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1 Introduction

Since continuous-time Markov chains were introduced to describe stochastic systems which undergo
abrupt changes in their parameters and structures, hybrid stochastic differential equations (SDEs) have
been widely used in engineering and science. Moreover, SDDEs are often used to investigate systems
whose evolution depends on not only the present state but also the past state [1-5]. Boundedness and
stability are two of the most basic issues in analyzing hybrid SDDEs. However, most of the papers in this
field only considered systems whose coefficients are bounded by linear functions [6-11]. Recently, some
significant results are obtained for highly nonlinear stochastic delay systems. For example, Hu et al. [12]
investigated the boundedness and stability of hybrid SDDEs without the linear growth condition. While
Hu et al. [13] studied the robust stability and boundedness of nonlinear hybrid SDDEs by the method
of M-matrix. Fei et al. [14] established delay dependent criteria for highly nonlinear hybrid SDDEs un-
der the polynomial growth condition. Moreover, Fei et al. [15] discussed structured robust stability and
boundedness under highly nonlinear condition by introducing a new Lyapunov function.

Many stochastic systems which not only depend on present and past states but also involve derivatives
with delays are modeled by neutral stochastic differential delay equations. Although, extensive literature
can be found in this area, we mention a few of them herein [16-23]. Also, many researchers have made
efforts in regard to the stability of highly nonlinear neutral stochastic systems. For example, Luo et
al. [24] established criteria for exponential stability of neutral SDEs that exhibit a time-dependent delay.
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Furthermore, Song and Shen [25] investigated stability criteria that not only covers a large class of highly
nonlinear neutral stochastic functional differential equations but also handles general stability issues.
Moreover, the stability of NSDDEs with Markov switching, also known as hybrid NSDDEs, is studied
by many researchers. For example, Kolmanovskii et al. [26] established a fundamental theory for hybrid
NSDDEs and discussed the boundedness and stability of the systems. Mao et al. [27] investigated almost
sure stability of a class hybrid NSDDEs. Furthermore, Li and Deng [28] established a criterion for general
decay rate of almost sure stability of hybrid NSDDEs with 1évy noise using Lyapunov functional and M-
matrix techniques. However, all the functions V'(x, t,7) in these references are required to have the same
degree for each ¢ € S, which may not be satisfied by hybrid NSDDEs that have different structures in
different modes. Moreover, neutral stochastic systems may not depend only on single delay. Zhao et
al. [29] provided motivation with regards to the study of stability of linear neutral systems with multiple
delays. Chen et al. [30] investigated delay dependent exponential stability of multiple time-varying
delays neutral stochastic systems. For more information on the stability of neutral systems with multiple
delays, we refer the reader to [31-33]. However, it is crucial to observe that all the multiple time delays
systems discussed in these papers are linear systems. Considering [12,24,25,28,30], herein, we extend the
linear multiple delays neutral stochastic systems to highly nonlinear hybrid NSDDEs. By applying the
Lyapunov functional technique, a sufficient condition for the stability of highly nonlinear NSDDEs with
multiple delays is established under mild conditions. In particular, mean square exponential stability is
investigated using M-matrix method.
The important features of this paper are as follows:

e In establishing the theory on the boundedness and stability of hybrid NSDDEs with highly nonlinear
coeflicients, multiple delays are taken into consideration.

e New mathematical techniques are developed to handle multiple delays NSDDEs under highly non-
linear growth condition. For example, a general Lyapunov function is introduced.

e H, stability and almost sure exponential stability are discussed.

The remaining sections of this paper are structured as follows: In Section 2, some preliminary def-
initions, assumptions and a key lemma are presented . Section 3 mainly discusses the existence and
uniqueness of solutions of highly nonlinear NSDDEs with multiple delays. Also, using the Lyapunov
functional and M-matrix methods, the boundedness and stability criteria for hybrid NSDDEs are dis-
cussed. In Section 4, three examples are given to illustrate the applicability of our results. Finally, a
conclusion is drawn in Section 5.

2 Preliminary

Let B(t) = (Bi(t),---,Ba(t))T be a d-dimensional Brownian motion defined on the probability space
(Q, F, {Ft}it>0, P), where the filtration {F,};>0 satisfies the usual conditions (i.e. it is right continuous
and Fp contains all P-null sets). Let {r(t), t > 0} be a right-continuous Markov chain on the probability
space taking values in a finite state space S = {1,2,---, N} with generator I' = (v;;)nxn. (For the
detail of I we refer the reader to [5, page 47]). With regard to what follows, we assume that the Markov
chain r(-) is independent of the Brownian motion B(-).

