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Abstract

In this paper, we are concerned with the asymptotic properties and numerical anal-
ysis of the solution to hybrid stochastic differential equations with jumps. Applying the
theory of M-matrices, we will study the pth moment asymptotic boundedness and stabil-
ity of the solution. Under the non-linear growth condition, we also show the convergence
in probability of the Euler-Maruyama approximate solution to the true solution. Finally,

some examples are provided to illustrate our new results.
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1 Introduction

Stochastic differential equations (SDEs) driven by jump type noises such as Levy jump have
become extremely popular for modelling financial, physical and biological phenomena. In
some circumstances, purely Brownian motion perturbation has its imperfections in capturing
some large moves and unpredictable events. Levy-type perturbations come to the stage to
reproduce the performance of those natural phenomena in some real world models. Hence,
stochastic jump-diffusion systems have been studied intensively by many scholars (see, e.g.,
[1,2,3,6,9, 12, 18, 27, 28, 30, 32, 45]).

When these systems experience abrupt changes in their structure and parameters, con-
tinuous time Markov chains have been used to form hybrid SDEs with jumps

dx(t) = f(x(t_)w(t))dt+g(m(t_),r(t))dw(t)+/h(m(t‘),r(t),v)N(dt,dv), (1.1)

z
on t > 0, where the Poisson random measures N(dt,dv) is generated by a Poisson point
processes p(t), w(t) is a Brownian motion and r(¢) is a Markov chain taking values in S =
{1,2,..., N} (see section 2 for more details). In recent years, hybrid SDEs with jumps have
been received a great deal of attention. In particular, the study of stability problem regarding
equation (1.1) has become an increasing interest (see, e.g., [15, 36, 37, 38, 40, 41, 42, 44]).
However, in all of these existing papers, the coefficients of equation (1.1) are required to
satisfy the local Lipschitz condition and the linear growth condition. However, the linear
growth condition is often not met in many practical applications. For instance, we consider
the nonlinear hybrid SDEs with pure jumps (5.9) in section 5, the coefficients of equation
(5.9) do not satisfy linear growth condition. Therefore, it is very important to establish the

stability theory of hybrid SDEs with jumps (1.1) under some weak conditions.

For the past few decades, many authors have devoted themselves to finding the alterna-
tive conditions to replace the linear growth condition for hybrid SDEs driven by Brownian
motions. By using the method of Lyapunov functions, a lot of important stability results
(see, e.g., [10, 14, 21, 22, 23, 24, 25, 31, 35]) have been obtained under the Khasminskii-type
conditions. Meantime, in order to avoid constructing Lyapunov functions, some people stud-
ied the stochastic stability and stabilization of SDEs under the polynomial growth condition,
(see, e.g., [11, 16, 33, 34, 43, 46]). However, under the polynomial growth condition, there
is no literature concerned with the boundedness and stability of the solution to hybrid SDEs
with jumps. In this paper, we will establish new moment boundedness and stability criteria
for hybrid SDEs with jumps using the theory of M-matrices. Our new results show that we
can examine the p-th moment asymptotic boundedness and stability of equation (1.1) without

designing the Lyapunov function.

On the other hand, most of SDEs with jumps cannot be solved explicitly. Numerical
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approximation is an important tool in studying these equations. The classical convergence
theory for numerical methods to SDEs with jumps requires the coefficients of the equations to
satisfy the Lipschitz condition and the linear growth condition, (see, e.g., [5, 6, 7, 8, 9, 18]).
However, as pointed out before, these conditions are somehow restrictive. Therefore, we want
to know whether or not numerical solution to jump-diffusion SDEs with Markovian switching
will converge to the solution under non-linear growth condition. The convergence we are
concerned in this paper is the convergence in probability. In 2000, Marion et al. [19] made a
first attempt to study the convergence in probability of the solution to a class of SDEs and
they proved that the Euler-Maruyama (EM) approximate solution converges to the solution
of SDEs in probability without the linear growth condition. Next, Mao [26] extended the
convergence theory of [19] to the case of stochastic delay differential equations (SDDEs). Li et
al. [17] and Yuan et al. [39] established the convergence in probability of the EM approximate
solution to the solution of SDDEs with Markovian switching under the Khasminskii-type
conditions. While Milosevic [20] showed the convergence in probability of the EM solution for
a class of highly nonlinear pantograph stochastic differential equations under the nonlinear
growth conditions. However, there is little known on the convergence of numerical solution in
probability for hybrid SDEs with jumps under nonlinear growth condition. This work aims
to fill this gap. Under the local Lipschitz condition and non-linear growth condition, we will

investigate the convergence in probability of the EM approximate solution to the solution.

The rest of the paper is organized as follows. In Section 2, we introduce some notation
and hypotheses and establish the existence and uniqueness of solutions to equation (1.1).
In Section 3, we prove that equation (1.1) is asymptotically bounded in the pth moment
and ultimately bounded with large probability, meanwhile, we show that equation (1.1) is
asymptotically stable in the pth moment under the nonlinear growth condition. In Section
4, we show the convergence in probability of the numerical schemes (4.2) to equation (1.1)
under non-linear growth condition. Finally, we give some examples to illustrate the theory in

Section 5.

2 Preliminaries and the global solution

Throughout this paper, unless otherwise specified, we let (£2, F, P) be a complete probability
space with a filtration {F;};>¢ satisfying the usual conditions (i.e., it is increasing and right
continuous while Fy contains all P-null sets). Let w(t) = (wi(t), - ,wn(t))’ be an m-
dimensional Brownian motion defined on the probability space (§2, F,P). Let |- | be the
Euclidean norm in R". If A is a vector or matrix, its transpose is denoted by A?. If A is a

matrix, its trace norm is denoted by |A| = /trace(AT A) while its operator norm is denoted
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by |[A|| = sup{|Az| : [z] = 1}.
Let {p = p(t),t > 0} be a stationary Fi-adapted and R"-valued Poisson point process.
Then, for Z € B(R™ — {0}), such that 0 ¢ the closure of Z, we define the Poisson counting

measure N associated with p by

N(0.4] x 2) = #{0 < s < t,p(s) € 2} = 3 I(B(s)),

to<s<t

where # denotes the cardinality of set {.}. For simplicity, we denote N (¢, 7) := N((0,t] x Z).

It is known (see, e.g., [1]) that there exists a o-finite Lévy measure 7 on R" — {0} such that

cap(—tn(Z))(m(2)t)"

n!

E[N(t,Z)] = n(Z)t, P(N(t.Z)=n) =

Moreover, by Doob-Meyer’s decomposition theorem, there exists a unique {F;}-adapted mar-

tingale N(t, Z) and a unique {F,}-adapted natural increasing process N (¢, Z) such that
N(t,Z)=N(t,Z) + N(t, Z), t>0.

