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Seismic isolation is a necessity for many delicate experiments such as those designed to
search for gravitational radiation. One method of providing a significant amount of isolation
has been the use of multiple stage stacks of alternating layers of dense material (metal)

and elastic material (rubber). In this work finite element analysis is used to model stack
systems in a relatively realistic way, allowing the importance of cross coupling of

degrees of freedom to be evaluated. It becomes clear that care has to be taken with the
geometrical construction in order to achieve the isolation predicted by simple dynamical

analysis.

l. INTRODUCTION

Gravitational wave detectors currenily being devel-
oped rely on sensing the extremely small motions which
are expected to be produced by a gravitational wave pass-
ing through a mechanical system. The system may be a bar
of low loss metal cooled to liquid-helium temperatures' or
a series of test masses which are hung as pendulums at the
ends of two perpendicular arms of a laser interferometer.?
In both of these cases it is essential to isolate the mechan-
ical system from the surroundings to reduce spurious noise
introduced by local seismic or mechanical disturbances. In
general the detector systems are arranged so that the mo-
tions to be monitored lie in the horizontal plane, Thus it is
particularly important that the vibration isolation system is
designed such that it can provide a high degree of horizon-
tal isolation. However, since geometrical effects can cross-
couple motion in one direction into motion in another it is
sensible to aim for isolation factors in the remaining de-
grees of freedom (vertical, tilt, and rotation) which are
suitably large. In most designs of gravitational wave detec-
tor, pendulum suspensions are used to provide a significant
degree of isolation but in general further isolation is re-
quired. This may be provided by placing vibration isolation
stacks, consisting of alternating layers of metal and elastic
material, between the pendulum suspension points and the
ground.

Using simple dynamical theory the transmissibility of
unidirectional motion at the base of a vibration isolation
stack to the corresponding displacement at the center of
mass of the top plate of the stack can be readily estimated
as a function of frequency. In such an analysis the stack is
treated as a system of point masses connected with springs
and dampers. In practice however, cross coupling is liable
to be an important factor in determining the effectiveness
of the isolation stack. It is not straightforward to develop
an analytical model which includes the effects of distrib-
uted masses—and it is precisely these effects which can
lead to cross coupling. One of our principal objectives in
this work has been to quantify the degree of cross coupling
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occurring within a particular design of isolation stack. For
this purpose a finite element model representing an alumi-
num plate supported by four rubber pieces was generated
to represent one stage of a stack and the finite element
program MSC/NASTRAN,>* was used to carry out vari-
ous analyses. The model dimensions are shown in Fig. 1
and the resulting resonant frequencies are typical of what
could be applicable to a prototype laser interferometric
gravitational wave detector. Note that to achieve the best
overall isolation with such a system the ratio of the rubber
stiffness to the mass of the supported plate is chosen to give
the system a reasonably low resonant frequency in each
dimension.

Investigations were conducted on a “single stage”
stack model and also on a “double stage” which consisted
of two single stages in series. The effects of a stiffness im-
balance of the rubber at either end of a given stage of stack
were also investigated. The results of these tests were gen-
eralized to allow an understanding of the performance of a
stack containing four stages. Up to five stages have been
considered in the planning of the seismic isolation systems
for long baseline detectors.”

The work discussed in this article is most relevant to
gravitational wave detectors which use laser interferometry
to sense relative motions of separated masses suspended as
pendulums, but is also of relevance in any field where
stacks may be used as part or all of an isolation system.

li. PERFORMANCE REQUIRED FROM VIBRATION
ISOLATION STACKS

The performance required from a stack system de-
pends on the particular application, but we assume that the
performance needed is such that an interferometric gravi-
tational wave detector of arm length 3 km may approach a
sensitivity for measuring strains in space of ~10~ %%/
\/I—{E at 100 Hz.? We also assume that the test masses are
suspended in the simplest way, by wires as simple pendu-
lums with horizontal and vertical resonant frequencies of 1
and 20 Hz, respectively. In this case, at 100 Hz, move-
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ments at the top of the stack of less than 4Xx 10~ ¥'m/
JHz in the vertical direction and 1.5X 10~ m/Hz in
the horizontal direction are required. A figure of 1% cou-
pling of vertical into horizontal movement in the pendu-
lum suspension has been used to calculate the vertical limit
as such a figure has been suggested by the experimental
measurements of Del Fabbro ez al.’

