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Abstract

This paper is concerned with input-to-state stability of SFDSs. By using stochastic analysis techniques, Razumikhin
techniques and vector Lyapunov function method, vector Razumikhin-type theorem has been established on input-to-
state stability for SFDSs. Novel sufficient criteria on the pth moment exponential input-to-state stability are obtained
by the established vector Razumikhin-type theorem. When input is zero, an improved criterion on exponential stability
is obtained. Two examples are provided to demonstrate validity of the obtained results.
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1. Introduction

The stochastic functional differential systems (SFD-
S), including stochastic delay differential systems (S-
DDSs), have been widely used since stochastic mod-
elling plays an important role in many branches of sci-
ence and engineering. During the last decade, stability
analysis of SFDSs have received a lot of attention, see,
e.g., [7], [8], [12], [16], [21] and references therein. It
is well known that dynamical behaviors of SFDSs are
often affected by disturbances such as, control, external
inputs. In order to investigate how the system dynamic
affected by external inputs, the concept of input-to-state
stability (ISS) has been originally proposed by Sontag
[23], which has played a significant role in control syn-
thesis of nonlinear systems with external inputs. Con-
sequently, the ISS properties for SFDS with external in-
puts have been studied by many works, see, e.g., [5],
[24], [30].

It is well known that Lyapunov method is power-
ful in stability analysis. The stability conditions based
on the Lyapunov functional is very severe restrictions,
and it is not very convenient in applications. In order
to overcome such difficulty, Razumikhin has evolved
Lyapunov method, and established the Razumikhin-
type theorem for functional systems, which avoid using
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Lyapunov functional in stability analysis for function-
al systems. Moreover, many stability criteria described
by differential operator inequalities can be obtained by
Razumikhin-type theorems. Hence, Razumikhin-type
theorems have been evolved by many authors for vari-
ous systems. In the past 20 years, Mao and his collab-
orators have established the a number of Razumikhin-
type theorems on moment exponential stability for var-
ious SFDSs, the reader is referred to [12]-[14], [26]
and references therein. For ISS case, Huang et.al es-
tablished Razumikhin-type theorems on asymptotic for
SFDSs in [2]. For more detailed understanding on this
topic, please refer to [6], [18], [19].

However, most of the Razumikhin-type theorem on
ISS and exponential stability in the existing literature
are based on scalar Lyapunov function (SLF). The sta-
bility criteria induced by existing Razumikhin-type the-
orems are described by scalar differential operator in-
equalities. But many well-known systems are high-
dimensional, such as, neural networks systems, popu-
lations systems. That is to say, there is a gap between
the structure of the high-dimensional systems and scalar
differential operator inequalities. In order to conquer the
gap, many elementary inequalities and matrix inequali-
ties are applied to narrow the gap, which might give rise
to more conservatism.

Recently, more and more attentions have been paid to
investigate the stability of neural networks via the vec-
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tor Lyapunov function (VLF) method (see [4], [9], [22],
[25], [27]-[29]). Most of the them are based on com-
parison systems with a M-matrix structure. By estab-
lishing a vector Halandy inequality with the structure
compatible with recurrent neural networks, Li and Liu
[4] have improved the stability criteria on the ISS for
neural networks with Markovian switching. Two rea-
sons can attributed to it: 1) The coefficient structure of
some realistic systems are similar with M-matrix, such
as Hopfield neural networks systems, generalized eco-
logical system; 2)The eigenvalue condition of M-matrix
is easy to verify. Motivated by the above mentioned lit-
erature, the first aim of this paper is to establish a vec-
tor Razumikhin-type theorem based on a vector vector
operator with a structure of M-matrix. By using Ito for-
mula, Razumikhin techniques and M-matrix theorem, a
vector Razumikhin-type theorem is established. With
the help of the vector Razumikhin type theorem, sever-
al sufficient criteria with vector .Z-operator differential
inequality on p-th moment exponential ISS are derived.
Moreover, when the external input is zero, the ISS
becomes the traditional Lyapunov stability based on the
equilibrium point. As a result, the criteria on ISS be-
come some sufficient conditions on Lyapunov stability.
Thus, the second motivation of this paper is to investi-
gate exponential by the established vector Razumikhin
type theorem. A sufficient criteria on exponential sta-
bility has proposed in this paper, which has slightly im-
proved the results in existing literature [11], [17], [21].

2. Preliminaries

Throughout this paper, unless otherwise specified,
let (Q, 7 ,{F}0,P) be a complete probability space
with a filtration {.%,},»o satisfying the usual condition-
s (i.e., it is increasing and right continuous while %
contains all P-null sets). Let B(¢) = (B'(?),--- , B"(¢))
be an m-dimensional Brownian motion defined on the
probability space. Let Ry, = [0,4+00). Let 7 > 0
and C = Cb%([—‘r, 0]; R") the family of all bounded,
F-measurable, C([-,0]; R")-valued, .%,—adapted s-
tochastic processes. Let C(R";R,) denote the fami-
ly of all nonnegative functions w(x) on R". For t >
0, denote by LW%([—T, 0]; R") the family of all %
measurable C([—,0]; R")-valued random variables ¢
such that sup_,_o Ew(¢(®))| < oo, and let L{;’, =

L';":([—T, 0]; R") for simplicity. Let £ denote the class
of essential bounded functions u from [0, co) to R" with
lulle = supolx()| < co. A function y : R, — R,
is said to be class of JZ" if it is continuous and strictly
increasing and satisfies y(0) = 0; it is class of JZ, if

in addition y(s) — oo as § — oo. Let G be a vector or
matrix. By G > 0 we mean that each element of G is
non-negative. By G > 0 we mean that all elements of
G are positive.