Here N(t, Z) is called the compensated Poisson random measure and N (¢, Z) = n(Z)t is called

the compensator. For more details on the Poisson point process and Lévy jumps, see [1, 30].

Let r(t),t > 0 be a right-continuous Markov chain on the probability space (2, F, P)
taking values in a finite state space S = {1,2... N} with generator I' = (7;;) nxn given by:

YijA +o(A), if i# 7],
L+ 7y;;A+0(A), if i=].

Pr(t+A)=j4|rt) =1i) =

where A > 0. Here «;; > 0 is the transition rate from ¢ to j, 7 # j, While v;; = — Z#i Vij-
As a standing hypothesis, we assume that the Markov chain 7(¢) is irreducible. Under this
condition, r(t) has a unique stationary distribution # = (71, 7o, -+ ,7n) € RN satisfying
the following linear equation 71" = 0 subject to Zfil = 1and 7; >0,V ie S We assume

that the Markov chain r(.) is independent of the Brownian motion w(.) and Poisson random

measures N(., 7).

Let us consider the nonlinear hybrid SDE with jumps

de(t) = f(x(t™),r(t))dt + g(x(t™),r(t))dw(t) + /Zh(x(t), r(t),v)N(dt,dv) (2.1)
on ¢t > 0, with initial data z(0) = zo € R" and r(0) = ry € S, where x(t™) = limy z(s),

f:R"xXS—=R"' ¢g:R'"XS—R"Y" and h:R"xSxZ— R"
In this paper, the following hypotheses are imposed on the coefficients f, g, and h.

4
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Assumption 2.1 Let p > 2. For each integer d > 0, there exists a positive constant kg such
that

and
[ Ihtaivo) = g, o) e(a) < ke - P
z
for alli € S and those x,y € R™ with |x| V |y| < d.

Assumption 2.2 There exist real number av; and positive constants ag;, as;, B (1 =0,1,2),
v (7 =1,2) as well as bounded functions h;(-) (i € S) such that

. —1 .
x' f(x,i) + pT|9($7Z)|2 < ag; + ogglw]? — aglz[

and
|z + h(x,7,0)[> < hi(v)(Boi + Bral]? + Bala[27?)
foranyx € R*, 1€ S andv € Z.
Let C(R" x S; Ry) denote the family of continuous functions from R™ x S to R,. We will
also denote by C*!(R" x S; R, ) the family of all continuous non-negative functions V(z,1)

defined on R"™ x S such that for each ¢ € S, they are continuously twice differentiable in x.
Given V € C*Y(R" x S; R, ), we define the function LV : R" x S — R by

LV (x,i) = Vi(x,i)f(z,i) + %trace[gT(x, i) Vew(x, 1) (2, 7)]
+ /Z[V(x + h(x,i,v),i) — V(x,i)|r(dv) + Z vV (2, §), (2.2)

where V(i) OV(ni) PV (xi)
Valad) = (g g ) Vanlend) = (Tpge).
Theorem 2.3 Let Assumptions 2.1 and 2.2 hold. Assume also that one of the following
conditions holds:
(a) 1 > 0.5pys;
(b) 71 = 0.5pye and pag; > C’pﬁm for alli € S, where C? = fZ NP2 (dv) <

Then for any given initial data xo and ro, there exists a unique global solution z(t) to equation
(2.1) such that x(t) € LP for all t > 0.
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Corollary 2.4 Let Assumptions 2.1 and 2.2 hold. Assume also that one of the following

conditions holds:

(a) 1> 72;

(b) v1 =2 and 209; > Cify; for alli € S, where C; = [, h;i(v)7(dv) < 0.

Then for any given initial data xo and ro, there exists a unique global solution xz(t) to equation
(2.1) such that in x(t) € L* for all t > 0.

Remark 2.5 The key of the proof of Theorem 2.3 is the boundedness of LV (z,i). Under As-
sumptions 2.1 and 2.2, the conditions (a) and (b) play the important role to suppress potential

explosion of the solution x(t).

To emphasize the main purpose of this paper, we shall leave the proof of the existence
and uniqueness of the solution to the Appendix but concentrate on the establishment of new

criteria on asymptotic properties and numerical analysis of solutions.

3 Asymptotic Boundedness and Stability of Solutions

In this section, we shall use the theory of M-matrices to discuss the asymptotic behavior of
the solution, i.e., the asymptotic boundedness and stability in pth moment of the solution to
equation (2.1).

For the convenience of the reader, let us cite some useful results on M-matrices. For more
detailed information, please see e.g. [24]. We will need a few more notations. If B is a vector
or matrix, by B > 0 we mean all elements of B are positive. If B; and B, are vectors or
matrices with same dimensions we write By > Bs if and only if B; — By > 0. Moreover, we

also adopt here the traditional notation by letting
NN = LA = [ay]nxn s ai; <0, 0 # 5}

Definition 3.1 A square matriv A = (a;;)nxn 15 called a nonsingular M-matriz if A can be
expressed in the form A = sl — B with some B > 0 and s > p(B), where I is the identity
matriz and p(B) the spectral radius of B.

Before we state our main results, we need the following useful lemma (see, e.g., [24]).
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Lemma 3.2 If A € ZN*N | then the following statements are equivalent:
(1) A is a nonsingular M-matriz.
(2) A is semi-positive; that is, there exists x > 0 in R™ such that Ax > 0.
(3) A™1 exists and its elements are all nonnegative.

(4) All the leading principal minors of A are positive; that is

aip -0 Gk
>0 foreveryk=1,2,--- N.

Ak c gk
Theorem 3.3 Let Assumptions 2.1 and 2.2 hold. Assume that
A, = —diag(pay; + C’,Izlﬁlgl, -, pogN + C;Z;Nﬁlg]v) - T (3.1)
18 a nonsingular M-matriz and one of the following conditions holds:
(a) m > 0.5py;
(b) 71 = 0.5pye and pag; > 0,7;62% foralli € S, where C}, = 327107 < 0.

Then there is a positive constant C' (independent of the initial data) such that for any initial

data xo and 1o, the solution of equation (2.1) has the property that

limsup E|z(t)|? < C. (3.2)

t—o00

In other words, the hybrid SDEs with jumps (2.1) is asymptotically bounded in pth moment.