Obviously the isolation required from the stack de-
pends on the magnitude of ground movement in the ap-
propriate sense. A figure of ~10~ ! m/ \/—I'E at 100 Hz,
with a spectrum falling at 12 dB per octave, was assumed
in the horizontal and vertical directions for the work in this
paper;” and ground tilt of ~2X 10~ rad/ \/ﬁ; at 100 Hz,
as recently measured at a prototype detector site, with a
spectrum falling somewhere between 12 dB per octave and
18 dB per octave, was used.’

Iil. GENERATION OF THE FINITE ELEMENT MODEL

It was decided to represent the three-dimensional sys-
tem with what was essentially a two-dimensional cross-
sectional slice through it in the x-z plane (see Fig. 1). This
was done so that the complexity involved in the generation
of the model and in the interpretation of the results ob-
tained was kept to a minimum. Note that in modeling the
stack in this way the investigations involving rotational
motion were restricted to those where the axes of rotation
were parallel to the y axis (tilting motions).

The structure was modeled by generating a mesh of
nodes and connecting them with plate elements having the

desired physical properties (see Fig. 2). Note that some of .

the physical properties of the materials used in the model
had to be scaled so that the two-dimensional finite element
model exhibited behavior appropriate to its three-dimen-
sional counterpart.

Synthetic rubber is extensively used in isolation stacks.
The horizontal and vertical resonant frequencies (f;, and
/) of the plate. (mass m = 11.1 Kg) on four pieces of
Neoprene rubber of the size shown in Fig. 1 were deter-

aluminium
plate

HH rubber
HH support

FIG. 2. Finite element model of the one-stage vibration isolation stack.
The system is divided into a number of elements as shown.
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0.1cm (other dimensions as before)

'TWO-DIMENSIONAL' REPRESENTATION

z
Z

X
FIG. 1. Dimensions of the two-di-

mensional finite element model com-
pared to the three-dimensional stack.

mined experimentally. The value of f;, was used to calculate
the horizontal stiffness (k) of the loaded rubber using the
equation

kh=m(277'f;,)2. (1)

Since the model used here was a thin slice through the real
system, a fictitious density had to be assigned to the mod-
eled aluminum plate to give the correct loading conditions
per unit area of rubber support. The shear modulus (G)
and the Young’s modulus (E) of the aluminum were also
scaled up by the same factor as the density in order to
maintain the stiffness properties of the plate. The damping
of the internal modes of the plate was modeled using a
“structural element damping coefficient” facility in the
NASTRAN package.* For initial models the damping was
chosen so that the (s of the internal modes of the alumi-
num plate were ~20, while for later ones the modes were
critically damped (Q~0.5).

Further, since one slice-like rubber support in the
model represented two block-like supports in the real sys-
tem, the moduli of the rubber were scaled to give the stack
realistic stiffness properties. The shear modulus of the rub-
ber was determined using the equation

G=kyh/A (2)

where 7 is the height of the rubber supports, 4 is the total
top surface area of the rubber, and then scaled to compen-
sate for the reduction in area A. :

There is approximately no volume change when rubber
undergoes tension or compression,” hence Poisson’s ratio
v~0.5. The value of Young’s modulus for the rubber was
calculated by the finite element program according to the
relationship:

E=2G(1+v) (3
giving
E~3G. (4)

A structural element damping coefficient was assigned
to the rubber so that the internal modes of the rubber
supports were damped to give an internal Q of ~35, this
being a typical observed value.® Viscous damping of the
fundamental stack resonances was incorporated by con-
necting the nodes at the bases and tops of the rubber sup-
ports with orthogonally connected damping elements in
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FIG. 3. Damping elements are connected across each rubber support to
provide viscous damping of the supported plate to the ground in both the
horizontal and vertical directions. To show the damping elements clearly,
they are not drawn at right angles to each other, Each pair of horizontal
and vertical elements are connected orthogonally using a massless “ficti-
tious node.” Using “multipoint constraints” (Ref. 3) this node can be
instructed to follow the vertical motion of the horizontal element and the
horizontal motion of the vertical element. In this way the levels of damp-
ing in the two directions can be independently defined. Note that each
pair of nodes along the base and top of a given support are connected in
this way.

