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Abstract

Two particle interference phenomena, such as the Hong—Ou—Mandel (HOM) effect, are a direct
manifestation of the nature of the symmetry properties of indistinguishable particles as described
by quantum mechanics. The HOM effect has recently been applied as a tool for pure state
tomography of a single photon. In this article, we generalize the method to extract additional
information for a pure state and extend this to the full tomography of mixed states as well. The
formalism is kept general enough to apply to both boson and fermion based interferometry. Our
theoretical discussion is accompanied by two proposals of interferometric setups that allow the
measurement of a tomographically complete set of observables for single photon quantum states.
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1. Introduction

The concept of indistinguishable particles lies at the heart of
quantum mechanics and quantum statistics. Two particle inter-
ference phenomena such as the Hong—Ou-Mandel -effect
(HOM) [1] are a direct manifestation of the quantum mechanical
description of indistinguishable particles. As such two particle
interference effects provide fundamental tests of the foundations
of quantum mechanics. In recent years the HOM effect has
become a very useful tool throughout quantum optics. It has
been used for generating entangled states [2], performing Bell
state measurements [3] and testing the preparation of indis-
tinguishable photon pairs [4] amongst other things. These effects
emerge for example when two identical particles are incident on
distinct input ports of a balanced beam splitter. Two identical
bosonic particles such as photons will always leave in the same
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output port, this is known as HOM effect [1], while two identical
fermions in the same scenario always leave in distinct output
ports [5].

HOM interference for identical bosons and for identical
fermions contrasts the behavior of states symmetric and anti-
symmetric (respectively) under the exchange of entrance or exit
port mode numbers [6]. This effect can be used to interrogate
the exchange symmetry of the state of a second degree of
freedom of the particle pair [7]. This has been demonstrated for
polarization, [8] and forms the basis of partial Bell state ana-
lysis, and for the orbital angular momenta of photons [9] where
it has been used to sort the entangled state resulting from down
conversion according to the parity of the angular momenta.

A recent experiment by Chrapkiewicz et al [10] applies
HOM interference as a quantum imaging technique for a pure
single photon state. The unknown photon and a reference
photon (known entirely and under experimental control) are
interfered on a beam splitter and imaged onto a detector array.
In this case, the interrogated degree of freedom is the transverse
spatial profile of the photons. For a given pair of transverse
spatial modes, the difference in count rates between the photons
being detected in the same output port and the photons being
detected in distinct output ports provides information about the

© 2017 IOP Publishing Ltd  Printed in the UK
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relative phase of the amplitudes related by the exchange of said
transverse spatial modes. As the state of the reference photon is
known entirely this translates into obtaining information about
the relative phase between two spatial modes of the unknown
photon. The technique of Chrapkiewicz et al, which we gen-
eralize here, is in a sense complementary to the use of down-
converted photon pairs for transmission measurements [11] or
for the absolute calibration of photon counters [12, 13]. In these
it is the quantum intensity correlations between the photon pairs
that is used for accurate measurement for situations in which it
is not possible to use intense fields. The method we investigate
here depends rather on phase information imprinted on one of
the two photons and measuring this using non-classical HOM
interference to reconstruct image information imprinted on one
of the pair-photons. As with the intensity correlated schemes
[11-13], one may expect the technique to find application for
those situations in which low light-level illumination is
required.

This approach to characterizing an unknown quantum
state and its generalization presented herein differ fundamen-
tally from conventional tomographic methods [14—-17] in that
neither is the state to be reconstructed encoded in a particle
number superposition nor is the local oscillator a bright beam.
The state to be reconstructed is encoded instead in the trans-
verse spatial profile of a single particle. As the local oscillator
also contains exactly one particle this technique relies explicitly
on the intrinsically non-classical HOM interference. This is
also in contrast to techniques aimed at characterizing the
transverse spatial profile of a single particle in which a single
particle is present in the entire interferometric setup [18-21].

In this article, we provide an in-depth analysis of the ima-
ging technique applied in [10] and we generalize it by showing
that with carefully engineered loss or the inclusion of additional
degrees of freedom, such as polarization, one can gain access to
observables the measurement of which provides tomographically
complete information about mixed single particle quantum
states. We work in the second quantized formalism keeping the
analysis open enough to apply to both bosonic and fermionic
particles. Our theoretical discussion of the protocol is accom-
panied by two proposals of interferometric setups for performing
the image reconstruction for mixed single photon states.