Moreover, we also adopt here the traditional notation
by letting Z™" = {A = (a;j)nxn : aij < 0,1 # j}. A matrix
A € Z™™" is said to be a a nonsingular M-matrix, if there
exists x > 0 in R" such that Ax > 0. For a singular M-
matrix A, we denote ,,(A) = {x € R"|Ax > 0, x > 0}.

We consider the following SFDS with external input-
s:

dx = F(t, x;, w)dt + G(t, x,, u)dB(f) 1

with x; = {x(t + 8) : —t < 6 < 0} and the given initial
data ¢ € C;O([—T, 0]; R"), where

F:R.XCXR'"—->R'G:R.xCXR"— R".

Let CY*(R, x R";R,) denote the family of all
nonnegative functions W(x,f) on R* X R, which are
continuously twice differentiable in « and once in ¢. For
each W € C'(R, x R™;R,), denote an operator W
from R, X C X R" to R by

gW(ta ‘10, M) = Wt(t» ‘10(0)) + WX(L 90(0))F(t, ‘107 M)
+ %trace[GT (t, o, )W (8, 0(0)G(t, @, u)].

Definition 2.1: For p > 0, the system (1) is said to be pth
moment exponentially input-to-state stable, if for every
e L.’f% and u € £, there exist scalar L > 0, y, > 0
and y € J, such that

Elx(0)” < L sup E[E@)” exp{~y,t} + x(lull). (2)

-7<6<0

3. Main results

In this section, we will establish the vector
Razumikhin-type theorem for SFDS (1), and we assume
that for any initial data &€ € C,h%([_"" 0]; R™), system(1)
have a unique continuous solution on ¢ > 0 denoted by

x(t; 6).

3.1. The Razumikhin-type Theorem for SFDS
For stochastic functional differential system (1) with-
out external input

dx = F(t, xp)dt + G(t, x,)dB(t) 3)

Kolmanovskii and Nosov establish the following stabil-
ity criteria in [37]. However, it is not very convenient
in application since the construction of a Lyapunov



functional is much more harder than that of a Lyapunov
function. Thus scholars would like to study the stability
of SFDSs using Lyapunonv function. In order for
ZLW(t,¢,0) to be negative for all function ¢ € C and
t > 0, some rigorous conditions would be imposed on
functions F(t, ¢) and G(t, ¢). As a result, the point ¢(0)
must play a dominant role and, therefore, the stability
criteria might apply only to equations that are very
similar to stochastic differential equations. Fortunately,
it is Razumikhin who first indicate that it is unnecessary
to verify all ¢ € C when studying the deterministic
differential delay equation. In the past 20 years, Mao
and his collaborator generalize the original ideal with
Razumikhin to SFDSs. Now we presented the vector
Razumikhin-type theorem for SFDSs with external
input as following.

Theorem 3.1: Let A = diag(uy, - ,u,) > 0, A =
(@ij)nxn = 0 be real matrix. Assume that A — A is
a nonsingular M-matrix, and there exist r > 1, Q =

diag(éh, e ,C]n) > l’ Wl’ Tt Wl‘l € C1,2(R+ X RH;R+)’
w € C(R";R,), v € 2 such that for all
W) < 3 Wit x) < v(x), 120 4)
i=1
and, moreover foralli=1,--- ,n

+ > aiEWi(t, o0 (EW;(t, ¢(0))""
j=1
+ (EWi(t, (O i o),

for all # > 0, and those ¢ € L;j([—r, 0]; R") satisfying
EWi(t +6,¢(0)) < g;EWi(1, 9(0)), (5)

on 6 € [-7,0], where ¥’ = (1 — r~!)~!. Then the global
solution x(z, £) to system (1) has the following property:

(EWi(t, x(1)))""

<aEexp{—yty + B, i=1,---,n, (6)

where y = minig<, ¥, ryi = IOLT% A oMo —
X 1 4ij@j), B = SUP_.og< 2y EWi(6, x(9)) and a €
Qu(A - A) with m1n1<l<n{6¥,} > 1B =@, B =
(A—A)""u with o = (uj, )T, u = supoﬁst |u; (5)].
Proof: Since A — A is a nonsingular M-matrix, there
exists @ € Qu(A — A) with min;<;<,{@;} > 1. In order to
prove (6), it is sufficient to show for any 4 € (0,y)

(EW(t, x()))""" < a;E"" exp{-t)
+ﬁi, i=1,---,n. @)

Let Wi(t) = Wi(1,x(1)), Ui(t) = EWi(t, x(1)), Hi(1) =
@;E'" exp{—yt} for simplicity. Since & € C, we can find
a integer ko such that ||£|| < ko, a.s. Thus the right side
of inequality gives that for any ¢ € [—7, 0]

EW;(t, x(1)) < Ev(|x(®)]) < v(kg), i=1,---,n.
Let o = inf{r > 0; EWi(z, x(1)) > k}, 0, = lim,_mg,;

and g, = AL lge It follows from Lemma 3.1 in [2] that
EW(t, x(t)) are continuous on [, 0}). It is obvious that

W;(0) = EWi(0, x(0)) < a/Z _( Er g )

We claim that (7) holds for all ¢ € [-1,0,). Otherwise,

by the continuity of EW;(z, x(¢)) there exist i and the s-
mallest ¢* such that

Ui(t) < (Hi(t) +ﬁ§)r, te[-n,t'],i=1,---,n,

®)
Uiy = (Hie) + ) ©)
DT UH(t") > D+(H;(t*) + ﬂg‘)r. (10)

By condition (8), for any 6 € [T, 0]
EW( +0) < (H,-(z* 10+ ﬁ;”@)r
< (wE!"expl-di =)+ ) < oo
This implies

sup Ew(x(t" + 0))

—-7<0<0

< Z( EYexp(=A(r* - 1)} +ﬁ;*)r < o0

which means x;- € Lf;r([—'r, 0]; R"). From the definition
of v and (9), we have

(EW;([* + 0))1/r _ﬁ§*+9
< ;B exp{-A(t" + 6))
<q!"((EWi)" -5}
This implies

EWH(r* +0) < ( VN EWL N

B - ) < GEW).



