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Abstract

Selfcomplementary quantum channels are characterized by such an interaction be-
tween the principal quantum system and the environment that leads to the same output
states of both interacting systems. These maps can describe approximate quantum copy
machines, as perfect copying of an unknown quantum state is not possible due to the
celebrated no–cloning theorem. We provide here a parameterization of a large class of
selfcomplementary channels and analyze their properties. Selfcomplementary channels
preserve some residual coherences and residual entanglement. Investigating some mea-
sures of non-Markovianity we show that time evolution under selfcomplementary channels
is highly non-Markovian.

1 Introduction

Capacity of a noisy information channel characterizes the amount of information per one
symbol which is reliably transmitted through the channel in the limit of a long message
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†Supported by Polish National Science Center under the contracts number DEC-2011/02/A/ST1/00119
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send [1]. This general definition can be made more precise, as one specifies what kind of
information is transmitted and which additional resources can be used. For a discussion on
different classes of channel capacities see e.g. [2].

In particular, the capacity of a classical channel characterizes the average number of
classical bits of information that can be reliably transmitted through the channel in a long
sequence of symbols. Alternatively, it refers to the average dimensionality of a discrete
vector space such that every vector of symbols from this space transmitted through the
channel can be recovered with a high fidelity with a help of a suitable error correction scheme.
Analogously, the quantum capacity Q of a quantum channel characterizes the average number
of qubits per a single use of the channel that can be reliably recovered from long sequences
of transmitted states. Alternatively, this capacity characterizes the average dimensionality
of the Hilbert subspace such that every quantum state belonging to this subspace can be
transmitted through the channel and recovered with a vanishing error. In consequence, a
quantum channel of a positive quantum capacity can preserve coherent superposition of states
or quantum entanglement at least for some quantum states.

The action of a quantum channel can be modeled by an interaction of a quantum system
with an environment. Capacity of a quantum channel can be expressed [3] in terms of
the coherent information, defined as the difference between the von Neumann entropy of
the output state and the entropy of the environment after the evolution [4] – see Sec. 2.
A transformation which maps an input state into the state of the environment after the
evolution is called the complementary channel [1, 5, 6, 7].

Although the definitions of the classical and the quantum channel capacities are similar,
these two notions differ in several ways. To show this consider the dephasing channel, which
for a given basis removes all off–diagonal elements of the density matrix. This channel
transforms any coherent superposition of pure orthogonal states into their statistical mixture,
however, any classical state remains unchanged. Therefore, the classical capacity of this
channel can be positive, while its quantum capacity is equal to zero, as there does not exist
even a two-dimensional Hilbert subspace which survives the action of the channel [8].

In the present work we study a family of selfcomplementary quantum channels, which
transform an input state and an initial state of the environment into two identical states.
Similar channels known as symmetric channels has been studied in [9, 10, 11]. By definition,
the coherent information of such channels and their quantum capacity are equal to zero, while
the classical capacity can be positive. The class of selfcomplementary channels contains, for
instance, the dephasing channel. We show that in contrast to the dephasing channel, a
generic selfcomplementary channel is not entanglement breaking [12], as it can preserve some
residual coherences. The fact that the quantum channel capacity of a selfcomplementary
channel is equal to zero can be related with the famous no–cloning theorem, see Sec. 6. As
the no–cloning theorem does not hold for classical states, which are orthogonal or coincide,
the classical channel capacity of a selfcomplementary channel can be positive.

We study also memory effects induced by the time evolution under the action of self-
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complementary channels. Investigations of non-Markovian quantum evolutions and various
measures of non-Markovianity attracted recently a lot of attention [13, 14, 15, 16, 17, 18].
Memory effects of quantum evolutions may increase efficiency of some of the quantum proto-
cols [19] or influence the time evolution of biological systems [20]. Selfcomplementary chan-
nels provide examples of highly non-Markovian evolution, and this property can be detected
investigating the residual entanglement [13].

The paper is organized as follows. In Sec. 2 we review basic definitions related to quan-
tum channels and their capacities. Selfcomplementary channels and their key properties
are discussed in Sec. 3. In particular, we show lower and upper bounds for the entropy
of selfcomplementary maps. A parameterization of the set of one-qubit selfcomplementary
channels is given in Sec. 4 and is generalized for higher dimensions in Appendices E and F.
Residual entanglement is analyzed in Sec. 5, while relations between the no–cloning theorem
and the zero quantum capacity of selfcomplementary channels is discussed in Sec. 6. Proofs
of propositions formulated in the main body of the paper are relegated to Appendices.

2 Quantum channels, coherent information and channel ca-
pacity

Time evolution of an open quantum system S can be described in terms of a global unitary
dynamics U , which couples the quantum system with an environment E [21]. Performing
partial trace over the environment one defines a linear quantum map Φ, which acts on the
principal system,

ρ′ = Φ(ρ) = TrE [U(ρ⊗ σ)U †], (1)

where σ denotes an initial state of the environment E . For a given map Φ representation (1)
in terms of U and σ is not unique. Selecting a suitable size of the ancilla one can assume
without loss of generality that the initial state of environment σ can be chosen as a pure
state.

Any evolution Φ of the above form preserves positivity of the input state. Furthermore, Φ
belongs to the class of completely positive (CP) maps, as its extension on an arbitrary larger
space, Φ⊗ I, preserves positivity. Any CP map Φ which preserves normalization of the state
is called a stochastic map, quantum channel or quantum operation. It is well known [21] that
any stochastic map admits a unitary representation (1).