Proof. As A, is a nonsingular M-matrix, by lemma 3.2, we see that 6 = (61,--- ,0x)" =
I .
AT >0, that is,
) N
j=1
for all i € S, where T = (1,---,1)7. Define the function V(z,i) = 6;]z|P and choose a
constant
P 1 N
: P 33
e € (0, Ii%lél{—p&li —C} Bl — o Zlfyijej}). (3.4)
j:



1 By the generalized It6 formula, we have

eV (x(t), r(t)) — V(xo, 7o)
— /0eES[LV(:L‘(s_),T(S))+6V($(S_)77‘(5))]d5

i / €5 pBy oy 2(57) P2 (57) g (s™), v(s)uo(s)
N / / Briole(s) + h(a(s™), 1(s), )P — byole(s I N (ds, o), (3.5)

> where

LV (x(s7),7(s)) = per@Ix(s’)lp’zw(S’)Tf(w(S’%T(S))+gﬁr(s)|x(8’)!p’2|g(x(8’),Z’)|2

+ P w 2_ 2)9T<s>Ix(s‘)Ip“‘\x(s-)Tg(a:(s-),r<s))|2+Z%(s)jej\x(s—)‘p

[ Brolels) M) 6L P = brolals P 39
s By Assumption 2.2, it follows that
LV(a(s7).0) < phle(sO)P2o(s7) T Fa(s).0) + 2 Hgla(s), o))
[ Blals7) + Bl o) = Bl )PIado) + S tyla(s P

j=1
< pOile(s )P o + oilar(sT)* — azila(s )

* /Z[@[hi(v)(ﬁm + Buil (s + Bailaw(s )] — O]a(s™) [Pl (dv)
+ Z%ﬂj\x(sf)\p- (3.7)

+ By the Young inequality
a" " < ar +b(1 —r), for any a,b >0 and r € [0, 1], (3.8)

5 we have

pa0i|x(s_)]p_2 _ p(aé;i(i(—Z?)2);2;(7T(_Z;|x(s_)|p>p




r
2 —

1 Using the basic inequality |a + b+ ¢ < 32~ 1(]a|2 4 |b]2 + |¢|?), we have

)0 < 0205 (22) T 4w (@)l )]+ el )P anlals)P

~(2)
~ aula() )+ [ {BBER)EEE + slals)P
Z
N
Bl )] ifa(s )P frdv) + D yiible(s )P
j=1
< 12(55) 7 ab+ CLad0+ lpon + L BE)0

N p
£ D le(s)P = phrasila(s)™ + CF, B0 fals )P,
j=1

> Thus

LV (x(s™),i) +eV(x(s),1)

N
p—2\7 % 5 5 -
< () T o+ CLAMO + (o + CFL B+ )i+ Dyl

Jj=1

_ pQQiQi]:U(S*)Plan_i_C}Izl_ﬁéedm(sfﬂo.ispyﬁp

p—2 = £ p 25 —\[7n+p p n%5 —Y/0-5py2+p
2(B2) 7 g+ CLBRI0 — pasibila(sT) ™ + CF Bionfa(s)| >,

<
< | (W(Z)
s where (3.4) has been used.

4 In either case (a) or (b), it is easy to see that there is a positive constant C such that
LV (x(s™),i) +eV(x(s),i) < Ch.

s Taking the expectations on both sides of (3.5), we get

OnE(aO) < ulrol + =,

s where 0,, = min;cs 0; and 0); = max;cg 0;. Dividing both sides by e and then letting ¢t — oo,
7 we obtain that
limsup E|z(t)|P < C:=Cy /e
t—o0

s as required. The proof is therefore complete.

o Remark 3.4 Theorem 3.3 shows that the hybrid SDEs with jumps (2.1) is asymptotically
10 bounded in the pth moment. In particular, when p = 2, Theorem 3.3 shows that, under
u  Assumptions 2.1 and 2.2, if Ay := —diag(2a11+C1 511, -+ , 2018 +CnSin)—T1 is a nonsingular

12 M-matriz while one of the following conditions holds:

9
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(a) y1 > 25
(b) 71 =2 and 2a9; > C;fPo; for alli € S,

then the solution x(t) of equation (2.1) is asymptotically bounded in mean square.

As an application of Theorem 3.3 together with the Chebyshev inequality, we get the

following results.

Theorem 3.5 If the conditions of Theorem 3.3 hold, then equation (2.1) is stochastically
ultimately bounded. That is, for any ¢ € (0,1), there is a positive number M independent of

matial data xg and ro such that

limsup P{|z(t)| < M} > 1 —e¢.

t—o00

Theorem 3.5 shows that equation (2.1) will be ultimately bounded with large probability,
while the following theorem estimates the limit of the average in the time of the pth moment.

Theorem 3.6 Under the conditions of Theorem 3.3, the solution z(t) of equation (2.1) sat-

isfies

1 [t >
lim sup ;/ Elz(t)Pdt < Zﬁ-iKi (3.9)
0 i=1

t—o00

for any wnitial data xo and ro, where
K; := sup G(x,i) < o0,
reER?

in which
p—2

— N5 » D P P
Gla,i) = () * n+ CRA] + (ni CBE + Dlal? = poaslal 7+ CF 5ol 7.

Proof. This theorem can be proved in the same way as Theorems 2.3 and 3.3 were proved so

we omit its proof.

Let us now proceed to discuss the asymptotic stability in the gth moment of the solution

to equation (2.1).

Assumption 3.7 There exist positive constants k;,q;, | = 1,2,3 such that for all v € R",
1€Sandv e

[f(@, ) < ka(1+[2|"72),  Jg(@, )] < ka(1+[|®"?)

and
h(x,i,0)|* < k(1 + [x]®2)|v]?.

10
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Before we state the asymptotic stability result, we need one useful lemma.

Lemma 3.8 (/29]) Let T, > 0 be a sufficiently large number. If v(-) € L'([Ty,0); Ry) and

it is uniformly continuous on [Ty, 00), then

lim ~(t) = 0.

t—o00

Theorem 3.9 Let all the conditions in Theorem 3.3 hold and ag; = o, = 0 for alli € S.
Let Assumption 3.7 hold. Assume moreover that for some ¢ > 2 such that p > (¢+q1) V

(¢4 q2) V [0-5q(gs + 2)],
A, = —diag(qans + CfL B2, qaun + G Biy) —T (3.10)
18 a nonsingular M-matriz and
y1 > 0.5py2 and (7(Z) N qaug;) > C‘giﬁi for alli € S, where C_’,?Li =21710% < 00, (3.11)
Then for any initial data xoy and 1o, the solution x(t) of equation (2.1) has the property that
tliglo Elz(t)|? = 0. (3.12)

In other words, the hybrid SDEs with jumps (2.1) is asymptotically stable in the qth moment.

Proof. Fix any initial data xg and ry. By Theorem 3.3, the solution is already asymp-

totically bounded in LP. That is, there is a sufficiently large Tj such that

Elz(t)P < C, Vt>Ty. (3.13)

As A, is a nonsingular M-matrix, by Lemma 3.2, we see that § = (6;,---,0y5)" =
flq_l? > 0. This also implies

—(qaw + C. 526, Z%] —1, Vies. (3.14)

Define the function V(z,i) = 6;|z|?. Applying the generalized Ito formula, we have
V(z(t),r(t) = HT(O)\;Eo\q—i-/Ot LV (x(s7),7(s))ds
+ /tClér(s)|$(S_)|q_2$(3_)T9(I(S_)>T(S))dw(&’)
¥ / [ Bkl (570,01 =B s )1V (s ). (3.15)

11



By Assumption 2.2 with ag; = fo; = 0, it follows that

LV (x(s™),1) < qéilx(s_)|"_2[0417:Ix(8_)|2—azilfﬁ(s_)l”l“]Jr/Z( ilhi () (Bl (s7)[?

