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Abstract 
 
Natural frequency of structure mainly depends on mass and stiffness. Stiffness is 
bound to change after structural damage. Hence, natural frequency starts to decline.  
This study presents a new method to determine the location and degree of the 
corrosion damage by measuring the natural frequencies of the damaged pipeline. With 
this method, only measurement of the first and second natural frequencies of damaged 
pipeline is required. The formulation is based on Rayleigh’s Law to determine a 
relationship between the degree of damage and damage location. The formulation is 
validated by comparing against beam and solid finite element models. 
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Introduction 
 
Pipeline transport is important in modern industry, and pipelines are widely used in 
the fields of petroleum, natural gas, coal gas, chemical fluid, water, coal, etc. They are 
especially common in the petrochemical and natural gas industries. Furthermore, 
urban water supplies and gas systems, which are an integral element of modern 
society, rely on even larger pipeline networks. Various factors, including pipeline 
corrosion, external force and loose joint parts, may lead to pipeline leaks. Such leaks 
result, not only in resource consumption and economic loss, but also serious 
environmental pollution. In order to avoid pipeline accidents, there is a distinct 
requirement for systems by which industrial pipelines can be monitored on a real-time 
basis and safety assessments and durability predictions can be produced. The two 
main challenges associated with the online monitoring of pipeline operations are the 
detection of pipeline defects and the accurate identification of the location of the 
pipeline damage.  
 
Structural damage results from a variety of different factors including operation 
overload, impingement, cracks, corrosion, strains, production defects, etc. These 
deficiencies will often lead to changes in the physical properties (rigidity, mass, 
damping) of a structure and will be accompanied by changes in its dynamic 
behaviours. This fact is commonly acknowledged in processes that involve 
monitoring the health of engineering structures and identifying any damage. Pipeline 
systems, which are part of large-scale structural engineering applications, are a 
fundamental element of lifeline engineering; therefore, significant attention has been 
invested in processes by which any damage to a given pipeline structure can be 
rapidly and accurately detected. When the operation of a pipeline structure exceeds a 
certain amount of time, its structure can be measured dynamically with the help of 
vibration testing. The dynamic behaviours of the data obtained can subsequently be 
employed to assess the overall health of the pipeline structure. Also, this form of 
detection, which is based on vibration features, has already been applied to assess 
various other structures including bridges, architecture, etc. Along with the 
development of modern sensor technology, microelectronics and computer 
technology, data collection, transmission, real-time analysis and processing 
technology have also been used widely. Vibration testing technology represents an 
automated and miniaturized detection system and, as a result, the detection of 
structural damage through the assessment of dynamic behaviours has consistently 
been a hot topic in the international academic community as well as within 
engineering circles. Coupled with the development of Finite Element Theory, it is 
anticipated that damage detection based on vibration technology will play a much 
more prominent role in the future.[1-3] 
 
At present, vibration methods are widely used to detect the corrosion of engineering 
structures. Some of the existing techniques are based on studying changes in vibration 
mode shape or damping factors. For example, Vitaly and Vladislav (2013) [4] 
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developed a method of monitoring the vibration distortions that could be observed in 
a system’s symmetry as a result of the development of defects. Panteliou (2001) [5] 
and Kyriazoglou (2004) [6] investigated the effects of vibration damping factors on 
crack detection. Another approach to corrosion detection is based on monitoring 
changes in resonant frequencies. For example, Liang (1991) [7] and Barad (2012) [9] 
employed a natural frequency method by starting with a differential equation of free 
vibration.[4-10] 
 
This study describes a new corrosion detection method that involves the measurement 
of natural frequencies using an approach that is based on Rayleigh’s Law. This 
method is sampled on a pipeline and employed to assess the relationship between the 
location of the corrosion and degree of corrosion by adopting sectional integration and 
integral transformation. The main advantage of this approach is its simplicity while 
allowing a more accurate detection of the location of damage than the traditional 
natural frequency method. 
 
Procedures for the development of the corrosion detection method 
 
The use of Rayleigh Law to calculate natural frequency is based on the principle of 
the conservation of energy. When an elastic body is free of vibration without 
damping, its total mechanical energy (sum of strain energy and kinetic energy) 
remains constant.  
 
