearW W W W    (14a) 

with 
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       

   

2 2

, , , , , ,2

2

, ,

4
4 12 1

             
1

inplane x y y x x y

x y

Eh Eh
W u v u v u v

Eh
T T u v



 


     

 

            

       

 (14b) 

    
3

2 2

, , , , , ,2

1
4

24(1 ) 2bending y x x y x x y y y x x y

Eh
W

     
            

        
 (14c) 

     2 2

, ,4 1
s

shear x y y x

k Eh
W w w 

    
       

         (14d) 

where inplaneW , bendingW , shearW  represent the strain energy per unit area for in-plane, bending and 

shear deformations, respectively.  
According to Mindlin–Reissner plate theory, plate element is developed with 5 degrees of freedom 
(DOF) as provided in Eq. (14). However, in order to simulate thin curved and stiffened structures 
6 DOF shell elements are required. If the drilling rotation is not considered, all the resistance to 
the drilling rotation of each node comes directly from the coupling of other rotational DOFs of the 
non-planar surrounding nodes. When the model is discretized with very fine mesh, angles of the 
kinks between two elements, which are located next to each other, will become close to 2  and 
the coupling effect is much reduced [7]. As a result, the global stiffness matrix may become 
singular and it results in unrealistic solution results. Therefore, in order to produce a small stiffness 
associated with drilling rotation, an additional fictitious torsional strain energy per unit area 
corresponding to the drilling rotation can be added as [7]: 

inplane bending shear torsionalW W W W W     (15a) 

where 

   
2

, ,

1

2 1 2torsional T z x y

Eh
W k v u

   
       

 (15b) 

in which Tk  represents torsional constant [7]. 

Note that, the value of the fictitious stiffness needs to be small enough in order to ensure that this 
stiffness will not distort the global solution results [7].  

3. Kinematics of Flat Shells in Peridynamics 

Peridynamics (PD) is a new formulation of continuum theory which is first introduced by Silling 
[1]. In peridynamics, the motion of a particle is expressed by using integro-differential equations 
as  

       , ( , , ) ( , , ) ,
xH

t t t dV t            x u x t u u x x t u u x x b x  (16a) 

which can also be represented in discrete form as [14] 

 ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
1

( , , ) ( , , )
N

k k k j j k j k j k k j k j j k
j

t t V


      u t u u x x t u u x x b   (16b) 

 
where   represents the mass density, u  and b  represent displacement and body force vectors, 
respectively. As shown in Fig. 2, in PD, the motion of a material point is influenced by collective 
deformation of surrounding material points within a distance,  , which called horizon size. 
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Material points within the horizon of a material point are called family members of that material 
point. In Eq. (16), N  represents the number of family members of material point k , j  represents 

the family member of material point k , ( )( )k jt  represents the force density that material point j  

exerts on material point k , and ( )( )j kt  represents the force density that material point k  exerts on 

material point j . 

 
Fig. 2. PD material points ( )kx  and ( )jx  influenced by the collective deformation of others in 

their families [14] 
As explained by Madenci and Oterkus [14], the equation of motion can be derived based on the 
principle of virtual work by satisfying the Lagrange’s equation as  

0
i i

d L L

dt q q

  
    

 (17) 

where L  represents the Lagrangian, iq  represents the degree of freedom and iq  represents the 

time derivative of iq . The Lagrangian function, L  can be expressed as  

L T U   (18) 
where T  and U  present kinetic and total potential energies. 
In the following sections, first, the peridynamic form of strain energy density is established. Next, 
the kinetic and total potential energies are obtained. After obtaining the Lagrange function using 
Eq. (18), the equation of motions for shells are obtained by using Euler-Lagrange equation given 
in Eq. (17). 

3.1. Peridynamic Strain Energy Density  
Similar to the strain energy per unit area in classical continuum mechanics provided in Eq. (15a), 
the peridynamic form of strain energy per unit area for a flat shell can be presented as 

( ) ( ) ( ) ( ) ( )
PD PD PD PD PD
k inplane k bending k shear k torsional kW W W W W     (19) 

 

where ( )
PD

inplane kW , ( )
PD

bending kW , ( )
PD

shear kW  represent the components of strain energy per unit area for in-

plane, bending, shear deformations, respectively. The term ( )
PD

torsional kW  represents the additional 

term that corresponds to drilling rotation. 
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Similar to strain energy density definition by Madenci and Oterkus [14], the PD form of strain 
energy per unit area for in-plane deformations can be defined as  

 22 2
( ) 1 ( ) 2 ( ) ( ) 3 ( ) ( )( ) ( ) ( )

1

N
PD

inplane k ip k ip k k ip k ip ip k j k j
j

W a a T a T b s T V   


         (20) 

where ( )k  represents the dilatation of material point k , ( )( )ip k js  represents the relative bond stretch 

of in-plane displacement components between material point k  and material point j .  

In Eq. (20), the terms 1ipa , 2ipa  , 3ipa ,  and ipb  represent in-plane peridynamic constants as 

(Appendix A) 

 
 1 2

3 1

4 1
ip

Eh
a








 (21a) 

 2 12
3 1 4

1ip ip

Eh
a a

  


  


 (21b) 

  2 2
3 12

3 1 4
1ip ip

Eh
a a  


  


 (21c) 

3

3

1ip

E
b

 



 (21d) 

The effect of temperature change on dilatation term can be included as [14, 28]  

 ( ) ( )( ) ( ) ( ) ( )
1

2
N

k ip ip k j k j k
j

d s T V T  


      (22) 

where ipd  represents the in-plane PD constant for dilatation as (Appendix A) 

2

2
ipd

h 
  (23) 

The relative bond stretch for in-plane displacement components between two material points can 
be defined as [36] 

   ( ) ( ) ( ) ( )

( )( )

cos sinj k j k

ip k j

u u v v
s

 



     
  (24) 

where ( ) ( ),k ku v   and ( ) ( ),j ju v   represent two in-plane degrees of freedom of material points k  and 

j , respectively. The parameter   represents the angle of interaction between material points k  
and j  with respect to the local axis, x  in undeformed configuration as shown in Fig. 3. 
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Fig. 3. Deformed and initial configuration of a flat shell in PD  

The PD form of strain energy per unit area for bending deformations can be defined as 

2 2
( ) ( ) ( )( ) ( )

1

N
PD

bending k b b k b b k j j
j

W a b s V 


    (25) 

where ba   and bb  represent PD constants for bending as (Appendix B)  
3

2

3 1

48 1b

Eh
a








 (26a) 

2

34(1 )b

Eh
b

 



 (26b) 

 

The terms ( )b k  and ( )( )b k js  in Eq. (25) can be defined as  

( ) ( )( ) ( )
1

N

b k b b k j j
j

d s V


   (27a) 

   ( ) ( ) ( ) ( )

( )( )

cos siny j y k x j x k

b k js
     


      

  (27b) 

with 

2

2
bd

h 
  (27c) 

Here, x   and y   represent rotational degrees of freedom with respect to x  and y  axes as shown 

in Fig. 1. 
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The PD form of strain energy per unit area for shear deformations can be defined as 
2

( ) ( ) ( ) ( )
( ) ( )

1

1

4 2

N
j k k jPD

shear k s j
j

w w
W C V

 




   
   

 
  (28) 

where sC  represents PD constant for the shear deformations as (Appendix C)   

 3

3

1
s

s

k E
C

 



 (29) 

In Eq. (28) the terms ( )k  and ( )j  represent the rotations with respect to the line of action between 

the material points k  and j  as shown in Fig. 3. These rotations can be calculated as [18] 

( ) ( ) ( )cos sink y k x k         (30a) 

( ) ( ) ( )cos sinj y j x j         (30b) 

The torsional strain energy per unit area in PD can be defined as 
2

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1

1
cos sin

2 2

N
z k z j j k j kPD

torsional k t j
j

v v u u
W C V

 
  

 
 



        
    

  
  (31) 

where ( )z k   and ( )z j   represent drilling rotations, which are with respect to z  axis, of material 

points k  and j , respectively. 

