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Abstract

At low terminal Reynolds numbers Re = 2 − 10, there are multiple asymmet-

rical principal movement states for the sedimentation of a pair of particles in

a channel filled with a viscous fluid. The main emphasis of this work is to

investigate the formation process of these states and the effect of the natural

rotation on the process when particles are released symmetrically. The flow

field around each particle is fully resolved with an Immersed Boundary Method

(IBM) coupled with the Cascaded Lattice Boltzmann Method (CLBM). An

improved algorithm is developed to couple IBM with CLBM which can fully

exploit the Graphic Processing Unit (GPU) for parallelisation. The collision

between particles is handled with the Discrete Element Model (DEM). The ap-

proach is validated considering the sedimentation of a single particle released

asymmetrically and also the Drafting-Kissing-Tumbling (DKT) problem of two

particles.

The trajectories of particles corresponding to different principal movement

states are determined for the sedimentation of a pair of particles released sym-

metrically in a long narrow channel. By analysing the trajectories, it is found

that particles go through two distinct symmetry breaking phenomena, a sud-

den lateral migration that leads to asymmetrical movement centres, and (or) a
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divergent oscillation that leads to a zero phase lag between the fundamental fre-

quencies of oscillating particles. Since particle’s lateral movement and natural

rotation display a strong coherence of nearly 1.0 over a transitional oscillatory

period, the trajectories of particles without rotational degree-of-freedom are

then considered to determine the impacts of natural rotation on the principal

movement states. It is shown that the lateral migration can still take place even

after removing the rotational degree-of-freedom. However, the divergent oscil-

lation disappears, which makes particles move in a steady oblique or horizontal

structure and leads to a smaller terminal Reynolds number.

Keywords: Particle sedimentation, Immersed Boundary, Fully Resolved
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1. Introduction

The multi-particle sedimentation in a narrow channel filled with a viscous

fluid is a very complex problem, which involves the hydrodynamic and repulsive

forces from the walls in addition to the contact force between particles [1, 2].

The analysis of this problem requires a computational method that can capture5

the dynamics accurately. For this reason a Cascaded Lattice Boltzmann Method

(CLBM) in conjunction to Fully Resolved Simulations (FRS) of particulate flows

is adopted in this study.

The lattice Boltzmann method (LBM) has a great advantage in dealing with

large-scale simulations on parallel systems due to its simplicity and computa-10

tional locality [3]. Thus, it is very attractive to adopt the LBM as the fluid

field solver for fully resolved simulations of particulate flows and in particu-

lar, very efficient implementation on Graphical Processing Units (GPU) could

be achieved. In addition, it has been proven that the Navier-Stokes equations

can be recovered with second-order accuracy in the Chapman-Enskog expansion15

analysis [4]. Therefore, the LBM method has been used widely as an efficient
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fluid field solver for fluid-solid interaction problems [1, 3, 5–8] as an alterna-

tive to conventional Computational Fluid Dynamics techniques based on the

Navier-Stokes equations.

Several LBM schemes [3] have been proposed in the literature. However, the20

Cascaded Lattice Boltzmann Method (CLBM) of Geier et al. [9], considerably

improves the numerical stability of LB schemes while preserving the accuracy

and simplicity of LBM [10–12]. The improvement of stability results from the

removal of the “ghost modes” [10, 11] and by performing collisions in a moving

reference frame, the scheme naturally achieves a higher degree of Galilean in-25

variance [13]. Improvements have also been suggested for recovery of Galilean

invariance in lattice Boltzmann models [14, 15]

Premnath and Banerjee [13] proposed and derived source terms in the CLBM

to represent the effect of external or internal forces on the dynamics of fluid mo-

tion. However, alternative formulation to incorporate forcing term to improve30

accuracy and convergence was later proposed [16, 17]. To accelerate low-Mach

steady-state convergence, Hajabdollahi and Premnath [18] developed a simple

and efficient preconditioned formulation of the CLBM by modifying the equi-

librium moments and source moments. The CLBM has also been extended to

shallow water equations [19] and was validated against analytical and experi-35

mental cases. Geier et al. [20, 21] proposed a parametrisation of the CLBM for

fourth order accurate diffusion, which gives a good framework for high Reynolds

number problems.

For engineering applications, to consider the particle motion in the fluid, low-

fidelity modelling techniques may be used [22]. The Fully Resolved Simulations40

(FRS) on the other hand, use a high grid resolution to determine the flow

field around individual particles. Therefore, despite the high computational

costs, FRS offer an accurate framework to investigate the fundamental physical

mechanisms of fluid-particle interactions which are not achievable with any other

simulation technique. In a fully resolved approach, a fine grid is required around45

each particle to determine the flow-field and since the particles move, re-meshing

is required if a conventional body conformal grid is adopted. To overcome the
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re-meshing difficulties of complex physical domains, fixed mesh approaches are

commonly used as an alternative, see Haeri and Shrimpton [23] for a detailed

review. Several approaches exist, such as the Fictitious Domain Methods (FDM)50

[24, 25] and the Immersed Boundary Methods (IBM) [26]. In IBM, the no-slip

boundary condition is enforced by adding a body force term to the underlying

equations (the Navier-Stokes or the Lattice-Boltzmann) at predefined boundary

points. In this paper a coupled IB-CLBM approach has been implemented. The

method is similar to IB-CLBM approach proposed by De Rosis and Lévêque [27]55

who demonstrated its flexibility, stability, and accuracy using various fluid-solid

interaction problems.

In IBM it is vital to find an accurate forcing scheme to satisfy the no-slip

condition on the surface of solid particles. In this paper, the Multi Direct

Forcing Method (MDFM) proposed by Wang et al. [28] and later coupled with60

LBM by Suzuki and Inamuro [29] is employed, which improves accuracy of the

no-slip boundary condition by solving the body force iteratively. It has been

validated with experimental and theoretical results [29, 30], and was used in the

simulation of butterfly-like and dragonfly-like flapping wings [31].