the horizontal and vertical directions (see Fig. 3), The size
of the horizontal damping factor b, was established using
the equation

by="2mamfy/ Qs (5)

where @, the corresponding quality factor, was chosen to
be ~ 35 as suggested by some elementary experimental tests.
These experiments suggested that the Q of the vertical
mode of each stage would be somewhat higher than of the
horizontal mode. Thus the size of the damping factor for
vertical motion, b, was calculated to give Q,~15. Note
that the vertical stiffness and viscous damping of the rub-
ber supports also determines the tilting resonant frequency
and corresponding quality factor. Further details of this
finite element model are given in Ref. 6.

Despite the approximate nature of this model it incor-
porates the essential features of each stage of the stack and
should lead to a reasonable understanding of the perfor-
mance and an indication of the cross-coupling mechanisms
which take place in multistage vibration isolation stacks.

IV. METHODS OF ANALYSIS

Eigenvalue analyses were carried out on the single and
two-stage models illustrated in Fig. 4. The horizontal to
horizontal and vertical to vertical frequency response anal-
yses for each model were carried out by driving the base
nodes of the rubber supports (see Fig. 3) sinusoidally in
the relevant direction with unit amplitude displacement at
all frequencies in the range considered. In each case the
resulting amplitudes of motion of the centers of mass of the
supported plates in the appropriate directions were ob-
served to give a value for the transmissibility at each fre-
quency. To investigate the isolation for tilting motion the
base nodes were driven with a unit vertical input at the end
nodes of the base of the rubber supports and with progres-
sively decreasing displacement towards the center of the
plate as illustrated in Fig. 5. The amplitudes of tilting mo-
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ONE - STAGE STACK MODEL

I b S

balanced rubber imbalanced rubber

TWO - STAGE STACK MODEL

TR

symmeitrically imbalance
rubber

balanced rubber

10% less stiff than W

asymmetrically
imbalanced rabber

FIG. 4. The various stack systems investigaied.

tion of the plates about their centers of mass were evalu-
ated in each case (at frequencies below the internal reso-
nances of the plates) by noting the relative vertical
displacements of the end and center nodes of the plates.

Investigations into the cross coupling of tilting ground
motion to horizontal and vertical motion of the centers of
mass of the plates were carried out using the same progres-
sive driving mechanism described above. The amplitudes
of the horizontal or vertical motion of the centers of mass
of the plates were compared to the angle of tilt at the base
of the stack to give a value for the transmissibility in units
of m/rad.

In the analysis of the remaining cross-coupling effects,
unit vertical or horizontal input at the driven base nodes
was used and the orthogonal directional components at the
center of mass nodes of the plates were noted. The ampli-
tude of tilting motion of the plates about their centers of
mass were also evaluated in each case to give the transmis-
sibility in units of rad/m.

V. EIGENVALUE ANALYSES

The one-stage stack model was constrained to move in
the x-z plane, Therefore only two of the three possible
translational degrees of freedom remained. Similarly only

unit
drive

~J¥tve
nodes at base of _/,liu

rubber supports

FIG. 5. Progressive driving mechanism for investigations of couplings of
tilting motions.
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symmetric borizontal mode 4.1Hz antisymmetric horizontal mode 10.8Hz

T T

symmetric vertical mode 8.3Hz antisymmetric vertical mode  21.7Hz
|
symmetric tilting mode 13.9Hz antisymmetric tilting mode ~ 35.6Hz
1]

FIG. 6. Modes present in the two-stage stack with balanced rubber prop-
erties. The modes occur in pairs corresponding to the oscillations inthe
two stages being in or out of phase with each other. Note that the hori-
zontal and tilting modes are not pure but are in fact weakly coupled
together, as can be seen in the figure. The step-like nature of the displace-
ments is an artifact of the plotting method used.

