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Double resonance optically pumped magnetometry can be used to measure static magnetic fields
with high sensitivity by detecting a resonant atomic spin response to a small oscillating field perturbation. Determination of the resonant frequency yields a scalar measurement of static field (B0 )
magnitude. We present calculations and experimental data showing that the on-resonance polarimeter signal of light transmitted through an atomic vapour in arbitrarily oriented B0 may be modelled
by considering the evolution of alignment terms in atomic polarisation. We observe that the amplitude and phase of the magnetometer signal are highly dependent upon B0 orientation, and present
precise measurements of the distribution of these parameters over the full 4π solid angle.

INTRODUCTION

Optically pumped magnetometers, exploiting sharp
magnetic resonance features in optically pumped alkali
metal vapours, can be used for high sensitivity measurement of magnetic fields [1, 2]. The Larmor frequency
ωL of atomic spin precession in a polarised sample is
proportional to the magnetic field magnitude |B0 | and
can be determined by measurement of a resonant response in atomic magnetisation to an oscillating perturbation of frequency ωRF . This perturbation can be applied through modulation of pump light amplitude [3],
frequency [4] or polarisation [5], or the application of a
small perturbing magnetic field BRF [6, 7]. In this work
we focus on the development of double-resonance magnetic sensors in which a single continuous-wave laser and
magnetic perturbation coil are used, in order to design
sensors that can be realised in small packages of low cost
and power consumption.
Precession in the magnetisation of an atomic vapour
can result in oscillating linear dichroism, detected by
measurement of transmitted light using a polarimeter.
Demodulation of this signal at the perturbation frequency ωRF allows the measurement of a Lorentzian lineshape centred on the Larmor frequency ωL . This signal
can be used to lock ωRF to ωL and thus the magnitude of
B0 can be tracked in real-time [6]. Alkali vapour ground
state Larmor frequencies are in the range 150-400 kHz
for geophysical fields, making double-resonance sensors
attractive for measurements of the Earth’s field. However, the amplitude of the resonant response is highly
anisotropic with magnetic field orientation [8, 9] and, in
the geophysical field range, heading errors (caused by
shifts in the measured resonance centre due to unresolved
nonlinear Zeeman spitting) can be significant [10, 11].
The angular dependence of these potential systematic effects makes magnetometer signal characterisation
under varying B0 orientation an important step in development of unshielded sensors for practical applica-

tions. Several schemes for vector measurement of B~0
have been developed [12–14]. In this work we take advantage of the precise control of B0 demonstrated in
[15] to measure the dependence of the double-resonance
magnetometer signal amplitude and phase on the orientation of B0 relative to the light propagation axis and
BRF . Our work focusses on single-wavelength smallmodulation (BRF ≪ B0 ) double-resonance magnetometry, as sensors designed with this technique can be realised using compact, portable hardware and inexpensive, scalable electronics.
Precise measurements of B0 orientation effects in
transmission-based single-wavelength double-resonance
magnetometry have been recently reported in [16]. By
contrast with the transmission measurements reported
in that publication, we report results obtained using a
polarimeter to measure relative transmission of orthogonal linear polarisations, modifying the relation between
the observed signal and the evolving atomic polarisation.

MAGNETIC RESONANCE IN ARBITRARILY
ORIENTED FIELDS

Figure 1 shows the apparatus used for magnetic resonance measurements in a low-pressure antirelaxationcoated caesium vapour cell. The dimensions, fabrication
details and characterisation of these cells are described
in [17]. The magnitude and orientation of the static field
B0 can be controlled in software, with measured tolerances in field magnitude and orientation of 0.94 nT and
5.9 mrad, respectively. For a detailed description and
evaluation of the static field control, see [15].
The 133 Cs vapour is optically pumped using circularly polarised light resonant with the 62 S1/2 (F = 4)
to 62 P1/2 (F = 3) transition, creating a net magnetisation in the Cs vapour. The beam has a circular profile of
diameter 2 mm and total power 10 µW. Transitions between the Zeeman states of the Cs vapour 62 S1/2 (F = 4)
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FIG. 1. Schematic of the apparatus used in this work, showing
external cavity diode laser (ECDL), Glan-Thompson linear
polariser (GT), quarter-wave plate (λ/4), magnetometer cell,
five-layer mu-metal shield, three-axis Helmholtz coils, polarising beam splitter (PBS), differential photodetector (DPD),
low-noise coil driver (LNCD) and data acquisition system
(DAC/ADC). The data acquisition system is controlled using a PC (not shown).