We hence see from condition (5) and (8), (9) that
EZLW(t", xp, u)
< ~GEWi(t") + (EWie)" s (1))
+ 3 ay(EWie )" (EW;)"
=1
< —pi(HA(T) + B7)'
+(Hi(1) + B )™ i)

+ ) ay (i) + B (H ) + )
j=1

J

< () + B) (= i) + )

J=1

J=1

1D
The definition of y and 8’ imply easily that
- H (1) + i ayH (1)
=1
<EW exp{—/ll*}( - Ha; + Z a;ja,»)
< —rAHy(t"), " (12)
—uB + Zn: a; B} + x(t") < 0. (13)
=1

By virtue of the Definition of Dini-derivative, we have
DYEWi(t*, x(t*)) = EZLWs(t*, x;,u). Submitting (12)
and (13) into (11) yields

EZLW;(t", xp,u) = D" EW;(t", x(1"))
< —ArH(C )i+ B)
= r(Hi(t") + B ) T DY H;(t") < DY (H () + L)',
which contradicts with (10). Therefor for any ¢ €
[-7,0.), (7) holds. Now we process to show o, = +co.

Otherwise, there exits i** such that o/ < +oo. Letting
t — 0. on both side of (6) yields

co = lim (EW;-(t, x(1)))""
t—>g’:*

1

< a2V exp{—ygf*} +ﬁ‘;ii < 00,

which is a contradiction. Thus the inequality (6) holds
for any # > 0. The proof is completed.

Remark 1: When r = 1,w(x) = |x|P, u(¥) = 0 and
using the SLF, the Theorem 3.1 becomes the classical
Razumikhin-type theorems that established for SFDSs
by Mao and his collaborators(see [12]-[14]). Hence,
the classical Razumikhin-type theorems on exponential
stability are generalized to vector form for SFDSs.

Remark 2: For the stochastic differential system, the
boundedness and continuity of EW;(¢, x(¢)) is of vital
importance, which are guaranteed by linear growth con-
ditions (LGC) and power function type bilateral con-
dition posed on Lyapunov function, see [12]-[? ]. In
this paper, the LGC is no longer needed and the bilat-
eral condition has been replaced by a weaker (4). In
order to establish the Razumikhin-type Theorem 3.1 in
the absent of there two conditions, we proved the Theo-
rem 3.1 by three steps. Firstly, by virtue of Lemma 3.1
in [2] and the boundedness of & € C, we showed that
EW,(t, x(1)) are continuous on [—T, Qi). Secondly, with
the aid of classical Razumikhin technique, we proved
that inequality (6) holds on [T, 0.). Finally, we proved
by contradiction that inequality (6) holds for all r > —,
which also ensured the continuous of EW;(t, x(¢)).

3.2. Exponential input-to-state stability

Now we process to apply the vector Razumikhin-type
theorem to deal with the exponential ISS of the SFDS

).

Theorem 3.2: Let the condition (4) of Theorem 3.1 hold.
Assume that A = diag(uy, - ,up) > 0, A = (@ij)pxn =
0, B = (bjj)uxn = 0, are real matrix. Assume that there
exist7 > 1 and Wy,--- , W, € C'2(R, X R";R,) as well
as probability measures 7y, - ,1, on [—7, 0] such that
foralli=1,---,n

Jim | int, 35 Wit 0] = 14

and

f"Vi(I, @, V) < _/JiWi(l’ ‘70(0))
+ ) ai(Wite, (0) " (W2, (00) "
j=1

+ (Wit O @) + . bis(Wilt, (0))'"”
j=1

J

0
x( f Wt + 6.¢(60))dn,(6) ",
(15)



for all + > 0 with ¥/ = (1 — ¥ !)~!. We then have the
following assertions:

i) Given any initial data ¢ € Cb ([ 7,0]; R"), the
global solution to the system (1) denoted by x(t; &)

satisfys the following property:

sup Z EWi(s, x(s)) < 00, V> 0. (16)

O<s<t 5

ii) If A— (A + B) is a nonsingular M-matrix, the global
solution x(t; &) to system (1) has the following property:

(EWi(t, x1)"" < ;" exp{~y,1} + S,
i=1,---,n. 17

where ' = (B, , BT and = are defined in The-
orem 3.1, and y, = sup{f > 0,a;0 — r'ya; +
ot Y aija + € S by < 0,0 = 1,eeen)
with @ € Qy(A — (A + B)), min|q<,{a;} > 1.

Proof: The proof is composed of two parts. In part
1, we show the continuous of EW;(t, x(¢)). The as-
sertion ii) is proved by Theorem 3.1 in part 2. Let
x(t) = x(t,&), Wi(t) = Wi(t, x(1)), i = 1,--- ,n for sim-
plicity.

Part 1: For sufficiently large number %, set p; = inf{r >
0: Wit,x(®)) > k, i = 1,---,n}. Applying the Itd
formula to system (1) and using the Holder inequality
yields

EWi(t A pr) < EWi(0)

f Zalj(EW (s A p) "(EWiCs A po)'!”