It is legitimate to ask about a fate of the environment after the interaction with the
principal system. The corresponding evolution of the state of the environment reads

σ′ = Φ̃(ρ) = TrS [U(ρ⊗ σ)U †]. (2)

The map Φ̃ defined in this way forms channel complementary to Φ.
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To characterize information which can be encoded in a quantum state ρ one often uses
its von Neumann entropy, S(ρ) = −Tr(ρ log ρ). This quantity can also be applied to describe
properties of quantum channels. The coherent information which is transmitted through a
channel Φ acting on the initial state ρ is defined [4] as

Icoh(Φ, ρ) = S
(
Φ(ρ)

)
− S

(
Φ̃(ρ)

)
. (3)

For classical states, the coherent information takes negative values only. However, if ρ
is a quantum state, the coherent information Icoh can also be positive, so it can be used
to quantify, how well the quantum coherences are preserved by the channel [22]. Coherent
information is monotonically decreasing with respect to a concatenation of the channels and
this property is often referred to as the data processing inequality. Furthermore, it is con-
vex with respect to linear combinations of the channels and concave with respect to linear
combinations of the states – see [22] and references therein. Moreover,coherent informa-
tion maximized over the input states is not additive with respect to tensor product of two
channels [23]

max
ρAB

Icoh(ΦA ⊗ ΦB, ρAB) ≥ max
ρA

Icoh(ΦA, ρA) + max
ρB

Icoh(ΦB, ρB). (4)

For any quantum channel Φ one defines its quantum capacity

QC ≡ lim
n→∞

sup
log d

n
, (5)

where d and n are such that there exists a d–dimensional subspace S ⊆ H⊗ninput and there
exist such coding and error correcting schemes that every input state from S is transmitted
through the n copies of the channel with arbitrary high fidelity. The definition of the capacity
requires to analyze the coding and decoding schemes in Hilbert spaces of asymptotically large
dimensions. However, the capacity can be related with coherent information of the channel
Φ used in parallel n times [3]

QC = lim
n→∞

max
ρ

1

n
Icoh(Φ⊗n, ρ). (6)

In the subsequent section, we will analyze a class of quantum channels for which one shot
coherent information is zero and we will discuss the corresponding quantum channel capacity.

Selfcomplementary channels appear in wider context as particular examples of the so
called degradable and anti-degradable channels [7, 8, 38]. A channel Φ is called degradable
if there exists another completely positive trace preserving map Ψ such that

Ψ ◦ Φ = Φ̃, (7)
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where Φ̃ is the complementary channel. A channel Φ is called anti-degradable if its comple-
mentary channel Φ̃ is degradable with respect to original quantum system and satisfies the
relation

Ψ ◦ Φ̃ = Φ. (8)

Taking for Ψ the identity channel in (7) and (8) we see that selfcomlementary channel Φ = Φ̃
belongs to the intersection of the sets of degradable and anti-degradable channels. The
argument derived from the no-cloning theorem implies that all anti-degradable channels have
zero quantum channel capacity [8, 39]. In [39] single-qubit degradable channels are completely
characterized and it is shown that single-qubit channels with two Kraus operators are either
degradable, or anti-degradable, or both degradable and anti degradable, see also [40].

3 Selfcomplementary channels, definition and properties

Let us define a class of selfcomplementary channels:

Definition 1. A quantum channel Φself is called a selfcomplementary channel if for ev-
ery input state an output of the channel is identical with an output of its complementary
counterpart, i.e.,

Φself = Φ̃self (9)

for properly chosen bases of the two output states.

Channels that map a quantum state into two identical outputs have been studied in the
context of analysis of capacity of parallel quantum channels in [9], where they are called
symmetric side channels (SSC) in analysis of capacity of parallel quantum channels. In spite
of the close similarity between selfcomplementary channels and SSC there is an important
distinction between them that justifies a different terminology. In the definition of the self-
complementary channels it is assumed that the initial joint state of the system and the
environment is a product state, while it is not the case in the definition of SSC. Moreover, to
define SSC the authors of [9] use a particular symmetrizing isometry that forms a symmetric
outputs for the main and complementary channels independently of the state of the environ-
ment. In the case of selfcomplementary channels, as we fix the initial state of the environment
as pure, we allow for greater space of symmetrizing global unitary transformations. It is also
worthwhile to add that a similar family of channels was very recently analyzed in [24] in
context of a study of incompatibility of quantum maps.

Before characterizing selfcomplementary channels in detail, let us discuss a relation be-
tween Kraus operators (see Appendix A) associated with a quantum channel and its com-
plementary counterpart given in the following Proposition.

Proposition 1. Denote a set of density matrices of an n level system as Mn. Assume that
a quantum channel Φ :MN →MM is represented by Kraus operators Ki as follows, Φ(ρ) =
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∑k
i=1K

iρKi† and the Kraus representation of the complementary channel Φ̃(ρ) :MN →Mk

is given by Φ̃(ρ) =
∑M

i=1 K̃
iρK̃i†, where the dimensionality of the input system, the output

system and the environment are N , M and k respectively. The following relation between the
Kraus operators associated to these channels holds true

K̃α
ij = Ki

αj , i = 1, ..., k, α = 1, ...,M, j = 1, ..., N, (10)

where the lower indexes indicate the matrix entries and the upper indices numerate the Kraus
operators.

The proof is given in Appendix B. Proposition 1 implies that if a given quantum channel
Φ is defined by k Kraus operators represented by M ×N matrices

Φ : {Kk
i=1} →M

k︷ ︸︸ ︷
 ...


︸ ︷︷ ︸

N

,

 ...

 , ...,
 ...

,

the complementary channel Φ̃ is characterized by M Kraus operators given by k×N matrices

Φ̃ : {K̃N
i=1} → k

M︷ ︸︸ ︷
 ...


︸ ︷︷ ︸

N

, ...,

 ...

 .