Let C(R™ x [—T,00); R4) denote the family of all continuous functions from R™ x [—7,00) to Ry. Let

f:R"x---xR'"xSxR, -R" and g:R"x---x R" xS xR, — R

be Borel measurable functions. Let §; : Ry — [0,7;],l = 1,--- ,m denote the variable time delay such
that &;(t) := do;(t)/dt < & < 1 for all t > 0.
Herein, we consider the following neutral hybrid NSDDE with multiple delays

d[X(t) = A(X(t = 01(2)),7(8),1)] = f(X (@), X(t = 61(2), -+, X (t = O (t)),r(t), t)dt
+g(X(t)7X(t - 61(t))’ e 7X(t - 5m(t) ,’/‘(t),t)dB(t), (1)
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on t > 0 with initial data
{X(t): —7<t<0} =€ C([-7,0;R") and 7r(0)=1ig€ S, (2)

where 7 = max{r; : I = 1,---,m}, A : R" x S x Ry — R", C([-7,0]; R") denotes the family of
continuous functions § from [—7,0] — R"™ with the norm [[{|| = sup_, << |{(s)]. We also assume that
F0, -+ ,0,4,t) = g(0,- - ,0,4,¢) = A(0,4,t) = 0.

Let C*1(R" x S x Ry; Ry) denote the family of nonnegative functions V (x,i,t) on R" x S x R, which
are continuously twice differentiable in = and once in ¢, and define an operator LV : R x --- x R™ X § X
Ry - R by

LV(I. - A(ylviat)vyla T 7ym7i7t)
= ‘/t(‘r - A(ylﬂivt)7iat) + V’E(I - A(ylaivt)7iat)f(zyylv e 7ym7i7t)

1 . . . .
+ itrace[gT(xvyla T ,ym,Z,t)sz(fﬂ - A(ylazvt)a Z,t)g(l',yl, H Ym; Z7t)]
N
+ Z'%]V(x - A(ylai7t)7j, t)a
j=1

oxq ’ ’ ox OxpOx;

where Vi(e,i,0) = P50, Vil t) = (2580, 2GR0 ) Vi) = (P50
nxn

Assumption 1. For each integer H > 1, we assume there exists a positive constant K such that
|f(x7y17 e 7ymai7t) - f(g7g17 T 7gm7iat)|2 V |g($7y1a e 7ymai7t) - g(‘fﬂgh o 7gm7i7t)‘2
m
<Eulle -2+ Iy —al*)
=1

for those x, z,y;, 41 € R™ with || V|Z| V |yi| V || < H and all (i,t) € S x R,.

Assumption 2. We assume there exist constants x; € (0,1) such that
[A(a,i,t) — A(b,i,t)| < Kila — b (3)

for all a,b € R™, and A(0,i,t) = 0. Furthermore, we assume that kK = max{x;,i =1,--- ,N}.

We now state the following lemma which plays crucial role in this paper.
Lemma 1. Define the quasi polynomial function U(x) = ap,|z|?* +---+a;|2|?, 2 € R™, where |z| is the
Euclidean norm of z, a; > 0,i=1,--- ,h—1,6, =2 Bp_1 = ---> 1 =20and ap > 0. Let 7 > 0 and § be a
differentiable function from R, — [0, 7] such that dd(t)/dt < § < 1. Assume |[A(X(t),7(t),t)| < K| X (1)),
X(t) : [-71,00) — R™ is a continuous function, and r(¢) is a Markov chain on the state space S, where
X(t)=¢&(t),t € [-7,0], 0 < k < 1. Fixing € > 0 arbitrarily, we have the following conclusions:

(i)

T €T 0 ecT T
/O eEtU(X(t—0(t)))dt < 5 /4 U(E(t))dt + . 5/0 etU(X (t))dt, YT > 0. (4)

(i)

T eT 0 T
/ (X (1) — AX (¢t — 6(1)), r(t), 1))t < / U(E))dt + C; / SU(X(1)dt, VT > 0,
0 0

1-6J_,

where C, = max{ ’;E_E; + (1 —rK)1 5, fifg +1}

Proof. For p > 0, it is easy to show that

eT T

T T
/ e IX (1 — 5(1)|Pdt < e / e==50) | X (¢ — §(1))|Pdt < =5 X (5)|Pds
0

0 R .
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ecT 0

< -
S1-6J_.