one rotational degree of freedom remained unconstrained,
this being tilting motion about the y axis (refer to Fig. 1).
As a consequence of these constraints the modeled stack
had only three fundamental modes of oscillation, namely,
the horizontal, vertical, and tilting modes. With rubber of
identical stiffness properties on each side of the stack the
fundamental frequencies were at f,~7 Hz, f,~ 13 Hz, and
Ji~22 Hz. (These values agreed reasonably well with those
predicted using simple theory.) The lowest internal mode
of the metal plate was at ~2 kHz.

The first six normal modes associated with the two-
stage stack having balanced rubber properties are shown in
Fig. 6. The dotted lines represent the undisturbed position
of the mesh for reference. These diagrams were generated
using the graphics package FEMVIEW.?

With a 10% reduction in the stiffness of the rubber on
one side of the stack, the computed fundamental stack
frequencies were slightly lower in value, as one would ex-
pect, and the mode shapes were asymmetrical about the y-z
plane.

A complete summary of the fundamental frequencies
- obtained for the various stack models analyzed is given in
Fig. 7.

VI. TRANSMISSIBILITY OF ONE- AND TWO-STAGE
STACKS '

The transmissibility of the one-stage stack was ana-
lyzed for a number of possible couplings. ’

(a) Vertical drive to vertical response; Horizontal drive
to horizontal response; Tilt drive to tilt response. These are
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one-stage stack

MODEL fe f fi
balanced 6.7 134 22.1
imbalanced 6.6 13.1 21.5

two-stage stack

MODEL AN AN AN ANEES

balanced 41 ] 10.8] 83} 21.7] 13.9] 356

symmetrically | 40 | 105] 8.1 | 21.1| 13.6] 347
imbal:inced

asymmetrically | 40 | 105] 81| 21.2| 13.5] 347
imbalanced .

FIG. 7. Summary of the fundamental resonant frequencies for the various
stack systems investigated. All frequencies are given in hertz. Superscripts
denote symmetric (s) or antisymmetric (a) mode. Subscripts denote hor-
izontal (4), vertical (v), or tilt (#). Imbalanced figures are for a 10%
reduction in the rubber stiffness on one side of each stage.

due to direct coupling of the displacements through the
mass/spring (plate/rubber) arrangement.

(b) Horizontal drive to tilt response; Tilt drive fo hori-
zontal response. The first type of coupling is due to the
effective torques on the supported plate (Fig. 8). One of
the torques results from the line of action of the horizontal
force exerted by the top of the rubber on the base of the
metal plate being offset vertically from the center of mass
of the plate. The other torque, acting across the top of each
rubber support results from the distortion of the rubber.

The second type of coupling is due to the geometrical
effect of the vertical offset of the center of mass of the plate
from the axis of tilt (Fig. 9).

(c) Tilt drive to vertical response; Vertical drive to tilt
response; Vertical drive to horizontal response; Horizontal
drive to vertical response. For the linear analysis used in this
work these occur only when the rubber stiffness is imbal-
anced and effectively arise due to torques exerted on the -
supported plates by the rubber pads. There are of course
tilt to vertical and horizontal to vertical cross couplings
when the rubber stiffness is balanced; these are second-

'order effects producing responses at frequencies other than

the. driving frequency, and since seismic noise has a rela-
tively small amplitude these couplings are not generally

® com
)2 ]
FIG. 8. Mechanism for the cross coupling of horizontal to tilting motion
in a one-stage stack. The plate is subject to torques which force it to rotate
about its center of mass (com). One of the torques resulis from the shear
force of the rubber acting on the metal plate being vertically offset from

the center of mass of the plate. The other torque, acting across the top of
each rubber support, results from the distortion of the rubber.

horizontal drive — —et

rubber supports
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FIG. 9. Mechanism for the cross coupling of tilt to horizontal motion in
a one-stage stack. At low frequencies the system is essentially rigid and
the center of mass (com) of the plate is driven linearly in the horizontal
direction. The larger the vertical offset the larger this effect.