state are probed by the application of BRF using singleturn coils co-wound on the y and z Helmholtz coil formers. The diameters of these coils are 84 mm (y-axis)
and 70 mm (z-axis). The amplitude of BRF is kept constant at 3 nT throughout the measurements. A polarimeter, comprising a polarising beam splitter and differential
photodetector is used to detect changes in Cs magnetisation.
The magnetisation created in the Cs vapour by optical
pumping is well described by the representation of the
ground-state Zeeman level density operator ρ using multipole moments mk,q . We follow the detailed formalism
of [18], writing
ρ=

k
2F X
X

mk,q Tq(k) ,

(1)

k=0 q=−k
(k)

where Tq are irreducible basis tensors in the chosen
quantisation basis. We consider a three-stage process
to derive the observed polarimeter signal; the creation
of atomic magnetisation through optical pumping, the
evolution of that magnetisation in the magnetic field,
and the observable effects on transmitted light. This
three-stage model is only valid in the case of weak optical pumping (where the optical pumping rate is much
smaller than the magnetic spin relaxation rate), in which
the evolution of the magnetisation (stage two) can be
considered due to the action of magnetic fields only.
Figure 2 shows the coordinate basis used to describe
the laboratory frame. If the quantisation axis is parallel
to the k -vector of the pump light, then non-absorbing
atomic dark states are described by sums of atomic multipoles in which only mk,0 moments are non-zero, where k

FIG. 2. Schematic showing the geometry of the magnetometer
system in the laboratory frame. The orientation of the static
field B0 is defined by the angles to the light propagation and
vertical axes, θL and θV , respectively. Inset, alternative polar
basis angles α and β are defined. The orientations of the oscillating fields BRF Z and BRF Y , and the polarisation analyser
(PBS), are also shown.

may be any positive integer for circularly-polarised light
and k any even positive integer for linearly-polarised light
[19]. Optical pumping dynamically couples multipole
moments of any k, q to moments for which q = 0 in this
basis. In a static magnetic field the resulting equilibrium
moments meq
k,q depend on the rate of optical pumping and
the orientation of the static field B0 [19].
Our magnetometer signal is the oscillating magnetisation response to BRF (ωRF ), so we define a rotating wave
frame x′ − y ′ − z ′ (RW) such that B0 lies along z ′ and
the component of BRF perpendicular to B0 at t = 0,
⊥
BRF
, is in the negative x′ direction. In the presence of
weak optical pumping, the atomic polarisation relaxes to
states which are symmetric around the quantisation axis
B0 , in which only m′eq
k,0 are non-zero.
The evolution of mk,q in the presence of a magnetic
field was derived from the Liouville equation in [18], and
is given by
X (k)
d
(k)
Oqq′ mk,q′ − Γqq′ (mk,q′ − meq
mk,q =
k,q ′ ),
dt
′

(2)

q

(k)

where Oqq′ is a (2k + 1) × (2k + 1) matrix describing the
(k)

action of B0 and BRF on mk,q and Γqq′ is a (2k + 1) ×
(2k + 1) matrix describing the relaxation of mk,q to meq
k,q .
By solving for equilibrium multipole moments in the RW
frame m′k,q , and transforming to the laboratory frame,
we obtain expressions for the oscillating components of
mk,q (t). Transformations of mk,q (t) under rotation are
obtained using Wigner D-matrices, see [20] for details.
A balanced polarimeter is used for these measure-
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ments, ensuring that the observed signal is sensitive to
relative changes in the transmission of orthogonal linearly
polarised light through the cell. Signal contributions due
to oscillating transmission of circularly polarised light
will be observed in phase on both polarimeter channels,
and will not contribute to the measured differential signal. The measured signal is thus modelled by the difference in absorption of the orthogonal linear polarisation
states of the light received at the polarisation analyser
(see Figure 2). The absorption coefficient κ for linearly
polarised light in a medium described by multipole moments mk,q (t) is proportional to
r
A0
2
κ ∝ √ m0,0 −
A2 m2,0 ,
(3)
3
3

ANISOTROPY IN RESONANT POLARIMETER
SIGNAL RESPONSE

To measure the first-harmonic response to BRF (ωRF ),
the polarimeter signal is digitised and demodulated in
software with a reference phase-locked to BRF (t).
Collecting terms from f (t) in cos(ωRF t) and sin(ωRF t)
we derive expressions for the in-phase, X, and quadrature, Y , components of the demodulated signal. The onresonance (x = 0) amplitudes of X and Y are strongly
dependent on the orientation of B0 and BRF relative to
the light propagation axis. For BRF aligned along the y
and z axes (denoted RFy and RFz respectively),
XRF y = −

where A0 and A2 are analysing powers [18]. The
analysing powers A0 , A2 and monopole moment m0,0 are
invariant under rotations of basis, and cancel in subtraction, so we can write a function f (t) which is proportional
to the polarimeter signal,
f (t) = m2,0 (t) − m′′2,0 (t)
q
= 23 m2,0 (t) − 38 (m2,2 (t) + m2,−2 (t)),

(4)

where mk,q (t) denote multipole moments in the lab frame
and m′′k,q (t) multipole moments in a frame rotated such
that the quantisation axis is coincident with the orthogonal linear polarisation axis (x-axis). Since the orthogonal
linear states separated by the analyser are not sensitive
to m1,q (t), and m0,0 is constant in time, k = 2 for the
lowest-order multipole moments contributing to f (t).
Following [18], and defining x ≡ (γB0 − ωRF )/Γ and
⊥
S ≡ γBRF
/Γ for convenience, we obtain the following
equations-of-motion for the RW-frame k = 2 multipole
moments,
i ′
ṁ = Mqq′ m′2,q′ + im′eq
2,q ,
Γ 2,q

YRF y =

XRF z

YRF z =

We have assumed that relaxation in the system is
isotropic with rate Γ, and that BRF ≪ B0 .
Steady-state solutions for m′2,q in the RW frame are obtained by setting ṁ′2,q = 0. After transformation to the
laboratory frame we obtain terms in e0iωRF t , e1iωRF t and
e2iωRF t , corresponding to DC, first-harmonic and secondharmonic resonant magnetisation responses to the perturbing field BRF .