In simulations involving multiple particles, a reliable collision strategy is65

also required to accurately model the transfer of kinetic energy and also to

avoid overlaps. The Discrete Element Model (DEM) is perhaps the most reli-

able approach with a sound theoretical foundation to resolve particle collision.

DEM has been applied to a wide range of problems involving particles spanning

from dry granular systems [32, 33] to particulate flows at laminar to turbulent70

regimes [34]. In the present paper a coupled DEM-IB-CLBM approach has been

developed and implemented on a single GPU and the reader is referred to Ap-

pendix A for further information regarding the speed-up and implementation

details.

The sedimentation of a pair of particles inside a narrow vertical channel75

exhibits a variety of regimes due to strong hydrodynamic interactions between

particles [1, 2, 7]. Here, the terminal Reynolds number Ret, is defined as Ret =

UtD/ν, where Ut, D and ν are the average particle's terminal velocity, the
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particle diameter and the kinematic viscosity respectively. Feng et al. [7] found

that the two particles would form an oblique doublet structure or settle with80

a repetitive Drafting-Kissing-Tumbling (DKT) motion. Aidun and Ding [1]

investigated several cases with 2 < Ret < 6 and discovered a period-doubling

state. After expanding the range of Ret to 10, Verjus et al. [2] found a quasi-

periodic state and its leading chaotic attractor. They also established a global

diagram of the terminal Reynolds number versus the non-dimensional driving85

force and indicated there could be more movement states for a larger Reynolds

number.

So far, most of the numerical studies focus on global quantities such as the

principal movement states (the final stationary state of particle motion) and

terminal settling velocities. However, the literature on the formation process90

of the principal movement states is sparse and the mechanisms are not well

understood. A pair of particles released symmetrically will experience a tran-

sition from symmetrical to asymmetrical sedimentation to form the principal

movement states. Feng et al. [7] investigated this problem by performing simu-

lations on the symmetric particle pair at Ret = 1.52 with a channel confinement95

of 8 and identified a lateral migration during the transition to an asymmetric

state. Contrary to Feng’s findings, Jayaweera and Mason [35] did not mention

this movement in their similar experiments. Therefore, further investigation

is required to pinpoint the mechanism leading to the formation of principal

movement states.100

Moreover, the Magnus force induced by particle rotation is perpendicular to

the velocity and the axis of rotation which can make a spinning particle curve

away from its principal moving path. For sedimentation in a two-dimensional

channel, where particles keep moving downward, the Magnus force induced by

a natural rotation, mainly acts on the lateral movement of particles, and could105

greatly influence their trajectories and even the principal states. In this work,

the effects of particle’s natural rotation will also be considered to further inves-

tigate the formation process of the principal movement states.

The rest of the paper is organized as follows: In Section 2 the DEM-IB-
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CLBM approach is briefly discussed and a new improved algorithm is presented.110

The DEM-IB-CLBM implementation is validated in Section 3 by considering the

sedimentation of a single particle and the DKT problem. In Section 4, the sedi-

mentation of a pair of particles released symmetrically is investigated to obtain

the particle trajectories corresponding to several typical principal movement

states. In Section 5, the formation process of these states and the effect of115

particle’s natural rotation on the process are analysed in detail and concluding

remarks are presented in Section 6.

2. Numerical Methods

2.1. Cascaded Lattice Boltzmann Method (CLBM)

In the CLMB, the fluid is described as imaginary particles, which stream

along a uniform lattice grid at the fixed reference frame and collide with each

other at the moving reference frame. The particles are modelled with a set of

distribution functions which evolve according to the following equation:

f(x + eδt, t+ δt) = f(x, t) + Ω(x, t) + Sδt, (1)

where f is the vector of the particle distribution functions representing the120

probability of finding a particle at the position x with the discrete velocity e

at the time t; Ω, S and δt are the vector of the discrete collision operators, the

vector of the discrete force terms and the time step respectively.

The nine-velocity square lattice model for two-dimensional flows (D2Q9) [36]

is used in this work. The discrete velocity set e is sketched in Fig.1,

e =

 0 1 0 −1 0 1 −1 −1 1

0 0 1 0 −1 1 1 −1 −1

 . (2)

Premnath and Banerjee [13] incorporated the force term in the central-

moment collision operators and derived analytical expressions for the discrete

forces and their moments. The collision operators are obtained from Ω = K · k,

where K is a transformation matrix and k is the vector of the moments of the
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distribution functions f , cf. [13]. The discrete forcing term S is obtained from

the body force F = (Fx, Fy) [13]. To maintain the isotropy of the stress tensor,

the kinematic shear viscosity is connected to the relaxation parameters ωα as

follows

ν = c2s(ω
−1
4,5 − 0.5), (3)

ω4 = ω5, (4)

where other relaxation parameters are set to unity, and cs is the sound speed

of the D2Q9 model, cs = 1/
√

3. The Mach number Ma = u/cs should be small

to limit the compressibility errors in the LBM, so the fluid velocity in lattice

units is keeping lower than 0.05. The macroscopic density ρ and velocities

u = (ux, uy) can be obtained by taking the zeroth and first moments of the

distribution functions as follows

ρ =

8∑
α=0

fα, (5)

ρu =

8∑
α=0

eαfα +
1

2
Fδt. (6)

2.2. Immersed boundary method

To simulate the particles in a fluid the IBM is adopted. The no-slip boundary

condition is enforced with an appropriate body force at the fluid nodes near

the solid particle boundaries. The computational domain is discretized using

a fixed Eulerian mesh and the surface of solid particles is represented by a

moving Lagrangian grid. The two grids communicate with each other through

an interpolation/distribution scheme which will be described next. The variables

in the Lagrangian frame are represented with a subscript l and the variables in

the Eulerian frame have no subscript. The fluid velocity at the Lagrangian

points xl is interpolated from the surrounding lattices using

u(xl) =
∑
x

u∗(x)Φ(x− xl)δx
2, (7)
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where δx is the lattice spacing and u∗ is the fluid velocity vector calculated as

u∗ =
1

ρ

8∑
α=0

eαfα. (8)

The discrete delta function Φ can be expressed as

Φ(x, y) =
1

δx2
φ(

x

δx
)φ(

y

δx
). (9)

Haeri and Shrimpton [23] have tested the accuracy of several different delta

functions for application to many particle systems and showed that 3 and 4-

point regularized delta functions provide a good trade-off between accuracy

and computational costs. In this paper the following 4-point regularised delta

function is used

φ(r) =


1
8 (3− 2|r|+

√
1 + 4|r| − 4r2), |r| ≤ 1

1
8 (5− 2|r| −

√
−7 + 12|r| − 4r2), 1 ≤ |r| ≤ 2

0, otherwise.