In consequence, in order to satisfy the equality between Φself and Φ̃self for a selfcomple-
mentary map, the dimensionality of the environment has to be equal to the dimensionality
of the input state, i.e., N = k. This necessary condition for selfcomplementarity of a channel
can be expressed also in terms of the so-called Choi-Jamio lkowski state corresponding to the
channel

1

N
DΦ = [1N ⊗ Φ]

(
|φ+ 〉 〈 φ+|

)
, (11)

where |φ+ 〉 = 1√
N

∑N
i=1 |i 〉 ⊗ |i 〉 is a maximally entangled state. The rank of the Choi-

Jamio lkowski state is called the rank of the channel and it determines the smallest number
of the Kraus operators necessary to represent the map. In general the rank R of the channel
satisfies relations 1 ≤ R ≤ N2. However, for a selfcomplementary channel Φself :MN →MN

we have
Rank(DΦself

) = N. (12)
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The following examples show some consequences of this statement. A single-qubit depolar-
izing map is defined as a channel that projects any state into a maximally mixed state. This
channel has zero quantum capacity, but it does not belong to the class of selfcomplementary
channels because its rank is 4, whereas the dimensionality of the input state is 2. Similarly,
the identity channel or any single-qubit unitary channel that has rank one cannot be self-
complementary. In consequence, selfcomplementary channels cannot be neither very noisy
nor reversible.

The definition 1 and the definition of coherent information given in Eq. (3) imply that
Icoh(Φself , ρ) is equal to zero for any initial state ρ. It does not guarantee, however, that the
quantum capacity Eq. (6) is also 0, as the coherent information is not additive, see Eq. (4).
On the other hand, zero quantum capacity of these channels is justified by the following
Proposition proved in Appendix C.

Proposition 2. The tensor product of two selfcomplementary channels is also selfcomple-
mentary,

Φself ⊗Ψself = Λself . (13)

Therefore, the quantum capacity is additive with respect to the tensor product and equal
to 0 for all selfcomplementary channels. Eventually, let us also emphasize the following
property

Property 1. Concatenation of two arbitrary selfcomplementary channels does not need to
be selfcomplementary. However, the quantum channel capacity of any composition of these
channels is equal to zero.

The statement is justified as follows. The number of the Kraus operators in a composition
of two selfcomplementary channels is different than the number of the Kraus operators cor-
responding to one of them. Therefore, the dimensionality of the environment needed to rep-
resent this composition is greater than the dimensionality of an input state. Due to Eq. (12)
the concatenation is in general not selfcomplementary anymore. The second statement of
Property 1 is derived from the data processing inequality [4]. It states that a composition of
two channels cannot increase the coherent information above the value related with the first
of these channels. This implies the zero quantum channel capacity for any concatenation of
selfcomplementary channels.

Although, zero quantum capacity implies that there is no subspace that can be exactly
transmitted through the channel, it does not mean that these channels completely destroy
coherences or even entanglement. Indeed, the coherences are diminished, but they do not
vanish entirely. Therefore, in the following sections we study the impact of the selfcomple-
mentary channels on quantum coherences and quantum entanglement.

7



3.1 Decohering properties of selfcomplementary channels and their clas-
sical channel capacity

The entropy Smap of a quantum channel Φ is defined [25, 26] as the von Neumann entropy
of the corresponding Choi-Jamio lkowski state DΦ/N given in Eq. (11). As the vanishing
map entropy characterizes reversible unitary channels, while its maximum is achieved for
maximally depolarizing channels, this quantity describes the degree of decoherence induced
by the particular quantum channel. Selfcomplementarity of a channel implies the following
properties on its entropy S(Φ).

Proposition 3. a) The map entropy of a selfcomplementary channel Φself :MN →MN is
equal to the entropy of an image of the maximally mixed state, i.e.,

Smap(Φself ) = S (Φself (ρ∗)) . (14)

b) The map entropy of the selfcomplementary channel is bounded as follows

1

2
logN ≤ Smap(Φself ) ≤ logN. (15)

The proof is given in Appendix D. The lower bound in (15) is not saturated as we show
in Sec. 4.

Let us now estimate a classical channel capacity defined as a maximum rate in which
classical information is transmitted through the channel. A formal definition (see for in-
stance [22]) is analogous to Eq. (5), where now d stands for the dimensionality of a vector
space of bits strings transmitted through the channel with vanishing error. It has been
shown [27, 28, 29] that the classical capacity Cc of a quantum channel Φ can be expressed as

Cc(Φ) = sup
{pi,ρi}mi=1

χ ({pi,Φ(ρi)}mi=1) , (16)

where {pi}mi=1 is a probability density characterising a message of m letters encoded in an
alphabet of quantum states {ρi}mi=1. Here χ is the Holevo information defined by

χ({pi, ρi}mi=1) ≡ S

(
m∑
i=1

piρi

)
−

m∑
i=1

piS(ρi). (17)

A particular choice of the ensemble {pi, ρi}mi=1 in χ({pi,Φ(ρi)}mi=1) gives a lower bound on the
classical capacity. Let us consider pi = 1/m for each i and ρi = |φi〉 such that 〈φj |φi〉 = δij ,
where δij is the Kronecker delta. Then one arrives at the following bound,

Cc(Φ) ≥ S(Φ(ρ∗))−
m∑
i=1

piS(Φ(|φi〉)). (18)

In Sec. 4 we show for single-qubit selfcomplementary channels that the term on the right
hand side is usually strongly greater than zero. This implies that the classical capacity of a
selfcomplementary channel is usually greater than zero.
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4 One-qubit family of selfcomplementary channels

In this section we find a parameterization of single-qubit selfcomplementary channels. Con-
sider an arbitrary selfcomplementary channel Φself : M2 → M2. It can be defined by two
Kraus operators

K1 =

[
a1 a2

a3 a4

]
, K2 =

[
b1 b2
b3 b4

]
. (19)

In the set of selfcomplementary channels one can introduce a foliation of unitarily equivalent
classes of channels, as a unitary transformation of an input state and a unitary transforma-
tion of output states of the channel and its complementary counterpart do not change the
selfcomplementarity of the channel. In each equivalence class we have channels with Krauss
operators related by K ′1 = WK1V

† and K ′2 = WK2V
†, where W and V are arbitrary. Ma-

trices W and V can be chosen in such a way that they transform the first Kraus operator to
the diagonal form by the singular values decomposition, then

