Using Instability to Reconfigure Smart Structures in a Spring

Mass Model

Jiaying Zhan§ 2and Colin R McInnés

1 Department of Mechanical and Aerospace Engineering, University of Strathclyde, Glasgow, G1 1XJ,
United Kingdom
2School of Engineering, University of Glasgow, Glasgow, G12 8QQ, United Kingdom

E-mail: jiaying.zhang@strath.ac.uk

Abstract. Multistable phenmenon have long been used in mechanism design. In this
paper a subset of unstable configurations of a smart structure model will be used to
develop energefficient schemes to reconfigure the structure. This new concept for
reconfiguration uses heteroclniconnections to transition the structure between
different unstable equanergy statedn an ideal structure model zero net energy input

is required for the reconfiguration, compared to transitions between stable equilibria
across a potential barrier. dmple smart structure model is firstly used to identify sets

of equalenergy unstable configurations using dynamical systems theory. Dissipation is
then added to be more representative of a practical structure. A range of strategies are
then used to reeigure the smart structure using heteroclinic connections with different

approaches to handle dissipation.
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1. Introduction

Many structures are designed to be msiitible equilibrium systems, -salled compliant mechanisms
such as bstable mechanism and-Bifable mechanisms. These mechanisms store energy in some initial
position and then release the stored energy througiomiot another stable positi¢h]. For example,

a discrete truss model, which consists of two bars connected by pin jointedmiestigated as a
pseudebistable structure for morphirig]. Others have investigated a thialled bi-stable geometry
from natural systems and origami design principkesite element analysis and experimental results
show the bistability of a reinforced silicone elastomi@. However, unstable equilibria could be
considered to connect different configurations, as presented by Guenther, Hogg and Hiibprman
Some special anisotrappatterning of structures can help deal with instabjbly Moreover, active
control can be used to maintain the structure in an unstable state using d@raagdrapproach, which
controls the structure to suppress instab[i&y Such active control can in principle@al the use of

heteroclinic connections to transition a smart structure between unstable states.

A large number of engineering application have been investigated usingstable devices, for
example an advanced helicopter rotor bladsusal themfor morphing to generate additional Jitiad

[7]. An adaptive atennae has been designed by synthesising compliant mechanisms to enable a
morphing approach from a given curve into a target c[8}eln addition, some simple models have
analysed the stability of a buckled elastic beasing arapplieda load as an actuator for shdgpough
phenomenon9], while experiment results show the detailed dynamics of the buckled beam as
comparedto numerical results[10]. Meanwhile, the properties of lightweight components in
mechatronic devices can produce quick and precise movement or forces. A range of such components
are dsigned and manufactured using smart materials, whose properties are controlled by external
stimuli such as moisture, temperature, electric or magnetic {ields2] There are a number of types

of smart materials with various characteristisuch as shape memory alloys (SMASs), temperature
responsive polymers (TMPs) and piezoelectric materials. Currently, a wide range of SMA actuators
have been successfulipplied in low frequency vibration and actuation applicatj@8% Furthermore,

recent research shows that structures made of shap®ry polymers can provide large deformation
under active contrdlL4,15] Broad applications of such smart materials can be found in the Aerospace,
Energy and Marine sectors, particularly for energy harvesting, vibration control acairstiinealth
monitoring[16]. In addition, several unconventional applications have arisen, for exampldadialf

origami structure was presented, constructsidg shape memory composites that could be activated
with uniform heatind17]. Moreover, a crawling robot hagso been investigated which can fold itself
from a flat sheet with embedded electronics, such as shap®ry composites, arnchn transform

itself into a functional machingl8]. A single sheet can be reconfigured to desired shapes through

multiple controllers by an optimised sign[19].



In previous work, a simple model of a smart structure was presented by Mclnnes and2Uatétse

model comprised a two mass chain with three springs which were approximated to provide simple cubic
nonlinearity. Then, dynamical system theory was used to investigate the characteristics of this
simplified system to identify both stable and unstable equilibrium configurations, some of which were
connected using heteroclinic connections. This cubic nonlinear model has also been used to investigate
vibrational energy harvesting through the use of stochassicnasce[21]. The cubic model is
considered as a simple mechanisgdtem which can change its kinematic configuration between a
finite set of stable or unstable equilibria. The equal energy unstable equilibria are connected through
heteroclinic paths in the phase space of the problem. Therefore, in principle zererggeti€nrequired

to achieve transitions between these configurations in the absence of dissipation. Numerical results
illustrated that reconfiguration between unstable equilibria can in principle be energetically efficient
compared to transitions betweetatde configurations, which need to cross a potential barrier. In
addition, a reconfiguration method based on a reference trajectory and an inverse control method has
been applied to this cubic model and then extended to a more complex model for vehiiiffidtilt to

generate heteroclinic connections numerically. It is envisaged that being computationally efficient, the

strategy could form the basis of réfmhe reconfiguration of smart structurgz?].