significant. The results of these various analyses are shown
in Figs. 10-17, In Fig. 10, the transmissibility curve for
vertical drive to vertical response, the aluminum plate was
modeled to have a Q of 20 and the effect of the lowest plate
resonance can easily be seen. It should be noted that for the
three-dimensional stack shown in Fig. 1 the first plate res-
onance will be at a lower frequency than that of the two-
dimensional model presented here. As such plate reso-
nances compromise the isolation significantly and are liable
to appear at frequencies of interest for gravitational wave
detection it is important that they are well damped. In the
remaining two-dimensional analyses, in order to simplify
the situation it was assumed that the plates were critically
damped (Q=0.5). The effect of this damping is also
shown in Fig. 10.

The form of each transmissibility curve in Figs. 10-17
can be understood relatively easily from consideration of
the dynamics of the system. In situations where a single
resonance of the mass/rubber stage is dominant the trans-
missibility falls at approximately 12 dB per octave above
the resonance at f; up to a frequency Qf;, where Q is the
quality factor of the resonance, and at 6 dB per octave
above this frequency. Where there are two resonances in-

12dB/octave

corner
" frequency

l/

i

Transmissibility

6dB/octave

horizontal resonance

3 1 N 3 aeauad " t
. — s — X
10 10! 102 10

Frequency (Hz)

FIG. 11. Horizontal drive to horizontal response in the one-stage stack.

volved and where these resonances are effectively in series,
e.g., in going from tilt drive to horizontal response (Fig,
13), the transmissibility falls at twice this rate. In some
cases, at high frequency, the transmissibility curve flattens
out as a result of computational rounding effects discussed
more fully below.

It should be noted that certain of the couplings be-
tween directions disappear if the geometry can be arranged
to remove the vertical offsets mentioned above. However
such arrangements are potentially difficult to realize. The
magnitude of coupling in set (c) described above depends
on the magnitude of the imbalance of the stiffness of the
rubber pads. For convenience a summary table of the
transmissibility values obtained for the one-stage stack at a
frequency of 100 Hz is given in Fig. 18.

The situation with a two-stage stack is somewhat more
complicated since there are a larger number of degrees of

10!

L] R
12dB/octave
2 comner frequency
= o10lE
2
& "
g 33
23 5 Q = 20
g 102 g .
= =
= ¢
8 ‘ .
103k g ’
6dBfoctave 7} 5 - 1,,)
i 2
10.4 P al 1 " ) } SRV NN
0! 10° 10! 102 103 104
Frequency (Hz)

FIG. 10. Vertical drive to vertical response in the one-stage stack.
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FIG. 12. Horizontal drive to tilt response in the one-stage stack.
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1072 . 24dB/octave
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Transmissibility (m/rad)

" horizontal resonance
tilting resonance

107 3

i Y PERY 2 23 2o szl A1 4 2313 L2 30
10! 10° 1ot 10? 103

Frequency (Hz)

FIG. 13. Tilt drive to horizontal response in the one-stage stack.

freedom and various competing routes for the transmission
of motions exist. Consider, for example, the case of hori-
zontal response of the second plate driven by horizontal
motion of the base. The largest effect, as one would expect,
is due to the horizontal motion of the base exciting hori-
zontal motion in the first plate, which in turn excites hor-
izontal motion of the second plate. There are other effects,
however, such as horizontal base motion exciting tilt of the
first plate which leads to horizontal motion of the second
plate.