In Eq. (31), tC  represents PD constant for torsional deformations as (Appendix D)    

3

3

2 1t T

E
C k

 



 (32) 

As explained in Section. 2.4, the value of the fictitious stiffness corresponding to the drilling 
rotation needs to be small enough in order to ensure that this stiffness will not distort the global 
solution results. As suggested by Kanok-nukulchai [7], the value of torsional constant, Tk , can be 

chosen in order to make the torsional strain energy per unit area has the same order with the 
bending strain energy per unit area. Therefore, by equating Eq. (26b) and Eq. (32), the value of Tk  

can be chosen as 
2

0 6T

h
k k  (33) 

where 0k  constant is added for convergence in PD solution, which is inherited from the suggestion 

by Kanok-nukulchai [7] for convergence in FEA simulations, and it is chosen as 0 1k  .  

Note that ordinary state based formulations for in-plane and bending strain energy as provided in 
Eq. (20) and (25) removed the limitation on Poisson’s ratio.  

3.2. PD Equations of Motion in the Local Coordinate System 
The PD form of kinetic and total potential energies in Eq. (18) can be defined as 

 
3

( )2 2 2 2 2 2
( ) ( ) ( ) ( ) ( ) ( ) ( )

1 ( )

1

2 12

pN
z z k

k k k x k y k z k k
k k

hIh
T hu hv hw A

A

      
  



 
         

 
     (34a) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

pN
PD
k x k k y k k z k k x k x k y k y k k

k

U W b u b v b w m m A       


         (34b) 
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where pN  represents the total number of material points of the PD model, ( )x kb  , ( )y kb   and ( )z kb   

represent applied forces per unit area at material point k  in x , y  and  z  directions, respectively. 

The parameters ( )x km  and ( )y km   represent applied moments per unit area with respect to local 

coordinate x  and y , respectively. The parameter ( )z z kI    represents the moment of inertia with 

respect to z  axis. If shell is uniformly discretized with a grid size x , the moment of inertia, 

( )z z kI    for each material point can be calculated as 

 4

( ) 6z z k

x
I  


  (35) 

By substituting the kinetic and total potential energies given in Eq. (34) into Eq. (18), the 
Lagrangian function is obtained. Subsequently, the equations of motion for flat shells can be 
obtained by using the Euler-Lagrange equation in Eq. (17) as 

   

 
1 ( ) ( ) 2 ( ) ( )

( ) ( ) ( )
1

( )( ) ( )

1 1
2

cos

4

N ip ip k j ip ip k j

k j x k
j

ip ip k j k

a d a d T T
hu V b

b s T

 
  






        
    

  (36a) 

   

 
1 ( ) ( ) 2 ( ) ( )

( ) ( ) ( )
1

( )( ) ( )

1 1
2

sin

4

N ip ip k j ip ip k j

k j y k
j

ip ip k j k

a d a d T T
hv V b

b s T

 
  






        
    

  (36b) 

   ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

1

1
cos sin

2
      

     


             


N
j k

k s y k y j x k x j j z k
j

w w
hw C V b  (36c) 

 

 

   
 

3

( ) ( ) ( ) ( )( ) ( )
1

( ) ( )

( ) ( ) ( ) ( )2
1 ( ) ( )

2
4 sin

12

sin cos1
                sin

2 2 sin

N
b b

x k b k b j b b k j j
j

N y k y j

s j k j x k
j x k x j

a dh
b s V

C w w V m

    


   
  




 


  

 
   

 
          

     







 (36d) 

 

   
 

3

( ) ( ) ( ) ( )( ) ( )
1

2
( ) ( )

( ) ( ) ( ) ( )
1 ( ) ( )

2
4 cos

12

cos1
                 cos

2 2 sin cos

N
b b

y k b k b j b b k j j
j

N y k y j

s j k j y k
j x k x j

a dh
b s V

C w w V m

    


  
   




 


  

 
    

 
          

     







 (36e) 

 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1

cos sin
2

  
   

 
   




        
    

  


N
z z k z k z j j k j k

z k t j
jk

hI v v u u
C V

A
 (36f) 

 
The equation of motion in the local coordinate system given in Eq. (36) can be written in vector 
form as 
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( ) ( ) ( )( ) ( ) ( )
1

N

k k k j j k
j

V


    m u f b  (37a) 

where 

3

( )

3

( )

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
12

0 0 0 0 0
12

0 0 0 0 0

k

z z

k

h

h

h

h

h

hI

A










  

 
 
 
 
 
 

   
 
 
 
 
 
  

m ; 

( )

( )

( )

( )
( )

( )

( )

k

k

k

k
x k

y k

z k

u

v

w











 
  

 
   

 
 
 
  

u





 



; 

( )

( )

( )
( )

( )

( )

0

x k

y k

z k
k

x k

y k

b

b

b

m

m











 
 
 
 

   
 
 
 
  

b  (37b) 

and 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
yx z

T
u v w

k j k j k j k j k j k j k jf f f f f f        f  (37c) 

with 

     ( )( ) 1 ( ) ( ) 2 ( ) ( ) ( )( ) ( )

1 1
2 4 cosu

k j ip ip k j ip ip k j ip ip k j kf a d a d T T b s T   
 

  
        
 

 (37d) 

     ( )( ) 1 ( ) ( ) 2 ( ) ( ) ( )( ) ( )

1 1
2 4 sinv

k j ip ip k j ip ip k j ip ip k j kf a d a d T T b s T   
 

  
        
 

 (37e) 

   ( ) ( )
( )( ) ( ) ( ) ( ) ( )

1
cos sin

2
     




   

           
j kw

k j s y k y j x k x j

w w
f C  (37f) 

 

   
 

( )( ) ( ) ( ) ( )( )

( ) ( )

( ) ( ) 2
( ) ( )

2
4 sin

sin cos1
           sin

2 2 sin

x b b
k j b k b j b b k j

y k y j

s j k

x k x j

a d
f b s

C w w

   


   
  



 

 

 
   
 

         
     

 (37g) 

 

   
 

( )( ) ( ) ( ) ( )( )

2
( ) ( )

( ) ( )

( ) ( )

2
4 cos

cos1
            cos

2 2 sin cos

y b b
k j b k b j b b k j

y k y j

s j k

x k x j

a d
f b s

C w w

   


  
   



 

 

 
    

 
         

     

 (37h) 

( ) ( ) ( ) ( ) ( ) ( )
( )( ) cos sin

2
  

  
 

           
    

  
z z k z j j k j k

k j t

v v u u
f C  (37i) 

Note that the torsional strain energy per unit area is fictitious and it creates a small stiffness 
corresponding to drilling DOF. Therefore, the contribution of drilling rotation to in-plane 
displacements can be neglected in the equations of motion [7].  
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Note that the PD constants provided in Appendices A-D are obtained based on small deformation 
assumption. Therefore, the developed PD model is applicable for linear analysis of shell structures 
with small deformations. Within small deformation assumption, the balance laws such as balance 
of energy, linear momentum, angular momentum are satisfied.  

4. PD Equations of Motion in Global Coordinate System 

The equations of motion provided in Eq. (37) are derived in local or body-attached coordinates. 
For a structure which includes plates and shells joined together, the equations of motion for each 
material point needs to be transformed from local coordinates to global coordinates. Therefore, in 
this section, the transformation of equations of motion for flat and curved shells are presented. 