In this paper a more complex and realistic sprimagss model is developed to consider the differences
between the cubic approximation used in previous worlaaedl spring model with dissipation, which
illustrates the possibility of using heteroclinic connections to reconfigure real smart structures,
expanding on ref23]. Again, a set of equilibriean be found and cam principle be connecteatirough
heteroclinic paths. Then, strategies are considered to deal with the dissipation term. Two control
methods are investigated, using an-poiht controland an optimal control strategy. In addition, a
bifurcation control strategy is investigated which allows the stability properties of the equilibria to be
controlled, enabling stable equilibria to become temporarily unstable and so connected by lieteroclin

paths. Numerical results are presented to illustrate the control strategies developed.

2. Smart structure model

Consider a simply clamped smart structure model, which consists of a two mass chain connected by
three linear springs of stiffnesSQAQAQ  and natural lengthd) [ R , as illustrated in Fig.1. It is
assumed that the masses can only move in the vertical direction. If the displacement of a mass is defined
by e ¢ hb , while the spring clamps are separateaByit can be shown that thering lengths after

deformation are described by

a ® Q0 (1)



Figure 1.2 degreeof-freedom bucking beam model with damping coefficient

In order to investigate the characteristics of the system, it is assumed that the structure can initially be
considered as a Hamiltonian system (without dissipation) with a simplification of unit maSsom
Fig. 1, the Hamiltonian for this system can then be defined from the kinetic and potential energy with

spring natural lengthd O i) )  through Egs. (4) and (5)
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with momentum coordinatessr) Y}  associated with position coordinatesc ho .

However, for a realistic model dissipation must also be considered, which of course will destroy the
Hamiltonian structure of the dynamics. Therefore, phase trajectodes dne unstable equilibrium

point cannot reach another egealergy unstable equilibrium point. In order to compensate for such
dissipation, controllers need to be used to ensure that heteroclinic connections exist. Therefore, the
dynamics of the problemaa be extended by the addition of linear dissipation parameterised &y

shown in Fig.1.

The problem can now fully defined by a dynamical system of the form
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Then, using dynamical system theory to analyse the system defined.l$-Bjjst can be shown that

there exists a number of both stable and unstable equilibria which may be connected in phase space.
One such type of path is the heteroclinic connection, which requires that the stable and unstable
manifolds of two equa¢nergy unstable equilibria are connected. Solving Egs. (6) to (9) for equilibrium
solutions yields 13 equilibria for the parameter$@, Q@ Q p, Q p,0 0 0 ¢®.

The details of the equilibria are listed in Table 1.

Moreover, the stability properseof these equilibria can be determined from the Hessian matrix of the
potential energy. In the second derivative test for determining extrema of the potential fubatfen,

the discriminanD is given by
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Through using the second derivative test discrimif28it it can be shown that the system possesses 1
unstable equilibriuni, with a global potential maximum, 6 stable equilibEato Es with a global
potential minimum and 6 unstable equilibEato Ei» where the potential has a saddle, as can be seen

in Fig. 2. The corresponding shapes of the structure are shown in Fidnic3, presents different
configurations associated with each of the 13 equilibria. Meanwhile, it can be seen from Table 1 and
Fig. 2 thatEg has the highest potentilwith each spring in compression white to E;» are unstable
equilibria which have onlgne spring in compression and the stable equillbrta Es have both springs

extended.