K ′1 =

[
a 0
0 b

]
, K ′2 =

[
c d
e f

]
, (20)

where a and b are non-negative numbers. Relation (10) for selfcomplementary channels
requires that the second row of the first Kraus operator has to be equal to the first row of the
second one. This guarantees that the Kraus operators of the channel and its complementary
counterpart are the same. Therefore the most general form of these operators for single-qubit
selfcomplementary channels up to local unitary transformations takes the following form

K ′1 =

[
a 0
0 b

]
, K ′2 =

[
0 b
γ δ

]
. (21)

Completeness relation,
∑k

i=1K
′†
iK
′
i = 1, imply additional constraints,

δ = 0,

2b2 = 1,

|γ|2 + a2 = 1

or


γ = 0,

a2 = 1,

|δ|2 + 2b2 = 1

, (22)

which allow us to reduce the number of parameters. These conditions imply that single-
qubit selfcomplementary channels can be divided into two classes of maps, each of them
characterized by two real parameters,

K ′1 =

[
sin θ 0

0 1√
2

]
, K ′2 =

[
0 1√

2

cos θeiϕ 0

]
(23)

or

K ′1 =

[
1 0
0 1√

2
sin θ

]
, K ′2 =

[
0 1√

2
sin θ

0 cos θeiϕ

]
, (24)
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where the free phases satisfy θ ∈ [0, π] and ϕ ∈ [0, 2π]. Furthermore, each selfcomplementary
channel depends on two arbitrary unitary matrices V and W used to bring K1 to the diagonal
form 20.

Substituting θ = 0 and ϕ = 0 in Eq. (24), one gets the dephasing channel that is char-
acterized by maximum classical capacity but vanishing quantum capacity. Indeed, when the
input state is either |0〉 or |1〉 the dephasing channel and its complementary act as a perfect
classical copy machine. However, as all the coherences are destroyed, there are no coherences
in any superposition of these quantum states.

Due to the Stinespring dilation theorem every quantum channel can be represented as a
partial trace of an extended system subjected to a global unitary transformation (1), which
couples the system with its environment. Let us now recall the unitary transformation
corresponding to a selfcomplementary channel. A relation between a set of Kraus operators
and the corresponding unitary transformation is shown in Appendix A, see also [30],

Uijkν = 〈i| ⊗ 〈j|U |k〉 ⊗ |ν〉 = K ′
j
ik. (25)

Exact form of the global unitary operation U for a single-qubit selfcomplementary channel
represented by Eq. (23) reads

U =


sin θ 0 0 − cos θe−iϕ

0 1/
√

2 1/
√

2 0

0 1/
√

2 −1/
√

2 0
cos θeiϕ 0 0 sin θ

 . (26)

Parameterization of selfcomplementary channels given in Eq. (23) or Eq. (24) allows us
to visualize the action of these channels on single-qubit pure states. Each density matrix
representing a single-qubit state can be decomposed in the basis of the Pauli matrices and
represented by a three-dimensional real vector of length ≤ 1. These vectors form a ball
called the Bloch ball, while vectors representing pure states of a single qubit form the Bloch
sphere. An image of the Bloch sphere after an action of a quantum channel allows us to study
decohering properties of the channel. Figure 1 shows the action of different selfcomplementary
channels given by Eq. (23) for ϕ = 0 and θ = k π8 for k = 0, ..., 8. Among them, we can see
the deformations of the Bloch sphere strong enough to make the quantum channel capacity
equal to zero. Observe that the family of selfcomplementary maps does not include neither
channels close to unitary nor maps close to the maximally depolarizing channel. Indeed,
interaction with a two level environment cannot cause depolarizing of all states to a single
point inside the Bloch ball. Panels c) and g) show examples of decohering channels which
cause projection of all the states into the line unitarily equivalent to the set of classical states.

Notice that one-qubit selfcomplementary channels are generically not bistochastic for
θ = {0, π}, which means that they do not preserve the maximally mixed state. As it has
been shown in Sec. 3.1 the entropy of the image of the maximally mixed state gives us the
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Figure 1: Images of the Bloch sphere after the action of single-qubit selfcomplementary
maps described in Eq. (23). Figures a) to i) represent the channels for ϕ = 0 and the main
parameter reads θ = k π8 for k = 0, ..., 8 respectively.

entropy of the selfcomplementary channel, Smap(Φself ) = S (Φ(ρ∗)). Fig. 1 shows that the
entropy of the image of maximally mixed state cannot be arbitrary small. Its minimum
reads S

([
1
4 ,

3
4

])
' 0.56233, see panels a), e) and i), which does not saturate the lower limit

provided by Proposition 3.
The exact parameterization of one-qubit selfcomplementary channels allows us to find

exact entropies for the output states. This, in turn, allows us to estimate the lower bound
on the classical capacity given in Ineq. (18). For selfcomplementary channels characterized
by Eq. (23) with ϕ = 0 the lower bound on this capacity is plotted in Fig. 2.

This figure shows that the classical capacity for selfcomplementary channels is significantly
greater than zero. Therefore, these channels although noisy enough to have quantum channel
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Figure 2: Lower bound of the classical channel capacity for one qubit selfcomplementary
channels given in Eq. (23) with ϕ = 0 as a function of the phase θ. The lower bound is given
by the Holevo information χ defined in the r.h.s. of Ineq. (18) for states |0〉 and |1〉 occurring
with equal probabilities.

capacity equal to zero, are not completely closed for transmitting of the classical information.
The coherences, although strongly weakened, are also not entirely destroyed. This suggests
that also some residual entanglement can be preserved by selfcomplementary channels. This
problem is analyzed in the following section.

5 Residual entanglement preserved by selfcomplementary chan-
nels

In this section, we analyze two measures of entanglement of the Choi-Jamio lkowski states
corresponding to selfcomplementary channels in order to show that these channels are not
generically entanglement breaking. A quantum channel is entanglement breaking if acting
locally on a part of an entangled state produces an output which is not entangled with
the remaining part independently of the initial state. It is known [12] that a channel is
entanglement breaking if and only if the corresponding Choi-Jamio lkowski state defined in
Eq. (11) is separable.