(10)

The velocity corrections to the IB points are obtained as follows

δul(xl) = (ul(xl)− u(xl))δx, (11)

and are redistributed onto the background Eulerian grid by

δu(x) =
∑
xl

δul(xl)Φ(x− xl)δs. (12)

In Eq. (12), δs is the spacing of the Lagrangian grid used to represent the solid

boundaries. The body forces on the fluid nodes Fib(x) and the IB points Fibl (xl)

can be obtained by

Fib(x) =
2ρδu(x)

δt
, (13)

and

Fibl (xl) =
2ρδul(xl)

δt
, (14)

respectively, which is commonly referred to as a Direct Forcing Method. How-125

ever, the method does not accurately satisfy the no-slip boundary conditions. To
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solve this problem, Wu and Shu [37] suggested an implicit correction. However,

there is a huge computational overhead due to required matrix inversions, which

makes it infeasible for simulations involving multiple moving particles. Suzuki

and Inamuro [29] suggested the MDFM that avoids the matrix inversion.130

However, it should be noted that the force scheme used by Suzuki and Ina-

muro [29] is substantially different from that of the CLBM scheme. The former

takes into account the body force only in the collision procedure, while the

latter uses a split-forcing model similar to the force scheme proposed by Guo

et al. [38], which also redefines the velocity to present the force density implic-135

itly. Therefore, a new MDFM algorithm is developed here to enable its efficient

coupling with the CLBM. The algorithm can be summarised as follows:

1. Set fn to f ′
n−1

, where f ′ is the post-collision distribution function;

2. Calculate ρn(x) and u∗n(x) using Eq.(5) and Eq.(8), respectively;

3. The body force to enforce the no-slip condition is then calculated through140

the following iterative scheme: (i is the loop counter and N is the maxi-

mum number of iterations allowed);

(a) Initialize the velocity corrections for the IB points with δul(xl) = 0;

(b) Start the iterative process and set i to 0;

(c) Interpolate the fluid velocity at Lagrangian points ui(xl) using Eq.(7);145

(d) Obtain the ith velocity corrections to IB points δuil(xl) from Eq.(11),

and add the corrections to δul(xl);

(e) Calculate the ith velocity corrections to fluid grids δui(x) using Eq.(12),

and add the corrections to the fluid velocity u∗n(x);

(f) Increment i and repeat (c) to (e) while i ≤ N ;150

(g) Set un(x) to u∗n(x).

(h) Compute the IB force Fibl (xl) using Eq.(14);

(i) Compute the fluid force Fib(x) using Eq.(12) and Eq.(13). Set Fn(x)

to Fib(x) to be used as the body forcing term in Eq.(1) and Eq.(6).

4. Set f ′
n

to fn + Ωn + Snδt, where Ωn and Sn are obtained from ρn(x),155

un(x), and Fn(x).
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In this new algorithm the fluid velocity un(x) is calculated cumulatively,

which saves the computational resources. This is due to the fact that if un(x)

were calculated using Eq. (6) similar to previously suggested algorithm [27],

then a copy of u∗n(x) would have to be stored before the iteration for interpo-160

lations. Considering the limited size of the GPU memory, this is particularly

important for implementation on a GPU. In addition, a similar cumulative cor-

rection scheme has been suggested by Haeri and Shrimpton [24, 39] for their

Fictitious Domain Methods in conjunction with a Finite Volume (FV) Navier-

Stokes solver.165

The number of loops N is set to 5, enough to accurately satisfy the no-slip

condition [29, 30]. The Lagrangian mesh spacing δs is chosen close to δx and

within the range of (0.5δx, δx) to avoid a fluid flux through the solid boundaries

while no unnecessary computational overhead is inflicted due to an excessively

dense meshing [40].170

The hydrodynamic force and torque acting on the particle are given by

Fh = −
∑
xl

Fibl (xl)δs+ Fin, (15)

Th = −
∑
xl

(xl −X)× Fibl (xl)δs+ Tin, (16)

where X is the coordinates of the particle centre, Fin and Tin are the force and

torque resulting from the movement of fluid inside the immersed surface. To

calculate Fin and Tin Feng’s rigid body approximation [29, 41] is used:

Fnin =
ρf
ρp
mp

Un −Un−1

δt
, (17)

Tn
in =

ρf
ρp
Ip

Ωn
c −Ωn−1

c

δt
, (18)

where ρf , ρp, mp and Ip are respectively, the fluid and particle densities, the

mass and moment of inertia of the particle. U and Ωc are the translational and

angular velocities of the particle’s centre of mass, which is then used to update

the location and velocity of the Lagrangian points on the particle surface using

rigid body dynamics, see Haeri and Shrimpton [24] for more details.175

10



2.3. Discrete Element Method

To consider particle collisions, a soft-sphere approach is used which allows

particles to overlap. The contact force is modelled as a function of the overlap-

ping thickness and the relative particle velocities.