Table 1. Stability properties of the 13 equilibria of 2 degadfefreedom bucking beam model

Point @ W V(potential) D Type
5




Eo 0 0 3.38 1.75 Maximum

= 1.48 -1.48 0.70 1.35 Minimum
E> -1.48 -2.96 0.70 1.35 Minimum
Es -2.96 -1.48 0.70 1.35 Minimum
E4 -1.48 1.48 0.70 1.35 Minimum
Es 1.48 2.96 0.70 1.35 Minimum
Es 2.96 148 0.70 1.35 Minimum
E; 0 2.29 1.13 -1.81 Saddle
Es 2.29 2.29 1.13 -1.81 Saddle
Eo 2.29 0 1.13 -1.81 Saddle
Eio 0 -2.29 1.13 -1.81 Saddle
Enx -2.29 -2.29 1.13 -1.81 Saddle
E -2.29 0 1.13 -1.81 Saddle

Figure 2. Potential @ of and equilibria (6 stable equilibria to Es, and 6 unstable equilibria
E7 to E1v). (a) 3D surface plotb) Contour plot.

Figure 3. Equilibria for a two mass chain wifla) maximum potentiagquilbriaEo (b) stable

equilbriaEs-¢ and(c) unstable equilibrigz-12. The unstable equilibria have equal potential



Using dynamical system theory, we can then generate the stable and unstable manifolds of the unstable
equilibria to seek possible connections between {2din For the conservative system, linearisation of
Hami |l tonds equations in the neighbourhood of e a
negative eigenvalues with tieerresponding eigenvectors for the stable and unstable direzfland

09 associated with each eigenvalue. These eigenveétdamd ¢° are tangent to the stable manifold

W; and the unstable manifold/, in the neighbourhood of each equilibriuf20]. Therefore, the
eigenvectors can be mapped to approximate the stable and unstable manifolds by integrating forwards

or backwards from an unstable equilibrium poi#& defined by
4d @ §07 (11)
4 & 70° (12)

forf L p <« eh=m™ 1} . While this method can be usealfind heteroclinic connections between
equatenergy unstable equilibria, a means to stabilise the structure before and after such a

reconfiguration must firstly be sought.
3. Bifurc ation Control

In previous worK23], a numerical search technique for reconfiguration using heteroctinieections
without dissipation was investigated. It was assumed that the instability of theeegugy unstable
equilibria could be compensated by using active control. However, an alternative bifurcation control
method may be considered if the natuealgth of the springs) can be manipulated, for example

if the springs are manufactured from an appropriate shape memory alloy. A conservative Hamiltonian

system is assumed initially, with compensation for dissipation considered later in Section 4.

Adball on a hill & model can be used to provide
control method, as shown in Fig. 4. The potential energy of the ball depends on its position on the hill

so that a heteroclinic can connection exist betweenhills (Fig. 4(b)). Figure 4(a) shows the ball on

the first hill, which is initially locally stable. Then through manipulating the local shape of the first hill

it becomes unstable to effect the heteroclinic connection to the second hill, which saqusurtily

transition from unstable to locally stable, as shown in Fig 4(b) and 4(c).



Figure 4. Schematic representation of bifurcation control (a) and (c) are different locally stable
configurations of the structure (b) heteroclin@nnection between the two eqiealergy unstable

configurations.

Based on this simple illustrative model, a new reconfigurable strategy is investigated using the spring

mass smart structure model detailed in Section 2.

In order to illustrate this strateglirectly, 0 s firstly manipulated and changed from 1 to 2.5 with

and 0 fixed. Initially a large change in the spring natural length is considered for clarity of illustration;

a smaller change will be used later. It can be seen from Fig. hi¢hatimber of equilibria will change

with an increase dj , which is shown by the equilibrieo at different lengths o) . Moreover, there

are three invariant points (0, O)iq, Vo) and ( Vio, Vo) whose locations are independentof

For 0 p the equibria O and ‘O are stable, and the potential forms local minima at these
locations, as shown in Fig. 6. Then,{f is increased such that ¢, the equilibria o, Vio) and

( Vo, Vo) became unstable and a heteroclinic connection can be used to reconfigure the structure
between these two equilibria, as shown in Fig. 7. After the reconfiguraiioms finally decreased

such thatd p and the system becomes stable again. This schitoves operation of the structure

in a stable state, a transition to instability to reconfigure the structure, and then continued operation in

another stable state.

Figure 5. Bifurcation diagram for the sprirgnass model. Projection of the locatiof the equilibria
ontothe® axisford, ¢ ,0 ¢ andp O 0. Solid line: stable equilibria, dashed line:

unstable equilibria.