N
b Bl = Bl )a(a) + D el
j=1
Using the basic inequality |a + b|2 < 2%_1(|a|% + |b|%), we have

N
LV(a(s)i) < (laoni + CfLBE = 7(2)10: + 3 7y ) (7|
j=1
— qagf|x(s7) |+ C,Ziﬁfﬂi|x(s’)|o'5p72+q.
This, together with (3.14), implies
LV (a(s7).8) < ~|a(s) 7+ B~ 7(2) — qamla(s7)" + Cf ()02,
But, by condition (3.11),
~(2) = qanlz(s)" + Cf By |e(s7) 7= < 0.

Hence
LV (z(s7),i) < —|z(s7)|%

Taking the expectations on both sides of (3.15), we get
t
BB x(B)]" < By |0 —/ Ela(s™)|7ds, (3.16)
0

where 6,, = min;cg 6; and 0; = max;cg 6;. Letting ¢ — oo and then using the Fubini theorem,

we obtain

/ Elz(8)|%dt < oo.
0

This of course implies that [~ Elx(t)|%dt < oo.

We now claim that E|x(t)|? is uniformly continuous on ¢t € [T, c0). By the generalized

It6 formula, we have that for any ¢ > s > Tp,
Ble(®)" = Ele(s)|* +¢E / 2(o)* (o) f (o), 1(0))do
; / 2(07) " 2lg(a(0™), (o)) ds
+ E/S /Z[|x(0)—I—h(x(a),r(a),v))lq—\x(a)|q]7r(dv)da.

12



10

Then, by Assumption 3.7, we have

|Elz(t)|* — Elz(s)]?] < gE/ |x(0_)|qd<7—l—gk‘1E/(|:B(a_)|q_2—|—|x(g_)|‘1+‘h)dg
+ LDy E/<|< Y o))

+ E// oo™y (0), 7o), D)o e v} (317)
By the Young inequality (3.8), we show that
1_,
bla(@ ) < Rl (lele)) VS S (= Dkl (319
and
vge2 2 2 _
kolz(o™)]97% < 5!@2 +(1— a)k:ﬂx(a )2 (3.19)
By the Holder inequality, there exists an 0 > 0 such that

|z(07) + h(z(o7),r(0),v)]? = ‘x(a_) Y Mz(o”),r(0),v) ¢

§a
1
< (14077 (5lh((o7), r(0), ) + la(oT) 7).
Then, Assumption 3.7 implies that

|z2(07) + h(z(o7),r(0), v)[*

< (14 gyt (1[(21@,)3 [0]f(1 4 |2(o7) P2 2)] + [a(07)|7).

J
Letting § = (2ks)"z |U|‘1 ! yields that

[2(67) + h(a(e7),7(0),0)[7 < (1 2hslo)? (14 2(07) |7+ (o) P51 +2) . (3.20)
Inserting (3.18)-(3.20) into (3.17), it follows that

t t
|Ele(t)]? — Ela(s)|?| < Cg(t—s)+C4E/ |x(a)|qdo+gk1E/ l2(07)| ™ do

+ k: E/ |2o( |q+‘nda+C’E/ lz(o |05qq3+2d
where
-2 —1 —2
C, = /(1+\/2k3|vl)qﬂ(dv), Cy = Cytki+(q— ks, Cy=Cy+ 2 kit (g )2(q )1@.
7z

Recalling that p > (¢ + ¢1) V (¢ + g2) V [0.5¢(g3 + 2)] and using (3.13), we get
[Elz ()" = Elz(s)|*] < C(t = s),

This implies that E|z(¢)|? is uniformly continuous on [Ty, 00). Finally, by Lemma 3.8, we can

obtain that lim; . E|z(t)|? = 0 as required. The proof is therefore complete.

13
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Remark 3.10 In this work, we consider the asymptotic boundedness and stability of the so-
lution to the hybrid SDE with jumps (2.1) under a nonlinear growth condition. As the linear
growth condition is a special case of our case, some known results [15, 36, 37, 40, 41, 42, 44]

are improved and generalized in this paper.

Remark 3.11 Ifh =0 or N =0, then equation (2.1) is reduced to the hybrid SDEs without
gumps. Consequently, our results can be reduced to some results in e.g. [24, 41]. Moreover,
when there is no Markovian switching (i.e., delete r(t)), equation (2.1) has been studied by
many authors including Applebaum [1, 2], Albeverio [3], Baran [6], Wee [32] and Zhu [45].
Therefore, we improve the existing results to cover a class of more general hybrid SDEs with
gumps. Moreover, unlike Applebaum [1, 2], Albeverio [3] and Zhu [45], we need not require
the coefficients f, g, h satisfying the linear growth conditions.

4 Convergence analysis of the EM approximate solu-

tions

In this section, we will study the convergence of the EM approximate solutions for hybrid

SDEs with jumps (2.1) under the local Lipschitz condition and nonlinear growth condition.

Before we define the EM approximate solution for equation (2.1), we need the property

of the embedded discrete Markov chain. The following lemma describes this property.

Lemma 4.1 [{] Given h > 0, we define r} = r(nh) forn = 0,1,2,---. Then {rf,n =

0,1,2,---} is a discrete Markov chain with the one-step transition probability matriz
P(h) = (Py())xx = €.

According to [24], we can simulate the discrete Markov chain {r" n =0,1,2,---}. Now,
we shall define the EM approximate solution of the hybrid SDEs with jumps (2.1).

For a given constant stepsize h > 0, we define the EM method for equation (2.1) as follows
Yntr = Yo+ @)l A g(Yns ) Aw, + / h(Yns T v) N (B, dv), (4.1)
z

with initial value yy = x¢ and y, denotes the numerical approximation of z(¢) with ¢, = nh.
Moreover, Aw,, = w(t,41) — w(t,) and N(h,dv) = N(t,41,dv) — N(t,,dv) are independent
increments of the Brownian motion and Poisson random measures, respectively.

To define the continuous-time approximate solution, let us introduce two step processes
2(t) = yn, T(t)=1",

14
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for t € [t,, t,+1). Hence we define the continuous version y(t) as follows

() /f s+ [ olelo).7 // 0N (ds, dv).