4.1. Coordinate Transformation  
As shown in Fig. 1, the local coordinates of a shell can be defined with respect to the global 
coordinates by unit vectors xn 


, yn 


, zn 


. The unit vectors for material point k  can be defined from 

the geometry of the shell as  

( ) 1( ) 2( ) 3( )

T

x k k k kn a a a    


 (38a) 

( ) 1( ) 2( ) 3( )

T

y k k k kn b b b    


 (38b) 

( ) 1( ) 2( ) 3( )

T

z k k k kn c c c    


 (38c) 

The relationship between the global and local coordinates can be written as 

( ) ( ) ( )k k k x H x  (39a) 

where 

( ) ( ) ( ) ( )

T

k k k kx y z      x  (39b) 

( ) ( ) ( ) ( )

T

k k k kx y z   x  (39c) 

1( ) 2( ) 3( )

( ) ( ) ( ) ( ) 1( ) 2( ) 3( )

1( ) 2( ) 3( )

k k k
T

k x k y k z k k k k

k k k

a a a

n n n b b b

c c b
  

 
      
  

H
  

 (39d) 

The transformation of displacement vector can be defined as 

( ) ( ) ( )k k k u T u  (40a) 

with 

( ) ( ) ( ) ( ) ( ) ( ) ( )

T

k k k k x k y k z ku v w           u  (40b) 

( ) ( ) ( ) ( ) ( ) ( ) ( )

T

k k k k x k y k z ku v w      u  (40c) 

 
where ( )ku  and ( )ku  represent displacement vectors in the local and global coordinate systems, 

respectively. The parameter ( )kT  represents the displacement transformation matrix of material 

point k, which can be obtained from the coordinate transformation matrix, ( )kH  as 

( )

( )
( )

k

k
k

 
  
 

H 0
T

0 H
 (41) 
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4.2. Transformation of Equations of Motion for Flat Shells 
By using the relations given in Eq. (40a), the equations of motion for shell given in Eq. (37a) can 
be written as 

( ) ( ) ( ) ( )( ) ( ) ( )
1

N

k k k k j j k
j

V


   m T u f b  (42) 

Multiplying both sides by ( )
T
kT  results in 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
1

N
T T
k k k k k k j j k

j

V


 
    

 
T m T u T f b  (43) 

As a result, the equation of motion in global coordinates becomes 

( ) ( ) ( )( ) ( ) ( )
1

N

k k k j j k
j

V


 m u f b  (44a) 

where 

( )( ) ( ) ( )( )
T

k j k k j
f T f  (44b) 

( ) ( ) ( )
T

k k k
b T b  (44c) 

( ) ( ) ( ) ( )
T

k k k km T m T  (44d) 

4.3. Transformation of Equations of Motion for Curved Shells 
In general, curved shells can be analysed by dividing them into suitable number of flat shell 
elements [37]. Each flat shell element can be considered as a material point with kinematics 
described in Section 3 with the orientation represented by three unit vectors given in Eq. (38). 
Therefore, the equations of motions for each material point need to be transformed to global 
coordinate system. Since each material point has different displacement transformation matrix, the 
equations of motion for curved shells can be obtained by modifying Eq. (43) as 

( )( ) ( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )
1

N
T T
k j k k j k k j k j j k

j

V


 
    

 
T m T u T f b  (45a) 

where ( )( )k jT  represent the transformation matrix of interaction between material point k  and j  

and it can be defined as [21] 

( )( )

( )( )
( )( )

k j

k j
k j

 
  
 

H 0
T

0 H
 (45b) 

with 

1( )( ) 2( )( ) 3( )( )

( )( ) 1( )( ) 2( )( ) 3( )( )

1( )( ) 2( )( ) 3( )( )

k j k j k j

k j k j k j k j

k j k j k j

a a a

b b b

c c b

 
   
  

H  (45c) 

or 

( )( ) ( )( ) ( )( ) ( )( )

T

k j x k j y k j z k jn n n     H
  

 (45d) 

where ( )( )x k jn 


, ( )( )y k jn 


, ( )( )z k jn 


can be represented as [21]  
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 
 

( ) ( )

( )( )

( ) ( )

x k x j

x k j

x k x j

n n
n

n n

 


 






 


   (46a) 

 
 

( ) ( )

( )( )

( ) ( )

y k y j

y k j

y k y j

n n
n

n n

 


 






 


   (46b) 

 
 

( ) ( )

( )( )

( ) ( )

z k z j

z k j

z k z j

n n
n

n n

 


 






 


   (46c) 

5. Damage Prediction in Peridynamics 
In this section, a PD damage criterion based on critical energy release rate is introduced. The 
energy release rate for each interaction is calculated and compared with the critical value. If the 
energy release rate exceeds the critical value, the interaction is considered as broken. When the 
interaction between two material points is broken, the force densities between these points are 
irreversibly removed which leads to crack growth. The state of interaction, intact or broken, can 
be represented by a function, ( )( )k j  introduced by Silling and Askari [2] as 

 ( )( ) ( ) ( )

1  if interaction exists,
,

0  if no interaction.k j j k t


  


x x  (47) 

By including function ( )( )k j , the PD equations of motion given in Eq. (45a) can be written as 

( )( ) ( ) ( )( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( )
1

N
T T
k j k k j k k j k j k j j k

j

V


        T m T u T f b  (48) 

Note that, by including state of interaction represented by function ( )( )k j , the dilatation, ( )k , 

given in Eq. (22), and  the term, ( )b k , given in Eq. (27a) can be rewritten as  

 ( ) ( )( ) ( )( ) ( ) ( ) ( )
1

2   


    
N

k ip k j ip k j k j k
j

d s T V T  (49) 

( ) ( )( ) ( )( ) ( )
1

N

b k b k j b k j j
j

d s V 


   (50) 

In order to represent the level of damage on the structure, the local damage,  , which is the ratio 
of eliminated interactions to the total number of interactions associated with a material point within 
its horizon is introduced as [2] 

 
 ( )( ) ( ) ( ) ( )

1
( )

( )
1

,

, 1

N

k j j k j
j

k N

j
j

t V

t
V


 




 





x x

x  (51) 

In order to decide the state of interaction as described in Eq. (47), a damage criterion needs to be 
introduced. It can be represented by either critical bond stretch [1] or critical energy release rate 
[27, 28]. In this study, the damage criteria based on the critical energy release rate is used. The 
average critical energy release rate, cg , for one interaction can be computed by the relation 

suggested by Madenci and Oterkus [27, 28] as 
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c
c

c

G
g

N
  (52) 

where cG  represents the critical energy release rate of material and cN  represents the total number 

of interactions passing through a unit crack area, A . This number can be defined by counting the 
interactions passing through a unit crack surface in which the interaction passing the crack tip can 
be counted as 1 / 2   interaction. Fig. 4 shows the interactions passing a unit crack surface A . As 
shown in the figure, for a horizon size 3.015 x   , there are totally 48 interactions passing the 
unit crack surface, in which 24 interactions passing the crack tips. Therefore, the total number of 
interactions passing the unit crack surface can be counted as 36cN  . 

 

 
Fig. 4. Counting the number of interaction, cN , passing unit crack surface [27, 28]   

The damage criteria in peridynamics can be described as 

( )( ) ( )( )

( )( ) ( )( )

interaction exists: 1

interaction is broken: 0

k j c k j

k j c k j

g g

g g





  

  
 (53) 

where ( )( )k jg represents the energy release rate for interaction between material points k  and j

which can be calculated as 
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 ( )( ) ( )( ) ( )( )

1

2k j k j j kg g g   (54a) 

with  

( )( ) ( )( ) ( ) ( )

1

( )k j k j k jg V V
x h




 (54b) 

( )( ) ( )( ) ( ) ( )

1

( )j k j k j kg V V
x h




 (54c) 

where ( )( )k j and ( )( )j k  represent micropotentials of the interaction between material point k  and 

j . The micropotential ( )( )k j  can be calculated as 

( )( ) ( )( ) ( )( ) ( )( )k j inplane k j shear k j bending k j       (55) 

where ( )( )inplane k j , ( )( )shear k j , ( )( )bending k j  represent micropotentials for in-plane, shear, and bending 

deformations, respectively. Note that the contribution of drilling rotation is not included in the 
calculation of total micropotential in Eq. (55) because the strain energy density caused by this DOF 
is fictitious. 
 