In the present work, we resort to a linear spring-dashpot model [42], to deal

with the particle-particle and particle-wall collisions when the gap is less than a

critical value εc. The overlap length is given by δn = (Ri+Rj + εc)−|Xi−Xj |,

where R is the radius of a pair of particles i, j. The normal and tangential

contact forces are calculated from

Fcn = knδn + cnvrn, (19)

Fct =

F
old
ct + kt∆δt + ctvrt, Fct < µFcn

µFcn, Fct ≥ µFcn
(20)

where kn, kt and cn, ct, are the normal and tangential spring and damping co-

efficients, respectively. The total relative velocity between the particle surfaces

at contact point is Vr = Ui − Uj + Rin × Ωci + Rjn × Ωcj . The relative

velocity in normal direction is vrn = −Vr ·n and the relative tangential velocity

at the contact point is vrt = −n × (Vr − vrnn). The unit normal vector is

n = (Xi −Xj)/|Xi −Xj |, and the unit tangential vector is t = (−ny, nx). ∆δt

is the increment of the tangential relative surface displacement. The particle-

wall collisions are handled in the similar way, where δn = (Ri+εc)−|Xi−Xwall|,

Uwall = 0 and ωwall = 0. Then the total contact force exerted on a particle i

by other particles and walls is

Fc =

p,wall∑
(Fcnn + Fctt). (21)

In this case, we consider the collisions between particles with low relative180

velocities. Therefore, we only consider the normal forces by setting the kt = 0

and ct = 0. Several normal forcing strategies have been suggested before [25]

but the current DEM based approach is more accurate and is physically well
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defined, see Haeri [32], Haeri et al. [33] for a detailed discussion on the linear

spring-dashpot model. In the present immersed boundary method, εc is set to185

2δx [24, 25], which is equivalent to the range of adopted 4-point regularized

delta function. The normal stiffness parameter, is chosen such that the forcing

term is equivalent to the available DKT benchmark problems, see Section 3.2

for more details.

2.4. Equations of motion190

Each particle’s centre of mass is governed by the Newton’s second law of

motion: 

d2X
dt2 = Fp/mp,

d2Θ
dt2 = Tp/Ip,

dX
dt = U,

dΘ
dt = Ωc,

(22)

where Fp is the sum of the buoyancy, contact forces and hydrodynamic force

from fluid-particle interaction, Fp = (
ρf
ρp
− 1)mpg + Fc + Fh and Tp is the total

torque (Tp = Th). The angular displacement around the centre of the particle

is represented by Θ. A second order integration scheme is used to integrate the

set of Eq.(22) as follows:

Xn = 2Xn−1 −Xn−2 +
Fn−1

p

mp
δt2,

Θn = 2Θn−1 −Θn−2 +
Tn−1

p

Ip
δt2,

Un = Xn−Xn−2

2δt ,

Ωn
c = Θn−Θn−2

2δt .

(23)

3. Validation of the method

In this section, we examine the accuracy of the DEM-IB-CLBM approach

by applying the method to two benchmark problems: the sedimentation of a

single particle and the DKT of two particles.
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3.1. The sedimentation of a single particle released asymmetrically195

The DEM-IB-CLBM solver will be first validated by considering the sed-

imentation of a single particle released off the centreline in a channel. The

problem was investigated by Vasseur and Cox [43] using a singular perturbation

technique, and they found that at a low Re, the equilibrium position is at the

centreline. Hu et al. [44] performed experimental and numerical studies and200

proved for Reynolds number smaller than 350, the centreline is a global attrac-

tor, no matter how or where the particles are released. For a low Re, the results

of Feng et al. [7] agree with the aforementioned statement and will be used here

for comparison.

The long narrow channel is made up of two vertical walls separated by a fixed205

distance W = 4D. The particle diameter is set to D = 25δx and the length

of the channel is L = 50D, long enough to ensure that the particle reaches its

equilibrium location. The bounding walls are set to no-slip boundaries by ap-

plying a half bounce-back rule. A free-stream boundary condition is imposed at

the top and bottom boundaries. Fig.2 shows the flow geometry and coordinate210

system along with the initial position of the particle, and the dashed line repre-

sents the channel centreline. The particle is released from four different points

at the left-side of the channel (x/W = (0.19, 0.25, 0.31, 0.37)) with a zero initial

velocity.

The fluid density and kinematic viscosity are set to ρf = 1.0g/cm
3

and

ν = 0.01cm2/s. The particle density is ρp = 1.002ρf and the gravitational

acceleration is set to g = 980cm/s
2
. A non-dimensional driving force F , is used

as the control parameter [2] and characterizes simulations in this paper:

F =
π

4
(
ρp
ρf
− 1)

D3g

ν2
. (24)

In Fig.3, particles released from different initial positions move gradually to215

the centreline. The settling trajectories are found to match closely with the

available data [7].
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3.2. The classical Drafting-Kissing-Tumbling

The second test case is the classical DKT problem of two particles in a cavity.

The phenomenon was first reported by Fortes et al. [45] in a thin rectangular220

channel. This phenomenon happens when a pair of particles are released in a

close proximity and settle is a viscous fluid, the trailing particle will be caught

in the wake of the leading particle, which causes reduced drag and hence falls

faster than the leading one (drafting), and then particles contact with each other

(kissing), then undergo a tumbling.225

Ardekani and Rangel [46] use a distributed Lagrange multiplier-based com-

putational method for this problem, whose results are included for comparison.

The physical parameters used here are the same as those in [46]: ρf = 1.0g/cm
3
,

ρp/ρf = 1.1, g = 981cm2/s and ν = 0.08cm2/s, particle diameter D = 0.2cm.

The width and length of the computational domain are 10D and 30D, respec-230

tively. The left, right, and bottom boundaries are set as no-slip boundaries,

and the top boundary is a free-stream boundary condition. The flow geome-

try, along with the initial location of particles are displayed in Fig.4. The two

particles are located at (5D, 25D) and (5D, 26.5D) respectively. Particles are

initially displaced by 0.006D. The DEM model parameters have been set to235

kn = 2500g/s
2

and cn = 0.4g/s to yield a theoretical restitution coefficient of

r = 0.94.