- [ Zbl,(Emek))”’

«( f EW,((s + ) A p)dn;(0))"ds

s f (EWis A p)"” lis(s A polds.
0
(18)

By virtue of the Young inequality

Vvl <qu+ (1 -=¢)v, Yu,v>0, ¢€(0,1),

and compute that
EWi(t A pr) < EW;(0)

f Z aif{ r T EWi(s A pi) + r EW(s A pk))ds

¢t n
be,, (' EWits A0

+r7" sup EW;((s +6) A pk))ds

—7<60<0

f
+ f [P EWi(s A )" + r 'l (s A po)]ds.
0

(19)
and then
sup EW;(t A pr)
0<1<hy
< EW0) + 1~ Z bi; sup EW(s A poty
= —7<5<0
n 1
+ EZ (a[j + b,‘j)f (V’_l sup Wi(s /\pk)
j=1 0 0<s<t (20)

+r! sup W;(s A pk))dt
0<s<t

51 ,

+f ((r’_1 sup EW;(s /\pk))]/r
0 0<s<t

+r7! sup u;(s A pk)lr)dt.

0<s<t

Summing sup,, EWi(t A pi) from 1 to n yields

n

Z sup EWilt A py) < ZEW(O)

=1 0sr= i=1

( ZZb, sup EW(s/\pk))

i=1 j=1 -7<5<0

- Z Z(a,, +byj)

i=1 j=1

Z Z(a,, +byj)

i=1 j=1

1] n ,
- (r’—‘ sup " EWi(s A pp)'”
j(; ( P )

0<s<t i1

11
sup EW;(s A py)dt

0 0<s<t
|

sup EW;(s A p)
0 0<s<t

L sup > JuiCs Apk>|’)
0<.§<ZZ



which means

n

sup EW;(t Apr) < K + Mt

o7 Ost<n)
] n
+8 | sup Z EWi(s Apdt. (21
0 Oss<t’Dq
where B = Max<i<n (r"1 FRCTIE

bij + 1) + rl Zszl(aﬁ + bﬁ)), M

(B B b SUP ey W5 A o) + 2 il ).
Setting [®(r) = 2y SUPg<s< EWi(s A pr), (21) can be
rewritten as

1
™) <2+ Mt + f Bl @)t (22)
0

The Gronwall inequality implies that

@) <=+ M+ f exp{B(t; — HIE + Ms)ds.

By virtue of the well-known Fatou Lemma, we have

n

E(sup )" Wils, x(s)

0<s<t i=1

= E( sup Z lim 1an(s A pr))

0<s<t
n
D Wils A po)
=1
n

< 11m 1nf E( sup Z

O<s<t % -1

< E( hm inf sup

k—oo 0<x<z

Wi(s /\pk)) < E+ Mt+

Bi f expiB(t — HIE + Ms)ds < oo, >0,
0

which implies the required assertion i).
Part 2: Now we begin to prove the assertion ii). The
proof consists of two steps. The first step is to indicate
the upper bound of (EW;(t, x(1)))"" =B, i = 1,---.n
can be controlled by a exponential functlon. The second
step is to show that the exponent should not be greater
than —y,.

Step 1 of Part 2: Since A — (A + B) is a nonsingu-
lar M-matrix, there exists @ € Qp (A — (A + B)) with
min;<;<,{@;} > 1 such that

n

uia,-—Za,]a/] Zb,]aj>0 i=1,-

j=1 Jj=1

Setting 8; = (X, bijaj)7101iai -
q; € (1,B7), we have

Yoy aijaj), for any

n

Hii — § aijaj —

J=1

n
1 .
qi/r E bija;>0,i=1,---,n,
=1

which means A—(A+QB) is still a nonsingular M-matrix
with Q" = diagl{q1, - ,qu}, qi € (1,80), i=1,--- ,n. If
t>0,p€ ngl([—‘r, 0]; R") satisfying

EWi(t +6,0(0)) < qiEWi(1,0(0)), i=1,---,n
By the condition (15)

EZLWi(t, x;, u) < =, EW;i(t, x(1))

+ (EWi(t, x0)" w0l + ) (i

j=1
+ 4" b EWit, x(0)" (EW,(1, x(1))"".

So by Theorem 3.1, the global solution to system (27)

(EWi(t, x(1)))""

< B expl=yth+ L, i= 1, .n. (23)

where y' = )7’,», ry; = 71 log(gi) A a[.‘l(pia,- -
Clibij))-

Step 2 of Part 2: Set fi(q) = v 'logq,’" and hi(g;) =
ai‘l(u,»oz,» - Z?zl(aij + qil/rbij)),i = 1," s LN Sim-
ple computations show that f;(g;) is increasing func-
tion on (1,4!) while h;(g;) are decreasing function for
i =1,---,n. Combining with the fact that f;(1) = 0 <
hi(1), fi(B) > 0 = hi(B7), we can claim that there exists
a unique g} such that yi(g?) = fi(q") = hi(g}). By the
definition of ¢} we have

Z?:] (aij+

Yig)) = sup{T"logq It log q)""

_ ”_1011._1(/11'0/1' — Z(a,-j + q:’bij)) < 0, qi > O}
=1

= sup {Hilaié? —r i + ! Z ajja;
J=1

n
+ eé)‘rr—l Z b,-ja/j < 0,9 > 0}
J=1
Moreover, we can claim that

n

- ril,u,ai +r! Z a;ja;
Jj=1

n
EGTl‘ileija'j <0,i= 1,~” ,n} =
J=1

v =sup {0 >0, a0

77/{(‘]?)



