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Abstract. Aiming to verify the concept of using heteroclinic connections to 

reconfigure smart structures, a multistable buckled beam with integrated Shape 

Memory Alloy (SMA) wires is utilized as a high fidelity model. The Shape Memory 

Alloy (SMA) wires are resistively heated to provide the actuation force to stabilize the 

unstable configuration and transition the beam from one unstable equilibrium condition 

to the other. This concept provides a means of reducing the energy requirement for 

transitions between configurations of the structure, which is an energy-efficient 

reconfiguration scheme between equal-energy unstable (but actively controlled) 

equilibria. This letter presents a detailed design of the system, and how the active 

(heated) SMA wires control the structure stay in unstable configuration and drive the 

structure to achieve reconfiguration. The exploiting the instability of smart structure 

has significant interests in many power reduction application, including active flow 

control, reconfiguration of large deployable aerospace structures, and MEMS devices.
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Many physical systems in the natural world exhibit multiple stable characteristics [1], helical 

shapes [2,3], reconfigurable [4], deployable [5] or foldability [6]. For example, the Venus flytrap leaf 

can be triggered in 100 ms to capture insects to rapid snap through from an open to a closed state, and 

the fast movement of the trap results from a snap-buckling instability which is controlled actively by 

the plant [1]. Indeed, the multistable characteristic also plays a key role in engineering applications, 

such as reconfigurable structures [7], shape-changing mirrors in adaptive optical systems [8], artificial 

muscles [9], bioinspired robots [10] and energy harvesting [11]. To implement the change between 

different stable states, researchers have been utilising the smart materials to change the property of the 

system [10,12] or to drive the mechanism directly [13]. Some bistable compliant mechanism are 

integrated with smart materials to switch between different stable positions [12,14]. A typical smart 

material is the shape memory alloy (SMAs), which is also made of SMA wires to embed or joint with 

structures for active control [15–18]. Current multistable structures have been largely utilized to 

satisfy manifold engineering applications, from largescale morphing aerofoils [19] to MEMs-scale 

switches [20].  Moreover, a  recently-developing concept is developed to utilize the multistable 

property to design a monolithic mechanical metamaterials [21]. Meanwhile, actively controlled 

reconfigurable structures and mechanisms have been exploited in the design of different requirements, 

including the design of a special class of acoustic waveguides [22], self-folding machines [23], and 

shape-morphing microarchitectured materials [24]. Furthermore, an advanced application has been 

investigated to  synthesise the multistability by connecting bistable units together [25]. Nonlinear 

behaviour in mechanical multistable structures related with bifurcation phenomena [26] and some key 

parameters could be proposed to switch between different functional configurations upon actuation 

[27].  

In general, nonlinear dynamical systems typically possess a number of equilibria which are stable 

and unstable. These equilibria could be connected through the paths in the phase space of the system, 

and the special one is called heteroclinic connections which connect both stable and unstable manifold 

of equilibria. The traditional concept of morphing structures is between stable configurations, which 

requires the input of, and then dissipation of energy to cross the potential barrier separating the stable 

equilibria. However, to overcome the addition of or dissipation of energy to cross a potential barrier, 

reconfiguration between equal-energy unstable states can be achieved for conserving energy, which is 

verified by numerical methods in a simple smart structure model [27,28]. Clearly, energy is required 

to stabilize the unstable configurations, but if the energy required for actively control the instability is 

sufficiently small or devices need to be frequently switched between different states, this concept is 

likely to be of benefit for reconfiguring. The accumulated work done of frequently actuated devices in 

reconfiguring between stable states will be significant, while the duration of the system spends in the 

active control for stabilizing the unstable states will be small. The active control of unstable smart 
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structures has been investigated by using an agent-based approach for reducing the energy 

requirements [29]. Simulation results show that reconfiguration between such unstable equilibria can 

be energetically more efficient compared to transitions between stable configurations [27–29]. The 

previous numerical model is considered as an elastic beam clamped at both ends and represented as 

masses connected to linear springs. Then, the result shows that the structure can be actively controlled 

in an unstable state and the unstable configuration of the structure can be connected through 

heteroclinic connections in the phase space [27,30]. 