This paper is organized as follows. In section 2 the model
of an interferometric setup for two particle interference is
presented. The technique for performing the state tomography
for pure single particle states is discussed in section 3. We
analyze the conditions for generalizing the scheme to provide a
protocol for performing the state tomography for mixed states
in section 4. In section 5 we show that these conditions can be
satisfied by proposing two interferometric setups for perform-
ing the image reconstruction for mixed single photon states.

2. Physical model

We are considering two degrees of freedom. In the schematic
model of the experiment the first degree of freedom consists
of two spatial paths that interfere in a suitable imaging
apparatus. The second degree of freedom, the one to be

imaged, is the transverse spatial profile of the particles. Note
that the underlying principle of the imaging technique dis-
cussed herein does not depend on what the two degrees of
freedom are physically. While we keep the second degree of
freedom as the transverse spatial profile throughout this text,
the role of the first degree of freedom is performed by
polarization modes in the implementation presented in
section 5.2 and by the four-mode degree of freedom formed
by the port and polarization modes in the implementation
presented in section 5.1.

The annihilation operator at input port « is denoted a,, (x)
and the annihilation operator at output port « is denoted
l;a (x), with x referring the transverse position of the particle.
We restrict our analysis to one transverse dimension for
notational simplicity, but introducing both transverse dimen-
sions represents no inherent difficulty. The corresponding
creation operators are used to describe quantum states in port
1 or 2 respectively as

)12 = @), (0)|0)1 /2, (1)

where |0); » denotes the vacuum in port 1 or 2. We can
describe the imaging system using the relation

BI(X) _ (U]] U]z)(ﬁ](x)) (2)
by (x) Uy Up)\ar(x))
=U

where the matrix U characterizes the specific properties of the
imaging system. In the absence of particle loss U is a unitary
matrix, i.e. UUT = 1. Losses can be described by introducing
additional degrees of freedom to produce an effective non-uni-
tary matrix [22]. We shall return to this in section 5. The input
state consists of a particle prepared in an unknown state in port 1
and a reference particle in port 2 characterized by normalized
transverse spatial profiles 1, (x) and 1), (x) respectively

[Yinh2 = [Yu)1 ® 1r)2 3)
with

) = j;@ dxtf, (X)) )

), = fR dxtf, (X)) )

Information is gathered about this input state by joint spatially
resolved detections at the output ports. The quantity of interest is

Do y) =li2 <¢?,’5|¢m>1,2 2, (6)

where p, ;(x, y)dxdy is the joint probability of detecting a
particle in port a between x and x + dx and of detecting a
particle in port 3 between y and y + dy. The state |1/}§:‘3 ) is the
two particle state corresponding to this detection event

[ = b, (X)l;,; (M10)12 (7)

and hence shall be referred to as the detection state. The prob-
abilities p, 5(x, y) need to be treated with some care as they
include, implicitly, the physically indistinguishable possibilities
Pg.a (Y X)- The sum of the probabilities for exclusive events
must be unity and so it is necessary to count these two con-
tributions only once. The easiest way to do this is to require that
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jjf“ﬁwdy S sy =1 )

a.Be (1,2}

Careful calculation (as shown in section 3) confirms that this is
indeed the case for the probabilities (6).

At this point the problem is to reconstruct a two-particle
state based on the detection probabilities (6). However, we
can consider the reference particle as part of the detection
mechanism so that we are left with the problem of performing
tomography on a single particle state |1,);. Formally this can
be achieved by writing the detection state in terms of the input
modes, using equation (2), and taking the overlap of the state
across the two input ports so obtained with the state of the
reference particle in single input port 2. This gives the bra
state

1<¢§,’5| = 1,2<1/1§jf|1/)r>2 9)
=200 > UﬂuU(W&,L(y)&y(X)J;€ dzip, (2)d; (2)10)2

e (1,2}

(10)
= 1{01(Un U2ty @) a1 (y) £ Un Uiy (a1 (x)),  (11)

by turning all components of the detection state in port 2 into
complex numbers and resulting in a state purely in port 1.
Thus the problem is reduced to probing the unknown state in
port 1

Do e, y) = L (WPl P

with the detection state, now also in only port 1, taking the
form

12)

[0S = USUSGI0 ) + URUZTO ). (13)
In arriving at result (11) the (anti)commutation relations
40 ()} () F @5 (1)) = bus6(x — y) (14)

have been used with the upper sign describing bosons and the
lower sign describing fermions.