It yields the desired assertion ii). The proof is complet-
ed.

If 3.7, Wi(t, x) has a infinity lower bound as |x|”, we
have the following criteria on pth exponential ISS of
SFDS (1).

Corollary 3.1: Let all the assumptions of Theorem 3.2
hold. Moreover, if there exists C; > 0, p > 0 such that

Cilx < ) Witz x), 12 0. 24)

i=1

Then the system (1) is pth moment exponential ISS.
Proof: 1t follows from the assertion ii) of Theorem 3.2
that

EWi(t. x(1)) < (a,a”’ expl—yi) + ﬁg)
<2 lalE+ 271 (B

By condition (24), we compute that

Ex@l’ < C7'27' )" alZ expl-ry1)
i=1

+Cr'2 7 Y 1B, (25)

i=1
By virtue of the definition of 8’ that
(B = (ei(A — (A + B)™'u')y?
< lei(A — A+ B) ™' Plu'l?.
Taking the supremum of 87 (1) over interval [0, o) yields

sup BY () < lei(A — (A + B)™'ljullZ. (26)

0<t<oco
Submitting (26) into (25) yields

Elx(n)" < Lexp{=ry,B1EEII" + x(ul),

where L = C;'27! ;l al, () = C7'27 3 (A -
(A + B))~'/"t"/P. The proof is completed.

Remark 3: In fact, the moment boundedness can be
guaranteed by those .2V operator whose upper bound
may take a much more general form. More detailed
understanding on this topic can be referred to [11], [21]
and reference therein.

Remark 4: Tt is worth emphasizing that the vector
operator differential inequality (15) in Theorem 3.2 is
a generalisation of the existing operator inequalities

on exponential stability for SFDSs which are in terms
of SLF (see [16]) or VLF (see [27], [29]). Especially,
the inequality (15) has several advantage in discussing
pth moment exponential stability for stochastically
perturbed neural networks and stochastically perturbed
generalized ecological systems. When taking V = |x|7,
the cross-item, such as, |x;|?~!|x ;| are inevitable encoun-
tered. In order to establish the sufficient criteria, the
cross-item are amplified by the elementary inequalities.
With the help of Theorem 3.2, the amplification might
be avoided when discussing these systems. It could be
inferred that the vector operator differential inequality
(15) has several advantages over those operator differ-
ential inequalities in [16], [27], [29] for stochastically
perturbed neural networks and stochastically perturbed
generalized ecological systems, which can be illustrated
by the examples given in Section 4.

Consider an SDDS of the form:

dx(t) = f(t, x(t), x(t — 7(¢)))dt
+g(t, x(1), x(t — 7(¢)))dB(t), 27)

on ¢ > 0 with initial data & € C, where 7(-) : R, — [0, 7]
is continuous and

f: R, XRanRn—>R" ,8: R+><R2”XRH_)RH><m'

If we define F(r,9) = f(1.9(0),¢(~7(0)), Glp.1) =
g(t, 9(0), o(—7(0))), the system (27) can be seen as a
class of system (1).

By virtue of similar technique presented in the Theo-
rem 3.1 and Corollary 3.1, a sufficient criterion on pth
moment ISS on SDDSs is obtained as follows:
Corollary 3.2: Let all the assumption of Corollary 3.1
hold expect inequality (15) which is replaced by

gvvi(ta @, Lt) < _/'livVi(t’ QO(O))

) ai (Wit o0) " (Wt p0))"”
j=1

+ ) b (Wit 0(0) " (Wt = 70, g(=7(0)))"”
j=1

J

+ (Wilt, (00" lui(e)l.
(28)

Then the system (27) is pth moment exponential ISS.

3.3. Exponential stability
When u(¢) = 0, the system (1) becomes

dx = F(t, x,)dt + G(t, x,)dB(t). (29)



The pth moment exponential ISS degenerates into the
pth moment exponential stability. In this subsection,
we assume that F(¢,0) = 0, G(¢,0) = 0, and system
(29) has a unique trivial solution x(¢#;0) = 0. The
main aim of this subsection is to study the exponential
stability of system (29).

Theorem 3.3: Let all the assumptions of Theorem 3.2
hold and u(t) = 0. Moreover, if there exists D > 0 such
thatfori=1,2,--- ,n

oW "
| (X6 x)| < D (W,(r, (1)
X

i=1

0
+ f Wit + 6, x(t + 9))dvj(9)), (30)

where v((6),---,v,(0) are probability measures on
[—7, 0]. Then we have the following property:

log EW;(t, x(t
limsupOg—(x()) < =Y (31)

t—o0 t

log Wi(t, x(1)) <

lim sup

t—0o0

—yra.s.i=1.---.n

(32)

Proof: Let x(t) = x(t,&), G(t) = G(t,x;), Wi(t) =
Wi(t, x(t)), i = 1,---,n for simplicity. The property
(31) follows by condition (17) with v(t) = 0 in Theorem
3.2 immediately. Now we proceed to show the property
(32). Write ||W; || = supy s, Wikt + 6) for any integer
k > 0. By the Itd’s formula, it is easy to show

Wikt + ) = Wi(kt)
kT+6

+ LWi(s)ds + f

kt

kt+6 OWT
—LG(s)dB(s)
ox

kT+ 1

kt
<SWikn+ | ) ay(Wi) " (Wis)""" ds
kt =1

kT+0 1N 0
+ f D bi f W,(s +6)dv ()"

kt =1
kT+6 o WT

x (Wi(s)"" ds +| a—;G(s)dB(s)l.