Some of the resulis for the arrangements of two-stage
stacks given in Fig. 4 are shown in Figs. 19-25, and again
these can be understood from the dynamics of the system.
In most cases the response at the first plate is similar to
that for the single stage stack and the second stage provides
extra isolation as would be intuitively expected. However

\. 12dB/octave

Transmissibility (m/rad)
%

[*]
12dB/octave 2 g
=
5| 2113
10 f ] &0
3 é g
r A
N rd
10°°F
E
=7 4y 1aal PP x I
10
107! 10° 10t 102 103

Frequency (Hz)

FIG. 14. Tilt drive to vertical response in the one-stage stack with a 10%
stiffness imbalance in the rubber springs,
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10
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10
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FIG. 15. Vertical drive to tilt response in the one-stage stack with a 10%
stiffness imbalance in the rubber springs.

there are three exceptions to this, and these result from the
dynamics involved in the transmission route which domi-
nates:

(1) Tilt to horizontal transmissibility (Fig. 21): Tilt
drive (base) to horizontal response (center of mass 2)
comes about from tilting motion (base) to tilting motion
(center of mass 1) followed by conversion to horizontal
motion at the top of mass 1 (intraplate conversion) and
then to horizontal motion (center of mass 2).

(2) Vertical to horizontal transmissibility (Fig. 24):
Vertical drive (base) to horizontal response (center of
mass 2) comes about from vertical motion (base) to tilting
motion (center of mass 1) to horizontal motion (top of
mass 1) to horizontal motion (center of mass 2).

(3) Horizontal to vertical transmissibility (Fig. 25):
Horizontal drive (base) to vertical response (center of

1072 1
103
Z2 10'45r 12dB/octave
& 10§ 5 2  18dB/octave
g 3 5
g w0k Bigil
107 2
-3
07F
1049 1 Il fersxaal 2 i
1071 10° 10! 102 103

Frequency (Hz)

FIG. 16. Vertical drive to horizontal response in the one-stage stack with
2 10% stiffness imbalance in the rubber springs.
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10
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FIG. 17. Horizontal drive to vertical response in the one-stage stack with
a 10% stiffness imbalance in the rubber springs.

mass 2) arises from horizontal motion (base) to tilting
motion (center of mass 1) to vertical motion (center of
mass 2).

Other interesting factors emerge from these analyses.
For example in the case of vertical drive (base) to hori-
zontal response (center of mass 2) the horizontal motion
at stage 1 is smaller than that at stage 2 (Fig. 24). This
arises from a balancing of the restoring forces acting at
plate 1 due to the presence of stage 2 above it. In most
cases for the two-stage system it does not matter whether
the 10% imbalance in rubber properties is symmetrical or
asymmetrical for the two stages. An exception to this is the
response of stage 1 in the case of horizontal drive (base) to
vertical response (center of mass 2). Figure 25 shows the
situation for symmetrically imbalanced rubber where there
is little dynamical balancing for stage 1. Even with the
presence of the overlying stage there remains a difference in

ouT
IN HORIZONTAL| VERTICAL TILT
HORIZONTAL ~1.6x 102 ~5.0 x 106 ~4.4 x 102 rdfpy
VERTICAL ~5.1 x 106 ~2.3 %102 ~2.3 x 1072 el fy
TILT ~2 103 s | ~12 1074 ™ ~6.4 x 102

FIG. 18. Summary of the various transmissibility values at 100 Hz for the
one-stage stack. Figures in bold are given for a 10% stiffness imbalance in
the rubber springs.
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FIG. 19. Horizontal drive to horizontal response in the two-stage stack.

the vertical stiffness at each end of plate 1. Its induced
tilting motion will therefore not be about its center of mass
and will lead to vertical movement of the center of mass,
For asymmetrically imbalanced rubber there is a dynami-
cal balancing effect on stage 1 which reduces this vertical '
movement by a large factor.

Vil. EXTENSION TO THE UNDERSTANDING OF A
FOUR-STAGE STACK

It is clearly possible to carry out the same types of
analyses for multiple stage stacks. However, in the work
described above we encountered two numerical problems.
One was due to the fact that the stiffnesses of the aluminum
and rubber are very disparate. The other problem was seen
at high frequencies where the degree of isolation is such
that the output is very small compared to the input. The
first problem manifests itself in error messages from
NASTRAN and leads to potential inaccuracies in the re-
sulis. At the suggestion of the NASTRAN vendors we did

10!
1 23
100k IR
x . 4
E . “ene,t
»t " m
g 10l 3 R
= - . « -, plated
g o L
= Wt .
= 2L o s
B 107F - .,
g 3 = *
g o = plate2
E 10'3 - .7.'" . . "
= - 1 = symmetric horizontal resonance -
= 3 2 = antisymm. horizontal resonance ",
104k 3 = symmetric tilting resonance kR
F 4 = antisymm. tilting resonance %,
-
10 -5 L 1 L .
107 10° 10! 102 19?