(4.2)

It is not hard to verify that y(¢,) = y,, that is, y(¢) coincides with the discrete solutions at
the grid-points.
Let us define three stopping times

ag =1inf{t € [0,T] : |x(t)| > d}, Bq=inf{t €[0,T]: |y(t)] > d},

and 74 = ag A B4, where inf () is set as oo.
Lemma 4.2 [153] Let ¢ : Ry x Z — R™ and assume that

/ t [ 166, 0pprtanyds < oo, p22
0 7Z

Then, there ewxists D, > 0 such that

os<ltl£)u|/ /(b s,v)N(ds, dv)|’ ) < D”(E(/OU/Z‘¢(5,U)|27T(dv)ds)§
tE /0 : /Z |¢(S,U)|p7r(dv)ds>,

Lemma 4.3 Under Assumption 2.1,
T
E/ la(z(s Ava),r(s ANya)) —alz(s Avq), 7(s ANya))Pds < Myh,
0

E/O /Zlh(Z(S/\w)w(s/\w)’v)—h( 2(s A ya), T(s Ava), v)[Pr(dv)ds - < Mgh,

where a = f,g and My is a constant independent of h.
Proof. We omit the proof because it is similar to that of Theorem 4.1 in [24].

Lemma 4.4 Under Assumption 2.1,

E[ sup [zt Aya) —y(t Aya)l] < Cah, (4.3)
0<t<T

where Cy is a constant independent of h.

15



1 Proof. For simplicity, denote e(t) = z(t) — y(t). For any ¢, € [0,T], by the basic inequality
la+ b+ c|P < 3P71(|alP + |b]P + |c|P), it follows that

E sup |e(t Avya)lP

0<t<ty

3"'E sup /0Vd[f(x(s_)vr(S))—f(Z(S),T(S))]dS

0<t<t:

p

IN

+ 3'E sup / 7d x(s7),r(s)) — g(z(s),7(s))]dw(s)

0<t<ty

+ E sup /M / v)_h(z(s),f(s),v)]N(ds,dv)(p

0<t<ty

- 3p 1<H1+H2+H3 (44)

s Using the Holder inequality, we obtain

t1/A\Vd

Hio< T8 [ |l 0(t) - £:(0). 0 P
0
+ By Assumption 2.1, Lemma 4.3 and the basic inequality
L _\p—1 |b|p n
la+ 0P < (1+e1)P"(|a]P +—), a,be R", p>2 and e >0,
€
s it follows that

H, < C’(d)E/Ot1 |z(t ANva)” — 2(t Avya)Pds + C(d)h

< C@P [ (lalt )™ =t Al +1o(t A%0) = (¢ A0)P)dt -+ Clah

s where C'(d) is a constant independent of h, and in the computation below C(d) varies line-

7 by-line. In the same way as Mao did in [24], we can show using lemma 4.2 that

El sup |y(t Ara) — 2(t Ava)[P] < C(d)h. (4.5)
0<t<T
s Hence,
t1
H < C(d)/ E sup le(s Avq)|Pdt + C(d)h. (4.6)
0 0<s<t

o Using the Burkholder-Davis-Gundy inequality and the Holder inequality, we can derive that
t1A\Yd ) g
mo< GE( [ lotat)r(®) - g(eto). o))
0
P 1 t1AYd
< GTEE [ latat)or () (0. FO)P i

16



1 In the same way as H; was estimated, we can then show

H < Cd) / " B sup [e(s A ) Pdt + C(d)h. (A7)

0<s<t

> To estimate Hs, we first apply the basic inequality |a + b|P < 2P71(|a|? + |b|P) to get

H; < 2P—1E0212 /0 7d/Z[h(:zc(s_),r(s),v)—h(z(s),r(s),v)]](f(ds,dv)p
—|—2p71Eoiltlg /0 W/Z[h(ac(s),7"(5),1})—h(z(s),77(5),1})]7T(dv)al5>’)‘p.

s By Lemma 4.2 and the Holder inequality, we obtain

p
E sup ‘
0<t<t;

< D [B( [ [ I r 01,00 = hieto). 70 00 Patarar)
+E /0 e /Z ()7 (1),0) = h(=(0), 7(2) v) P ()]

/0 " /Z B(z(s7), 7(s), v) — h(2(s), 7(s), V)] N (ds, dv)

4 and

E sup
0<t<ty

< 2TV E /0 o /Z B(2(t), 7(8), v) — h(=(2), 7(£), v) [P (dv)dt.

‘ p

/0 vd/z[h(:v(s_),r(S),v) — h(2(s), 7(s), )] (dv)ds)

s In the same way as H; was estimated, we can then obtain

Hy < C(d) /OtlE sup le(s A vq)|Pdt + C(d)h. (4.8)

o 0<s<t

¢ Substituting (4.6), (4.7) and (4.8) into (4.4), we obtain that

t1
E sup [z(t Ava) —y(t Ava)lP < CO(d) / sup Elw(s Ava) = y(s A va)’ds + C(d)h.
0

0<t<t; 0<s<t

7 The Gronwall inequality implies that

E sup |z(tAva) =yt Ava)lP < C(d)e”DTh.
0<t<T

s Therefore the proof is complete.

9 Now, we will show the convergence in probability of the EM approximate solution y(t) to

1 the true solution z(t) of equation (2.1).
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i1 Theorem 4.5 If the conditions of Theorem 2.3 hold, then the EM approximate solution y(t)

2 converges to the solution x(t) of equation (2.1) in the sense that

lim( sup |x(t) — y(t)]) =0 n probability.
h—0 0<t<T

3 Proof. We divide the whole proof into three steps.
4 Step 1. It is easy to see from the proof of Theorem 2.3 that

Elz(ag ANT)|P < C. (4.9)
5 (Recall that C' is independent d). Noting that |z(ag)| > d when ag < T, we get

dPP(ag <T) < Elx(ag NT)P < C.

¢ That is
C
Plag <T) < pr
7 Hence, given £(0, 1), there exists a sufficiently large d* such that
Plag<T) < g Vd>d. (4.10)
8 Step 2. An application of the generalized It6 formula to V (y(t),r(t)) = |y(t)|* gives

AV, 7(0) = Valy(e),r(0) £, 7Ot + Valy(r),r()g(=(0), 7))
b Stracelg” (2(0), 7)) Vaay(0) r()g(=(0), 7(2))

[ (V) + 0,700, r0) = V(o(e).r(6) N (o)
- f;mt)jw),j)dt.
o Integrating from 0 to £y A ]t_and taking expectations gives,
B AR < B+ B [ IV(s)r(s))as
<o | A, 7(6)) — £l s
+ E / " (9te6), 7P = by, (6P

Bant 3
Ely(0))* + E/O LV (y(s).r(s))ds + » _ L. (4.11)

i=1

IN
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Let us estimate [;. By Assumption 2.1, the Jensen inequality and (4.5), we have
ho< 20 [ (B 78070 A B) = Fluls A Ba)r(s A Ba)E) ds
< Qd/ (E!f(z(s A Ba),T(s A Ba)) — f(z(s A Ba)sr(s A Bd))‘z)%b

0

n 2d/ <E|f(z(s A Ba), (5 A Ba)) — Fy(s A Ba), (s A @d))P) s

0

< 2dJy + 2d+/kar/C(d)Th?.