In order to establish the use of instability for developing future practical devices, this Letter 

pursues a laboratory experiment that builds on prior simulation-based work. It is our intention in this 

letter to present this concept with a numerical simulation and experimental demonstration which are 

based on the previous simulation results [30–32]. Heteroclinic connections will be investigated here 

as a rigorous means of enabling transitions between unstable configurations of a reconfigurable smart 

structure. The SMA wires are fixed both ends in a built-in pin-joints on the beam, which can be 

actively heated based on the means of Joule effects under an electrical current. Thus, the buckled 

beam can be stabilized in the two unstable equilibriums (Fig. 1 (a)) and reconfigured by transiting 

different geometry configurations between these two unstable equilibriums (Fig. 1 (b)). It is obvious 

that the moving beam has a specific geometry configuration at any moment during the transition 

process. Meanwhile, different geometry configuration could change the midplane stretching of the 

beam, which will influence the support force at both ends of the beam. Therefore, the load curve 

could be used to verify experimental results are in a good agreement with the numerical prediction. 

While future work will allow for comparison of energy consumption between reconfiguration 

between stable configurations and reconfiguration between unstable configurations, this work serves 

as an initial demonstration that it is a possible way to reconfigure a high fidelity model between 

unstable states in an experimental set-up. 

 

Figure 1. The buckled beam model. (a) schematic of a unstable bucked-beam, (b) different stage (1-2-3-4) 

during the reconfigure through. 
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The first critical load according to the first beam buckling mode is [11] 

 ௖ܲ௥
ሺଵሻ ൌ

ܫܧଶߨ4
݈଴
ଶ  (1)

where ܧ is Young’s modulus, ܫ is the moment of inertia of the cross section, and ݈଴ is the initial length 

of the beam. The second buckling critical load is greater than the first cortical load according to the 

second beam buckling mode is 

 ௖ܲ௥
ሺଶሻ ൌ

ܫܧଶߨ8.18
݈଴
ଶ  (2)

The stability of these buckled configurations can be investigated through an analytical method 

[33] and the result shows that the first buckled configuration is a stable equilibrium position other 

than the second buckled configuration. The buckled beam has the ability to snap from one stable state 

to the other when excited with sufficient input actuation. Remarkably, for frequently switched devices 

the accumulated work done will be significant in reconfiguring between stable equilibria, while the 

system depends on active control at unstable equilibria will be small. An numerical simulation result 

is shown in Fig. 2 based on the governing equation Eq. (3) with nondimensional quantities [33]. 

ሷݓ  ൅ ᇱᇱᇱᇱݓ ൅ ᇱᇱݓܲ ൅ ሶݓܿ െ
1
2
ᇱᇱݓ න ݔᇱଶ݀ݓ

ଵ

଴
ൌ 0 (3)

where the overdot indicates the derivative with respect to time	߬, the prime indicates the derivative 

with respect to ݔ	 , ܲ  and ܿ  are nondimensional quantities of axial force and viscous damping 

coefficient, respectively. According to the analytical results of buckling problem, the corresponding 

first buckling mode shape are given by 

௖௥ݓ 
ሺଵሻ ൌ ܿଵ൫1 െ ሻ൯ (4)ݔߨሺ2݊ݏ݋ܿ

and the second buckling mode is  

௖௥ݓ 
ሺଶሻ ൌ ܿଶ൫1 െ ݔ2 െ ሻݔߣሺݏ݋ܿ ൅ 2 ⁄ߣ ሻ൯ (5)ݔߣሺ݊݅ݏ

where	ܿଵ and ܿଶ is  a constant. 

Then, in order to verify the heteroclinic connection between the unstable buckling configurations, 

one of the second buckling mode from Eq. (5) is used as the initial condition with small perturbation 

to solve the governing equation Eq. (3) by simply omitting nonlinear terms െ
ଵ

ଶ
ᇱᇱݓ ׬ ݔᇱଶ݀ݓ

ଵ
଴  and 

damping term	ܿݓሶ . The open-source package Chebfun [34] is used to obtain a numerical solution, 

which is shown in Fig. 2. 
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Figure 2. Contour plot of the deflection history during reconfiguration.	߬ is the nondimensional 

time.	ܧ௜
௨,	ܧ௦ and 	ܧ௘௨ are the initial unstable configuration, the in-between stable configuration and the terminal 

unstable configuration, respectively. 