Let us analyze entanglement of a Choi-Jamio lkowski state ωΦ of a single-qubit selfcom-

12



1
x

-1-1

y

1

-1
1

z

1
x

-1-1

y

1

-1
1

z
1

x
-1-1

y

-1

1

1

z

1

x
-1-1

y

z

1

-1
1

1

x
-1-1

z

y

-1

1

1

θ
0 π/8 2π/8 3π/8 4π/8

0

0,25

0,5E

Figure 3: One-qubit selfcomplementary maps (23) and entanglement E of the corresponding
Choi-Jamio lkowski states. Figures a) to e) represent the images of the Bloch sphere induced
by the consecutive channels obtained for ϕ = 0 and the phase θ = k π4 , with k = 0, ..., 4.
Negativity (squares) and concurrence (circles) of the corresponding states DΦ/N is shown in
the lower panel as functions (36) and (32) of the phase θ, respectively.

plementary channel Φ. For the channel given in Eq. (23) with ϕ = 0 we have

ωΦ =
DΦ

2
=

1

2


sin2 θ 0 0 1√

2
sin θ

0 1
2

1√
2

cos θ 0

0 1√
2

cos θ cos2 θ 0
1√
2

sin θ 0 0 1
2

 ,
where we have applied a relation between the Kraus representation and the Choi-Jamio lkowski
state discussed in Appendix A. As a measure of entanglement we take an entanglement
monotone called the concurrence [31]. For a two-qubit mixed state ωΦ it is defined as

C(ωΦ) = max{0,√γ1 −
√
γ2 −

√
γ3 −

√
γ4}, (27)

where the γ1 ≤ γ2 ≤ γ3 ≤ γ4 are the eigenvalues of R = ωΦω̃Φ. Here ω̃Φ is the result of a
spin-flip operation applied to ωΦ:

ω̃Φ = (σy ⊗ σy)ω∗Φ(σy ⊗ σy) (28)

and the complex conjugation is taken in the computational basis. Explicit formula for the
concurrence for arbitrary two-qubit states has been found by Wootters [32]. The concurrence
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of the Choi-Jamio lkowski state of a single-qubit channel plays the role of the proportionality
factor in a relation between entanglement of an input and an output state [33],

C(ρout) = C(ρin)C(ωΦ(θ)). (29)

This allows us to characterize residual entanglement remaining after transformation driven
by selfcomplementary channels. For these channels parametrized as in Eq. (23) with ϕ = 0
the matrix R reads

R = ωΦω̃Φ =
1

2


1
2 0 0 1√

2
cos θ

0 1
2

1√
2

sin θ 0

0 1√
2

sin θ cos2 θ 0
1√
2

cos θ 0 0 sin2 θ

 . (30)

Its eigenvalues are given by

γ1 = −1

4
(4 cos 2θ − 1), γ2 = −1

4
(2− cos 2θ), γ3 = 0, γ4 = 0. (31)

so the concurrence reads,

C(ω) =


1
2(
√

4 cos 2θ − 1−
√

2− cos 2θ), θ ∈ [0; π4 )

0, θ = π
4

1
2(
√

2− cos 2θ −
√

4 cos 2θ − 1), θ ∈ (π4 ; π2 ]

. (32)

Figure 3 shows that selfcomplementary channels preserve residual entanglement of the initial
maximally entangled state, if only a single part of this state is transformed by one of these
channels. Only the linear channel related to θ = π/4, is entanglement breaking, as the
corresponding state is separable – see Fig. 3. The maximum concurrence is achieved for the
amplitude damping channel, θ = π/2 defined by the following Kraus operators KAD

K
(AD)
1 =

[
1 0
0
√

1− p

]
, K

(AD)
2 =

[
0
√
p

0 0

]
(33)

where p indicates a probability of decaying to the ground state. Dependence of the entan-
glement of the output state on the entanglement of an input state for selfcomplementary
channels is shown in Fig. 4. It is evident that almost all single-qubit selfcomplementary
channels preserve some residual entanglement.

The concurrence is a measure of entanglement characterizing two-qubit states. As a mea-
sure that can be applied also for larger quantum systems we take an entanglement monotone
called negativity [34, 35, 36] defined as follows

Neg(ωΦ) =
||ωTAΦ ||1 − 1

2
, (34)
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Figure 4: Entanglement evolution measured by concurrence C of the family of single-qubit
selfcomplementary maps defined in Eq. (23), where ϕ = 0 and the phase θ ∈ [0, π/2]. Here
C(ρin) and C(ρout) denote concurrence of the input state and the output state respectively.

where the partial transpose TA with respect to subsystem A is defined as

ωTAΦ =
∑
ijkl

pijkl(|i〉〈j|)T ⊗ |k〉〈l| =
∑
ijkl

pijkl|j〉〈i| ⊗ |k〉〈l|. (35)

Straightforward calculations lead us to the following formula for negativity of the Choi-
Jamio lkowski state of the single-qubit selfcomplementary channels

NωΦ(θ) =
1

4
| cos 2θ|. (36)

As shown in Fig. 3, both measures of entanglement satisfy inequality C ≥ N , originally
observed in [37].

Let us also notice that for single-qubit selfcomplementary channels the concurrence is a
monotonic function of the negativity

C(ωΦ) =


1
2(
√

16NωΦ(θ)− 1−
√

2− 4NωΦ(θ)), θ ∈ [0; π4 )

0, θ = π
4

1
2(
√

2− 4NωΦ(θ)−
√

16NωΦ(θ)− 1), θ ∈ (π4 ; π2 ]

. (37)
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5.1 Selfcomplementary dynamics, characterization of non-Markovianity

A global unitary transformation considered in Eq. (25) that provides a coupling of a qubit
system with a qubit environment can represent a selfcomplementary dynamics, if we assume
that the phase changes linearly with time, θ = ωt. In such a dynamics, information oscillates
between the system and the environment and the evolution depends on the history. Fig. 1
provides an illustration of this process. The successive images of the Bloch spheres represent
now the successive moments of time. In panel c), the Bloch ball is contracted to a line
segment. Then the points diverge to form a three-dimensional set again. This evolution
clearly depends on both the present state and the previous history. This type of memory-
based processes is called non-Markovian. In contrast, the so–called Markovian dynamics
depends only on the present state of the quantum system.