In linear elasticity with small deformation, the relationship between relative bond stretch and force 
density is linear. Therefore, by applying the same idea introduced by Madenci and Oterkus [27, 

28], the in-plane micropotential ( )( )inplane k j  can be calculated as  

 ( )( ) ( )( ) ( )( ) ( )

1

2inplane k j ip k j ip k j kt s T
h

      (56a) 

where  

 1 2
( )( ) ( ) ( ) ( )( ) ( )

2
2ip ip ip ip

ip k j k k ip ip k j k

a d a d
t T b s T 

 
 

      
 

 (56b) 

The bending micropotential ( )( )bending k j  can be calculated as  

( )( ) ( )( ) ( )( )

1

2bending k j b k j b k jt s
h

   (57a) 

where  

   
 

( ) ( )

( )( ) ( ) ( )( ) ( ) ( )

( ) ( )

cos2 1
2

4 2 sin

y k y j
b b

b k j b k b b k j s j k

x k x j

a d
t b s C w w

  
   

 

 

                      
 (57b) 

 

The shear micropotential ( )( )shear k j  can be calculated as  

( )( ) ( )( ) ( )( )

1

2shear k j shear k j shear k jt s
h

   (58a) 

where  

   ( ) ( )
( )( ) ( )( ) ( ) ( ) ( ) ( )

1 1 1
cos sin

2 2 2
     




   

            

j kw
shear k j k j s y k y j x k x j

w w
t f C  (58b) 

( ) ( )
( )( )

j k
shear k j

w w
s


 

  (58c) 
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6. Numerical implementation 
The equation of motion in PD can be solved by using a meshless scheme. The domain is divided 
into a uniform mesh, with material points associated with specific volumes. The numerical 
procedure in PD predictions for shell structures is shown in Fig 5. 
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Fig. 5. Numerical procedure 
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For stiffened structures, the geometrical and material properties as well as family members for 
each material point need to be defined. Depending on the location of the material point, different 
procedure is used. As an example, the stiffened structure shown in Fig. 6(a) is considered. Fig. 
6(b) demonstrates the model discretization for a stiffened structure with three shells , ,A B CS S S .  In 

Fig. 6(a) lines 1 2 3, ,L L L  represent the intersections between shells and point k  represents the 

intersection of the three shells.  The material points located at the intersection lines are identified 

such as  1 1,A BL L ,  2 2,A CL L , 3 3,B CL L  as shown in Fig. 6(b).  During the discretization, material 

points along lines 1BL , 2CL , 3CL  are removed, material points along lines 1AL , 2AL , 3BL  are set as 

joint points and the material point k  is set as the intersection point of three shells as shown in Fig. 
6(b). 
 
 
 

 
(a) 

 
(b) 

 
Fig. 6. Stiffened structue (a) geometry, (b) model discretization 

 
Fig. 7 represents the family members for material points at two different locations. As shown in 
Fig. 7(a), material point 8 is located on shell BS , therefore the family members of this material 

point belong to shell BS . On the other hand, material point 4 is located at the intersection of shell 
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AS  and BS  as shown in Fig. 7(b), therefore its family members belong to both shells. As a 
demonstration, Fig. 8 shows the number of family members for a stiffened structure. 
 

 
(a) 

 

 
(b) 

Fig. 7. Identification of family members for a material point located (a) on the shell (b) at the 
intersection 

 
For a stiffened structure, each shell may have different material and geometrical properties. The 
material and geometrical properties of each interaction is determined based on the family member 
of each material point. As shown in Fig. 7(a), since material point 8  and its family members are 
located on shell BS ,  the material and geometrical properties of material point 8  are obtained from 
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shell BS . On the other hand, as shown in Fig. 7(b) material point 4  and its family members are 

located at both shells AS  and BS .  Therefore, material and geometrical properties are determined 

based on the interaction between material points.  For the interaction between material points 4  
and 10, since the neighbour material point 10 belongs to shell BS , the material and geometrical 

properties of the interaction is included for shell BS . Similarly, for the interaction between material 

points 4  and 31, since the neighbour material point 31 belongs to shell AS , the material and 

geometrical properties of the interaction is included for shell AS . Material points 4  and  5  are 

located at the interface. Therefore, the interaction forces between these points are calculated by 
summing two interaction forces. Each interaction force in shell’s local coordinate system is 
calculated by using Eq. (36) and transformed to global coordinate by using the transformation 
matrix given in Eq. (41) or Eq. (45b). 

 
Fig. 8. Number of family members of material points on a stiffened structure  

 

7. Numerical results 
For verification purposes, the proposed PD model is compared against FEA solutions. The 
integration technique for static analyses is described in Appendix E, whereas the integration 
technique used for dynamic analysis is presented in [14]. The FEA solutions are conducted by 
using ANSYS commercial software by using SHELL181 element. In PD theory, the boundary 
conditions can be implemented through fictitious layers as described by Macek and Silling [38]. 
Based on numerical experiments, in order to ensure that the imposed boundary condition is 
accurately reflected in the real domain, this layer needs to be at least at the size of the horizon, . 

7.1. A flat shell subjected to constant static loading 
In order to verify the developed PD model for flat shells, a square flat shell with dimensions 

1 mL W  , and thickness 0.1 mh   is investigated as shown in Fig. 9(a). The flat shell is fixed 
on the left end and subjected to uniformly distributed loading along the right edge in both x  and 
negative z  directions as 71 10  N/mxp   , 71 10  N/mzp    , respectively. The material has 

Young’s modulus of 11 22 10  N/mE    and Poisson’s ratio of 0.45  .  
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In PD model, the shell is discretized with uniform 150 integration points along each direction. As 
shown in Fig. 9(b), in order to apply boundary conditions along the left edge, fictitious layers of 
material points, shown in black, are added on the left edge. All DOFs of these fictitious points are 
set equal to zero. In FEA model, same mesh size is also used. 

 
                            (a)                                                                                   (b) 

Fig. 9. Flat shell subjected to static constant loading (a) geometry, (b) model discretization 
As given in Eq. (32) and (33), the PD constant for torsional deformations depends on 0k  which is 

added for convergence in PD solutions. Therefore, the effect of 0k  to the PD solution is 

investigated as shown in Fig. 10 with horizon size 3.015  x . As can be seen from the figure, 
the PD results for displacements and rotations of the flat shell is stable for various value of 0k . 

After checking the stability of the PD solutions, 0 1k   is chosen. 

 
Fig. 10. Effect of torsional coefficient 0k  on PD results at  , / 2x L y W  , horizon size 

3.015  x . 
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The effect of horizon size on PD results are investigated by comparing with FEA solutions. Fig. 
11 shows the variation of relative error between PD and ANSYS predictions. The relative error for 
each DOF is calculated as  

 %error 100
FEA PD

FEA

q q
q

q


   (59) 

where FEAq  represents the FEA and PDq represents the PD solution for a degree of freedom, q . 
 
As it can be seen from Fig.11, relative error between PD and ANSYS predictions reduces as the 
horizon size increases. When the horizon size is bigger than 3 x   , the relative error for all 
degrees of freedom is less than 3%. Therefore, to reduce the computational time 3.015  x  is 
chosen. Note that, the extra value 0.015x  is added into horizon size in order to ensure that all 
material points within a distance of 3x  is included. 
 

 
Fig. 11. Effect of horizon size on PD prediction results at  , 3 / 4 x L y W  

 
Figs. 12-17 present the comparison of PD and ANSYS predictions for 6 DOFs with 3.015  x  
and 0 1k . As it can be seen from the figures, PD predictions agree very well with FEA results. 

Moreover, the good agreement of drilling rotation, z  shows that the additional PD equation of 
motion for drilling rotation is acceptable.  
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                               (a)                                                                           (b) 

Fig. 12. Variation of displacement  mu  of shell with / 10L h  (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. 13. Variation of displacement  mv  of shell with / 10L h  (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. 14. Variation of displacement   mw  of shell with / 10L h  (a) PD, (b) FEA results 
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                               (a)                                                                           (b) 

Fig. 15. Variation of rotation  radx  of shell with / 10L h  (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. 16. Variation of rotation  rady  of shell with / 10L h  (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. 17. Variation of rotation  radz  of shell with / 10L h  (a) PD, (b) FEA results 
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In order to have a better comparison, the PD and FEA solution results along / 2y W  and / 2x L
are compared as shown in Fig. 18 and Fig. 19, respectively. As can be seen from the figures, PD 
and FEA solution results agree very well for both in-plane and out-of-plane deformations. 
Therefore, the developed PD model for thick flat shells is verified.  
 