For a distributed mass beam with a uniform section, its displacement function can be 
given by:   
𝑦 𝑥, 𝑡 = 𝑌 𝑥 sin	(𝜔𝑡 + 𝛼)                                                           (1)                                                  

where ( )xY  is the amplitude, ω is the natural frequency, andω  and α  depend on 

initial condition. Natural frequency is the frequency at which the system oscillates 
without any external loading. Natural frequency of the structure mainly depends on 
mass and stiffness. To measure the natural frequency of a pipeline, a pulse analyzer 
system can be equipped with accelerometer sensors, which are used to conduct the 
structural dynamic vibration response for monitoring system and data acquisition [11]. 
 
The strain energy, U , of the free vibration beam can be expressed as: 
 

𝑈 = 1
2

𝐸𝐼 𝑌(𝑥)′′ 26
7 𝑑𝑥 = 1

2
𝑠𝑖𝑛2(𝜔𝑡 + 𝛼) 𝐸𝐼 𝑌′′(𝑥) 2𝑑𝑥6

7                                  (2) 

 
where l  is the length of the beam, E  is the elastic modulus, and I  is the moment of 
inertia.  
 
Moreover, kinetic energy, T can be expressed as: 

𝑇 = 1
2

𝜌𝐴 𝑦(𝑥, 𝑡)
2
𝑑𝑥 = 1

2
𝜔2𝑐𝑜𝑠2(𝜔𝑡 + 𝛼) 𝜌𝐴 𝑌(𝑥) 2𝑑𝑥A

7
A
7                           (3) 
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The strain energy reaches a peak value when the beam has the maximum amplitude; 
meanwhile, the kinetic energy is 0. When the amplitude is 0, the kinetic energy has 
the maximum value; meanwhile, the strain energy is 0. The maximum strain energy, 

maxU , and kinetic energy, maxT , can be respectively given as: 

𝑈BCD =
1
2

𝐸𝐼[𝑌FF 𝑥 ]2𝑑𝑥6
7                            (4a) 

 
and                                                                                                                        

𝑇BCD =
1
2
𝜔2 𝑚[𝑌 𝑥 ]2𝑑𝑥6

7                                                                                (4b) 

where m  is the mass per unit length. 

According to the principle of conservation of energy, we have maxmax TU = , hence: 

𝜔2 =
IJ[KLL D ]MNDO

P

B[K D ]MNDO
P

                                                                                               (5)                

 
When considering a corroded pipeline, it can be assumed that the corrosion pit 
decreases the bending stiffness at the damaged position of the pipe, as shown in 
Figure 1:  
 

 
Fig. 1 Pipeline with different bending stiffness according to representation of damage 
 
where EI and (EI)’ are the bending stiffness of the intact and corroded elements of the 
pipe, respectively, L is the length of the pipe, x is the distance between the midpoint 
of the corroded segment to the left end of the pipeline, and D is the length of the 
corroded segment. If we neglect the mass loss due to the corrosion and apply these 
parameters into Eq. (5), the natural frequency of the corroded pipe can be obtained as 
follows: 

𝜔Q2 =
IJ KFF(D) MNDRST/M

P V IJ L KFF(D) MNDV IJ KFF(D) MNDO
RWT/M

RWT/M
RST/M

B K(D) MNDO
P

                 (6) 

If we introduce a factor, c , to describe the degree of the corrosion pit, where 

L	
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( ) ( )EIEIc /'= , Eq. (6) can be rewritten as: 

𝜔Q2 =
IJ K(D)FF MNDO

P X 1XQ IJ K D FF MNDRWT/M
RST/M

B[K(D)]MNDO
P

                                    (7) 

or 

𝜔Q2 = 𝜔J2 −
1XQ IJ
B

∙
[K(D)FF]MNDRWT/M

RST/M

[K D ]MNDO
P

                                                   (8) 

where Iω  is the natural frequency of the intact pipe with the same dimensions. Then, 

the degree of corrosion, c, can be represented by the following expression: 

c = (IJ)F
IJ

= 1 − B(]^_
M X]`_

M )
IJ

∙
[K_ D ]MNDO

P

[K(D)FF]MRWT/M
RST/M

                                          (9) 