3. State tomography for pure states

The resulting probability densities (12), to be used throughout
the following, are

Pas ()C, )’) = | Uﬂl UaZwr (x)/(/}u ()’) + UJ2 Ualwr (y)d]u (x) |2
= U Un2 P 19, O P 19 D P
+ U Ut P 1Yy (0P 190 (0
+ 2Re [Up Un2 UL U ()Y Y (V)]
(15)

Note that the probability density (prior to taking the modulus
squared) is composed of a linear combination of the ampli-
tudes of the position exchanged alternatives of the particle

pair each of which is multiplied by the appropriate transition
amplitudes. For a balanced beam splitter, described by [23]

U:%(i 711), (16)

the transition amplitudes (U,, Uss) in all cases have an abso-
lute value of 1/2 and the probabilities (15) take on the rather
simple form

Pap (X, y) = %Iwr(x)l/)u(y) £ DML @P. (17)

When (17) is expanded and summed over the port mode
labels the cross terms cancel as there are exactly two sets of
cross terms where o and (3 are equal and exactly two sets
where « and [ differ by 1. Hence

fjo dxf:c dy 32 Py y)

a,fel,2

= [ @[T @@ @GP + )P P)

= [ adu b [T al P =1,
()

where we have used the fact that the two input particles are
each normalized.

We see from (17) that, for bosons, the probabilities of
ending up in the same port are determined by the symmetric
combination of the position exchanged amplitudes and the
probabilities for ending up in different ports are determined
by the antisymmetric combination of the position exchanged
amplitudes. The converse is true for fermions. If we are
dealing with a reference particle with a flat profile in the
relevant region of space, i.e.

Yr(x) =c¢ (19)

then the two position exchanged two-particle amplitudes in
(17) become proportional to simply the amplitude of the
unknown particle at different spatial modes v, (y) and 1), (x)
and the joint detection probabilities provide information on
the symmetric and antisymmetric combinations of these.
By expanding (17)
_ lc |2 2 2
R,,g(-xa )’) - T(lwu(y)l + |wu(x)| )
|c?

- 1P Re [, (D) PE()] (20)

and writing the position dependent amplitude of the unknown
particle as

Yu(x) = [, ()] - ¥

with ¢ (x) representing the local phase profile, we can get
access to |1, (x)| and ¢ (x) using the relations

2D

()] = ﬁm,l(x, RENNC) 22)

(23)

(=D Pp, 5(x, y)
cos[px) —eWMI==+ > =
T serray P 1 ) [Yu ()]

for o € {1, 2} where by Do (x, x) we mean limy ., p, 5(x, y).
Using these relations, we can learn a lot about the unknown
quantum state as represented by v, (x). Of course it is not
possible to access the global phase of the state (as all states
which are identical up to a global phase are physically equiva-
lent). The only missing information is connected to the fact, that
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@ (x) — @ (y) is not uniquely determined by equation (23). For
example

(=D, 3 (x. y)
@ — 9() = cos”! | & ool [ Y
P () = @ (y) = cos l ﬁ§2}|c|2|¢u<x)|lwu<y>|]

(—1)“7617&/3()57 y)
_ )= —cos™ |+ !
e — ey cos l ﬂgzﬂcpwu ea]1K0m (y)I]

(25)

are both valid solutions of equation (23). As a consequence the
states

Pu(x) = |1, (x)] - P,
Y = [, )] - e

for example are indistinguishable by the interferometric experi-
ment described above.