 

 
 

Fig. 18. Variation of DOFs  mu ,  mw ,  rad y  along / 2y W  

 

 
Fig. 19. Variation of DOFs  mv ,  rad x  along / 2x L  

 
In order to verify the developed PD model for thin shells, the flat shell is further investigated for 
three different cases corresponding to / 10, 100, 1000L h  . In these cases, the shells are subjected 

to 21 10  N/mxp    and 21 10  N/mzp    . It is observed that, the relative errors between PD and 

FEA results for all DOFs are smaller than 3.71%  for these three cases. Therefore, it can be 
concluded the developed PD model can be applicable for both thin and thick shell structures. In 
all cases, the mesh size is chosen as 150 150 . Appendix F provides the PD and ANSYS solutions 
for thin shell with / 100L h  . 
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7.2. A curved shell subjected to constant static loading 
In order to verify the developed PD model for curved shells, a shell with a radius of R  is 

investigated as shown in Fig. 20(a). The shell is clamped at 75    and it is subjected to a 

distributed load as 71 10  N/mzp     at 90   . The shell has a thickness of 0.1 mh   and 

length of m0.79  07L  . It is made of steel with Young’s modulus 11 22 10  N/mE    and Poisson’s 
ratio 0.27  . 
The shell is discretized with uniform 150 integration points in each direction. In order to apply 
boundary conditions, fictitious layers of material points are added as shown in Fig. 20(b). All 
DOFs of these fictitious points are set equal to zero. In FEA model, same mesh size is used. 

 
(a) 
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(b) 

Fig. 20. A curved shell subjected to static loading (a) geometry, (b) model discretization 
 

Similar to the previous example, the effects of 0k  to PD predictions with horizon size 3.015  x
is investigated as shown in Fig. 21. In order to check the effect of the curvature, the curved shell 
is studied with two different values of radius, 1mR   and 3mR  . As can be seen from the figure, 
the PD predictions for all degrees of freedom of the two curved shells have good agreement with 
the FEA solution when 0 1k  .Therefore, it can be concluded that the value of 0k  given in Eq. (33) 

can be chosen as 0 1k   for both flat and curved shells. Therefore in the following sections 0 1k 
is chosen. 

 
(a) 
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(b) 

Fig. 21. Effect of torsional coefficient 0k  to solutions of curved shell radius of curvature  

(a) 1mR    (b) 3mR   at  / 2, 0,x L y z R    

 
The effect of horizon size on PD results for curved shells are also investigated. Fig. 22 shows the 
relative errors between PD and FEA results for nonzero DOFs of material point located at 

 / 2, 0, 3  x L y z  on the curved shell with 3mR  . As it can be seen from the figure, the PD 

results converge to FEA solution when 3.015 x    in which all the relative errors are smaller 

than 1.5% . Therefore,  3.015 x    is chosen for the PD representation of curved shells. 
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Fig. 22. Effect of horizon size on PD results at  / 2, 0, 3  x L y z  

 
After the stability of the PD prediction is investigated, the PD predictions with 0 1k    and 

3.015 x    for the curved shell with radius 3mR   are compared with FEA solution. Figs. 23-
28 show the variations of 6 DOFs of the shell in the deformed configuration. The results obtained 
from PD analysis agree very well with those in FEA. Moreover, as shown in Fig. 29, the deformed 
shape along the line of / 2x L  captured in PD and FEA solutions are on top of each other which 
shows the accuracy of the developed PD model for curved shells. A good agreement between PD 
and FEA prediction results for thin curved shell with / 100L h   is also observed in Appendix F.2.  
 
 

 
     (a)                                                                           (b) 

Fig. 23. Variation of displacement  mu  in deformed configuration (a) PD, (b) FEA results 
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     (a)                                                                           (b) 

Fig. 24. Variation of displacement  mv  in deformed configuration (a) PD, (b) FEA results 

 

 
     (a)                                                                           (b) 

Fig. 25. Variation of displacement  mw  in deformed configuration (a) PD, (b) FEA results 

 
     (a)                                                                           (b) 

Fig. 26. Variation of rotation  radx  in deformed configuration (a) PD, (b) FEA results 
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     (a)                                                                           (b) 

Fig. 27. Variation of rotation  rady  in deformed configuration (a) PD, (b) FEA results 

 

 
     (a)                                                                           (b) 

Fig. 28. Variation of rotation  radz  in deformed configuration (a) PD, (b) FEA results 
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Fig. 29. Deformed configuration of the curved shell along / 2x L  

 

7.3. A stiffened structure subjected to constant static pressure 
After verifying the developed PD model for flat and curved shells, this example is to verify the 
developed PD model for stiffened structures. As shown in Fig. 30(a), a shell structure made up 
from a cylindrical shell and four stringers is investigated. The cylindrical shell has a radius of 

2 mR   and total length of 1 2 3 m1.0472L L L L     with 1 3  m/ 4L L L  . The side view of 

the stiffened structure is shown in Fig. 30(b). The height of each stringer is 0.1057 mH  . All the 
shells have thickness of 0.1 mh   and they are made of steel with Young’s modulus 

11 22 10  N/mE    and Poisson’s ratio 0.27  . The cylindrical shell is subjected to constant 
pressure of 2

0
92 10 N/mp  . All four edges of the curved shell and two ends of each stringer, 

shown in black in Fig 30(a), are clamped.  
 
In peridynamic model, the curved shell is discretized with 150 150  material points and each 
stringer is discretized with 150 20   material points. The horizon size is 3.015 x   . In order to 
apply boundary conditions, four fictitious layers of material points, shown in black, are added as 
shown in Fig. 31. All 6 DOFs of these fictitious material points are set equal to zero. In the FEA 
model, the same mesh size is used. 
 
Figs. 32-37 show the variation of 6 DOFs of the shell structure. As shown in Fig. 34, due to the 
applied pressure, the middle region of the curved shell has the highest deformation in the vertical 
direction. As a result, due to the connection between the curved shell and the stringers, all stringers 
are twisted towards the centre of the cylindrical shell as shown in Fig. 32 and 33. As can be seen 
from the figures, the PD results agree very well with the FEA results which shows the accuracy of 
the developed PD model for stiffened structures. 
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(a) 

 
(b) 

Fig. 30. Stiffened structure subjected to constant pressure (a) 3D view, (b) side view 
 

 
Fig. 31. Model discretization for stiffened structure  
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     (a)                                                                           (b) 

Fig. 32. Variation of displacement  mu  (a) PD, (b) FEA results 

 

 
     (a)                                                                           (b) 

Fig. 33. Variation of displacement  mv  (a) PD, (b) FEA results 

 
     (a)                                                                           (b) 

Fig. 34. Variation of displacement  mw  (a) PD, (b) FEA results 
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     (a)                                                                           (b) 

Fig. 35. Variation of rotation  radx  (a) PD, (b) FEA results 

 

 
     (a)                                                                           (b) 

Fig. 36. Variation of rotation  rady  (a) PD, (b) FEA results 

 

 
     (a)                                                                           (b) 

Fig. 37. Variation of rotation  radz  (a) PD, (b) FEA results 

 
 



41 
 

7.4. Damage prediction for double torsion problem 
After verifying the developed PD model for both mechanical and thermomechanical behaviour of 
shell structures, the damage process in a flat shell in double torsion problem is investigated. As 
shown in Fig. 38, the dimensions of the flat shell are 180mmL  , 60mmW  , 5mmh  [39]. The 

shell has initial notch at / 2x W  with initial notch length, 3.6mma  . Along the line / 2x W , 

an initial channel is created with 2.4mmb  and 2.48mmnh   [39]. The material is marble with 

Young’s modulus 26.68GPaE  , Poisson’s ratio 0.24  [39], and fracture toughness 

0.644MPa mcK   [40]. The critical energy release rate for this material is calculated as
2 2/ 15.545 J/mc cG K E  . 

 
The shell is placed on 4 steel balls located at four corners with distances 1.2mm  from corners. 

The shell is applied quasi-static loading on two points located at 23.35mmnx W   and nx W W 
, respectively. The history of the total applied force, F  includes two stages as shown in Fig. 39 
[39]. In the first stage, the load is increased to peak value of 158 NF  in 17.079st  . Next, in 
the second stage, the load is slowly decreased to 120 NF   as shown in Fig 39.  
 