€(s)["ds +

eT T
Ny /O €5 X (s)|Pds. (5)

By the definition of U(x), we obtain

T T
/O e‘“U<X(t—<5(t)))clt=/0 e (an| X (t =67 + -+ 4 ar| X (¢ — 5(¢))|)dt

eET

0
< [ alg@ + arle(s) ™ ds +

T
5 / e (an X ()™ + -+ + ar | X (s)| 7 )ds
0

eT 0 ecT

= [ Ulel)as +

/OT e**U(X(s))ds,
establishing (i). Next, we establish the assertion (ii). For p > 1, we apply the inequality
(u+0)P < (14+@)P (uP + ' PoP) Yu,v>=0 p=1, w>0,
it is easy to see that
X () = AX(t = 8(t)),7(), )" < L+ @)P (X (O + &' PIAX (= 6(t)),r(2), )IP).
Setting @ = 7, we derive

X () = AX(t = 6(t)), (1), O < (1= k) PIX (@) + ! PIAX (= 8(8),r(1), )P

(L= R)PIX @) + 6| X (= 6(t)P, (6)

NN

which, together with (5), shows that

T

/ e UX (1) — A(X( — 6(1)), r(t), H)|Pdt < (1 — m)l—p/ X (1)|Pdt + ﬁ/ X (t — 5(8)|Pdt
0 0 0

eT 0 eT T T
< e / E(t)[Pdt + fe S/ e€t|X(t)|pdt+(1_m)1*P/ et X (t)|Pdt
- 0 0

S1-6/.
keST 0 , ket —p T o v
=15 E@Fd+[—=+ 0 —r)7] | eTX ([P dt. (7)
_ . _ 0

Noting that 0 < 1 —k < 1 and 1 — p < 0, we have (1 — x)!"? < (1 — k)1 =Pr,  Vp < By. Thus, from (7),
the following inequality holds for all 1 < p < B,

/0 e X (1) — AX(t — (b)), r(t), t)[Pdt

eT 0 kesT

Ke 1-8 g t
< I [ lewras F v 0-m o [ ex (®)

For 0 < p < 1, by the elementary inequality (u + v)P < uP 4+ vP,Vu,v > 0, we obtain

ET

T kPesT [0 KkPe T
/ e X (1) — A(X(t—6()),r(t),t)|Pdt < = / [E(@)Pdt + ( —|—1)/ et | X (t)|Pdt
0 0

1-6 /), 1-6

ecT 0 €T T
/ [€(t)|Pdt + (1 3 + 1)/0 et X (t)|Pdt.

< _
1-0/)_.

Thus, together with (8) and the definition of U(x), we see that

/T etU(X(t) — AM(X(t—6(t)),r(t),t))dt
0

B ay | X (1) — A(X (= 8(1)),r(t), 1)) dt

- / e (an| X (£) — ACX(t — 8(t)). (1), 1)
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ET 0

[ e+ a0+ C / anl X (O + -+ an | X(0) )t

eET

0
. 5/_TU(£(t))dt+CT/O U (X (1)) dt.

Hence, the proof is complete. O

Assumption 3. We assume that there exist three functions V€ C*'(R" x S x Ry;Ry), Uy, Uy € U,
as well as nonnegative constants, ai,as,¢;, where l =1,--- ,m and as > Y ;" ¢, such that

Ui(z,t) < V(z,i,t) < Us(x,t), Y(z,i,t) € R" xS x Ry, 9)

and
LV(fﬂ - A(ylaiat)7yla e 7ym7iat) < a; — GQUQ(xat) + ch(l - SZ)UQ(yl;t - 6l(t))a
=1

for all z,y1, - ,ym € R™ and (i,t) € S x Ry.

3 Boundedness and Stability

Using the notations and assumptions introduced in the previous section, we first establish the existence
and uniqueness of a solution of the system (1) in this section.

Theorem 1. Suppose Assumptions 1, 2 and 3 hold, then for any initial data given by (2), we have the
following assertions:

(i) There exists a unique global solution X (¢) to the the hybrid NSDDE (1) on t € [—7, 00).

(ii) The solution obtained in (i) has the property that

ai

S az—Z?llcz'

Proof: Since the coefficients of the hybrid NSDDE (1) are locally Lipschitz continuous, it follows that
for any given initial data (2) and ro € S arbitrarily, there exists a unique maximal local solution X (t)

lim sup — / EU5(X(s),s)ds (10)

t—o00

ont € [—7,7.) (see, e.g., [5, Theorem 7.12 on page 278]), where 7, is the explosion time. Defining
Z(t) = X(t) — AMX(t —1(t)),r(t), 1), it is easy to show that |Z(0)] < ||€]] + |A(&,7(0),0)] < (1 + #)||€]-
Let kg > 0 be a sufficiently large integer such that [|£]| < ko. For each integer k > ko, we define the
stopping time oy = inf{t € [0,7) : | X (¢)| > k} and inf § = co. Clearly, oy, is increasing as k — oo, and
Too = limg_yo0 0 < Te. Hence, the assertion (i) will follow if we can show that 5o, = 00 a.s.