Of course, the above considerations were based on the
assumption that we were using a balanced beam splitter and a
reference particle of the form ¢, (x) = ¢. However, it is possible
to prove, that a similar problem arises for all possible unitary
matrices and for all possible reference photons as described

by [¢y)2-
We can show that

UBIUGZU{}kZU(;kl € R for a, ﬁ e {1, 2},

(26)
27

(28)

for every unitary matrix U. This can be done by the relation

(Ul*l UZ*I) Ut U= 1 ( Ux
Us Uy det (U)\— Ux
Using (28) and equation (15), we find that the probability
Pa.5(x, y) only depends on the absolute value of ¢, and 1), and
the real part of v, (x) 1} (x) 1), (y)¥*() but not on its imaginary
part. Hence as long as there is no loss in the system (that is U
acting on the port and transverse spatial degrees of freedom is
unitary), we can only access Re [/, (1) (x4, (y)¢(y)] and
|1, (x)|?, which is insufficient to reconstruct the full quantum
state. For reconstructing the quantum state v, (x), we have to use
either at least two different kinds of reference particles or we
require additional information on ,(x) not accessible by the
interferometric setup described above.

- Un

Ui, ) (29)

4. State tomography for mixed states

In the previous section, we have seen that by using only one
kind of reference particle /. (x), we cannot gain full knowl-
edge of the quantum state v, (x). In this section, we show how
to overcome this restriction and how to reconstruct the full
quantum state of the unknown particle. Here, we go beyond
the assumption of the unknown particle being in a pure state
and consider mixed quantum states as well. In order to model
the corresponding physical situations, we assume that the
quantum state of the two particles at the input ports is of the
following form

pin = pu ® ﬁr’ (30)

bo ()

DeteCtOI‘ [T

110d gndjno

Detector

particle with unknown

i tput t
spatial structure output por

oporyred 90UIOL

Figure 1. Basic setup for a two particle interferometer. We assume
that the reference particle (known entirely and under experimental
control) is entering the beam splitter at input port 2 and the particle
with the unknown transverse spatial profile is entering the beam
splitter at input port 1. The output ports are imaged onto two detector
arrays and the resulting coincidence counts on the detectors are
measured. The annihilation operators at input port v are denoted
d, (x) and the annihilation operators at output port « are denoted

ba (x), with x referring to the transverse position of the particle.

with the reference particle being again prepared in the pure
state

ﬁr = |wr>2 <wr|2-

We can generalize our previous results for pure states to
mixed quantum states and obtain the following expression
describing the probability of detecting the two particles at the
output ports

€1y

a,f

Pos @ y) = (WP N. (32)

Here the detection state is of the same form (13) as in the pure
state tomography case and again the joint detection prob-
abilities are expressed in terms of states in only port 1. Hence
for the rest of section 4 we drop the index specifying states
being in port 1 in order to minimize visual clutter.

Again we consider a balanced beam splitter (figure 1) and
a reference particle with a flat profile

Pr(x) = c, (33)
so that the detection state is
[g5h o ) + (=D y). (34)
For the probability densities we obtain
e . .
DoY) = T(<x|pulx> + YY)
,_H|C|2 N
+ (=D TRCHXIPMIW]- (35)
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We can use this to extract the real part of the matrix elements
of the density matrix

1
Re[<X|ﬁu|y>] == W[Pm(x’ y) — Pip (x, y)1

1
==+ W[pz,z(x, ) = pia(x )l (36)

However, Re[ (x|p,|y)] does not suffice to reconstruct the full
quantum state p,, we require information on Im[ (x|p,|y)] as
well. This is connected to the fact that the parallelogram law
for a complex Hilbert space is given by

4(x(p,ly) = (x| + (Do, (Ix) + 1y)
— ((xl = (b2, (Ix) — 1y)
— (x| = i(yDp,(x) +ily)
+ i iy p, (Ix) —ily)). (37

However, this requires not only states |¢§,"yﬁ>1 of the form (34)
but also states of the form

[ o< ) £ (=D Fy). (38)
Unfortunately, the states described above correspond to
UnUnULUY € iR. (39)

As outlined in the previous section for a unitary matrix U, the
above quantity is always real which is in contradiction to the
condition (39). Hence, we have to go beyond unitary matrices
U in order to get access to Im[(x|p,|y)]. We can do that by
implementing loss or by including an additional degree of
freedom, such as polarization.