Here ‘n’ is the nth vibration mode, 𝜔Ja and 𝜔ba are the nth natural frequency of the 
intact and corroded pipe, respectively, and 𝑌a(𝑥) is the nth vibration mode function. 
The research presented in this study is based on examples of a simply supported 
constrain and the first and second mode of vibration for this boundary condition is 
shown in Fig.2.[12] 
 

 
Fig. 2 Mode 1 and Mode 2 of vibration 

 
Thus, the vibration mode functions of the first two modes can be expressed as: 

Mode	1:											𝑌1 𝑥 = 𝑎1 sin
iD
6

                                              (10a) 

Mode	2:											𝑌2 𝑥 = 𝑎2sin	(
2iD
6
)                                              (10b) 

If corrosive length, D, can be estimated to a reasonable level, by combining Eqs. (9), 
(10a) and (10b), the extent of corrosion factor, c, and corrosion location, x, can be 
predicted in consideration of the natural frequency of the intact pipeline, 𝜔J, and the 
corroded pipeline, 𝜔b . 
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     Fig. 3 Degree vs. location of corrosion damage 

 
For example, a corroded pipeline with simply supported constrains has the following 
properties: pipe length L = 10 m, Young’s modulus E = 210 GPa, mass density ρ = 
7850 kg/m3, 0.25 m of outer radius, and 0.02m of thickness. Its first and second 
natural frequencies were measured as 𝜔b1 = 53.89	rad/s and 𝜔b2 = 213.69	rad/s, 
and its corresponding natural frequencies of intact pipeline were calculated using Eq. 
(5) as: 𝜔J1 = 55.81	Rad/s  and 𝜔J2 = 221.30	Rad/s , and corrosion length was 
assumed to be D = 0.50 m, then the variation of c with corroded region position x was 
plotted and is presented in Fig. 3. Since physically there is only one unique c value to 
represent the degree of corrosion at the damaged locations, the potential corrosion 
region positions are denoted by the intersection points of the curves (shown in Fig. 3), 
and the numerical value of c at the intersection points represents the degree of 
pipeline corrosion. Due to the symmetry of this pipeline structure, there are two 
intersection points at about x = 3.30	m  and x = 6.70	m  and the actual corrosion 
region position is one of them.  
 
Finite Element Analyses 
 
In order to investigate and verify the accuracy of the pipeline damage detection 
through the use of natural frequency measurements, a commercial finite element 
program, ANSYS, was employed. 

 
Fig. 4 Schematic diagram of FEA 

 
A simply supported corroded pipeline was modelled using Beam188 element with the 
following characteristics: Pipeline length L = 10	m, outer radius r = 0.16	m, wall 



7	
	

thickness t = 0.01	m, mass density ρ = 7850 kg/m3, elastic modulus of non-corroded 
segment E = 210	GPa , elastic modulus of corroded segment EF = c ∙ E . Here, c 
represents the degree of corrosion, ranging from 0 to 1. The model was discretized 
with 20 elements along the axis, as shown in Fig.4. Five simulation cases were 
analysed with five different corrosion positions and corrosion levels. Their first and 
second natural frequencies, 𝜔b1 and 𝜔b2, were computed individually using ANSYS, 
as shown in Table 1. 
 

Table 1 Parameters of FEM 
Case 
No. 

Corrosion Position Degree of 
corrosion 

𝜔b1 𝜔b2 

1 Element 4 x=1.50 ~ 2 m 0.30 54.07 203.86 
2 Element 6 x=2.50 ~ 3 m 0.40 53.52 208.02 
3 Element 8 x=3.50 ~ 4 m 0.50 53.58 216.34 
4 Element 10 x=4.50 ~ 5 m 0.40 52.09 220.46 
5 Element 12 x=5.50 ~ 6 m 0.60 54.14 219.74 
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Fig. 5 Degree vs. location of corrosion damage for Case 1 to 5 

 
Based on the first and second natural frequencies that were computed using ANSYS 
(Table 1) and the corresponding natural frequencies of the intact pipeline, 𝜔J1 =
55.81	rad/s, 𝜔J2 = 221.30	rad/s, Eq. (9) can be solved to determine the variation of 
c(EI’/EI) versus the location of the corrosion for the first two modes. The results of 
Cases 1 to 5 are shown in Fig. 5, which depict the location of the corrosion and the 
degree of corrosion at the intersection points. There are two intersection points in each 
graph and this is due to the symmetry of the structure. The solution and plots were 
calculated using Mathcad. 
 