By the generalized It6 formula (see, e.g., [5, Theorem 1.45 on page 48]) and Assumption 3, we obtain

EV(Z(t Nog),r(t ANog),t A og)

=V(Z(0)) + E/ Gk LV(X(s),X(s—01(5)), -, X (s — 0m(8)),7r(s),s)ds

<V(Z(0)) + art — agE/t/\gk Us(X(s),s)ds

+Y all-4 E/Mk X(s—0,(s)),s — 0(s))ds, (11)
=1

but

N

tAok 1 0 1 tACk
/0 Ua(X(s = d(s)). = 1(s))ds < = /-n Us(X(s), 5)ds + 1_&/0 Us(X(s), 5)ds.
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Thus, we have

m

tAop
EV(Z(t A ow),r(tAow) tAow) < Ky + art — (a5 — cl)E/ Us(X(s), 5)ds,
=1 0

where K7 = V(Z(0))+ >, a f_on Us(X(s),s)ds. Using the hypothesis as > >,", ¢; and Assumption
3, we have
EU(Z(t Nog),t Aog) < K1 + art.

Now, we define vy, = inf|,|>1—xyr,t>0 U1(2,t). Then, by (3), we have

| X (or) — A X (ok — 61(ok)), 7(0k), o) {0, <ty = (B — [MX (0% — 61(0k)),7(0%), 08) ) [, <t}
> (k — kX (o = 01(0k) N {o,<ty = (1 = Kkl (g, <t}

By the definition of Uy(z,t) and o, we can obtain

K1+ a1t ZE[U1(Z(t A og), t A O'k)I{akgt}]
>E[ inf >0 Ul(zat)l{akgt}} = VkP{Uk < t}

|22 (1= Rkt

Noting that v, — oo as k — co. Then, letting & — oo in the last inequality, we have that P{7. < t} =0,
which implies 7, > t a.s. Also, letting ¢t — 0o, we get that 5., = 0o a.s, which implies the assertion (i).
We now show the assertion (ii). From (11), it follows that

m

tAo
(ag — ZC[)E/ Us(X (s),s)ds < K1 + ait.
=1 0

Dividing both sides of the last inequality by as — >, ¢;, we then have

Kl alt
m m .
ag =Yy i Ay =)l C

Letting £ — oo and using the well-known Fubini theorem, we obtain

tAok
E/ Uz(X(s),s)ds <
0

/tEUQ(X(s),s)ds <M at (12)
0

Sa-Yta a-Y
Dividing both sides of inequality (12) by ¢ and letting ¢ — oo, we obtain (10). Thus, the proof is complete.
O
Next, we establish the criteria for the stability of the solution obtained in Theorem 1.
Theorem 2. Suppose Assumptions 1, 2 and 3 hold, then for any given initial data (2), the unique
global solution to equation (1) has the property that
limsup BU (X (£) = A(X (¢ = 61(6)), (1), 1), 1) < =, (13)

t—o0

where 0 < € < 1 is sufficiently small such that

m

ay —eCr — Z et >0, (14)
=1

where C,, = max{ ’;e_egll + (1 — k)1 =Pn, % + 1}. Moreover, if a; = 0, then the solution satisfies

lim sup 181X () = AX(t = 31(D), (1), ), 1)

t—o0 t

< —e  a.s, (15)
and

/OO Uz (X (¢),t)dt < 00 a.s. (16)
0
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Proof: Applying the generalized It6 formula to eV (Z(t A o), 7(t A o)), t A o), we obtain
tAok
EefMN IV (Z(t Aay),r(t Aok),t Aoy) =V (Z(0),7(0),0) + E/ ee**V(Z(s),r(s), s)ds
0
tACK
+ E/ e LV (Z(s), X (s — 1(s)), -+ , X (s — dm(9)),7(s), s)ds.
0
Also, from Assumption 3, we have

tAok
E@s(tAJk)Ul(Z(t A Uk:)) < V(Z(O),TO’ O) + €E/ eESUQ(Z(S)a S)dS + %eet
0

—azE/O Jk eﬁSUg(X(S),S)dS—FZCz(l—51)E/0Aak e Ua(X (s — 61(5)), s — di(s))ds.

=1

Noting that

tAok tAok
/ e“umxwfm@»@—ﬁmﬁMsgfﬂ/“ BN (X (s — 81(5)), s — 0y(s))ds
0 0

-
s

een 0 tAok
< 7,/ Us(X(s),s)ds + = / e U (X (), s)ds,
1- 5l -7 1- 61 0

and by Lemma 1, we obtain

tAop
BN U(Z(E A o), (EAoy)) < Ky + %est + 6C’TlE/ e U (X (), s)ds
0

m

tAok tAok
- agE/ e Uy (X (), s)ds + Z cleET’E/ e**Uy(X (), s)ds,
0 = 0

eT1

where Ky = V(Z(0),70,0) + S fi)ﬁ Us(&(s), s)ds + >0, ce™ fi)n Uz(&(s), s)ds. By condition (14)
and letting k£ — oo, we have

Emeww<m+%w, (17)

which shows that a
limsup U (X (t) — A(X(t — 61()),7(t), 1), 1) < ?1
t—o0
and
limsup EU; (X () — A(X(t — 61(1)),7(2),1),t) < oo.