5. Photonic implementation of mixed state
tomography

In the previous section, we found that in order to get full
information on the quantum state of the unknown particle, we
have to go beyond unitary matrices U. In this section, we show
how this can be achieved in the case of photons. However,
similar considerations also apply to other types of bosonic or
fermionic particles. We present two methods by which to
obtain a non-unitary matrix U, which we describe in the fol-
lowing subsections.

5.1. Implementation using an additional degree of freedom

In this subsection, we explore the possibility of imple-
menting a non unitary matrix U by including an additional
degree of freedom, such as polarization and performing a
suitable post-selection. In the following, we assume that the
photons at one of the input ports of the beam splitter are
prepared in a state of circular polarization and at the other
input port the photons are prepared in a state of diagonal
polarization while detection at the output ports of the

ar-(x)

/

Figure 2. Interferometric setup for performing the mixed state
tomography of the photon with the unknown transverse spatial
profile by using polarization as additional degree of freedom. In the
following we assume that the reference photon at input port 1 is
clockwise circularly polarized and that the unknown photon at input
port 2 is linearly polarized but with a polarization axis which is tilted
by 45° with respect to horizontal axis. The polarization filters at the
output ports allow us to select and measure observables from a
tomographically complete set of observables.

beam splitter happens in the horizontal-vertical basis. The
corresponding setup is depicted in figure 2. In order to
describe the new setup and include the polarization of the
photons we have to extend the matrix to a 4 X 4 matrix

bin(x)

’ 1o 1 0)\[anw
lzw(X) _1llo1r o 1 illv(x) (40)
bop (x) \/E 10-10 oy (x)
l;zv(x) 01 0 —1 sy (x)
=Uss

with the indices i and v referring to the horizontal and
vertical polarizations at the input ports. In the following we
assume that the unknown photon at input port 1 is clockwise
circularly polarized and that the reference photon at input
port 2 is linearly polarized but with a polarization axis which
is tilted by 45° with respect to horizontal axis. We take this
into account, by defining a new set of input modes. The
corresponding annihilation operators are connected to the
annihilation operators of the horizOntally and vertically
polarized modes by the relation

ayp (x) 1 10 o0 )\(fde &
av@|_ 1 |-ii0 0 ||do®
dop (%) 210 01 1 ||ax (41)
any (x) 0 01 = \am ()

:UBasis
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beam splitter
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Figure 3. Interferometric setup for performing the mixed state
tomography of the photon with the unknown transverse spatial
profile by carefully engineering loss in the system. Note that here
both the unknown and reference photons enter in the same port but
different polarization modes. The loss in the system can be tuned by
varying the orientation of the Brewster window. The Brewster
window allows us to choose different loss rates for two orthogonal
polarizations.

Hence we obtain

l;lh(x) é]o (X)
b v(x die (x)
N 1 Uss - Ugasis Aw( , (42)
boy()| T g sz (x)
b2y (x) Gon0)
with
1 1 1 1
=i 1
Ue = 211 1 1 1 “43)
-ii—-11
By using our initial condition, we can identify
le\u (x) = CEIO (x) (44)
ar(x) = azx(x).

Furthermore, we assume that the modes associated to dc (x)
and 4,x (x) are in the vacuum state. For one set of prob-
ability densities we obtain

|c* . .
E( u<x|pu|x>u + u<y|pu|y>u
+ 2Re[ 4 (x[D,|¥)u]).

2
C ~ ~
Punan (5 ) =165 1é Calrlpde + V1D Y)e

— 2Re[ ,(x[p, 1)),

2
C ~ A
Pinay (X, ¥) = leP 1é CulXlpu) 4+ 1Dy )u

+ 2Im[ 4 (X[, |)u D),

2
C ~ ~
i Gy = 11 1é Calalphe + wO1BY)e

- 2Im[ u <x|f?u|)’>u])

There are three more such sets of probability densities.
These can be obtained by I) replacing & with v and vice versa
1) replacing 1 with 2 and vice versa and III) joint application

Pin,in (x, y)=
(45)

(46)

(47)

(48)

of 1) and 1). These however contain exactly the same
tomographic information as the set written out explicitly
above. If the polarization measurements at each output of the
beam splitter are done with a polarizing beam splitter with a
detector at each of its outputs then one has access to all four
of the above output probability densities. In this case one
can combine them rather straightforwardly to obtain an
expression for the matrix element
[~
e WX = Pran s ¥) = Prjon (6, ¥)