As can be seen clearly from Table 2, the calculations in terms of the location of the 
corrosion and the degree of corrosion were accurately predicted.  
 

Table 2 Comparison between prediction results and FEA results 
Case No. Corrosion 

Location, x 
(m) 

Predicted 
location, x (m) 

Degree of 
corrosion, 
(EI)’/EI 

Predicted degree 
of corrosion 
(EI)’/EI 

1 1.50 ~ 2 1.70 0.30 0.23 
2 2.50 ~ 3 2.80 0.40 0.38 
3 3.50 ~ 4 3.70 0.50 0.48 
4 4.50 ~ 5 4.50 0.40 0.37 
5 5.50 ~ 6 5.70 0.60 0.64 

 
It is noteworthy that, from the characteristic Eq. (9), there is an important parameter, 
the effect of estimated corrosion length ‘D’, which should not be neglected. The FEA 
described above reveals that, ideally, if an estimated ‘D’ is merely equal to the 
practical corrosion length, both corrosion location and degree of corrosion can be 
accurately predicted. However, in practical engineering applications, it is almost 
impossible to accurately estimate corrosion length. Thus, it is also important to take 
into consideration the estimated corrosion length, ‘D’, in order to investigate how this 
affects the prediction. 
 
A further finite element analysis was carried to investigate the influence of ‘D’. The 
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finite element model was largely based on Case 3 of the previous problem. The only 
changes were that the corrosion segment was increased to 1 m, and the midpoint of 
the corrosion was positioned at x = 3.50 m, as shown in Fig. 6. 
 
 

 
                                                   Fig. 6 Finite element model 

 
The first two natural frequencies of this corroded pipeline were computed using 
ANSYS, and were 𝜔b1 = 51.86	rad/s and 𝜔b2 = 209.93	rad/s. A total of five cases 
of varying values of ‘D’ were incorporated into the characteristic, Eq. (9). These were 
D = 0.50 m, 0.75 m, 1 m, 1.25 m and 1.5 m. The results of Cases 1 to 5 were 
calculated using Mathcad, as shown in Fig. 7, and detailed data is presented in Table 
3. 
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Fig. 7 Degree vs. location of corrosion damage for different D values 

          
As can be clearly seen from Table 3, in all cases, the corrosion position were predicted 
correctly, even though the predicted corrosion length, D, was smaller or greater than 
the actual corrosion length. However, over or under estimating D will affect the 
accuracy of the predicted degree of corrosion.  
 
Table 3 Comparison between prediction results and FEA results 

Case No. 

Corrosion 
position and 
length, x(m), 
lc(m) 

Degree of 
corrosion, 
(EI)’/(EI) 

Estimated 
corrosion 
length, D(m) 

Predicted 
corrosion 
position, 
x(m) 

Predicted 
degree of 
corrosion, 
(EI)’/(EI) 

1 

x = 3.50 m 
lc = 1 m 0.50 

0.50 3.57 0.15 
2 0.75 3.53 0.45 
3 1 3.55 0.52 
4 1.25 3.57 0.63 
5 1.50 3.54 0.70 
 
Finite Element Analyses of Other Geometries 
 
In order to expand the investigation of the current corrosion detection method, a 3D 
corrosive pipeline model was studied using ANSYS, and this model was deemed to be 
more reflective of reality.  
 
The finite element model was designed with a 20-node isoparametric Solid186 
element. The length was 10 m, the inner and outer radius of the pipe were RI = 0.18 m 
and RO = 0.2 m, the elastic modulus was E=210 GPa, mass density ρ = 7850 kg/m3, 
and the Poisson ratio ν = 0.3. There were 24 cells along the circumference, 5 cells 
along the thickness, and 80 along the axis. The corrosion pit was idealized into a 
rectangular shape, and a typical finite element mesh is shown in Fig. 8(a).  
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Fig. 8 Finite element model of a pipe with a pitting damage 
 
Four different parameters of x, 𝑙b , dp and θ were considered in the FEA. Here, x 
represents the location of the corrosion in terms of the distance from the left end of 
the pipeline to the midpoint of the corrosion pit; 𝑙b  represents the length of the 
corrosion pit; dp represents the depth of the corrosion pit, and θ describes the width 
of the corrosion pit. As shown in Figs. (8b) and (8c), all four cases were studied by 
varying the above parameters, while the results are summarized in Table 4. 
 