Although the collision strategies and the numerical methods are different,

the linear velocity of the two particles in Fig.5 match closely with those reported

in [46]. The collision model is further validated with the fact that there is no240

rebound at a Re ≈ 9.5, see Haeri and Shrimpton [25] for a discussion. Particles

with D/δx = 15, 20, 25, 30 are simulated to investigate the effects of the com-

putational mesh on the results which show a good grid independence properties

of the results. The difference between cases D = 25δx and D = 30δx is small

and the results are converged. Therefore, 25 lattices spacing over the particle245

diameter D = 25δx is used in the following simulations to save the computa-

tional resources. The vorticity contours of the two particles during the collision

is depicted in Fig.6.
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4. The sedimentation of a pair of particles

In this section, we will simulate the sedimentation of a pair of particles250

released symmetrically in a long narrow channel to obtain the particle trajec-

tories corresponding to several typical principal states. The characteristics of

the DEM-IB-CLBM approach is analysed for the simulations of this sensitive

non-linear fluid-particle interaction problem.

4.1. Problem set-up255

The physical parameters and the boundary condition are the same as those in

Section 3.1. The channel width is still 4D with lattice spacing set to δx = D/25,

see Section 3.2. The length is extended to 1200D to permit the formation of

the principal movement states.

In the present study, various F values are obtained by changing the particle’s260

physical diameter D while keeping the other parameters (including the confine-

ment) unchanged according to Eq.(24). The origin of coordinate is moved to the

centreline, and variables are normalised using the cylinder diameter D and the

kinematic viscosity ν, according to x/D, y/D, Ur = uxD/ν, Vr = uyD/ν and

ωr = ωpD
2/ν, which are respectively the non-dimensional coordinates, transla-265

tional and angular velocities.

Initially, particles are aligned horizontally and symmetrically concerning the

centreline as shown in Fig.7 and released from rest. The symmetry suggests

that forces acting on the two particles are balanced, so the particles should fall

symmetrically. The particle released from the left side is Particle 1 and the270

other one is Particle 2.

4.2. Numerical simulations

For a pair of particles falling in a narrow channel (Ret=2-10), there are

four different principal movement states [1, 2]: steady oblique doublet, period

doubling, DKT, and quasi-periodic as shown in Fig.8. The overlap between the275

first two states is called the multi-stable stage, where particles may enter either

of the two states.

15



In Fig.8, the terminal Reynolds numbers of DKT agree well with the results

from Verjus et al. [2], and a period of the repeating DKT (F = 300) are recorded

in Fig.9. There is a discrepancy for F = 130 and F = 150 (Steady Oblique),280

F = 160 (period doubling) and F = 450 and F = 480 (quasi-periodic) regions.

The reason is existence of a diffuse boundary with a thickness greater that a

lattice in our immersed boundary method. This makes the effective diameter

larger than the intended size and hence, the channel confinement is slightly

smaller than 4 in the simulations.285

Simulations on a finer mesh with δx = D/50 are conducted here to verify

the aforementioned hypothesis. The results are presented in Fig.8, which shows

that the new simulations with δx = D/50 agree better with results reported

in [2]. It is interesting to note that as F = 150 is located at the border of

multi-stable range, and hence when a finer resolution is used, the movement290

state shifts from steady oblique doublet to period doubling state. In Fig.10, the

phase portrait of F = 480 with D = 50δx is compared with the corresponding

results in [2] illustrating an excellent agreement.

The phase portraits of F = 450 and F = 480 with D = 25δx are plotted in

Fig.11. They show similar characteristics compared to F = 480 and F = 489.5295

reported in [2], respectively. It demonstrates that a smaller confinement caused

by the boundary thickness forces the states to appear earlier than expected.

Therefore, if the problem is susceptible or there is a strict requirement for the

confinement size, the DEM-IB-CLBM approach should be used with care. The

influence of diffuse boundary could be reduced by increasing the fluid field reso-300

lution or considering an effective boundary thickness [30]. In this work, however,

we focus on the particle trajectories that correspond to the principal movement

states, which have been captured successfully with the resolutionD = 25δx, thus

the following analysis is still based on the results from particles with D = 25δx.
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5. Results and Discussions305

This section is concerned with the formation process of the principal move-

ment states based on the trajectories of particles obtained in the simulations.

The characteristics of the formation process of the principal movement states

are determined using a time-frequency analysis.

5.1. The formation process of the principal movement states310

Fig.12 shows the trajectories of particle pairs corresponding to different prin-

cipal movement states. It seems that particles experience dramatically different

trajectories to reach their principal movement states.

Fig.12a shows the motion of particles with F = 150. Applying a small initial

disturbance (which will be discussed in detail later in this section), a sudden315

lateral migration of both particles to the right wall breaks the symmetrically

moving centres and leads to a steady oblique structure. Fig.13 represents more

details of the lateral and angular velocities of the pair of particles. After being

released from Point M and N (see Fig.7), particles move symmetrically and ro-

tate with a changing angular velocity in the opposite directions. The particles320

then come to a temporary state (Points A and B in Fig.13) where the angular

and lateral velocities are nearly zero and the particles continue to settle down-

ward. Then they experience a sudden lateral migration to the right wall after

which, they settle steadily with the same terminal velocity and negative angular

velocities.325

Fig.12b and 12c show the trajectories of particle with F = 160 and F = 300,

where the particles experience a similar lateral migration to the walls. However,

different from Fig.12a, particles do not settle steadily after the migration but

begin to oscillate (divergent oscillation). The amplitude and frequency of the

oscillations are different for the two particles at F = 160 but by increasing F330

the oscillations seem to become more correlated.

Fig.12d and 12e show the trajectories of particles with F = 450 and F = 480

where only the divergent oscillation that leads to the terminal quasi-periodic
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state is observed with no lateral migration. The phase portrait of this principal

state is illustrated by Fig.11, where the motion of particles'centres are nearly335

symmetric, and oscillate asymmetrically.