kt

(33)

Making use the Young inequality (stated in Theorem

3.2) with ¢ = 1/2, we then have

i (k+1)r n
E sup Wikt + 0) < EW;(kT) + f Z
k

0<6<t T

J=1

(r'—‘(a,- + b)EW(s) + rlai EW,(s)

0
+r7 1Dy f EW,(s + e)dnj(e))ds

kT+0 aWT
+E sup | L G(5)dB(s)|. (34)

0<f<r Jkr Ox

By the Burkholder-Davis-Gundy inequality

kT+6 OWT
E sup | ——G(s)dB(s)|
0<h<r Jkr Ox
(k+1)t 3wT 1
< @E( f |—’G(s)|2ds)2
kt Ox
(k+Dyr  n
< \/3_2DE( f O Wit
kt :
j=1

l—

0
+ f W,-(s+9)dv_,-(9))2ds)

£ sup (Zn] Wkt + 6)

0<f<t j=1

<2V2DE

n

cap Y
-7<0<0 =1

1 (k+l)r , 1
+&~ ( Wi(s)
fo

J=1

+ Zn: fo Wi(s + H)dvj(ﬁ))ds].
1Y

Wikt + 6 + 9))

(33)

Choosing & = (4 V2D)"'(2 + exp{ry,7})~" yields

kT+6 OWT
E sup | ——G(s)dB(s)|
0<h<r Jkr Ox

< (2n + nexply, ™)™

X D" (ENWcell + O SEIW -yl
=1
(k+1)r _n
+16Dn(2 + exply, ) > (ij(s)

kt =1

0
+ f EWj(s+9)dvj(9))ds. (36)

T



By condition (17) with v(f) = 0, we compute that

(k+1)T
Ef Wi(s)ds < Ka/;‘r exp{—ry,}kr,
k

T

(k+1)t
f f Wi(s + 0)dv(6)

< Kaj‘rexp{ry, T} exp{—ry,Jkt. 37

Substituting (36) and (37) into (34) yields

EllWgell = @n+nexplry, )™ > ElWil

i=1

+(4n + 2nexp{ry,t))" Z E|\W; -1yl

i=1

i=1

where C; = Kaj + KT(V’_1 Yi(ai + bipaj +
1 2?:1 aija; + 7! 2?21 bij“;- exp ry,T + 161’!D2(2 4
exp ry,T) Xjo, (1 + exp ry,r)). Summing E[|Wi ||

from 1 to n yields

n
> ElWikll
i=1

= (2 + exp{ry,7}

ZEnw,an * Zc exp{-ry,1)
ZEHWz(k yell,

This implies for any k =0, 1,-- -,

+ (4 + 2 exp{ry,7}

n 1 n
ElWikell € 5—5———— > ElWigiyr
D ElWill 2+2exp{mﬂ; Wi el

i=1
1
+
1 — (2 +expf{ry,7})!

Z C; exp{—ry, kt}.
i=1

For any € € (0, y,), it follows from Chebyshev inequali-
ty that

P{[Wikell > C; exp{—r(y, — £)kt}}
< exp{r(yy — EATIE|| Wil

< explr(y, — Ot} Y EllWiell.

i=1

Setting Ay = {[|Wix:|l > exp{—p(y, — &)kt}}. Note that

exp{r(y, — &)1}

expir(y, - e)krl ) ElWyel < 5+ o]

i=1

x explr(y, = &)(k = )t} > ElWig1yell
i=1
2Ci
4 i=1
1 -2 +expl{ry,™H!
k=0,1,-

exp{—rekt},

Let v = exp{r(y, — )T}2 + 2explry,T)™' < 1, v, =
Ci(1 — 2 + exp{ry,7)™H7'.  Summing exp{2(y, —
&kt} Y| EllV;ll from 0 to oo yields

00

> explr(y, = ekr) ) EllWil
k=0 i=1

oo

<y ) explr(y, — )kt ZEnw,kTu

k=0 i=1

ZEnw,on

which means Y, exp{r(y, — &)kT}E||W|l < co. The
well-known Borel-Cantelli Lemma (see [16]) yields

P(OﬁA;): 1.

This implies for any w € U2, N2, A}, there exists an
integer N(w) such that for all £ > N(w), we have

27z exp{ rsk‘r

sup  Wi(t) < Ciexp{-r(y, — e)kt}a.s

kr<t<(k+1)t

For any k > Ny, t € [kt, (k + 1)7], we have
Wi(t) < Ciexply,7}exp{-ry,t} a.s. (33)

Hence we have assertion (32) as desired. The proof is
completed.

Remark 5: Noting that the condition (30) is specialized
for the almost surely exponentially stable. For those
systems satisfying LGC along with the power function
type bilateral condition posed on Lyapunov function,
the .Z-operator differential inequality (15) can be re-



placed by the weaker inequality as following

ED%WI(Z" -xt)

< —EWi(t,x(0) + ) by(EWi(t, x®)'"”
=1
x sup (EW;(t+0,x(t+0)))

-7<0<0

1/r (39)

+ Z ai(EWi(t, x(t))"” (EW (2, x(1)))"/".

J=1

When a;; = 0 and p = 1 or p = 2, the inequalities (39)
have the same structure as the inequalities presented by
Shen and Wang in [22] in the constant coefficient case.

Remark 6: Noting, for G = 0, the SFDS (29) degener-
ate into the deterministic functional differential system.
In this case, the boundedness of pth moment and the
F,—adapted of solution x(¢) are not required. Taking
r = 1, the Z-operator differential inequality (39) has a
concise form for the deterministic system as following:

D Wi(t, x(1)) < = Wilt, x(0) + ), @i W(t, (1))
- (40)

+ > bij sup Wit + 6, x(t +6).