Table 4 Parameters of finite element model 
Case No. Pit location, 

x(m) 
Pit length, 
lc(m) 

Pit depth, 
dp(m) 

θ(°) 

1 2 0.75 0.012 90 
2 3 0.75 0.012 120 
3 4 0.50 0.010 90 
4 5 0.50 0.010 60 
 
The constraints of the two ends of the finite element model were set to be simply 
supported. For all cases, the first and second natural frequency, 𝜔b1 and 𝜔b2, were 
computed with the help of ANSYS, and the corresponding dimensional intact pipeline 
model was created to also use ANSYS to compute its first and second natural 
frequency, 𝜔J1 and 𝜔J2. The details of FEA results are summarized in Table 5. 
 
 
 
 
 
 
 



12	
	

Table 5 Natural frequency values from FEA 
Case No. 𝜔b1(rad/s) 𝜔b2(rad/s) 𝜔J1(rad/s) 𝜔J2(rad/s) 
1 67.67 263.11 

68.29 268.71 2 66.82 261.97 
3 67.47 267.54 
4 67.53 268.68 

 
The computed natural frequencies are given in Table 5 by using an estimated 
corrosion length of D = 0.5 m. This information was plugged into Eq. (9) to calculate 
the variation of corrosion degree (EI)’/(EI) versus the corrosion pit location. 
Evaluated results are presented in Fig. (9). The intersection points represent the 
corrosion pit location and the corrosion degree. Again, due to the symmetry, there are 
two potential corrosion locations for Case 1, 2 and 3, and the actual location is at one 
of them.  
 

    
 

  

 
 

Fig. 9 Predicted locations and extent of corrosion for Cases 1 to 4 
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The numerical results for all cases are shown in Table 6. This data clearly indicates 
that the predictions of the corrosion pit location are pretty accurate and that there is a 
good agreement between the finite element model and the proposed method.  
 
Moreover, this FEA more closely resembles reality because the corrosion is modelled 
by creating a pit on the wall of the pipeline rather than decreasing the flexural rigidity 
of a segment. However, it can be simply estimated based on common sense that the 
larger and deeper the corrosion pit is, the more serious the degree of corrosion. 
According to the corrosion pit dimensions of each case, the degree of corrosion 
sequence from high to low is Case 2 < Case1 < Case 3 < Case 4, and this rank is 
reflected by the given results. 
 

Table 6 Comparison between prediction results and FEA results 

Case 
No. 

Corrosion pit 
location, x 

(m) 

Predicted 
location, x 

(m) 

Degree of corrosion, 
(EI)’/(EI) 

Degree of 
corrosion, 
(EI)’/(EI) 

1 2 2.20 0.70 0.60 
2 3 3.10 0.63 0.41 
3 4 4 0.75 0.72 
4 5 5 0.82 0.78 

 
Discussion and Conclusions 
 
This study presents a new method for detecting corrosion damage within a pipeline 
structure that is based on measurements of first and second natural frequency. The 
method is based on Rayleigh’s Law to determine a relationship between c (degree of 
corrosion) and corrosion location. Since only one unique value of c is physically 
permissible at a given corrosion location, the intersections of the various values of c at 
various natural frequencies along the axial direction of the pipeline provided insights 
into the location of the corrosion damage. 
 
Two different types of finite element models were employed to verify the feasibility 
of this method: one considering the corrosion segment as a decreased bending 
stiffness on a uniform section pipeline, and the other using 3D Solid186 element 
within which the corrosion pit was modelled directly on the wall of the pipeline. More 
specifically, for the first type of model, the corrosion segment was created by 
decreasing its elastic modulus E, and the second model type by decreasing the 
moment of inertia. Both supported the application and accuracy of this method. 
 
Note that an imprecise estimated value of corrosion length D does not affect the 
accuracy of the prediction of the corrosion location. However, it will lead to an 
inaccurate prediction of degree of corrosion. In this case, after determining the 
location of the corrosion, the length of the corrosion region should be measured in the 
pipeline and by using this actual length, Eq. (9) can provide an accurate degree of 
corrosion. 
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