 
Fig. 38. Double torsion problem 
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Fig. 39. Load–time curve [39] 

In PD simulations, the model is discretized into 50 150  material points (50 layers of material 
points along x direction and 150  layers along y  direction). In order to represent the initial 

trough, the thickness of material points located along the trough are defined as nh h , meanwhile 

other material points have a constant thickness h . 
 
In order to apply loading conditions, two material points located at the locations of loading are 
defined. During the simulation, these two material points are equally applied force per unit area 

2/ 2( )zb F x   in which the value of F  as function of time is given in Fig. 39. The adaptive 
dynamic relaxation methodology is used in the PD solution for this quasi-static problem. The 
problem is simulated in 40000  load steps, in which 15000 load steps are used for first loading 
stage, and 25000  load steps are used for second loading stage. Based on these information, the 
loading history in real time given in Fig. 39 is converted to loading history for quasi-static solution.   
 
Fig. 40 shows the damage evolution on the flat shell predicted by using the developed PD model. 
The damage coefficient is plot in a range of 0 0.37  . Material points which have 0.37   are 

considered as completely damaged. As shown in Fig. 40(a), after 17.079st   when the load reaches 
to peak value, the structure is primarily damaged along the initial trough. The damage coefficients 
of material points along the trough are smaller than 0.1  which can be understood that the crack is 
not visibly propagated. At 22.794st  , the crack starts propagating and the structure is more 
damaged along the channel as shown in Fig. 40(b). As shown in Figs. 40(c, d, e), the crack 
propagates along the channel up to the locations at, 50mmy  , 85mmy   and 121mmy   when 

88.425st  , 247.989st   and 567.116st  , respectively. Fig. 40(f) shows the completely damaged 
experimental specimens in [39]. As it can be seen from the figures, the crack paths captured by PD 
simulation and experiment [39] agree very well.  
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Fig. 41 shows the variation of crack length and crack growth velocity captured by PD simulation 
and experiments in [39]. As can be seen from the figure, both the crack length and crack growth 
velocity captured by PD simulation agree with the experiment which show the capacity of the 
developed PD model.  

 
(a)                               (b)                                (c) 

 
(d)                         (e)                                                       (f) 

Fig. 40. Variation of damage coefficient,   at (a) 17.079st  , (b) 22.794st  , (c) 88.425st  , 

(d) 247.989st  , (e) 567.116st  , (f) completely damaged specimens [39] 
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Fig. 41. Variation of crack length and crack growth velocity (experiment [39]) 

 

7.5. A flat shell with a pre-existing crack 
In this section, a flat shell with dimensions of 0.8 mL  , 0.6 mW  , and thickness of 0.01 mh   
is investigated as shown in Fig. 42. The flat shell has a pre-existing crack at the middle with the 
crack length of 2 /10a W . The orientation of the initial crack is defined by angle   as shown 

in Fig. 42. Two different cases of initial crack orientations: 90o   (case 1) and 45o   (case 2) 
are investigated.  

 
Fig. 42. A flat shell with pre-existing crack  
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The flat shell is made of steel with Young’s modulus 11 22 10  N/mE    and Poisson’s ratio 

0.27  . The fracture toughness of steel is 6 3/270 10 NmIcK    [41] and the critical energy 

release rate is 4 22.2714 10 J/mcG   .  
 
The flat shell is fixed on the left edge and it is applied incremental vertical displacement is applied 
by increasing the displacement by 710  mw     on the right edge as shown in Fig. 42. In PD 
model, the shell is discretized with a mesh size of 0.008 mx  . Similar to Section 7.1, three 
fictitious layers of material points are added on the left and all degrees of freedom of these fictitious 
point and material points located at / 2x L   are set equal to zero.  
 

Fig. 43 presents the damage evolution on the flat shell with initial crack orientation 90o   (case 
1). Fig. 43(a) presents the initial damage on the flat shell. As the applied displacement increases, 
the crack propagates continuously and by remaining the initial orientation as shown in Figs. 43(b-
d). As it can be seen from the figures, the crack propagates symmetrically in both positive and 
negative y  directions. As shown in Fig. 43(d), when the applied displacement 0.0366 mw   , the 
crack propagates and nearly reaches the boundary edges of the flat shell. 

 
(a) 
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(b) 
 

 
(c) 

 

 
(d) 

Fig. 43. Crack propagation for Case 1 when: (a) 0w  , (b) 0.0351 mw   , (c) 0.0359 mw   , 
(d) 0.0366 mw    

 

Fig. 44 presents damage evolution on the flat shell with initial crack orientation 45o   (case 2).  
The initial damage on the flat shell is shown in Fig. 44(a). The damage evolution on the flat shell 
when the applied displacements 0.0321 mw   , 0.0328 m , 0.0335 m  are shown in Figs. 
44(b, c, d), respectively. As can be seen from the figures, the crack propagates only on one side of 
the crack tip which is near the applied loading edge. As the applied displacement increases, the 
crack continues propagating on this side and reaches the boundary edge of the flat shell when the 
applied displacement is 0.0335 mw   .  It can also observe that although the initial orientation 

of the crack is 45o  , the newly propagated crack path is almost parallel to the right edge on 
which the incremental displacements are applied. 
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(a) 

 

 
(b) 

 
(c) 
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(d) 

Fig. 44. Crack propagation for Case 2 when: (a) 0w  , (b) 0.0321 mw   , (c) 0.0328 mw   , 
(d) 0.0335 mw    

7.6. Damage prediction of the glass cup with hot water 
In this section, the damage occurrence in a glass cup due to sudden temperature change is 
investigated. It is assumed that the lower part of the cup, shown in red, is subjected to 80 oT C   
temperature change and the upper part of the cup, shown in blue, subjected to 0oT C   
temperature change as shown in Fig. 45(a). The shape of the cup is defined as  

cos cosx b    (60a) 
cos siny b    (60b) 

 sin sinz a e     (60c) 

where 0.1 ma  , 0.06 mb  , 0.04 me  , / 2 /12     ,       
 
The cup is assumed to have a randomly distributed thickness as shown in Fig. 45(b) as 
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 (61) 

where 0.9 1.1f   and 3
0 1 10  mh   . 

 
The water level inside the cup is assumed as = 0.0345 mwaterd  measure from bottom of the cup. 

The material has Young’s modulus 9 268 10  N/mE   , Poisson’s ratio 0.17  , mass density 
32710 kg/m   and linear thermal expansion coefficient 68.5 10  m/mK   [42]. The critical 

energy release rate of the glass is taken as 25.2941 J/mcG   [42]. 
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                                     (a)                                                                        (b) 

 
(c) 

 
Fig. 45. Glass cup with hot water (a) 3D model (b) random thickness variation,  m  (c) 

coordinate system 
Since the cup is applied sudden temperature change, the problem is solved dynamically by using 
explicit time integration scheme with time step size of 0.01 dt s . The PD model is discretized 
by setting incremental angles as /120d   and / 90d  . 
 
Figs. 46-47 present the extent of the damage coefficient,  on the cup. As shown in Fig. 46(a), the 
cup initially gets damaged around the interface region between the hot and cold part of the cup. 
Later, the cup gets damaged around the interface region where there is a sudden thickness change 
as shown in Fig. 46(b). As the time increases, the extent of damage is increased in these two regions 
and, the cup is almost split into three parts at 4.5 t s  as shown in Fig. 47.  
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                                (a)                                                                            (b) 

Fig. 46. Variation of damage coefficient,   at (a) 2 t s , (b) 2.5 t s  

 
Fig. 47. Variation of damage coefficient,   at (a) 3.5 t s , (b) 4.5 t s  

7.7. Damage prediction for a dropped egg 
In this example, the extent of damage in a dropped egg is investigated.  The shape of the typical 
chicken egg is defined as [43] 

cos cos
2

W
y    (62a) 

cos sin
2

W
z    (62b) 

sin sin
2

H
x e     

 
 (62c) 

with  
/ 2 / 2     ,        (62d) 

where H  represents the height and W  represents the width of the egg. In Eq. (62c), e  represents 
the egg parameter. The egg parameter is chosen as 0.004 me   to modify the shape of an ellipsoid 
to the shape of an egg [43]. The height and width of the egg is chosen as 0.06 mH   and 

0.045 mW  , respectively. 
The material properties of the eggshell are described as follows: Elastic modulus, 

9 255 10  N/mE    [44], Poisson’s ratio, 0.35   [45], mass density 32050 kg/m   [46], critical 

energy release rate, 21.6364 J/mcG  [47].  
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It is assumed that the eggshell falls from a height of 0.2225 m  as shown in Fig. 48(a). The density 
of the fluid inside the eggshell is considered as 31024.3 kg/mfluid  [48], the weight of the fluid 

is taken as 0.0652kg  and the weight of the eggshell is ignored. In order to represent the 
heterogeneity of the eggshell, a randomly distributed thickness is assumed for each material point 

in a range of 4 43.325 10 m 3.675 10 mh      as shown in Fig. 49. 