- iplh,lv(X, )+ ip]h,zv x,y). (49)

If, however, for some reason one can only do the polariza-
tion measurements with a polarizer and a detector at each of
the outputs of the beam splitter then access to the last
probability density is not possible. Even in this case com-
plete tomography is possible as the first three relations
already provide enough information for the reconstruction of
the density matrix element

2
C N . .
L a1l = (1 = Py G ) = (0 Dy, 5 9)

+ 2ipy 0, (3, Y). (50)

5.2. Implementation using loss

The second possibility to reconstruct the quantum state, is to
introduce losses to the system, which are described by a
suitable non unitary matrix U. This possibility is explored in
this subsection. In order to obtain a suitable matrix U the
losses introduced to the system have to be engineered care-
fully. A possible implementation is depicted in figure 3. In the
following, we choose the basis element e; to represent the
horizontal polarization and e, for the vertical polarization. A
rotation is described by the following matrix

Urot (9) = ( CO.S 0 sin 0) oy
—sinf cos 6
the \/4-plate is modeled by the matrix
_ (10
Ua = (O i) (52)

and the Brewster window [23] is represented by the non-

unitary matrix
10
U =

with 7 being the damping factor of the vertical polarized
component of the beam. In order to get full information on the
quantum state we will see, that 0 < n < 1. The damping
factor 7 can be tuned by varying the angle of the Brewster
window. The setup in figure 3 is described by

(53)

Un () Uiy = ((1) 37) (54)

By choosing d;(x) and d,(x) to represent the annihilation
operators of the input modes with respect to the polarizations
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as depicted in figure 3 and l;l(x) and 152 (x) to be the output
ports of the beam splitter, we obtain

ap(x)
as (x)

[bl(X)] = Urot (m/H) U (7)) Up /4 U’O‘(W/AD( ) >

by (x)
For 7 = /2 — 1 we obtain
U = Uit (m/3) Ug () Urja Ut (—7/4)

%i(ﬁJr(li))(. 1 s (i—l)/«/i).
G—1)/V2 1 56

As it turns out, the above matrix satisfies condition (39) and
allows us to get access to Im [1(x[p,|y)1]-

By rotating the A/4-plate or by changing 7 of the
Brewster window, we can measure a complete set of obser-
vables for performing the state tomography. For example, by
removing the Brewster window or choosing an angle such
that 7 = 1 we recover the lossless case obtaining

U = Uy (/4 Us (1) Us 3 Uy (—/4) = 1%(} ;)

(57)

This U indeed satisfies (28) and thus allows us to get access
to Re[1{x|p,Jyh]. By combining the information on
Re [ (x|p,l¥)1] and Im [ (x|p,|y)1], we can reconstruct the full
density matrix p,.

6. Conclusion

In summary, we have analyzed the application of two particle
interference as a tool for single particle tomography. We
focused in particular on the transverse spatial profile of single
particles. By using two particle interference, we have char-
acterized the amplitude as well as the local phase variations of
single particle states. Retrieving local phase variations of
single particle states constitutes a challenging task, as the
global phase of single particle states is undefined. Tomo-
graphic methods based on two particle interference, help to
overcome this obstacle and allow us to extract full informa-
tion about the local phase variations.

Our theoretical discussion is based on the framework of
second quantization. This enabled us to develop protocols for
the tomography of bosonic or fermionic particles. Hence, our
protocols can be used to perform single particle tomography
on bosonic particles such as photons and bosonic atoms
[24, 25] as well as fermionic particles such as neutrons and
fermionic atoms. This allowed us to go beyond the imaging
technique applied in [10] for reconstructing the phase profile
of a pure single photon state. Furthermore, we have gen-
eralized the method to the tomography of mixed states. We
have shown that by carefully engineering loss or taking
additional degrees of freedom into account our method can be
used to gain access to observables whose measurements
provide tomographically complete information about mixed
single particle quantum states.

In addition to our theoretical discussion, we have
developed two proposals of interferometric setups for per-
forming the tomography of the transverse spatial profile of
mixed single photon states. However, similar considerations
can also be applied to other types of indistinguishable parti-
cles such as bosonic or fermionic atoms or neutrons.
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