By Stinespring dilation theorem represented by Eq. (1), every completely positive and
trace-preserving (CPTP) map - a quantum channel - can be described by an interaction with
an environment in a pure state. Therefore, the dynamics induced by such a channel does
not depend on the previous evolution of an input state, but only on the actual state of this
system. In consequence, if a Markovian evolution is described by a CPTP quantum channel
then it can be decomposed into a concatenation of infinitely many CPTP maps. Each of
them can be represented by an interaction with an independent environment according to
Eq. (1) and each part of the evolution removes the information about the previous evolution
of the input state. On the other hand, if a process cannot be decomposed into infinitesimal
CPTP maps then it is non-Markovian.

Recently, many efforts have been made to recognize and characterize non-Markovianity
of a quantum evolution. One of witnesses of the non-Markovianity is based on the obser-
vation that certain quantities, as quantum channel capacity [15], decrease monotonically for
concatenation of CPTP maps. Therefore, if during an evolution one observes an increase
of the channel capacity, such a process is non-Markovian, and the evolution cannot be de-
scribed as a concatenation of infinitesimal CPTP maps. However, such the non-monotonic
behavior of the channel capacity provides a sufficient but not necessary condition for the
non-Markovianity. Indeed, the selfcomplementary evolution provides an example of highly
non-Markovian dynamics, for which the quantum channel capacity is always zero.

In this case, a better characteristic of the non-Markovianity is given by the changes of
the entanglement of the Choi-Jamio lkowski state shown in Fig. 3. The entanglement cannot
increase under concatenation of CPTP maps. As we observe that entanglement increases
during this process, this evolution is non-Markovian. A degree of non-Markovianity can be
characterized by the sum of all time intervals over which the entanglement increases. During
the selfcomplementary evolution this measure is infinite, as information oscillates between
system and environment without being damped.
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6 Concluding remarks

In the present paper we investigated a class of selfcomplementary quantum channels which
send the state of the principal system and the state of the environment into the same output
state. In the simplest case we characterize the selfcomplementary maps of a single qubit,
which up to local unitary operations are parameterized by two real phases - see Eq. (23)
and Eq. (24). A generalization of this parameterization for higher dimensions is provided in
Appendices E and F.

Furthermore, we analyzed classical and quantum capacities of single-qubit selfcomplemen-
tary channels. Moreover, we studies decoherence and changes of entanglement, they induce.
Two possible ways to interpret the concurrence of the Choi-Jamio lkowski state related to
a single-qubit selfcomplementary channel are proposed. On one hand, the concurrence is a
proportionality factor in a relation between the concurrences of an input and an output state,
where only one part of the system is transmitted through the channel. On the other hand,
the changes of the concurrence characterize non-Markovian character of an evolution given
by a family of selfcomplementary channels.

As a selfcomplementary channel transforms a quantum state into two identical states of
the system and the environment, such a map describes an approximate quantum copying
machine. The machine is not perfect due to the no-cloning theorem, which implies that the
multiplied states are generically different from the initial state. This theorem additionally
implies zero capacity of the selfcomplementary channels. Indeed, if there had been a Hilbert
subspace from which all the states are transmitted with arbitrary high fidelity, then multi-
plication induced by the selfcomplementary channels would have caused a violation of the
no-cloning theorem for the entire subspace.

Being both degradable and anti-degradable selfcomplementary maps inherit properties
of these classes studied for instance in [38, 9, 10, 11]. Our work is related to studies on
classical private capacity [3], understood as the rate in which information is transmitted
through a channel without leaking to the environment. In [11] it is shown that for degradable
channels the private capacity is equal to the quantum capacity and expressed by a single letter
formula. The fact that selfcomplementary channels are anti degradable implies the zero
private capacity. This agrees with the intuition as the channels work as copying machines
and the same information that is transmitted through the channel is send to the environment
as well.

The classical capacity of selfcomplementary channels is not zero. Our results show also
that these channels do not destroy completely neither the coherences nor the entanglement.
These features allow us to pose a question, whether the quantum capacity of the selfcom-
plementary maps could be activated by other zero capacity channel if the two channels act
in parallel. This kind of superactivation of two zero capacity quantum channels has been
observed previously, see for instance [10]. Our analysis implies that in order to superactivate
a selfcomplementary channel the second channel cannot be selfcomplementary.
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Notice that the activation of a selfcomplementary channel by another channel does not
violate the no-cloning theorem. Indeed, the second channel does not copy the corresponding
system to its environment. The joint state of the environments is no longer a copy of the
joint output state. Therefore, without violating the no cloning theorem, the output state
could in principle be similar to the input state as far as the joint state of the environments is
different from them. This may hold despite the similarity of partial states of output from the
selfcomplementary channel and the corresponding partial state of the environment. However,
further investigation on possible activation of selfcomplementary maps is still required.
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A Quantum channels and their representations

In this Appendix, we review the formalism of quantum channels used in the main body of
the paper and in the proofs of the propositions provided in other Appendices. A quantum
map Φ : ρ → ρ′ that describes an interaction of a quantum system ρ with an environment
can be represented as completely positive, and trace-preserving (CPTP) transformation [41,
42, 43, 44]. Complete positivity means that an extended map Φ⊗ 1M , where 1M denotes an
identity operator acting on M dimensional space of density matrices, preserves positivity of
the matrices for any M . Completely positive and trace preserving quantum maps are called
quantum operations, stochastic maps or quantum channels.