Figure 6. Effective potentialco i with 0 =2, 0 =1 and 0 =2. O and ‘O are stable,O

and O are unstable.

Figure 7. Effective potentialcy efd  with 0 =2, 0 =2.5 andd =2. ‘O and ‘O are unstable,

‘O and O are stable.

A transition using this scheme (without dissipation) is shown in Fig. 8. The coupling parameters are
0 =2 and 0 =2 with 0 switched from 2.5 to 1 to manipulate the stability propertie®©ofandO .

Firstly, a small displacement is added to the system in the local minimum potential well to demonstrate
capture at the equilibrium point. This initial oscillation of the sysiterime potential well atO with

0 p can be seen, followed by a transition@ with 0  ¢& after the bifurcation and then a

return to oscillation in the local minimum potential well@t with0o  p.
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Figure 8. Controlled transition fromO at Wofilo to O at Woh Mo with bifurcation
control. The coupling parameteis=2 and 0 =2 with 0 switched from 2.5 to 1 to manipulate

the stability properties oD and O.

In order to further explore the possibility of reconfiguring the smart struasing bifurcation control,
a more complex situation will now be considered. Figure 2 and 5 show that the equilihriad) and

( Vo, Vo) became unstable wheih ¢, but with the same potential energy as other saddle points
such as1f¥io). An iterative approacf25], can also be used which digis a position coordinate, such

as w, into several steps with a desired increment, then the other position coominatan be used

to seek to minimize the potential energy of every step. Therefore, an ideal path can be generated on the
Mo)with 0 0 0

potential enagy contour from {lo, Vo) to ( Vo, ¢. This results in a

series of connected heteroclinic connections betwiden Kio) and ( Vo, Vo), as shown in Fig. 9.
Therefore, we can consider using the bifurcation control method to reconfigure therstmie more

realistic way with a smaller change of the spring natural length suclthawitches from 2 to 1.3.

Figure 9. Potential energy contour plot and ideal path frosfofic to  Voh Vo .
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Figure 10 shows the transition (without dissipation) using this modified bifurcation control. The
coupling parameters are ¢ and 0 ¢ with 0 switched from 2 to 1.3 to manipulate the
stability properties ofO andO. Then, a small displacement is again added to the system in the local
minimum potential well to demonstrate capture at the equilibrium point. The initial oscillation of the
system in the potential well & with 0 p& can therefore be seen, followegldtransition toO

with 0 ¢ and then a return to oscillation in the local minimum potential weatwith 0  p&.

In addition, the switch process isimplestep change ofy from 1.3 to 2, as shown in Fig. 11.
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Figure 10. Controlled transitiorfrom ‘O at WofVio to O at Woh VMo  with bifurcation

control with 0 switched from 1.3 to 2 to manipulate the stability propertie®©ofand ‘O .

257
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t

Figure 11. A stepchange ofd (1.3to 2) during the bifurcation control.

The bifurcation control scheme presented provides the possibility of reconfiguring smart structures
using their instability, but retaining stability for normal operating mod#hough the natural length
of the spring is variedor illustration we couldalso consideadditionalparameterssuch as the spring
stiffness ‘Qor the spaing 'Q between springs to reduce the variation of the length of the sfiieg.

purpose of the numerical examples preseatauleis to demonstratthe characteristics and uétion
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of bifurcations in this type of nonlinear system. Therefareeasily visualized means (e.gatural

length of the springs) aKesedto achieve the reconfiguring process.

4. Controlled heteroclinic connections in a dissipative system

As noted earlier, dissipation needs to be considered for a realistic model where Eqg. (4) and (5) show the
total energy @ Y w of the system is monotonically decreasing es | n 1
corresponding to the general conditipn 1#¥) Tt In order to proeed it will be assumed that each
spring can now be manipulated with variations of the real spring le¥igthy using smart materials

such as shape memory polymers, so from Eqg. (7) and (9) it can be seen that

o 0 Yo w p Qw
nn — n
) p
. B (13)
0 YO () P Quw w ‘
n In
p
o 0 Yo ® p Qo
nn —_— n
W p
. B (14)
0 YO w P Quw w ‘
- n fn
W p
which can be written as
Q. ‘ Y0 Qo . ‘ Y0 Qo .
Q0 ) p ) p
YWQQo o . (15)
T T —— n n
0w p