 
                           (a)                                                                                 (b) 

Fig. 48. Eggshell (a) geometry (b) coordinate system 
 
 

 
Fig. 49. Random scatter of thickness in the eggshell 

 
When the eggshell hits the rigid surface at 0.2019t s , the velocity of the egg is calculated as 

1.9809 m/sv fluid  . It is assumed that after 100 s , the fluid velocity inside the egg  reduces to 

v 0fluid  . Therefore, the acceleration of the fluid inside the eggshell is calculated as 

  4 2
6

0 1.9809
  1.9809 1

1
0

0
m/s

0 10fluida 

 
 


 (63) 

It is assumed that the pressure on egg surface area, ( )kA  is caused by inertia forces of fluid particles 

that are vertically aligned with material point k  as shown in Fig. 50 and all of the fluid particles 
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have the same acceleration as provided in Eq. (63). The total inertial force acting on surface ( )kA  

can be calculated as 

( ) ( )z k fluid fluid k fluidF V a 
 

 (64) 

where ( )fluid kV   represents the volume of the fluid particles that are vertically aligned with material 

point k . Therefore, the normal force acting on surface ( )kA   is evaluated as 

( ) ( ) 3( )/n k z k kF F c
 

 (65a) 

( ) ( ) ( )n k n k z kF F n 
  

 (65b) 

where ( )z kn 


 represents the normal vector of surface ( )kA  as 

( ) 1( ) 2( ) 3( )

T

z k k k kn c c c   


 (66) 

Therefore, the pressure generated on the surface ( )kA  can be estimated as 

( ) ( ) ( )/n k n k kp F A


 (67) 

 
 

 
Fig. 50. Calculating pressure on eggshell due to inside fluid 

 
Fig. 51 shows the distribution of pressure acting on the eggshell due to the inertial forces of fluid 
inside the egg. As can be seen from the figure, only the lower half of the eggshell is subjected to 
pressure caused by the fluid. 
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(a)                                                                             (b) 

Fig. 51. Pressure distribution,  Pa  on egg surface due to inertial forces (a) side view (b) bottom 

view of the eggshell  
 

Similar to previous example, the damage process of the eggshell is simulated by using explicit 
time integration scheme with time step size of 0.01dt s . Note that, during the simulations, the 
locations of the material points are updated. If vertical coordinate of a material point is 0z  ,  it 
is updated   as 0z  , where the rigid surface is located. 
 
Figs. 52-55 show the extent of damage on the eggshell during falling at different times. As the 
time progresses, the extent of the damage increases. The material points with damage coefficient 

0.37   represent the completely split region on the eggshell. The damaged region is continuously 
expanded, and the eggshell is split into many pieces as shown in Figs. 53-55. As shown in Fig. 55, 
after 10 st   the lower part of the eggshell is destroyed into many small pieces and the damage 
region expanded to the upper part of the eggshell. 
 
Fig. 56 shows the comparison of damage for a dropped egg with PD predictions.  As it can be 
observed from the figure, the damage patterns predicted in PD simulation are similar to the 
experimental results. However, it can also be seen from the figure that the fragments of the 
experiment shown in Fig. 56(a) are larger than the PD results shown in Fig. 56(b). The difference 
can be explained as follows: 
 
First, in this example, the pressures generated on the eggshell are calculated based on the simplified 
fluid model inside the eggshell. Therefore, more realistic predictions can be obtained with more 
realistic computational fluid dynamic (CFD) simulations. Moreover, in this example, fluid-
structure interaction between the eggshell and egg liquid is not fully coupled. Therefore, coupling 
CFD simulation and PD prediction can be further investigated. 
 
Second, although the material properties of the eggshell are chosen based on recent experimental 
studies, the eggshell is modelled with one layer of isotropic material. In fact, the eggshell consists 
of many layers with different material properties [49]. Therefore, better predictions can be obtained 
with more complex material models. 
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                              (a)                                                                             (b) 

Fig. 52. The extent of damage at (a) 2.5 st   (b) 3.75  st   after egg hits the surface 
 

 
     (a)                                                                           (b) 

Fig. 53. The extent of damage at 5  st   after egg hits the surface (a) side view (b) bottom 
view 

 
 

 
     (a)                                                                           (b) 

Fig. 54. The extent of damage at 7.5 st   after egg hits the surface (a) side view (b) bottom 
view 
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     (a)                                                                           (b) 

Fig. 55. The extent of damage at 10 st   after egg hits the surface (a) side view (b) bottom 
view 

 

   
     (a)                                                                           (b) 

Fig. 56. Damage for (a) a dropped egg (b) PD predictions 

8. Concluding remarks 

This study presents a novel state-based peridynamic model for the thermomechanical behavior of 
shell structures in three-dimensional space with 6 degrees of freedom. The PD model is firstly 
developed for flat shells, and then modified for curve shells, and further developed for stiffened 
structures. The numerical procedure to deal with complex shell structures is also provided. The 
behaviors of shell structures captured by the developed PD model are verified by comparing with 
FEA solutions with very good agreements. The PD damage criteria for shell structures based on 
critical energy release rate is provided for damage predictions. 
 
The developed PD model is used to predict damage on a flat shell in double torsion problem, a flat 
shell with pre-existing crack, a dropped egg and a glass cup subjected to temperature change. The 
developed PD model can be used for any type of shell structures to predict possible damages that 
may occur during the operation process. 
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Appendix A. Peridynamic constants for in-plane deformations 

A.1. PD dilatation constant, ipd  

By using Taylor’s series expansion and by ignoring the higher order terms, the displacement 
components of material point j can be expressed as 

   ( ) ( ) , ( ) ( ) ( ) , ( ) ( ) ( )j k x k j k y k j ku u u x x u y y              (A.1a) 

   ( ) ( ) , ( ) ( ) ( ) , ( ) ( ) ( )j k x k j k y k j kv v v x x v y y              (A.1b) 

   ( ) ( ) , ( ) ( ) ( ) , ( ) ( ) ( )j k x k j k y k j kw w w x x w y y              (A.1c) 

 
The relations given in Eq. (A.1) can be rewritten as 

( ) ( )
, ( ) , ( )cos sinj k
x k y k

u u
u u 

  

 
    (A.2a) 

( ) ( )
, ( ) , ( )cos sinj k
x k y k

v v
v v 
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Therefore, by using Eq. (A.2a) and (A.2b), the bond stretch for in-plane deformations given in Eq. 
(24) can be rewritten as 

2 2
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The dilatation for in-plane deformations given in Eq. (22) can be rewritten in an integral form as 
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By performing integrations given in Eq. (A.4), the dilatation for in-plane deformations can be 
calculated as 
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Meanwhile, the classical form of dilatation can be described as 
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By comparing Eq. (A.5) and (A.6), the PD dilatation constant ipd  can be defined as 

2

2
ipd

h 
  (A.7) 

A.2. PD material constants, 1ipa , 2ipa , 3ipa  and ipb  

By using the stretch definition in Eq. (A.3) and dilatation term in Eq. (A.6), the strain energy per 
unit area for in-plane deformations given in Eq. (20) can be rewritten in an integral form as 
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After performing integrations given in Eq. (A.8), the strain energy per unit area for the in-plane 
deformations can be evaluated as 
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or 
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By comparing Eq. (A.10) and (14b) following relations can be obtained 
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Finally, by using the relations in Eq. (A.11), the PD constants for in-plane deformations can be 
defined as 
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Appendix B. Peridynamic constants for bending deformations 