Figure 2 shows the deflection of buckled beam during reconfiguration between two unstable 

buckling modes (ܧ௜
௨,	ܧ௘௨), it is distinct that this transition goes through a stable mode (ܧ௦). Moreover, 

in order to explain that heteroclinic connection between unstable equilibria is existed in such partial 

differential system, the system is projected to a phase space. In this way, we can simply observe the 

dynamics of states, and the main trends of the transition between states. This phase space of this 

dynamic system depicts all the possible shapes of the beam and consists of two values (ݓଵ and 	ݓଶ), 

which means the deflection of stationary points. Then, the system's evolving state over time traces a 

phase space trajectory, which connects the initial states and final states. In this problem, the initial and 

final unstable configuration (ܧ௜
௨ and 	ܧ௘௨) could be displayed as a point in the phase space with	ݓଵ ൌ

െݓଶ, and the stable configuration (ܧ௦) is displayed as a point with	ݓଵ ൌ  ଶ. The two stationaryݓ

points firstly transfer to the midpoint then part to opposite directions, which can be regarded as a 

trajectory (heteroclinic connection) depart from one unstable equilibriumܧ௜
௨   to another unstable 

equilibrium	ܧ௘௨ by crossing a stable equilibriumܧ௦, as shown in Fig.3. It is obvious that heteroclinic 

connection is a highly efficient transitions with low energy dissipation compare to other transitions. 
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Figure 3. The schematic diagram of the heteroclinic connection between two distant equilibria ܧ௜
௨ and	ܧ௜

௨ 

in assumed phase space.	ݓଵ and 	ݓଶ are the two extrema of deflection during reconfiguration. 

A beam prototype is fabricated by acrylic with their geometry property listed in Table 1. The 

fabricated device is composed of an acrylic beam, partly jointed with SMA wires and fixed both ends. 

Thermos-mechanical properties of the SMA are reported in Table 2.  

Table 1. Geometry property of the proposed beam. 

Description Value 
Substrate Beam length, [mm] 400 
Substrate Beam width, [mm] 25 
Substrate Beam thickness, [mm] 2 

 

The actuating force is based on the thermos-mechanical properties of SMAs, which is due to a 

crystallographic phase transformation (austenite to martensite , or vice versa). Form the view of 

macroscopic scale, after distorting the SMAs the original shape can be recovered simply by heating 

the wire above the temperature	ܣ௙. The heat transferred to the wire is the power driving the molecular 

rearrangement of the alloy, which is configured in the original shape of the wire. Young’ modulus of 

the material can be obtained by basic constitutive relation 

ܧ  ൌ ߪ ⁄ߝ ൌ ሺ∆ܨ ݓ ∙ ⁄ݐ ሻ ሺ∆ݏ ݈଴⁄ ሻ⁄  (6)

where ߪ is stress, ߝ is strain, ݓ is width, ݐ is the thickness and ݈଴ is the initial length of the beam. ∆ܨ 

and ∆ݏ are load and displacement measured by the testing machine.  
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Table 2. Selected SMA materials properties. 

Description Value 

Diameter, ݀ [mm] 0.5 
Martensite Young  modulus, ܧெ [GPa] 22 
Austenite Young  modulus, ܧ஺ [GPa] 50.3 
Martensite start  temperature, ܯ௦ [°C] 18.4 
Martensite finish  temperature, ܯ௙ [°C] 9 

Austenite start  temperature, ܣ௦ [°C] 32 
Austenite finish  temperature, ܣ௙ [°C] 
Critical stress de-twinned martensite start [MPa] 
Critical stress de-twinned martensite finish [MPa] 
Thermal expansion coefficient Θ [MPa/°C] 
Variation of austenite critical temperature ܥ஺ with stress [MPa/°C] 
Variation of martensite critical temperature ܥெ with stress [MPa/°C] 
Limit Strain ߝ௅ [%] 

42 
100 
170 
0.55 
13.8 

8 
7.2 

 

A series of experiment were carried out to investigate the effectiveness of the proposed beam 

stabilized in an unstable configuration and reconfiguration between different unstable states, which 

describe as the static and dynamic behaviour of the combined system comprising of a beam and SMA 

wires. Numerical analysis of the analogous nonlinear system is shown in Ref [31], a heteroclinic 

connection is verified between two unstable states and the geometry of the transition process is 

obtained through simulation, as shown in Fig. 1(b) and Fig.2. In the present study, the aforementioned 

slender beam is clamped at both ends on the testing machine, as shown in Fig. 4(a). In general, 

unstable buckled configurations will never occur because of its instability, but it is easy to actively 

control this unstable buckled configuration through heating the selected SMA wires. Therefore, the 

initial unstable configuration of the beam could appear when the load is acting through the testing 

machine, as shown in Fig. 4(b). The final unstable configuration is shown in Fig. 4(c), which is the 

symmetric geometry with initial configuration under actively control. 
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Figure 4. Photograph of the buckled beam. (a) acrylic beam without load, (b) initial unstable configuration, 

(c) final unstable configuration. 