=1 -7<6<0
Setting p;; = a;; — i, pij = aij, I # j, qij = byj, the in-
equality (40) becomes the vector .Z-operator differen-
tial inequality presented in [27] without external input.

We now use Theorem 3.3 to establish a useful corol-

lary.

Corollary 3.3: Let all the assumptions of Theorem
3.2 hold. Moreover, if there exists (ci, - ,c,) >
0,(p1,- -, pn) > 0 such that

cluil’ < Wit,u), t>0,i=1,--- ,n.

Then the global solution x(t; ) to system (27) has the
following property

log E|u;(?)|P
HPMS_’«

lims ,,
1—00
. log |u;(t r .
llmsupM < I as.,i=1,---,n.
t—00 Di

Remark 7: Compared with existing criteria in [10], [11],
[17], [21], our criteria show that different component
might has different degree of stability in moment sense
and almost sure sense. Hence, our criteria provided a
more detailed description on the asymptotic behavior
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of system than that of these existing criteria.

Remark 8: Tt is well known that the almost sure expo-
nential stability can be acquired by the moment expo-
nential stability under the LGC imposing on both drift
coeflicient and diffusion coeflicient in [3], [12] and [16].
It was Wu and Hu who first pointed out that the LGC
imposing on both drift coefficient is not necessary [26].
In comparison with Wu and Hu [26], our criteria further
point out that that the LGC imposing on diffusion coef-
ficient can be replaced by a more generalized condition
(30).

4. Application and Numerical Examples

4.1. Neural Networks

Recurrent neural networks (RNNs) have been widely
applied in many fields (see [34], [35], [36] ) owing to
the pioneering work of Hopfield [33]. It is well known
that neural networks are often affected by external in-
puts, such as perturbations in control or errors on ob-
servation. Recently, we have also noticed that more and
more scholars begin to discuss the p-th moment ISS of
neural networks by means of the vector Lyapunov func-
tion methods, see, e.g., [4], [31]. Moreover, Haykin [32]
points out that in real nervous systems, synaptic trans-
mission “. . . is a noisy process brought on by ran-
dom fluctuations from the release of neurotransmitters,
and other probabilistic causes”. Thus, it is interesting
to study how noise affect the ISS of neural networks.
The approach used in the current paper is to view neural
networks as nonlinear dynamical systems with intrinsic
noise and external input, described by the following s-
tochastic differential delay system

dx(t) = (— Dx(t) + Af(x(r)) + Bf (x(t — 7(2))) + u(t))dt
+ o (x(1))dB(1),
41

where x(¢) = (x1(2), x2(2), - - - ,x,,(t))T € R" are the s-
tate vector, f(x()) = (Ax1()-+ , fuxa (D), fxlt -
(1)) = (filx1(t = 71(D)), L2t =T2(0), -+, fulxn(t =
T,,(t))))T are the neuron activation function with f;(0) =
0, 7;(f) > 0 are the transmission delay. Moreover, D =
diag(d,,--- ,d,) is a self-feedback connection weight
matrix with d; > 0, A and B are connection weight ma-
trices associated without delay and with delay, respec-
tively. o(x) = diag(o1x1,- - ,0,X,)is the noise intensi-
ty matrix. System (41) can be regarded as the stochas-
tically perturbed system of corresponding deterministic
RNN. Now we present need the following assumptions
which we will use later.



Assumption 2: Fori = 1,--- ,n, there exists x; > 0 such
that ¥V 6,,6, € R

o< O =1 _
6, — 6,
foralli=1,2,---,n. Denoted K = diag(ky,- - , k).
Noting that the system (41) is a weak nonlinear sys-
tem and the structure of every component state is alike,
choosing |x;|? for every state x;. Thus the vector Lya-
punov function for system (41) is (|x11?, |x2/7, - - -, |x,|P).
Then the following Theorem 4.1 for system (41) follows
from Theorem 3.1 straightforward.
Theorem 4.1: Let Assumption 2 hold. The system (41)
is said to be p-th moment exponentially input-to-state
stable provided A(p, o) — (|A| + |B))K is a nonsingular
M-matrix with A(p,o) = D — O.Spdiag(of, )

Example 4.1: Consider a delayed two-neuron network

as follows:

dxy(1) = ( — 12000 - 0.7fi (01 (1))
+0.8 /2(x2(2)) + 0.1 f1(x1 (7 = 7(1)))
+0.3 (st — (1) + 2 sin 8t|)dt
+V0.1x,(1)dB: (1),

() = ( — 2x05(1) + 0.4, (31 (1)
=0.5/2(x2(1) + 0.3 f1(x1( — 7(1)))
0.5 f(xa(t — 7(1))) + | cos 4t|)dt
+V0.5x2()d B ().

(42)

where f(x) = (exp{2x} + exp{-2x})"'(exp{2x} —
exp{—2x}), the time-varying delay 7(¢) = 1.8|sin(?)|.
Applying Itd formula to W;(x) = |x;|? yields
LV1(x,u(®) < =1.2plxy ()P + 0.8plxi ()P [y (1)
+0.1plx )P~ a2 = 7@)] + 0.3play (D!
X xa(t = 7(0)] + 2plxy (1) | sin 81,
LV, u(t)) < =2pl@F + 0.4ploa O x (0]
+0.3plxa ()P xy (2 = 7(1)] + 0.5plxa (1)
X [xa(t = T(0)| + plaa ()P~ cos 4],

The parameter matrix in Theorem 4.1 become as:

(12-005(p - 1) 0
A(p’“)‘( 0 2—0.25(p—1))'

- (0 08 0.1 03
|A|:(0.4 0)’ 'B|:(0.3 0.5)

[ 10 20 30 40 50 60
t

The transient state of (x;(z), x»(¢)) with
7(t) = 1.8| sin(#)| in Example 4.1.