Frequency (Hz)
FIG. 20. Horizontal drive to tilt response in the two-stage stack.
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FIG. 21. Tilt drive to horizontal response in the two-stage stack.

pot discard results when error messages occurred, but took
care to examine the results carefully for the kind of inac-
curacies characteristic of such problems. The second prob-
lemn manifested itself as a flattening out of transmissibility
at a value of around 10 ~7 or lower. This effect was reduced
to this acceptable level by using the “direct” rather than
“modal” method of calculating transmissibilities.* How-
ever the direct method becomes very demanding in com-
puting time for models of more than two stages.
Fortunately, from considerations of the mechanisms
involved in the transmissibility of one- and two-stage
stacks, it is possible to predict relatively easily the main
features of the isolation performance of a stack with more
stages. For example, the principal transmission routes for
both the vertical and horizontal responses of a four-stage
stack are shown in Figs. 26 and 27, and the performance at
100 Hz in each case has been calculated. It is clear from
these results that by using four stages of the particular

107!
1072 [ -'-::'--4

1073 3

= plate 1

Transmissibility (m/rad)
S

1076 1 = symmetric horizontal resonance "=, '

; 2 = symmetric vertical resonance . plate 2
107k 3 = antisymm. horizontal resonance "

F 4 = symmetric tilting resonance ",
108k 5 = antisymm. vertical resonance "

3 6 = antisymm. tilting resonance "

-9 : 1 ] [

1040 10° 10! 10% 103

Frequency (Hz)

FIG. 22. Tilt drive to vertical response in the two—stage stack with a 10%
stiffness imbalance in the rubber springs.
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FIG. 23. Vertical drive to tilt response in the two-stage stack with a 10%
stiffness imbalance in the rubber springs.

design considered here, sufficient vertical isolation can be
achieved and that the horizontal isolation is much better -
than required for our particular purpose. (If there were
much less cross coupling of vertical to horizontal motion
occurring in the subsequent pendulum suspension, less ver-
tical isolation would be required and the number of stages
required in the stack could be reduced.)

We assume that the stages have the dimensions used
earlier but in order to generalize the analyses we allow the
possibility of embedding the bases of the rubber supports
into the underlying aluminum plates to control the degree
of conversion of tilting motion of the center of mass of a
plate to horizontal motion at the base of the rubber (in-
traplate conversion). The relevant variable here is a, the
vertical distance between the center of mass of a metal
plate and the level above it at which the rubber contacts
the plate. We also allow for the fact that the suspension
point of the pendulum system mounted from the stack may

107!
=y
=
=
4

-7 .

E 107 1 = symmetric horizontal resonance . "

10 2 = symmetric vertical resonance plate 1 -, "o

1 3 = antisymm. horizontal resonance ' "
w?k 4 = symmetric tilting resonance
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10710k 6 =aniisymm. tlting resonance
10 -11 1 1 1
107! 10° 10° 10? 103

Frequency (Hz)

FIG. 24. Vertical drive to horizontal response in the two-stage stack with
a 10% stiffness imbalance in the rubber springs.
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FIG. 25. Horizontal drive to vertical response in the two-stage stack with
a 10% stiffness imbalance in the rubber springs.

be displaced a vertical distance z and a horizontal distance
x from the center of mass of the top plate. It is interesting
to see that for the dimensions chosen the most important
route for the vertical motion is the simplest route, i.e., by
direct vertical coupling from stage to stage. However in the
horizontal case the simplest type of coupling up the stack is
not the most important mechanism. For the four-siage
stack studied the most important mechanism (route 2)
involves intraplate conversion, but the effect of this may be
greatly reduced by allowing the rubber springs to be em-
bedded into the underlying plates, especially near the top
of the stacks. Assuming this is done, there remains another
important transmission route for introducing horizontal
motion to the pendulum suspension point. This is direct
transmission of tilis up the stack and linear conversion to
horizontal movement by the vertical offset of the suspen-
sion point. Reduction of this coupling to a level such that
the noise introduced will be less than that introduced by

the simplest horizontal transmission route will require very
careful adjustment of the suspension point.