B.1. PD constant, bd  
By using Taylor’s series expansion and by ignoring the higher order terms, the rotation 
components of material point j  can be expressed as 

   ( ) ( ) , ( ) ( ) ( ) , ( ) ( ) ( )x j x k x x k j k x y k j kx x y y                 (B.1a) 
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The relations given in Eq. (B.1) can be rewritten as 
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Therefore, by using Eq. (B.2), the term ( )( )b k js  given in Eq. (27b) can be rewritten as 
2 2
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The term ( )b k  given in Eq. (27a) can be rewritten in an integral form as 
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By performing integrations given in Eq. (B.4), the term ( )b k  can be written as 
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On the other hand, the corresponding term in classical form can be described as 
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By comparing Eq. (B.5) and (B.6), PD constant, bd  can be defined as 
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B.2. PD material constants, ba  and bb  

By using Eq. (B.3) and (B.6), the strain energy per unit area for bending deformations in Eq. (25) 
can be rewritten in an integral form as 
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After performing integrations given in Eq. (B.8), the strain energy per unit area for bending 
deformations can be written as 
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By comparing Eq. (B.9) and (14c), PD constants for bending deformations can be defined as 
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Appendix C. Peridynamic constants for shear deformations 

By assuming ( ) ( )k j   for small deformations, Eq. (28) becomes 
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By using the relations in Eq. (A.2c) and (30a), the strain energy per unit area for shear deformations 
given in Eq. (C.1) can be rewritten in an integral form as 
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By performing integrations given in Eq. (C.2), the strain energy per unit area for shear 
deformations can be written as 
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By comparing Eq. (C.3) and (14d), the PD constants for shear deformations can be defined as 
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Appendix D. Peridynamic constants for torsional deformations 
By using strain energy per unit area given in Eq. (15b), the potential energy corresponding to 
drilling rotation, z   can be defined as 

   
2

, ,

1

2 1 2torsional torsional T z x yA A

Eh
U W dA k v u dA

   
           (D.1) 

The kinetic energy corresponding to drilling rotation can be defined as 
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By substituting Eq. (D.1) and (D.2) into Eq. (18), the Lagrangian corresponding to drilling rotation 
can be obtained as 
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As mentioned in section 3.3, since the torsional strain energy is a fictitious energy, the contribution 
of drilling rotation into the equation of motion other degrees of freedom can be neglected [7]. 
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Therefore, the equation of motion for drilling rotation in classical continuum mechanics can be 
derived by using the Euler-Lagrange equation given in Eq. (17) as  
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Meanwhile, by using relations given in Eq. (A.2a) and (A.2b), the PD equation of motion for 
drilling rotation given in Eq. (36f) can be written in an integral form as 
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By assuming ( ) ( )z j z k    for small deformations, Eq. (D.5) can be rewritten as 
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By performing integrations given in Eq. (D.6), the equation of motion for drilling rotation can be 
written as 
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By comparing Eq. (D.4) and (D.7), the PD constants for drilling rotation can be defined as 
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Appendix E. Adaptive Dynamic Relaxation for static and quasi-static solution 

According to Kilic and Madenci [50], the adaptive dynamic relaxation (ADR) can be used in PD 
solutions for static and quasi-static problems. The mass vector ( )km  can be replaced by a mass 

stable vector ( )kM , and damping force is added into the PD equations of motion given in Eq. (44a) 

for flat shells and Eq. (45a) for curved shells as 
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where ( )kC  represents the damping matrix. 

According to Underwood [51], the mass stable vector and the damping matrix can be chosen 
arbitrarily to get a converged solution. However, the matrix ( )kM  is required to be a diagonal 

matrix. In this study, the mass stable vectors in global coordinates can be defined as 
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with 
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The components of the mass stable vector in the local coordinates can be calculated based on PD 
bond constants as 
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where 1dt   represents the time step for quasi-static solution [51], x  represents mesh size in the 
local coordinates, ipb  represents PD constant for in-plane deformation which is given in Eq. (21d), 

sC  represents PD constant for shear deformation given in Eq. (29), bb  represents PD constant for 

bending deformation given in Eq. (26b), tC  represents PD constant for torsional deformation given 
in Eq. (32). 
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Appendix F. Peridynamic prediction results for thin shells 
In order to verify the capability of the developed PD model for thin shell, the same problems 
discussed in this Section 7.1 and 7.2 are investigated with thinner shells. In this section, the PD 
prediction results for both flat shell in Section 7.1 and curved shell in Section 7.2 with / 100L h   
are presented.  

F.1. Flat shell with / 100L h   subjected to loads 21 10  N/mxp   , 21 10  N/mzp     
Figs. F1-F8 show the comparison between PD prediction results with FEA results for thin flat shell 
with / 100L h  . The mesh size 150 150  is used in both PD and FEA solutions. As can be seen 
from the figures, the PD and FEA solution results much very well which show the accuracy of the 
developed PD model for thin shell.  

 
                               (a)                                                                           (b) 

Fig. F1. Variation of displacement  mu  of shell with / 100L h   (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. F2. Variation of displacement  mv  of shell with / 100L h   (a) PD, (b) FEA  results 
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                               (a)                                                                           (b) 

Fig. F3. Variation of displacement   mw  of shell with / 100L h   (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. F4. Variation of rotation  radx  of shell with / 100L h   (a) PD, (b) FEA results 
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                               (a)                                                                           (b) 

Fig. F5. Variation of rotation  rady  of shell with / 100L h   (a) PD, (b) FEA results 

 

 
                               (a)                                                                           (b) 

Fig. F6. Variation of rotation  radz  of shell with / 100L h   (a) PD, (b) FEA results 

 
Fig. F7 and Fig. F8 show the comparison between the PD and FEA solution results along / 2y W  
and / 2x L , respectively. As can be seen from the figures, PD and FEA solution results agree 
very well for both in-plane and out-of-plane deformations. Therefore, the developed PD model for 
thin flat shells is verified.  
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Fig. F7. Variation of DOFs  mu ,  mw ,  rad y  along / 2y W  

 

 
Fig. F8. Variation of DOFs  mv ,  rad x  along / 2x L  

 

F.2. curved shell with / 100L h  subjected to loads  10 N/m zp  
Figs. F9-F15 show the comparison between PD prediction results with FEA results for curved shell 

3mR  with / 100L h . The mesh size 150 150  is used in both PD and FEA solutions. As can 
be seen from the figures, the PD and FEA solution results much very well which show the accuracy 
of the developed PD model for thin shell.  
 
Fig. F15 shows the deformed shape along / 2x L  of the curved shell with the displacements are 
magnified 100 times. It can be seen that PD and FEA solution results have very good agreement. 
Therefore, it can be concluded that the capability of the developed PD model for thin shell is 
validated. 
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Fig. F9. Variation of displacement  mu  of curved shell 3mR  with / 100L h  (a) PD, (b) 

FEA results 
 

 
                               (a)                                                                           (b) 

Fig. F10. Variation of displacement  mv  of curved shell 3mR  with / 100L h  (a) PD, (b) 

FEA  results 
 

 
                               (a)                                                                           (b) 

Fig. F11. Variation of displacement   mw  of curved shell 3mR   with / 100L h  (a) PD, (b) 

FEA results 



67 
 

 

 
                               (a)                                                                           (b) 

Fig. F12. Variation of rotation  radx  of curved shell 3mR  with / 100L h  (a) PD, (b) 

FEA results 
 

 
                               (a)                                                                           (b) 
Fig. F13. Variation of rotation  rady  of curved shell 3mR  with / 100L h  (a) PD, (b) FEA 

results 
 

 
                               (a)                                                                           (b) 

Fig. F14. Variation of rotation  radz  of curved shell 3mR  with / 100L h  (a) PD, (b) 

FEA results 
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Fig. F15. Deformed configuration along / 2x L (displacements are magnified by 100 times) 
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