0<t<oo

If @y =0, (17) yields
Eef'U(Z(t),t) < Ko, (18)

which implies that
log EU, (X (t) — A(X(t — 01(t)),7(t),1),1)

lim sup < —¢.
t—o0 t
Moreover, if a; = 0, from (12) we can then obtain that
t Kl
EUs(X(s),8)ds < ———2
| B0 s <
By letting t — oo in the last inequality, we obtain
(o) Kl
EU(X (5),8)ds < ———2 19
|| U@ s < (19)
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Furthermore, using the well-known Fubini theorem, we have

K,

az — 2;11 ca’

which implies (16). Finally, we show that (15) holds. By the generalized It6 formula (see, e.g., [5, Theorem

E/OOO Us(X(s),8)ds <

1.45 on page 48]), we have that for any ¢ > 0,
e'VI(Z(t),r(t),t) = V(Z(0),rg,0) +/O ee®*V(Z(s),r(s),s)ds
+ /0 e LV (Z(s), X (s = 61(8)), -+, X (s — 0m(8)),7(s), s)ds + M(t),

where M (t) is a local martingale with the initial value M (0) = 0. For a; = 0, by the same argument as
before, we obtain
eStUL(Z(t),t) < Ko+ M(2).

Using the nonnegative semimartingale convergence theorem (see, e.g., [8, Theorem 1.3.9 on page 14]), we
immediately obtain that
limsup ' U (Z(t),t) < 0o a.s.

t—o00

Therefore, there exists a finite positive random variable 7 such that

sup €U (Z(t),t) <5 as, (20)
0<t<oo
which implies that
logUy (Z(1),t
lim sup M < —€  a.s.

t—o00 t
Hence, the assertion (15) can be obtained. Thus, the proof is complete. O

Remark 1. It is important to note that Theorems 1 and 2 are not only applicable in handling NSDDEs
that have different parameters in different modes, but can also be applied to NSDDEs that have different
structures in different modes. This will be illustrated in Examples 1 and 2.

Remark 2. We also remark that Theorems 1 and 2 are extendable to more general class of equations
with neutral parts that include more than one delay.

Corollary 1. Suppose all the conditions of Theorem 2 hold. If there is a pair of positive constants A
and p > 1 such that

Mz|P < Ui(z,t), (x,t) € R*x Ry, (21)
then the solution satisfies

limsup E|X (¢)|P < oo.
t—o0

Moreover, if a1 = 0 and k1™ < 1, then we have

/ E|X(t)[Pdt < oo, (22)
0
log(E| X (t)P
lim sup log(E|X (#)[*) < — (23)
t—o00 t

and

log | X (t
lim sup log | X (V)] <-% as (24)
t—o0 t P
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Proof: The proof is similar to the proof of (6). We have that for any ¢ > 7,

sup E|X(s)|P < sup (1 — k1) " PE|Z(s)[P + sup w1 FE|X(s—61(s))P

0<s<t 0<s<t 0<s<t
< sup (1= k1) PEIZ(8)P + mall€]” + sup w1E|X(s)[P. (25)
0<s<t 0<s<t

Thus, we obtain

(1—#1) sup BIX(s)P < (1= r1)'"" sup B|Z(s)| + ra[I€]”-

0<s<t 0<s<t
Letting t — 0o, we have
(1—r1) sup E[X(s)]P < (1—r1)""F sup E|Z(s)| + ra €], (26)
0<s< 00 0<s<00

which, with (13) and (21), show that

limsup BIX (1) < ﬁ tim sup BUL(Z(0) 1) + 377 = s P < o
For a; = 0, using (9), (19) and (21). Therefore, we obtain
/OO E|X(t)Pdt < / EUL(X(t),t)dt < l /OO EUL(X(t),t)dt < # < o0.
0 AJo Maz =32, a)

Recalling (18) and (25) we see that for any ¢ > 0,
sup e E|X ()P < (1 — k1) 7P sup e E|Z(s)|P + k1 sup e*E|X(s — 61(s))P

0<s<t 0<s<t 0<s<t
T sup < E|X ()],
\5\
which implies .
L .
0227&665E|X(5)|p h [iiil— Fj;zn)p 1— ~ e”l el

By letting t — oo, then the assertion (23) is obtained. Employing a similar argument as (26), we have