Let N = [T'/h] be the integer part of T'/h and let I be the indicator function of the set G.
Then for any t € [0, T], we have

1

ho< / (B ) S (s A BE) s

N|=

tn+1
< 2 Z/ [E(|f(3/m I+ [ f (Yo, (s A B ) Lir(snpayiritny | ds.
t7L

Using the basic inequality |a + b]* < 2(|al* + |b|?) and Assumption 2.1, we derive that

[ Wyt )PV 1 f ()P < 2(Ralynl® + KT).

where K| = max;es{|f(0,4)|}. Hence,

(NI

o< VR [ (BB P BT )] ds

_ tnt1 1
+ AR / [E(E(I{mwd)#(tn)}IT(tn)))] “ds
tn

n=0

where in the last step we use the fact that for s € [t,,,tn41 A Ba), L{p(s)2r(tn)y are conditionlly
independent with respect to the o-algebra generated by r(¢,). Using the Markov property,

Bl onsoereplr(ta)) < ( max (=5 + (k) D =iy < Ch.

1<i<N

€S
Then we have
I < 2d(4(d\/k:_d + KOV + \/k_d\/C(d))Th%. (4.12)

Rearranging I by plus-and minus technique, we obtain that
Bant
Bos B[ [l o)l 1) - oo (o)
+ Ig(y(8)7T(S))\\Q(Z(S)f(S))—g(y(S),T(S))!]dS-
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1 Using the Holder inequality and the basic inequality
(a+bP <a?+bV, Va,b>0, 0<p<1, (4.13)

> we get

N|=

bf;AXM%$AmmwAmmﬂ%mmwAmmwA@»—mmAmw@Ammﬁds

=

+LA(Ew@@AB@w@A@mFy(EM(wABw P(s A B)) = g(y(s A Ba). (s A B)2) ds.

s Similarly, we have

L < 2V2(dvka+ K>) <4(d\/k:_d + KoV + \/k_d\/C(d)>Th%, (4.14)

+ where Ky = max;cs{|g(0,4)|}. Now, let us estimate I3. Rearranging I3 by plus-and minus

: technique again, we obtain that
I; < 2F /Bd/\t/ \y s)|h(z(s),7(s),v) — h(y(s),r(s),v)\}ﬂ(dv)ds

b [ (106076060, 6)0) — H0), 6,0l

b [ (617060, 6)0) = H), 60,00 s,

s Using the Holder inequality and the basic inequality (4.13) again, it follows that

1

Iy < d\/m/ot [E/Z B (2(5 A Ba), (s A Ba),v) — h(y(s A Ba), (s A Ba), U)|27T(dv)] >
+ /Ot [(E/Z |h(2(s A Ba), (s A6d>vv)|2ﬂ'(dv)>;
XQ{émwwAﬁ%r@A%%m_h@@Aﬁ%rwA&LMWwwwﬂﬁ
+ /Ot [(E/Z h(y(s A Ba),r(s A ﬁd)av)!%(dv))%
x (E/Z |h(2(s A Ba), T(s A Ba), v) = h(y(s A Ba), (s A Ba), U)|27T(dv)> 2] e

=

=

7 Similar to the estimation of I;, we obtain that

I < (d/7(Z) +2dv/2kq + 2V K3) (4(d\/k_d +VE)VC + \/k_d\/C(d)>Th%, (4.15)

s where K3 = max;es{ [, [1(0,4,v)[*r(dv)}. Inserting (4.12), (4.14) and (4.15) into (4.11), we
o have

N Bant
Ely(Bant)2 < Ely(O)]2 + C(d)hs +E/0 LV (y(s), 7(s))ds.
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Repeating the procedure from Theorem 2.3, we can prove that
Ely(B4 AT)2 < Ely(0)]2 + CT + C(d)h>. (4.16)
Since |y(Bq)| > d, as B4 < T, we derive from (4.16) that
Ely(O)f + CT + C(d)hr > Bly(Ba A)[*I(5,<ry(w)]
> d*P(By < T).

So we have

E|y(0)]2 + CT + C(d)h»
2 ‘

P(Ba<T) < (4.17)

Now, for any ¢ € (0,1), choose d = d* sufficiently large for %'?CT

< §, and then choose

1
h* sufficiently small forc(ill)*# < ¢. It then follows from (4.17) that

P(By<T) < % Vh < h*. (4.18)
Step 3. Let €,d € (0, 1) be arbitrarily small, set

Q={w: sup |z(t) —y(t)| = o},

0<t<T

we have

P(Q) < POQN{ywa>T}) +Pa<T)
< PON{yw>TH +Plag<T)+P(Bs<T).

By (4.10) and (4.18), we get

_ _ 2
PQ) < PQN{w>T}+ § (4.19)
Using lemma 4.4, we have
Cih > E[sup |z(t) —y(t)[Lir,omy (w)]
0<t<T
> Elsup [z(t) — y(t) P Liy,>1y (w) o (w)]
0<t<T
> SP(QN{ya>T}). (4.20)

Inserting (4.20) into (4.19), we obtain that
= éd 2e
PQ) < —h+ —.
@) < h+3

Consequently, we can choose h sufficiently small for %h < £ to obtain

P(OilgT [z(t) —y(t)] = 6) <e.

The proof is therefore complete.
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5 Examples

In this section, we show some examples to illustrate the asymptotic boundedness and stability

results.

Example 5.1 Let w(t) is a scalar Brownian motion. Let r(t) be a right-continuous Markov

chain taking values in S = {1,2} with the generator

p:(—; 1)

Let N(dt,dv) be a Poisson random measures and o-finite measure w(dv) is given by w(dv) =
1’2

\/%e’Tdv, —00 < v < +00. Of course, w(t), N(dt,dv) and r(t) are assumed to be indepen-

dent.