Due to the theorems of Jamio lkowski [41] and Choi [42] complete positivity of a map is
equivalent to positivity of a state corresponding to the map by the Jamio lkowski isomorphism.
This isomorphism determines the correspondence between a quantum operation Φ acting on
N dimensional matrices and density matrix DΦ/N of dimension N2 which is called the Choi-
Jamio lkowski state and is defined as follows

1

N
DΦ = [1N ⊗ Φ]

(
|φ+ 〉 〈 φ+|

)
, (38)

where |φ+ 〉 = 1√
N

∑N
i=1 |i 〉 ⊗ |i 〉 is the maximally entangled state. The Choi matrix DΦ

corresponding to a trace preserving operation satisfies the following condition

Tr2DΦ = 1, (39)
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where Tr2 is a partial trace over the second subsystem of the state in Eq. (38).
A quantum operation Φ can also be represented by a superoperator matrix. It is a

matrix that acts on a vector of length N2 containing all the entries of the density matrix ρij
of an input state ordered lexicographically. Thus, the superoperator of Φ is represented by a
square matrix of size N2. The superoperator in some orthogonal product basis {|i〉 ⊗ |j〉} is
represented by a matrix indexed by four indexes,

Φij,kl = 〈i| ⊗ 〈j|Φ|k〉 ⊗ |l〉. (40)

The matrix from Eq. (38) represented in the same basis is related to the superoperator matrix
by a reshuffling formula [30] as follows

〈i| ⊗ 〈j|DΦ|k〉 ⊗ |l〉 = 〈i| ⊗ 〈k|Φ|j〉 ⊗ |l〉. (41)

The entropy of (38) is called the map entropy and denoted as Smap(Φ),

Smap(Φ) ≡ S
(

1

N
DΦ

)
= S

(
[1N ⊗ Φ]

(
|φ+ 〉 〈 φ+|

))
. (42)

To describe a quantum channel, one may use the Stinespring’s dilation theorem [21]
concerning an initial state ρ on HN , interacting with its environment characterized by a
state on HM . The joint evolution of the two states is described by a unitary operation U .
The joint state of the system and the environment is initially not entangled. Moreover, the
initial state of the environment can be given by a pure one without lost of generality. The
evolving joint state is given by

ω = U
(
|1〉 〈1| ⊗ ρ

)
U †, (43)

where |1〉 ∈ HM and U is a unitary matrix of size NM . The state of the system after the
operation is obtained by tracing out the environment,

ρ′ = Φ(ρ) = TrM

[
U
(
|1〉 〈1| ⊗ ρ

)
U †
]

=
M∑
i=1

KiρKi†, (44)

where the so called Kraus operators Ki read Ki = 〈i|U |1〉. The Kraus operators {Ki}
satisfies completeness relation

∑k
i=1K

†
iKi = 1 that implies preservation of positivity. In

the matrix representation the Kraus operators are formed by successive blocks of the first
block–column of the unitary evolution matrix U .

Due to the Kraus theorem [43] a map Φ is completely positive if and only if there exists
a Kraus representation

ρ′ = Φ(ρ) =
M∑
i=1

KiρKi†. (45)
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A superoperator matrix is related to the Kraus operators by the following formula

Φ =
k∑
i=1

Ki ⊗Ki. (46)

This relation together with Eq. (41) allow us to express the Choi-Jamio lkowski state by the
Kraus operators.

B Proof of Proposition 1

This proposition concerns a relation between Kraus operators of a quantum channel and
its complementary counterpart. The Stinespring’s dilation theorem allows us to express a
channel in the following form Φ(ρs) = Trs[U(|1e〉〈1e|⊗ρs)U †], where s denotes the system and
e the environment. This formula can be written by using the swap operator OSWAP which
exchanges the system and the environment as follows Tre[OSWAPU(|1e〉〈1e|⊗ρs)U †O†SWAP ].
As the Kraus operators of the channel read Ki

jk = 〈ij|U |1k〉, we have the Kraus operators
of the complementary counterpart given by

K̃i
jk = 〈ij|OSWAPU |1k〉 = 〈ji|U |1k〉 = Kj

ik. (47)

This justifies Proposition 1.

C Proof of Proposition 2

This proposition concerns the fact that the tensor product of selfcomplementary channels is
also selfcomplementary. Let us consider two selfcomplementary channels ΨZ and ΨR, which
are characterized according to (45) by sets of the Kraus operators {Zi} and {Rj}, respectively.
Both the sets of satisfy Eq. (10). One can demonstrate that the Kraus operators of ΨZ⊗ΨR,
which are Kij = Zi⊗Rj satisfy Eq. (10) as well. In what follows, the lower indexes represent
the matrix elements according to the same convention as in Eq. (40),

Kij
psrt = [Zi ⊗Rj ]psrt = ZiprR

j
st = ZpirR

s
jt (48)

= [Zp ⊗Rs]ijrt = Kps
ijrt. (49)

This proves that the tensor products preserves relation (10) and justifies Proposition 2.

D Proof of Proposition 3

Proof of part a) concerning equivalence between the map entropy and the output entropy
for selfcomplementary channels if the input state if maximally mixed. Let us construct a
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three-tripartite pure state ρABC on a Hilbert space HABC , such that

ρABC = |ψ+〉〈ψ+|AB ⊗ |1〉〈1|C , (50)

where |ψ+〉AB is a maximally entangled states on HAB and |1〉C is a pure state of an en-
vironment C. Consider an action of a unitary transformation on subsystems BC. After
this operation the state ρABC is transformed into a state ρ′ABC which is also pure. The
partial traces of ρ′ABC are also marked by sign prim ′. The partial trace over AC describes
a quantum channel, while the partial trace over AB describes its complementary. For a
selfcomplementary channel Φself we have the following equality between partial traces of
ρ′ABC ,

ρ′B = ρ′C . (51)

As the state ρ′ABC is pure its complementary partial traces have the same entropies,

S(ρ′C) = S(ρ′AB). (52)

The entropy S(ρ′AB) is equal to the map entropy Smap(Φself ) by construction. Notice that
S(ρ′B) = S (Φself (ρ∗)). Due to Eqs. (51) and (52) the proof of part a) is completed.