3m′eq
2,0 S
cos 2α sin 2β,
2
2(4S + 1)

3m′eq
2,0 S
=−
sin 2θL sin θV ,
2(4S 2 + 1)
3m′eq
2,0 S
(1 + cos2 θL ) sin 2θV ,
2
2(4S + 1)

(7)

(8)

(9)

(10)

where cos β = sin θV cos θL and tan α = tan θV sin θL define an alternative polar basis in the laboratory frame.
In practical magnetometry measurements we are concerned with the amplitude R and phase φ of the magnetometer signal response. Defining

(5)

where γ is the gyromagnetic ratio for the Cs 62 S1/2 (F =
4) ground state and


2x − i S q0
0
0


3
0 
x−i
 S
2 S q0


q


3
3
Mqq′ =  0
 . (6)
S
−i
S
0
2
2


q


3

 0
0
S
−x
−
i
S
2
0
0
0
S
−2x − i

3m′eq
2,0 S
sin 2α sin β,
2
4S + 1

R2 ≡ X 2 + Y 2 ,

(11)

tan φ ≡ X/Y,

(12)

we obtain on-resonance signal amplitudes

2
2
2
2
2
2
RRF
y = A sin 2β cos β cos 2α + sin 2α ,

(13)

4
2
2
2
2
2
2
RRF
z = A sin θV (4 cos θV (1 + cos θL ) + sin 2θL ),
(14)
and phases

−2 sin 2α sin β
cos 2α sin 2β
2 sin θL tan θV
=
,
2
(sin θL tan2 θV − 1) cos θL sin θV

tan φRF y =

tan φRF z =
where A =

3m′eq
2,0 S
4(4S 2 +1) .

− sin 2θL sin θV
,
(1 + cos2 θL ) sin 2θV

(15)

(16)
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FIG. 3. Calculated (top) and observed (bottom) distribution
of on-resonance first-harmonic polarimeter signal amplitude
over 4π solid angle in response to a field modulation BRF
applied parallel to the light propagation (y-)axis.

FIG. 4. Calculated (top) and observed (bottom) distribution
of on-resonance first-harmonic polarimeter signal amplitude
over 4π solid angle in response to a field modulation BRF
applied parallel to the vertical (z-)axis.

Using the B0 control, signal demodulation and resonance lineshape fitting described in [15], angular scans of
the measured on-resonance signal amplitude R and phase
φ were made. Each angular scan comprised 1646 varying
orientations of B0 = 200 nT spread with equal angular
density over the full 4π solid angle. Figures 3-6 show
these data plotted alongside distributions calculated using Equations 13-16.

observed and calculated distributions of R.
Equations 15-16 appear to model the observed polarimeter signal phase well, and the observed data confirm the strong correlation of on-resonance phase with B0
orientation (Figures 5-6). The clarity and good agreement of the measured data with calculated signal phase
may be due in part to the cancellation of spurious signal terms in the phase calculation φ = arctan(X/Y ).
We observe from Figures 5 and 6 that φRF y and φRF z
are uniquely mapped to θL and θV , but the presence of
asymptotes and stationary values in φRF y (θL , θV ) and
φRF z (θL , θV ) will make calculation of the full B0 vector
using measured φRF y and φRF z non-trivial. However,
it may be possible to exploit angular information in the
observed signal phase for magnetometer sensitivity optimisation through active feedback to either the local field
or mechanical orientation of the sensor.

CONCLUSIONS

Equations 13-14 model the observed dead-zones (orientations of B0 for which R → 0) and symmetries in
the distribution of observed signal amplitude R (Figures
3-4). We note that our experimental measurements of
signal amplitude differ slightly in shape to the predicted
distributions, a feature which could be reduced by inclusion of higher-order multipole moments in the model
signal calculation. In the case where the polarimeter is
not perfectly balanced, the signal contribution due to the
evolution of first-order multipole moments m1,q , which
modulate the transmission of circularly polarised light,
will not be fully cancelled by the differential photodetector. This may also account for discrepancies between the
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FIG. 5. Calculated (top) and observed (bottom) distribution
of on-resonance first-harmonic polarimeter signal phase over
4π solid angle in response to a field modulation BRF applied
parallel to the light propagation (y-)axis.
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FIG. 6. Calculated (top) and observed (bottom) distribution
of on-resonance first-harmonic polarimeter signal phase over
4π solid angle in response to a field modulation BRF applied
parallel to the vertical (z-)axis.
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