(1 —k1) sup [X(OF < (1—r)""P sup [Z()P + raI€]]P.
0<t<oo 0<t<oco

By inequalities (20) and (21), we have
(1 — Kl)l_p K1

sup | X()IP < sup Ui(Z(t),t) +
o<t<oo| ® A1 = K1) o<t<oo 12, 1) 1-—

I€NP < 00 a.s.
1

From inequality (20), for any ¢ > 7, we have that

sup €| X (s)[P < (1 —k1)'7P sup €°|Z(s)|P + k1e®® sup |X(s—d1(s))[?
0<s<t 0<s<t 0<s<t

1— k)P
< % sup U1 (Z(s),8) + e m[[E]]P + e Ry sup €| X(s)[P
0<s<00 OSs<e0

1— kp)P
< BBy e el 4+ e sup X ()P,
0<s<t

which implies

1— 1-p ET1
sup e*°| X (s)? < <= r1) .
0<s<t M1 — K1ef) 1 — Kpem

I€]IP < o0 a.s.

Letting ¢ — oo in the last inequality yields the assertion (24). Thus, the proof is complete. O

The following criterion is very convenient for the mean square exponential stability since the main
condition is explicitly related to the coefficients f and g. Before we give the criterion, it is necessary to
make some assumptions
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Assumption 4. We assume that there is a constant ¢ > 2. Assume that there are a;; € R, and
a1, Bis, Bist € Ry, l=1,--- ,m such that

. . 1 .
(.’E _A(ylal7t))Tf(x7yl7"' aym7zat) + §|g(l’7yl> aym77/at)|2

m m
< Balx + ) Bailyi* — Biale|® + > Biarlwnl,
=1 =1

for each i € S.
Assumption 5. We assume

A = —diag(2611,- - ,28n1) - =T
is a nonsingular M-matrix, where = (Ivijlki) N x - Set
()\h"' 7)‘N)T - A_l(]-?"' 71)T7

then \; > 0 for all i € S.
Theorem 3. Let Assumptions 4 and 5 hold, and let by = min;es A;, by = max;es A, 021 = max;es{2A;Bi21+
Yjes Bilvigl N + X jes i KiviiA ) 021 = maxies{2XiBiar}, where [ = 2,--- ,m, 03 = min;e5{2X\iBis},

04 = max;es{2\;Bia}, where [ =1,--- ,m, and ¢; = max{%, ﬁ}, where [ = 1,--- ,m. Suppose

1> a, (27)
=1

then we have that

log(E| X ()[)

limsup ——————= < —¢ (28)
t—o00 t
and
log | X (¢
lim sup log | X ()] <-< as. (29)
t—o0 t 2

Proof: Let V(xz,i,t) = \;|z|?, Up(x,t) = bi|z|?, Us(z,t) = ba|z|? + bafs|x|?. Clearly,
Ul(xat) < V(xaiat) < UQ(‘T,t)'

Now, we compute LV (z,y1, "+ ,Ym,1,t). For any i € S,

. . . 1 .
LV(Z7y17"' 7ym7t77l) = 2)\1 |:(37—A(yl,l,t))Tf(l',yh"' 7ym727t)+ §|9(37;y17 7ym7l7t)‘2|i|

+ 3 Nvig(a = Ay, i, 1) (@ — Ay, i, 1))

jes

<2XBalzl” + 20 Y Baauluil® — 2XiBislxl? + 20D Biarlua]?

=1 =1
+ 2 A lel® = 2 e Ay 0 + D A Ay, i 6
jes jes jes
< [2)\1‘ B+ Y Avis+ f%‘)\jhij@ 2” + 20> Biatlul?
jeSs jeS =1

* {Z rilvig s+ Y nf%j)\j] ly2]? = 2XiBislz|” + 27 Y Biarun] -

jes JES,j#i =1
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Furthermore, by definitions of 851, 05, 03 and 64;, we have

m m
LV(Z - A(ylaiat)ayla' o 7ym7tai) < 7|QZ"2 + Ze2l|yl|2 - 93|x|q + Ze4l|yl|q
=1 =1
m

1 1 5
< _EUz(x,t) o > all—a)Us(y,t —6i(1)).
=1

Hence, the assertions (28) and (29) follow from Corollary 1. O

4 Examples

In this section, we will use three examples to illustrate our theorems. Although these examples are scalar
highly nonlinear hybrid NSDDEs with constant delays, they are fully covered our theorems.