Consider the following scalar hybrid SDEs with jumps

de(t) = f(x(t™),r(t)dt + g(x(t™), r(t))dw(t) + /000 vh(z(t7),r(t))N(dt, dv). (5.1)
Here

flx,1) = =3z —2°, f(z,2) = =20 — 32°, g(z,1) = V2(1 + ),
g(x,2) =z, h(z,1) = 0.1(sinx + x?), h(z,2) = 0.22%

for x € R. Obuviously, the coefficient g satisfies the global Lipschitz condition and the linear
growth condition, while f,h satisfy the local Lipschitz condition but they do not satisfy the
linear growth condition. In fact, the coefficients f and g also satisfy the weak linear growth

conditions. Through a straight computation, we can have

1
o7 f( 1) + Slgle D <3 - 15]af? — |2, (5.2)
1
wl fx,2) + 5ly(a, 2)]7 <2 =20zl - 2.5[z], (5.3)
|z + vh(z,1)|> < (1 +0.040*) (1 + |2]* + |2]Y), (5.4)
|z +vh(z,2)> < (1 +0.20%)(1 + |z> + 0.2|z[*), (5.5)
where
apr =3, agp =2,001 =1, B2 =1, any = —1.5, ajp = -2,
agr =1, agy =25, i1 =1, Bia=1, for =1, B =0.2 (5.6)
and
Y1 =2, 99 =2, hi(v) =1+ 0.040% hy(v) =1+ 0.20° (5.7)
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So the inequalities (5.2)-(5.5) show that Assumption 2.2 holds. Moreover, by the property of

normal distribute, we can obtain that n(Z) = %, and
C, = /00(1 +0.040?) L% o= 0.5
1 o . /_271' . 3
o 1 2
Cy = 1+ 0.20% e”2dv=06. 5.8

On the one hand, the matriz Ay defined by (3.1) is
Ay = diag(—2a11 — C1 B, —2a12 — Cofp) — T
3.48 —1
-2 b4

It is easy to compute

0.32158 0.05955
AL =
0.11910 0.20724

By lemma 3.2, we see that Ay is a nonsingular M-matriz. Compute
(6:,0:)7 = A;1 T = (0.38113,0.32635) ",

and
1 & 1 &
—2ay; — C1 By — 7 ;%jej = 2.33627, —2015 — Cyf15 — N ;szej — 3.0643.

By Theorem 8.3, we can conclude that equation (5.1) is asymptotically bounded in mean square.

That 1is,

0.6
limsup E|z(t)]* < —
£

t—o0

where 0 < € < 2.33627.

On the other hand, similar to (4.2), we can obtain the EM approzimate solution y(t) of
equation (5.1). By (5.6), (5.7) and (5.8), we have

M =Y, 209 > Cify, 1 =1,2,

then Theorem 4.5 implies that the convergence in probability of numerical solution y(t) and
the solution x(t) to equation (5.1).
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Example 5.2 Let r(t) be a right-continuous Markov chain taking values in S = {1,2} with

p:(—; 4)

Let N(dt,dv) be a Poisson random measures and o-finite measure w(dv) is given by 7(dv) =

the generator

1 (lnv)2

Af(v)dv, where X\ = 2 is the jump rate and f(v) = e 2, 0 < v < oo is the density

function of a lognormal random wvariable. Of course N(dt,dv) and r(t) are assumed to be

independent.

Consider the following scalar hybrid SDEs with pure jumps

(1) = ) rO)di+ [ )0, N @t ), 59)
0
with initial data x(0) = xo and r(0) = 1. Here
f(z,1) = =22 — 1.52°, f(x,2) = —x — 2°,
h(z,1,v) = 0.05v(z + 2%), h(x,2,v) = 0.1va®,

for x € R. Similarly, the coefficients f, h satisfy the local Lipschitz condition but they do not

satisfy the linear growth condition. Through a straight computation, we can have

el flz,1) < =2z* = 1.5[2)°, 2" f(2,2) < —|z|* — |2[°, (5.10)
|z + h(z,1,v)> < (1 +0.050)*(3|x|* + 1.5]x|%), (5.11)
|z + h(z,2,0)* < (14 0.010%)(|z)* + |2[%), (5.12)

where
ap = -2, apg=—1, ap; =15, app =1, 11 =3, fra=1, Bor = 1.5, Poy =1 (5-13)
and
Y1 =4, v2 =4, hi(v) = (1+0.050)% ho(v) =1+ 0.010°. (5.14)

So the inequalities (5.10), (5.11) and (5.12) show that Assumption 2.2 holds. Moreover, by
the property of log-normal distribute f(v), we can obtain that m(Z) =1, and

_ 1 1 (inv)?
C':/h v)r(dv) = 2/ 1+ 0.050)2 e 2 dv
= [ Bl = 2 [ 00—
< 1+0.2¢/e+0.005¢%, (5.15)
_ 1 1 (Inv)?
Cy = ho(V)m(dv) = 2 14+0.010Y)—e 2 dv
o= [ haoyrtar) = 2 [ ——
< 1+0.02¢% (5.16)
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It is easy to see that the Markov chain has its stationary probability distribution ™ = (71, T2)

given by
1
T 7 T 0.2.

1 2

Note that G(x,1i) defined in Theorem 3.6 has the form
G(iL‘, Z) = (20&11‘ + 61101 -+ 1)‘33"2 — 26&21‘1"71+2 + Bgici’l"'yfd,
for any x € R and i € S. By the conditions (5.13)-(5.16), we have

G(ZL‘, 1) = (2(1/11 + ﬂnOl + 1)|ZL’|2 — 20421|ZE|6 + 52101|l‘|6
< L.1|z)* — 0.95|2(% < 0.456

and

G(QZ, 2) = (20112 + 51202 + 1)|l’|2 — 2(122|33|6 + 52202|ZL'|6
< 0.14776|x|* — 0.85224|z(° < 0.024.

The above conditions (5.13)-(5.16) imply that
Y1="2, 2021 —C1521 >0 and 2az; — C3522 > 0.

Hence, by Theorem 3.6, we can conclude that for any initial value xo, the solution x(t) of

equation (5.9) has the property that

t—o0

1 t
lim sup ;/ BE|z(s)]*ds < 0.3696.
0

That is to say, the limit of the average in the time of the 2th moment is not greater than
0.3696.

Example 5.3 Let r(t) be a right-continuous Markov chain on the state space S = {1,2} with

—2 2
r— :
v =

where v > 0. Let N(dt,dv) be a Poisson random measures and o-finite measure 7(dv) is given
2

by m(dv) = \/Lgfﬂe_%dv, —00 < v < 400. Assume that N(dt,dv) and r(t) are independent.

Consider the following scalar hybrid SDEs with pure jumps

the generator

de(t) = f(a(t), r(t))dt + /0 B ), 7 (), v)N(dt, dv), (5.17)
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with initial data x(0) = z¢ and r(0) = 1. Here

f(z,1) = =22 — 1.62°, f(x,2) = 0.5 — 32°,
V3

h(z,1,v) = 05022,  h(z,2,0) = 3 v
for any x € R. We note that equation (5.17) can be regarded as the result of the two equations
de(t) = [-2x(t7) — 1.63:5(t—)]dt+0.5/000 va®(t7)N(dt, dv) (5.18)
and
dz(t) = [0.5x(t7) —32°(t7)]dt + —/ vr?(t7)N(dt, dv) (5.19)

switching among each other according to the movement of the Markov chain r(t). It is easy to
see that equation (5.18) is asymptotically stable but equation (5.19) is unstable. However, we
shall see that due to the Markovian switching, the overall system (5.17) will be asymptotically
stable in 4th moment for certain . In fact, the coefficients f,g satisfy the local Lipschitz
condition but they do not satisfy the linear growth condition. Through a straight computation,

we can have

o' f(2,1) < =2lz* — 1.6|z]%, 2" f(x,2) <0.5|z]* — 3|z|°, (5.20)

|z + h(z,1,0)> < (14 0.50)(|z|* + 0.5]=|*), (5.21)
1

lz + h(x,2,v)]* < (1+ 61)2)(\1’]2 + 2|z|h), (5.22)

where
app = —2, ajp =09, a1 =1.6, aga =3, fii =1, Bia =1, Bar = 0.5, P =2 (5-23)
and