and is clearly a statement of conservation of power. If It is considered that the system is forced to be
conservative thenQ"Y @ j Qo6 T, therefore,Y0 can be used to compensate for dissipation by
continuous controlAlternatively, a simpler control strategy is to define a controller which can capture
the phase space trajectory in the neighbourhood of the target equilibrium point. The difference between
the two methods can be seen in Fi@. The endpoint control strategy providesn easy way to
reconfigure smart structures from some initial state to a target state, which uses the controller to

compensate the offset caused by dissipation in a planned control region, as shown Za. Fig.1
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Conversely, the continuous strategy can baratied by constantly monitoring and controlling states

during the reconfiguration of the smart structure, as shown in #ig. 1

| Ideal Connection Without Damping Real Connection Ideal Connection Without Damping
Real Connection With Dampin
With Damping //,,—»K\\\ //"\\ ping o
-7 N Final > S2s Final
/ "><_ Position \ Position
Control _» ¥ | .
- ol «+— Control Region
A Critical Point / A
Initial - A \ )/ Initial
Position Control x_ - Position
Region ~——="

Figure 12. Control strategy (a) ERgoint control (b) Continuous control.

End-point control

In order to ensure convergence to some equilibrium painfto  a Lyapunov function is defined

such that

%o .FFI (16}

no-n

Vallho)
Vall o)

where %o o Tt and %o o fro Tt The time derivative of the Lyapunov function is clearly
%ol AR w0 W nn o & (17)

Then, substituting from the Eq. (7) and (9) the controllerfar 0 and 0 can be defined as

d)—p 0 W W P Qo o
0 — 0 W W — Qw (18)
Qw R p
, » o p b o p Q0 |
0 C— : = W W —_— Qw o (19)
i w—p 0 W P Qo w
0 —— - ®w Qw (20)
Qw ® O© p

for some control parameter. It is noted that the sy has 2 state variables and o, which can
select two controllers fromd , 0 and 0 as control variables to avoid singularities. For example,
sinceQ @ M, Q@ Tin the neighbourhood of the required equilibrium podt, 0

and 0 are selected as controllers in the neighbourhood of that point.

It can then be seen thé is monotonically decreasing such that
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%o oFH -1 n N T (21)

andsoe© whd and=® i within the neighbourhood of target point.

An example of controlled heteroclinic connectionsfor 18t pandf 1@t vare shown in Fig. 3

for a reconfiguration betweer, Bnd ko. To initiate the heteroclinic connection, a displacement along
the unstable manifold ds is preformed and the contreli will be activated when the phase space path

is in the defined neighbourho®of E1o (— ). The corresponding controls and O are shown

in Fig. 14. It can be seen that the controls are only active when the phase space path is iptiiret end
regon of Eip. Numerical results demonstrate that the control effort grows with increasing dissipation
parameter . That is, the control region needs to be enlarged to fit the increasing dissipation parameter

I asshown in Fig.a

Figure 13. Controlled transition fronfg at (1.732051,0) td&1o at (0;1.73205) with the controller
active in the neighbourhood Bfo with different dissipation. Solid line: dissipation parameter

18t pdashed line: dissipation parameter T8t v
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Figure 14. Controlled transition fronts at (1.732051, 0) t& at (0,-1.73205) with thecontrols
actuated through, andLs in the neighbourhood dfio. (a) Dissipation parameter 1@t p (b)

Dissipation parametgr 18t L

Continuous control

For comparison with the engoint control strategy, a continuous control method is now investigated to
approximate the heteroclinic connection. This problem is revisited as a computational optimal control
problem to determine the control histories which trtbe boundary conditions of the problem. In
addition to satisfying the state boundary conditions, these control histories also need to minimise a
performance index function. Then, the optimal tool PSOPT is employed to solve this optimal control
problem nunerically using the direct method. PSOPT is coded in C++ by Be@8&fand is free and

open source. The code can deal with many numerical optimisation problems, in particular with endpoint
constraints, path constraints, and interior point constraints. Moreover, it can solve theeaon
programming (NLP)problem by using IPOPT, which is an interior point method for lage
problems.

The system can be considered under gstatic conditions, so that the energy required for each

controller can be defined as

0 g’m”/i) (22)

where Qs the spring stiffness and) is variation of the spring natural length. Therefore, the

performance index of the system can be defined

0 Yo Yo Yo Qo (23)
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