In order to illustrate the experimental result could fulfil a good agreement with the numerical 

prediction, the load at both ends of the beam is calculated through numerical method. According to 

the Ref. [35], the beam’s midplane stretching is shown as 

 ∆ൌ ሻܮሺݑ െ ሺ0ሻݑ ൅
1
2
න ൬

ݓ߲
ݔ߲
൰
ଶ

ݔ݀
௅

଴
 (7) 

where ݑሺܮሻ and ݑሺ0ሻ are the axial displacement at the ends of the beam. In this model, the ends of the 

beam are fixed at both ends. Therefore, the induced axial force can be expressed as follows: 

 ܰ ൌ
ܣܧ
ܮ
∆ൌ

ܣܧ
ܮ2

න ൬
ݓ߲
ݔ߲
൰
ଶ

ݔ݀
௅

଴
 (9) 

where  ܣܧ ⁄ܮ  is the axial stiffness of the beam. The support load in the both ends of the beam then can 

be calculated, when the beam is reconfiguring between different configurations. Figure 5 illustrates 

the load curves during the reconfiguration obtained by numerical methods and experimental methods 

respectively, three stages are arranged to explain the reconfiguration scheme. The first stage is the 

loading procedure that the testing machine compress the structure to produce the second buckled 

configuration, the value of the beam’s second critical load is almost 14.5 N here (8.97% error with the 

theoretical value). This unstable configuration is then stabilized through the ohmic heating of selected 

SMA wires. The second stage is reconfiguration, which switches the active control of target SMA 

wires and the testing machines is suspended to ensure no extra load and displacement. The third stage 

is similar to the first stage, which is the load procedure.  
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Figure 5. Load graph during the reconfiguration with three stages. (a) numerical result, solid line: with 

residual tensile force, dash line: without residual tensile force, (b) experimental result. 

A sudden drop of the load is observed in the second stage, and could not return to the value of 

load before reconfiguration. The reason for the sudden drop is that the structure is moving through the 

stable configuration ܧ௦  (as shown in Fig. 1(b)), which is the first buckled configuration with lower 

critical load. Fig. 5(a) shows that two load curves based on different situations, the solid line and dash 

line represent with residual tensile force and without residual tensile force respectively. However, the 

residual tensile force cannot ignore in the practical situation, which will clearly influence return 

tendency of the load curve as shown in Fig. 5(b).  Therefore, the third stage is arranged to guarantee 

the reconfiguration between unstable configurations is fully done. The third stage indicates that the 

structure return to another unstable configuration, which have the same critical load with the first 

stage. The experiment results shown in this work are in good agreement with the numerical prediction, 

and they demonstrate that heteroclinic connetion between unstable states could be utilized for 

reconfiguring structures.  

A concept for the reconfiguration of smart structures has been investigated through using the 

heteroclinic connections, which provides a pivotal way in reducing the energy requirement for a 

transition between configurations of the structure. For more practical designs, it is desirable to design 

structures possessing multiple equilibria offer interesting dynamical behaviour. The proposed 

structure was fabricated and tested to demonstrate its effectiveness for exploiting instability of 

structure for reconfiguration. The smart beam fabricated in this work offers the possibility of active 

control as a mechanical system through the use of testing machine and sensors and shape memory 

alloys, which are used as sensors and actuators respectively. The internal force of the SMAs wires 

help both stabilize the unstable configuration of the beam and trigger the reconfiguration between 
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configurations of the beam. Finally, the results presented provide strong confidence that instability of 

structure can be controlled and structure can be reconfigured between different unstable states, with 

multi-physics effects, e.g. thermos-mechanical materials. It is our intention in this Letter to verify this 

concept and provide a detailed analysis using a high fidelity model of a real structure. Additionally, it 

is possible to apply the instability to achieve the reconfiguration of structures or mechanism include 

use in MEMS-type devices which require frequent switching to reduce mean power consumption and 

waste heat dissipation. It is likely to be of benefit for power and energy constrained applications, such 

as Aerospace and Marine sectors. 

The work is supported by John Moyes Lessells Travel Scholarships of The Royal Society of 

Edinburgh. Professor C R McInnes is thanked for earlier discussions with the authors. 
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