By Theorem 2.10 in [15], we can show that
A, — (A, + Bp) is a nonsingular M-matrix for any
p € (0,4.3674). According to Theorem 3.2 and Corol-
lary 3.2, the system (42) is pth moment exponentially
input-to-state stable.

Remark 9: 1t is obvious that the system (42) is mean
square exponential ISS. Now we process to apply the
existing results in [31] to show the effectiveness of our
criteria. For system (42), the parameters matrix 7 and
S become

01 08 0.1 03
T‘(0.4 —2.3)’ S‘(0.3 0.5)'

Simple computations show that —(7"+S') is not a nonsin-
gular M-matrix, which means the Corollary 3.1 in [31]
could not be applied to the system.

4.2. A numerical example

Example 4.2: Consider a two-dimensional non-
autonomous system with the form

dx(t) = m[( — 2signx; () VIx ()]
+0.5]sin1la() + 0.5 [ xa(e + G)dn(e))dt
+ 0 5signu; () \/mdBl(t)],

dxr(t) = ( ~24x(1) +0.6(1 + ) VT D

+ \/ [ 01 Ix; (¢ + 9)|dn(9))dt + V0.5x2(0)dBo(1).
(43)

where n(0) = (1 — exp{—l})‘1 exp{6} is defined on
[-1,0].

Such system and its alike can be seen as generalized
stochastic power law logistic model (see [? ] and the
references therein), and could been used to study the



extinction of population systems under noise. The nu-
merical system (43) is a strong nonlinear system, of
which every component equation have different coef-
ficient structure. Thus different Lyapunov functions
should be chosen for every state component. Based on
detailed observation, V; = |x;|° is chosen for x; and
V, = |x,/° is chosen for x,. Thus

LVi(t, x;)
< =540 0P + 15010 (0P (Ixa(0))©)'°
F150x ([0 bt + 0)ledn@)",
D%Vz(t, x,)
< —11.422(1) + 7.2(b2016) (1 (1)) '/
6\3/6, 0 3 1/6
+6(1x2 (1)) ([ Ix1 (@ + 6)Pedn(6)) '°.

(44)

Under such vector Lyapunov function, the system (43)
can be transformed into a system with negative M-
matrix system, and the parameter in Theorem 3.2 can
be rewritten as

54 0 0 15 0 15
’““(o 11.4)’ A‘(7.2 0)’ B_(6 0)'

By simple computing, we derive that u — (A + B) is a
nonsingular M-matrix, and y¢ = 0.2468 with choosing
) = 1,a’2 =1.5.

Remark 10: Tt is worth noting that the vector opera-
tor differential inequality (15) is more compatible with
the pth moment exponential ISS for stochastically per-
turbed neural network and stochastically perturbed gen-
eralized ecological systems than those in [16], [27],
[29].

Based on the vector operator differential inequality,
the choosing of Lyapunov function becomes easier than
those criteria describe by operator differential inequal-
ity.  When choosing the classical quadratic function
Wi = x7 + x3, the £W; has the form

LW(t, x;)
< =3.5u3 (1) — 4.3u3(t) + 1 (OF)x (0)]

+0.51x, (1) fo lxa(7 + 6)|dn(6) 45)
-1

0
+ 24 (Ol (0] + 2 f1 lx1(z + O)ldn(6).

Noting that the higher order of polynomial, such as
0

(DP9, 0.5l (OP [ 1xa(1+6)ldn(6), appear on

the right-hand side of inequality (45) and this prevents

the exiting results, such as, Theorem 8.7 in [16] from

being used for W, = x% + x%.
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On the other hand, applying the Itd formula to W, =
lx1? + x§ yields

LWy(t, x;)
< 3signx1|x1|2( = 2x1(2) + 0.5 /|x1||x2(2))

0
+ 0.5 v/|x1 (9)] f1 |2 (2t + 9)|dn(9)) - l4.4x§(t)
0 1/6
+ 72Ol + 6( f e+ 9)|3dn(6’))

X [0 (8)]° + 0.6]x1(DF + 3x5(D).

By the Young inequality (stated in Theorem 3.3), we
can show we have

0
LWa(t, x,) < -0.15x5(t) + 0.25 f |x2( + 0)°dn(6)
-1

0
1750 + f lx1 (2 + O)Pdn(6).
-1

Since 0.25 > 0.15, the existing stability criteria in [10],
[11], [17], [21], based on the SLF are invalid for W, =
lxi P + xg.

x_{1}(1)
x_{2}(t)

00 05 10 15 20 25 30

The transient state of (x;(#), x2(¢)) in Example 4.2.

5. Conclusion

This paper have studied the pth moment exponential
ISS for SFDSs. Firstly, by utilizing stochastic analysis
techniques and VLF, a vector Razumikhin-type theorem
has been derived, which might have a compatible struc-
ture with neural networks systems. Secondly, with the
help of the established Razumikhin-type theorem, suffi-
cient criteria on pth moment exponential ISS have been
established. Finally, for the systems with zero input, the
established criteria improved the conditions imposed on
exponential stability. Two numerical examples are pro-
vided to illustrate the superiority and effectiveness of
the proposed results.
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