Example 1. Consider the following scalar hybrid NSDDE

d[X () = AMX(t = 70),7(t), )] =f(X (), X (t = 71), X (t = 72),7(t), t)dt
+9(X(t*72)7r(t)at)d3(t)a (30)

where 7(t) is a Markov chain on the state space S = {1,2} with its generator
-1 1
r= :
2 -2

f('rayhy% lat) =W +yg — 6x — 6$3, f(x,yl,yg,Z,t) =W +y§ — 3z — 47:33
g(yZa lat) = g(y2727t) = 05y§a A<y17 lat) = A<y1727t) = Olyl

and the coefficients are defined as follows:

In mode 1, the system is described by the NSDDE

dX(t) —01X(t — )] = [X(t —71) + X3(t — 70) — 6X(t) — 6X3(t)]dt + 0.5X>(t — 12)dB(t),
while in mode 2 it is described by

dIX(t) —01X(t —7)] = [X(t —71) + X3(t — 7o) — 3X(t) — 4X3(t)]dt + 0.5X*(t — 72)dB(t).

It is easy to see that the two modes have the same structure but different parameters, which means that
the system only experiences abrupt changes in its parameters.
Before applying our theorem, we set 71 = 2 and 7 = 75 = 3. Let
% 4+ 2t ifi=1,
222 + 2z ifi=2.

V(z,i, t) = {

Then, we obtain

LV (x = A(yr, 1,4), 91,92, 1,) =(2(z — 0.1y1) + 4(z — 0.1y1)°) (y1 +y5 — 62 — 62°)
+(0.25 4+ 1.25(x — 0.1y1)*)ys + (x — 0.1y1)* + (z — 0.1y1)?,

and

LV (z — Ay1,2,t), 91, 42,2, 1) =(4(z — 0.1y1) + 8(x — 0.1y1)3) (y1 + v5 — 3z — 42%)
+(0.54+3(x —0.1y1)H)ys — 2(z — 0.1y1)? — 2(z — 0.1y1)*.



Mingxuan Shen, et al. Sci China Inf Sci 12

Applying the inequalities (a + b)? < (1 + p)P~1(aP + p'7PbP), here setting p = £/(1 — k) = 1/9, and
aPb'=P < Ba + (1 — B)b, we obtain

4943 y1 | + 0.4y + 4.94|x2|y|® + 0.4|y1 ||y
3.722% + 1.64y} + 2.4725 + 0.2y + 26745,

4z — 0.191)° (y1 + 3)

NN

and

(x—0.1y1)* < 1122 +0.11y7, (2 —0.1y;)* < 1.382* +0.1y;
and  (0.25+ 1.5(z — 0.1y1)?)ys < 0.562° + 0.25y5 + 0.05y5 + 1.44yS.

By the well-known Young inequality, we have

2(x — 0.1y1) (y1 + y5 — 62 — 62%) < —10.422 + 1.4y} — 10.62* + 0.35y] + 1.65y3,

—24x(x — 0.1y)% < —18.5942% + 1.818y} and — 2423 (z — 0.1y;)% < —17.98825 + 1.212y5.
Hence,
LV (z — Ay, 1,1), 41,92, 1, 1) < —14.9582° — 24.0942* — 9.32% + 1.462y% + 3.908y] + 1.51%% + 3.89y5 + 1.945.
Similarly,
LV (z — Ay1,2,t), 41,92, 2, 1) < —17.9242° — 26.3482% — 11.22% + 2.116y5 + 5.8y} + 2.38y? + 7.78yS + 3.8y3.
Therefore,

LV (z — Ay1,i,t),y1, Y2, 4, 1) < —14.9582° — 24.0942* — 9.32% + 2.116¢% + 5.68y] + 2.38y? + 7.78yS + 3.8y3
< —4.6(32° + 52 + 227) + 1.2(3y% + 5yt + 2y7) + 2.6(3yS + 5ys + 2y3).

Letting Uy (v, t) = 2% + 2% and Uy (z,t) = 222 + 52* + 325, we have Uy (x,t) < V(x,4,t) < Ua(x,t). Thus,
we have a; = 0,a2 = 4.6,¢1 = 1.2,¢co = 2.6. By Theorem 2 and Corollary 1, we conclude that the hybrid
system (30) is fourth moment exponential stable. This result is also supported by the simulation analysis
carried out (see Figure 1 below).

Figure 1: Computer simulation of the stochastic trajectories of the Markov chain and the NSDDE (30).
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Example 2. Let r(¢) be a Markov chain on the state space S = {1, 2} with generator

()
= .
10 —10
Consider the following scalar hybrid NSDDE
dX(t) = AX({t—11),r(t),t)] = F(X (), Xt —71),7(t),t)dt + g(X(t — 72),r(t), t)dB(t), (31)

where 7, = 1,79 = 2,

f(xaylalvt) = —433—4353, f(x7y172at) 2051‘7 g(yQalat) :y§7

g(y2727t) :O'5y27 A(y1717t) :A(y1727t) :Olyl
It is clear that the system has different structures in different modes. In mode 1, both f and g are highly
nonlinear functions, while in mode 2, f and g are linear functions. This shows that the system experiences
abrupt changes in its structure. Next, we will show that our theorem can be applied to systems which

have different structures in different modes.
Let

x2 ifi=1,
202 + 2t ifi=2.