It is worth recalling from Fig. 8 that in a single stage
the conversion of horizontal movement into tilt comes
about from two apparently separate torques exerted on the
plate. Simple dynamical analysis shows that these are re-
lated to each other and cancel each other out to give no tilt
if the center of mass of the plate is arranged to lic on a line
passing through the midpoints of the rubber supports.'
Unfortunately simplicity of design is lost if we wish to
extend this to a multiple stage stack arrangement and cut
out horizontally driven tilts, as the center lines of the rub-
ber supports for each stage would have to be coincident.
Fortunately it would seem that it is not very important to
do this for our particular application.

VIIL. DISCUSSION

From the finite element analysis of one- and two-stage
stack systems and the extension of these findings to a four-
stage stack it is clear that the simple dynamical models
often may not be adequate as they do not account for some
potentially important routes for noise transmission. How-
ever the analyses do suggest that performance of the order
required for gravitational wave detectors should be attain-
able. Particularly high performance is achievable if care is
taken in the mounting of the rubber at stages close to the
top of the stack to reduce intraplate conversion, and if care
is taken in reducing the separation in the vertical and hor-
izontal directions of the suspension point of the pendulum
from the center of mass of the top plate.

It should be pointed out that gravity was not included
in this work. Its inclusion may affect overall static stability
and would probably have some dynamic effects, such as the
increased loading on the lower stages of the stack causing
changes of stiffness of the rubber and hence changes in the
resonant frequencies of the lower stages. However pro-
vided attention is paid to maintaining static stability, and
provided any changes in rubber stiffness are allowed for at
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FIG. 26. The main transmission routes predicted to give rise to vertical motion at the top of the four-stage stack. Horizontal, vertical, and tilting motions
are denoted by 4, v, and ¢, respectively. Round brackets indicate that the motion of the pendulum suspension point (sp) is equivalent to that of the center
of mass (com) of the top plate of the stack. Square brackets are used where cross coupling of motions occurs within a metal plate. Here x is the horizontal
offset between the pendulum suspension point and the center of mass of the top plate of the stack. We have used an offset x of 2 mm as the reference
offset since this would be a reasonable estimate of the accuracy to which the top plate center of mass and suspension point might be made coincident.
The 1 symbol in route 3 indicates that a 10% stiffness imbalance exists in the rubber springs of stage 4.
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FIG. 27. The main transmission routes predicted to give rise to horizontal motion at the top of the four-stage stack. Horizontal, vertical, and tilting
motions are denoted by 4, v, and #, respectively. Round brackets indicate that the motion of the suspension point (sp) is equivalent to that of the center
of mass (com) of the top plate of the stack. Square brackets are used where cross coupling of motions occurs within a metal plate. Here,  is the vertical
offset between the center of mass of a plate and the base level of the rubber supports for the stage above, and z is the vertical offset between the pendulum
suspension point and the center of mass of the top plate of the stack. We have used an offset z of 2 mm as the reference offset since this would be a
reasonable estimate of the accuracy to which the top plate center of mass and suspension point might be made coincident. The f symbol in route 5
indicates that a 10% stiffness imbalance exists in the rubber springs of stage 1.

the design stage, such effects are not expected to signifi-
cantly alter the findings presented above. It should also be
noted that this was not a full three-dimensional analysis.
Rotations of the stack about a vertical axis were not ac-
counted for in the finite element model: yet these could be
important for the coupling of rotational ground noise to
horizontal noise particularly if the suspension point of the
pendulum was offset in the y direction from the axis of
symmetry of the stack (Fig. 1). Also stiffness imbalance in
the rubber springs at either side of the stack in this situa-
tion could lead to more complicated transmission routes
and would justify further analysis.
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