_ - 1
=4, %2=2, hi(v) =1+0.50% hy(v) =1+ 61)2. (5.24)

So the inequalities (5.20), (5.21) and (5.22) show that Assumption 2.2 holds. Moreover, by

the property of normal distribute, we can obtain that

o 1 02
ct = / (14 0.5v*)*——¢e~ 2 dv = 1.375,
0 27
4 e I 50 1 2
cy, = (1+ =v%) e 2dv = 0.708. (5.25)
0 6 27T

The above conditions (5.23)-(5.25) imply that
Y1 = 2’}/2, 4ovg > 6'24“5221 and 4age > 0;526%2
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Hence, by (3.10), we get the matriz A,

A4 = —diag(4a11 + Cﬁlﬁfla dovip + C’;'ILQ/B%2> -
B 7.25 -2
B —~ —34164~ |

Since v > 0, Ay is a nonsingular M-matriz if and only if v > 4.72. By Theorem 3.9, we can
conclude that equation (5.17) is asymptotically stable in 4th moment if v > 4.72.

Appendix

In this appendix, we shall prove Theorem 2.3.

Proof of Theorem 2.3. Since the coefficients of equation (2.1) are locally Lipschitz con-
tinuous, for any given initial data xy and rg, there is a maximal local solution z(¢) in L” on
t € [0,0), where o, is the explosion time (see, e.g., [40]). Fix any initial data =y and o and
find a sufficiently large ko for |zo| < ko. For each integer k > ko, define the stopping time

T, = inf{t € [0,0.) : |(t)| > k}

where, throughout this paper, we set inf ¢ = oo (as usual ¢ denote the empty set). Clearly,
Tr 1s increasing as k — 00. Set T, = limyg_ .o 7%, Whence 7, < 04, a.s. Note if we can show
that 7., = o0 a.s., then o, = 00 a.s. So we just need to show that 7., = oo a.s. Define
V(z,i) = |z|P. By the generalized It6 formula, we have that, for k > k¢ and t > 0,

V(z(t ATg),r(t A1)

= V(z(0) 7“(0))—1—/0 b LV(x(s),r(s))ds—i—/O TkVx(x(s’),r(s))g(m(s’),r(s))dw(s)

+ /0 k /Z[V(:U(S_) + h(x(s7),r(s),v),r(s)) — V(z(s™),r(s))|N(ds,dv). (5.26)
Taking the expectations on both side of (5.26), we obtain that
Elz(t A )P
< ool 4B [ a0l et )T A7), r(6) + 5 glo o) () Plds

+ E/o Tk/ZHa:(s_)—|—h(x(s_),7"(s),v)|p— |z(s7)|P]m(dv)ds.
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By Assumption 2.2, we get
Elz(t A 1y)|P
t/\‘l'k
< oo+ B [ (bl 2 on + ansgolels7 ) = ool
0
[ oo (0Bt + Burtolals )P + Bl )PP = fa(s ) () ) ds
t/\Tk
< zol” + E/ (p|~”5(8_)|”_2 [Q0.0(s) + 1 p(s)[2(57) [P = Qi) |(s7) 7]
0

+ /Z(hr(s) (U))p/Qﬂ'(dU)(ﬁoyr(s) + ﬁl,r(s)|$(s_)|2 + Bg7r(5)|x(s_)|72+2)%)ds. (5.27)

Let us consider two cases specified in Theorem 2.3.

Case (a). In this case, we have 71 > 0.5pye. It is easy to see that there is a positive
constant C' such that

max <p|x|p’2 [Oé()l’ + aylz]? — 0621’17|71+2] + /
€S Z

(hi(w)""*(dv) (Boi + Bule? + Bule )8 ) < €
for all x € R™. It then follows from (5.27) that
Elz(t A )P < |zol? + Ct. (5.28)
Noting that |z(7%)| > k& whenever 7, < t, we then drive that
[zolP 4+ Ct > El|lx(t A1) [PIir,<iy) > KPP (13 < 1).

Letting k — oo, we get P(7o < t) = 0, i.e.,, P(7o > t) = 1. Since ¢t > 0 is arbitrary, we
must have that 7., = oo a.s. That is to say, for any given initial data zy and 7y, the hybrid
equation (2.1) has a unique global solution z(¢) on ¢ € [0,00). Moreover, letting k& — oo in
(5.28) yields E|z(t)|? < |zo[P + Ct. That is, z(t) € LP for all t > 0.

Case (b). In this case, we have v, = 0.5py2 and pag; > Cfﬁfi for all i € S. By the Holder
inequality

[NIS]

-1

[SIS]

-1

(lal¥ + [bl%) + (2672 + 1) el

P 1
!a+b+c|§§<2+ p)
0r-2
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14
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for any a,b,c > 0 and 6 > 0. we have

Elz(t AP

tATE

< wol” + E/ {P!m(sf)!p*2 [@0,0(s) + Qs [2(s7)? = g pgs) [ (s7) 7]
0

D 1 571 £ £ —\|p £ 51 z —\10.5py2+p

s O+ 5m)" B + Bl = (207 1) B el fas
t/\Tk 1 %_1 p )

= !xo|p+E/ {Cf(s)<2+—L> Boris) T P (s7) 7™
0 Op—2

1

1 \5-1 ¢ _
+ [pal,r(s) +C% (2 + 5—) ﬁf,r(s)} |z(s7)[”
— [pasai — € (2072 1) 85 [la(s) s (5.29)

b
Recalling pas; > C? 33, we can choose sufficiently small § > 0 such that pag; > C? <25ﬁ +
p_1

5 P
1> * BZ. Hence, there exists a constant C' such that

1 \5-1 » 1212
max {poolal” + [pon+ OF(24 )" BL |l = [poos = €2 (24 ) gillal )} < €
1€ -5 ) £

for all z € R". It then follows from (5.29) that
1 \5-1 »
— )" By +CJt (5.30)

p—2

Ela(t Al < |zol? + max [cf(s (

Similar to the Case (a), we obtain that for any given initial data xo and r¢, the hybrid equation

(2.1) has a unique global solution z(¢) on ¢ € [0, 00). Moreover, letting & — oo in (5.30) yields
p_q P
E|x(t)]P < |zoP + maxes [Cf(s)( %) ’ Boris) + C’}t. That is, x(t) € L for all t > 0.
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