In summary, the particles experience a lateral migration and(or) a divergent

oscillation, where the former leads to a steady off-centre motion and the latter

leads to asymmetric oscillations. On the way to the principal movement states,

the stable state (F = 150) only experiences the lateral migration, the quasi-340

periodic state (F = 450 and F = 480) only experiences the divergent oscillation.

The period-doubling and DKT (F = 160 and F = 300) regimes can be regarded

as transitional states where both phenomena occur.

The appearance of the lateral migration in Fig.12(a)–(c) demonstrates a

symmetrical horizontal structure is unstable for the corresponding F values. For345

example accumulation of numerical rounding errors may trigger the symmetry

breaking. To demonstrate this the case with F = 150 is considered. For the

particles released in a perfectly symmetric arrangement (without disturbance),

the particles need to travel to y ≈ 50D before they experience any lateral

migration. However, by introducing a small initial disturbance (0.01dx) to the350

vertical position of Particle 1 the lateral migration occurs earlier (at y ≈ 20D),

see Fig.12a. The particles move to the wall near Particle 1 but the size of the

lateral migration is the same as before. Conversely, by adding the disturbance

to Particle 2, the particles shift to the other side.

It seems that a disturbance in the motion of any one particle triggers the355

development of an asymmetric structure and the particles will move to the wall

near the advancing particle. In experiments, the symmetry breaking could be

triggered by any disturbance in the initial configuration. It is worth mentioning

that if no initial disturbance is introduced the migration may take a very long

time to develop and that may be the reason that a symmetric horizontal struc-360

ture is often identified as another stable state. This also explains why there is

no such a lateral migration in the similar experiments reported by Jayaweera

and Mason [35].

The particle pairs in Fig.12(b)–(e) undergo the divergent oscillation. The
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case F = 450 in Fig.12d is considered for the following analysis of the oscillatory365

motion. A time-frequency analysis is used to characterise the oscillations from

the point of release to the formation of the principal movement state. Fig.14

shows the lateral velocity of Particle 1 (F = 450) along the time steps and the

corresponding time-frequency analysis. Here, the relative frequency is normal-

ized by the initial oscillation frequency when the particles start moving (f0 = 1),370

the power spectral density (PSD) and the lateral velocity Ur are normalized by

their maximum values, respectively.

Fig.14 illustrates three main frequencies (f0, f1, and f2) appearing on the

figure. When particles are released, Particle 1 enters a single-frequency damped

oscillation; between time steps (4 − 6) × 105, two new frequencies (f1 and f2)375

develop in succession with increasing amplitudes until the principal movement

states form. The time step range (4 − 6) × 105 can be regarded as a transi-

tional period, where the initial oscillation of f0 disappears and the new steady

oscillatory motion with two new harmonics f1 and f2 appears.

Fig.14b displays the spectrograms of the initial oscillation and the terminal380

oscillation, taken from the time steps marked with arrows on Fig.14a, where

the energy of the harmonic f2 is only about 10% of that of the fundamental

frequency f1. Fig.15 gives the time-frequency coherences of the lateral and

angular velocities of the Particle 1 and 2. The phase arrows displayed in the

figure with a threshold of 0.5. The directions of the arrows present the phase385

lag of Particle 1 relative to Particle 2, here the rightward and leftwards arrows

indicate a phase lag of 0 and π respectively. A phase lag of π indicates a

symmetrical movement (around the centreline).

Fig.15 shows the analysis of particles'lateral and angular velocities. The par-

ticles initially move symmetrically with a single frequency f0 and a phase lag π.390

After the transitional period (t = (4− 6)× 105∆t), the particles move with two

frequencies f1 and f2, where the phase lag at the fundamental frequency f1 is

0 and the phase lag at the harmonic frequency f2 is π. It is clear that there is

a strong coherence of nearly 1.0 between the three frequencies. However, dur-

ing the transitional period both coherences collapse, indicating an independent395
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motion of particles.

Moreover, Fig.16 represents the coherence between the lateral and angular

velocities of Particle 1. It is shown that the phase lag between the lateral and

angular velocities of Particle 1 is nearly zero initially, then it grows gradually

to −π4 and π
4 at frequencies f1 and f2, respectively. In comparison to the weak400

coherence between the motion of the two particles during the transitional period,

there is a significant coherence between the lateral and angular velocities of the

individual particles throughout the entire settlement, see Fig.16. The change on

coherence between the lateral and rotational velocities of the particle, indicates

the effects of rotation on the appearance of divergent oscillation during the405

transitional period.

5.2. The effect of rotation

From the discussions in Section 5.1, it is clear that there is a strong co-

herence between the lateral movement and particle’s natural rotation which is

interestingly maintained during the transitional period. Therefore, the effects of410

rotation on the particle’s movement is further investigated in this section. We

will explore the effect of rotation by comparing the behaviour of particles with

and without the rotational degree-of-freedom. The trajectories of the particles

without a rotational degree-of-freedom are presented in Fig.12.

Fig. 12(a)-(c) shows that the rotation has a little influence on the occurrence415

of the lateral migration despite its impact on the particles'trajectories. Fig.13

shows that (F = 150) the particles with natural rotation have a greater lateral

velocity until they reach the temporary states at points A and B. During this

period the rotation is mostly a symmetrical upward rolling against the nearest

wall (i.e. positive for Particle 1 and negative for Particle 2), which induces a420

Magnus force pointing to the other wall. During the lateral migration to the

new equilibrium positions at Points A’ and B’, the velocity of particles with

natural rotation is still higher and they rotate in the same direction (clockwise).