Vix,i,t) = {

It is easy to show that
LV (z — A(yy, 1,8),y1,y2, 1,t) < —=5.42% — 62* + 1.3y + 0.3y? + y3,
and
LV (2 — Ay1,2,1), 41,92, 2, 1) < —6.922 — 32* 4+ y? + 1.4y} + 0.5y2 + 4.
Hence, we have

42% — 32 + 1.3y2 + 1.4y* + 0.5¢2 + ¢

LV (z — A(y1,4,t),y1,y2,4,t) < —5.
< —2.7(22% + 2%) + 14203 + i) + (203 + v3).

If we set Up(x,t) = 2% and Us(x,t) = 222 + o, then we have Uy (x,t) < V(z,i,t) < Us(z,t), a1 =
0,a2 = 2.7,¢; = 1.4 and ¢; = 1. By Theorem 2 and Corollary 1, we conclude that the NSDDE (31) is
almost sure exponential stable. The sample paths of the Markov chain and the solution of the NSDDE
(31) are plotted in Figure 2.

Example 3. In this example, we use the method of M-matrix to analysis the stability of NSDDEs. Let
r(t) be a Markov chain on the state space S = {1, 2} with its generator as

-1 1
= .
(10 —10)
Consider the following scalar hybrid NSDDE

dIX () = AX({Et—71),rt), )] =f(X(@),X({t—71), Xt —72),r(t),t)dt
+ g(X(t — 72),r(t),t)dB(t), (32)

on t > 0, where

1.
T1 :17 7_2:23 f(xaylay%]-at):yl +y§*6$*6$3, f(xaylay2727t):O'2y1+§y§74x37
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oF =
1.8 1
1.6F B
14 B
1.2k B
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o 2 a 6 8 10
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ir 4

< of 4
-1t 4

o 2 a 6 8 10

Figure 2: Computer simulation of the sample paths of the Markov chain and the NSDDE (31).

g(y%lat) = Y2, g(y2727t) = 0.5y2, A(ylalvt) :A(yl?Qvt) = 0.1y1.
We estimate as follows:
T 1 2 3 3 1,
(:C - A(yla 17t)) f(zaylayQa 17t) + §|g(xay27 17t)| = (l’ - Olyl)(yl + Ya — 6x — 6x ) + 51/2
< —5.22% + 0.7y} + 0.5y2 — 5.352% + 0.225y; + 0.825y3,
and
T 1 2 14 3 1,
(x — A(y1,2,1))" f(z,y1,92,2,1) + §|g(x,y2,2,t)| = (z —0.1y1)(0.2y; + 2%~ 4z°) + 5Y2
< 0.12% 4 0.08y% + 0.125y3 — 3.575x* + 0.1125y; + 0.4125y3.
Thus, we have

P11 = —5.2, Ba1 = 0.1, Bio1 = 0.7, Biaz = 0.5, Bao1 = 0.08, Baz2 = 0.125,
B3 = 5.35, Boz = 3.45, (141 = 0.225, L1490 = 0.825, Pog1 = 0.1125, PBoyo = 0.4125.
By Assumption 5, we derive that
11.3 —1.1 0.1008 0.0126
A= , ATl = ., A1 =0.1234 and X, = 0.2553.
—11 8.8 0.1259 0.1294
Thus, by Theorem 3 we have the following computed:
b1 = 0.1234, by = 0.2553, 31 = 0.432, 05 = 0.1234, 63 = 1.3203,
941 = 005567 942 = 0.2107, C1 = 0.432, Cy = 0.1596.

Hence, inequality (27) holds. Consequently, by Theorem 3, we conclude that the NSDDE (32) is stable,
although the second subsystem is unstable. Figure 3 illustrates the sample paths of the Markov chain

and the NSDDE (32).

5 Conclusion

In this study, we investigated boundedness and stability of highly nonlinear hybrid NSDDEs with multiple
delays without assuming linear growth condition. We also introduce a general Lyapunov function to over
come the difficulties in handling nonlinear growth conditions. Furthermore, the method of M-matrix was
utilized to analyze mean square exponential stability of NSDDEs. Our results can be applied to a larger
class of hybrid NSDDEs which may have different structures or parameters in different modes. We have

also presented three examples to demonstrate the applicability of our theorems.
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Figure 3: Computer simulation of the sample paths of the Markov chain and the NSDDE (32).
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