After reaching Points A’ and B’, both particle pairs with and without rotational

degree-of-freedom are staggered in an oblique structure as shown in Fig.17.425
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However, despite the similar oblique structures, there is still a difference in

the tilt angles, 20.85◦ for the case with natural rotation, 15.12◦ for the case

without rotational degree-of-freedom. The reduction of the tilt angles leads to a

larger blockage, which decreases the terminal Reynolds number to about 88.36%

of that with natural rotation. Hence, we conclude that although the particle430

rotation is not the key to forming the oblique structure, it has a significant

influence on the tilt angle and the terminal Reynolds number of particles.

Fig.12(b)–(e) show the cases with a divergent oscillation. Here, after remov-

ing the natural rotation, at the initial symmetrical stage, the lateral velocity is

damped quickly as indicated in Fig.18. Then, the divergent oscillation vanishes,435

and the particles settle steadily in an oblique or a symmetric horizontal struc-

ture. The instantaneous vorticity contour of the principal movement states

(F = 300 and F = 450) at two different times are presented in Fig.19 and

Fig.20. Therefore, it is clear that particles'natural rotation plays a vital role in

the appearance of the divergent oscillation.440

The terminal Reynolds number, which usually attracts more attention in

practical applications, undergoes a dramatic change after removing the rota-

tional degree-of-freedom. Table.1 lists the values of Ret and the corresponding

principal movement states. The various states are reduced to only the steady

horizontal and oblique doublet structures for the cases without a rotational445

degree-of-freedom. In the DKT (F = 300) regime Ret is reduced to only 42.53%

of its original value, while the Ret of the quasi-periodic state shows less sensi-

tivity.

6. Conclusion

In this paper, a DEM-IB-CLBM approach is developed and used to study450

the formation process of the typical principal movement states of particle pairs,

which are released symmetrically and settled in a long narrow channel filled with

a viscous fluid. The algorithm of IB-CLBM is improved to obtain an efficient

performance particularly on the Graphic Processing Units (GPUs). The classical
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DKT of two particles in a cavity validates the DEM collision strategy for low455

to medium Reynolds number.

The trajectories of particles corresponding to different principal movement

states are calculated and the characteristics of the DEM-IB-CLBM approach

is determined for this sensitive fluid-particle problem. The trajectories of par-

ticles are analysed in detail and two distinct symmetry breaking phenomena460

are identified, i.e. a sudden lateral migration that leads to asymmetrical move-

ment centres, and a divergent oscillation that leads to an asymmetric oscillatory

motion of the particles with a zero phase lag. Further time-frequency analysis

shows a strong correlation between the particle's lateral and rotational velocities.

Therefore, the movements of particles without the rotational degree-of-freedom465

is further investigated to pinpoint the impact of rotation on the motion of the

particles. After removing the rotational degree-of-freedom, the lateral migration

can still happen but particle’s oscillation vanishes. Therefore, particles move in

a steady oblique or horizontal structure, which cause a lower terminal Reynolds

number.470

Moreover, since the fully resolved simulations are expensive in nature, the

present algorithm is implemented to fully utilise a GPU accelerator. The results

show that GPU acceleration is a promising approach to simulate a large number

of fully-resolved particles.
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Appendix A: Code acceleration on GPU

In this paper, the GPU acceleration technique is employed for the paralleli-

sation of the DEM-IB-CLBM approach. The GPU parallelisation strategy for

the CLBM evolution are frequently used during the run-time and result in a485

significant speed-up. In the CLBM part of the code, each thread deals with one

lattice so that all the lattice nodes can be updated in parallel.

For small number of particles, the movement of particle centres and treat-

ment of the collisions (DEM) take only a small part of the computation (see

Haeri and Shrimpton [25] for profiling results of a typical fully-resolved solver).490

Nonetheless, these calculations are also off-loaded to the GPU to make it easier

to extend the simulations to a large number of particles. For the DEM part

each thread deals with one “physical” particle.

The MDFM (IBM model) is the bottleneck of parallel performance since

it involves an iterative correction, interpolation and distribution operations.495

The interpolation procedure of MDFM needs to read the information of the

adjacent lattices around Lagrangian points. The distribution procedure needs

to distribute the velocity correction of a Lagrangian point to surrounding fluid

lattices, which means corrections to a lattice come from different Lagrangian

points. So there are two ways of parallel execution, the Lagrangian mesh centric500

arrangement and the Eulerian mesh centric arrangement [47]. A Lagrangian

mesh centric arrangement is adopted here for the interpolation procedure. If we

take the Eulerian mesh centric arrangement, it is quite difficult for a lattice to

find its nearby Lagrangian points efficiently due to the motion of particles. In

the Lagrangian mesh centric arrangement an atomic operation is needed to avoid505

a race condition and ensure integrity of the data, although it will undermine

the parallel efficiency. In this section the performance of the MFDM with a

Lagrangian mesh centric arrangement on GPU is compared to its sequential

counterpart on a single processor core.

For the MDFM on GPU, one thread is allocated to each Lagrangian point.510

The interpolation procedure in step 3.(c) of Section 2.2 can benefit most from
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GPU acceleration. The information of the adjacent lattices around a Lagrangian

point is read for the interpolation. A function atomicAdd double() with the

assistance of atomicCAS() (compare and swap) is used for the distribution

procedure in step 3.(e) of Section 2.2, since atomicAdd() for double-precision515

floating-point number is not available on devices with compute capability lower

than 6.0. The variances of all Lagrangian points are stored in one-dimensional

arrays to ensure the coalescing and aligned access pattern to the global mem-

ory. The code of the MFDM on CPU uses a sequential structure similar to the

Lagrangian mesh centric arrangement. The fluid field macroscopic variables like520

velocities and forces should be transferred from GPU to CPU before IBM part

and the modified velocities and forces should be copied back to GPU when IBM

part finishes.

All the simulations are performed in parallel on an Nvidia Tesla GPU K40c

(compute capability 3.5) and sequentially on a single core of CPU (Intel(R)525

Xeon(R) CPU E5-2640 v3 @ 2.60GHz) with the same computational domain.

Fig. 21 displays the ratio of the computational time consumed by the MDFM

part on GPU and its sequential counterpart on CPU to quantify the computa-

tional performance. By increasing the number of Lagrangian points, the speed-

up of the MDFM part grows quickly and exceeds 20. A maximum speed-up of530

23.7 is achieved when dealing with 9500 Lagrangian points with 64 threads per

block. it is important to note that if all the cores on the CPU were utilised us-

ing a shared memory programming strategy (OpenMP) – and even if we assume

a linear speed-up on all available 8 cores – the GPU parallel code still would

show a significant advantage over the CPU parallel code. In addition, a linear535

speed-up on the CPU is also not expected due to the similar need to deal with

a similar race condition in the GPU parallel code.

Moreover, an optimisation strategy that uses shared memory could signifi-

cantly improve efficiency by avoiding the repeated read to the device memory

in the interpolation procedure. In addition, the Lagrangian points near a lat-540

tice could be found efficiently, the atomic operations could be avoided in the

distribution procedure by using the Eulerian mesh centric arrangement when
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utilizing the great number of threads on GPU. Thus, there are still plenty of

opportunities to boost the computational efficiency and resolve a large number

of Lagrangian points with reasonable performance.545
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Table 1: The Ret of a pair of particles sedimentation

F 130 150 160 300 350 400 450 480

States
With rotation Oblique Oblique Period-d DKT DKT DKT Quasi-p Quasi-p

Without rotation Oblique Oblique Oblique Oblique Horizon Horizon Horizon Horizon

Ret
Without rotation 2.08 2.43 2.59 3.5 4.35 4.75 5.14 5.45

With rotation 2.24 2.75 4.15 8.23 9.25 10.16 5.2 5.61

Ratio(%) 92.86 88.36 62.41 42.53 47.03 46.75 98.85 97.15
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Figure 1: Lattice pattern: D2Q9
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Figure 2: Initial geometry for the sedimentation of a single particle.
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Figure 3: The settling trajectories of particles released from different initial positions, x/W =

(0.19, 0.25, 0.31, 0.37). The present results: , with F = 12 and Ret = 0.525; results from

Feng et al. [7]: , with Ret = 0.522. The centreline x/W = 0.5 is marked with a long dash

line.
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Figure 4: Initial geometry for the DKT of two particles.
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(a)

(b)

Figure 5: Linear velocity of the two particles. Leading particle and trailing particle are marked

with solid line and dashed line, respectively. Grid independence of the collision strategy is

tested, D = 15δx: dotted line; D = 20δx: dash dot line; D = 25δx: dashed line; D = 30δx:

solid line. Results from Ardekani et al. [46]: leading particle ; trailing particle .
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Figure 6: Vorticity contours at five time instants (0.40s, 0.56s, 0.72s, 0.88s, 1.04s and1.12s)

during DKT.
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Figure 7: Initial geometry for the sedimentation of a pair of particles.
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Figure 8: Global diagram: the terminal Reynolds number Ret versus the non-dimensional

driving force F and the corresponding principal movement states. The present results: ,

D = 25δx; , D = 50δx. The results from Verjus et al. [2]: .
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Figure 9: The DKT of particles (F = 300) with velocity represented by arrows.
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Figure 10: The phase portrait of F = 480. The present work with D = 50δx: ; the results

from Verjus et al. [2]: ; X1 and X2 are the non-dimensional lateral locations of Particle 1

and Particle 2, respectively.
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2

(a) (b)

Figure 11: The phase portrait of F = 450 and F = 480 of the present work with D = 25δx,

with X1 and X2 the lateral non-dimensional location of Particle 1 and Particle 2, respectively.
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(a) F = 150, oblique doublet (b) F = 160, period doubling

(c) F = 300, DKT (d) F = 450, quasi-periodic
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(e) F = 480, quasi-periodic

Figure 12: The trajectories of the particle pairs with different principal movement states, The

particles with natural rotation: (Particle 2 of F = 300: ); The particles without the

rotational degree-of-freedom: ; The particles (F = 150) without initial disturbance and

with natural rotation: ; The particles (F = 150) with an opposite disturbance and natural

rotation: ; The particles (F = 150) with an opposite disturbance and without rotational

degree-of-freedom:
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(a) Particle 1 (b) Particle 2

Figure 13: The non-dimensional lateral and angular velocity of particles with F = 150, solid

line: with rotational degree-of-freedom; dashed line: without rotational degree-of-freedom.

(Positive ωr: counter-clockwise; negative ωr: clockwise.)
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(a)

(b)

Figure 14: The time-frequency analysis to the lateral velocity of Particle 1 (F = 450) (a) The

oscillation of Ur along the time steps and the corresponding spectrogram. (b) The spectrogram

of time steps marked with arrows in Fig.14a.
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(a)

(b)

Figure 15: The coherence of the nonstationary movement of Particle 1 & 2 (F = 450) with

time and frequency variation. (a) The lateral velocities of Particle 1 & 2; (b) The angular

velocities of Particle 1 & 2.
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Figure 16: The coherence of the lateral and the angular velocities of Particle 1 (F = 450)

with frequency and time variation.
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Figure 17: The oblique doublet structure of particles (F = 150), with natural rotation: ;

without the rotational degree-of-freedom: .
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Figure 18: The damping oscillation of Particle 1 (F = 450) after released from rest, with

natural rotation: ; without the rotational degree-of-freedom: .
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(a) (b)

Figure 19: The vorticity coutour of F = 300, (a) time t1, left: with natural rotation; right:

without rotational degree-of-freedom; (b) time t2, left: with natural rotation; right: without

rotational degree-of-freedom.
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(a) (b)

Figure 20: The vorticity contour of F = 450, (a) time t1, left: with natural rotation; right:

without rotational degree-of-freedom; (b) time t2, left: with natural rotation; right: without

rotational degree-of-freedom.
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Figure 21: The speedup of performance of MDFM (IBM model) part on a GPU vs. its

sequential counterpart on a CPU processor

when dealing with different numbers of Lagrangian points.
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