Proof of part b) concerning bounds on the map entropy for selfcomplementary channels.
The right inequality of (15) is implied by the fact that the dimensionality of an environment
involved in a selfcomplementary transformation is equal to the dimensionality of the output
state. The left inequality of (15) is proved by using the triangle inequality (Araki–Lieb
inequality), that states that for any bi–bipartite state ρXY the following entropic inequality
holds

|S(ρX)− S(ρY )| ≤ S(ρXY ). (53)

We can apply the above inequality to the state ρ′AB constructed as in the proof of part a).
Notice that for selfcomplementary channels S(ρ′AB) = Smap(Φself ) = S(ρ′C) = S(ρ′B) and
S(ρ′A) = S(ρ∗) = logN . Using Araki–Lieb inequality we obtain

S(ρ′A) ≤ S(ρ′AB) + S(ρ′B) (54)

which implies that
logN ≤ 2Smap(Φself ). (55)

This completes the proof of Proposition 3.

E A family of single-qutrit selfcomplementary channels

Let us discuss the parameterization of single-qutrit selfcomplementary channels. A selfcom-
plementary channel Φ = Φ̃ :M3 →M3 is described by three Kraus operators

K1 =

a11 a12 a13

a21 a22 a23

a31 a32 a33

 , K2 =

b11 b12 b13

b21 b22 b23

b31 b32 b33

 , K3 =

c11 c12 c13

c21 c22 c23

c31 c32 c33

 . (56)
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In the set of all such channels one can introduce the foliation of unitary equivalent classes
of maps. In one such class K ′i = UKiV

†, where i = 1, 2, 3, while U and V are arbitrary
3 × 3 unitary matrices determined by the singular value decomposition of K ′1 = UK1V .
This transformation brings the first Kraus operator to the diagonal form with non-negative
entries, so that

K ′1 =

α1 0 0
0 α2 0
0 0 α3

 , K ′2 =

β11 β12 β13

β21 β22 β23

β31 β32 β33

 , K ′3 =

γ11 γ12 γ13

γ21 γ22 γ23

γ31 γ32 γ33

 . (57)

The relation K̃i
αj = Kα

ij implies that the Kraus operators take the form

K ′1 =

α1 0 0
0 α2 0
0 0 α3

 , K ′2 =

 0 α2 0
β21 β22 β23

β31 β32 β33

 , K ′3 =

 0 0 α3

γ21 γ22 γ23

γ31 γ32 γ33

 . (58)

One can parameterize the Kraus operators by introducing a parameter θ and set of parameters
given by an auxiliary unitary 3× 3 matrix

W =

W11 W12 W13

W21 W22 W23

W31 W32 W33

 .
Let us introduce a rescaled unitary matrix X = sW with s ≤ 1, such that XX† = s213. The
relation

∑k
i=1K

′†
iK
′
i = 1 allows us to reduce the number of parameters. The structure of

the Kraus operators is the following

K ′1 =


cos θ 0 0

0 1√
2

cos θ 0

0 0 1√
2

cos θ

 ,

K ′2 =


0 1√

2
cos θ 0

W11 sin θ W21 sin θ W31 sin θ
1√
2
W22 sin θ 1√

2
W12 sin θ 1√

2
W23 sin θ

 ,

K ′3 =


0 0 1√

2
cos θ

1√
2
W22 sin θ 1√

2
W12 sin θ 1√

2
W23 sin θ

W13 sin θ W23 sin θ W33 sin θ

 .

(59)
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F Selfcomplementary channels on arbitrary quantum systems

Consider now an N -dimensional selfcomplementary channel, Φ = Φ̃ :MN →MN . It can be
specified by N Kraus operators

N︷ ︸︸ ︷
a11 a12 . . . a1N

a21 a22 . . . a2N
...

...
. . .

...
aN1 aN2 . . . aNN

 , ...,

z11 z12 . . . z1N

z21 z22 . . . z2N
...

...
. . .

...
zN1 zN2 . . . zNN

 . (60)

In the set of these channels one can introduce foliation of unitary equivalent classes of chan-
nels. In one such class K ′i = UKiV

† where U and V can be arbitrary N×N unitary matrices.
Assume that U and V transform the first Kraus operator into diagonal matrix by the singular
value decomposition, so that

N︷ ︸︸ ︷
α1 0 . . . 0
0 α2 . . . 0
...

...
. . .

...
0 0 . . . αN

 , ...,

ω11 ω12 . . . ω1N

ω21 ω22 . . . ω2N
...

...
. . .

...
ωN1 ωN2 . . . ωNN

 . (61)

The relation K̃i
αj = Kα

ij implies further constraints on the Kraus operators. At this stage we
use the same recipe as in the parameterization of the qutrit selfcomplementary channels. One
can parameterize the Kraus representation by introducing a phase θ and a set of parameters
given by a unitary matrix W of order N .

Let us introduce a rescaled unitary matrix X = sW with s ≤ 1 such that XX† = s21N .
The completeness relation

∑k
i=1K

′†
iK
′
i = 1 allows us to reduce the number of parameters.

Finally, the structure of the Kraus operators reads

K ′1 =


cos θ 0 . . . 0

0 1√
2

cos θ . . . 0
...

...
. . .

...

0 0 . . . 1√
2

cos θ

 ,

K ′i =



P i[ 1√
2

cos θ . . . 0]

( 1√
N−2

col(P−iW, 1) sin θ)T

...

( 1√
N−2

col(P−iW,N − 1) sin θ)T

( 1√
N−1

col(P−iW,N) sin θ)T


.

(62)
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where P denotes the cyclic permutation matrix, col(A, i) denotes the i-th column of the
matrix A and T is the transposition.

Negativity (34) for presented generalized family of selfcomplementary maps is maximal
for θ = 0. The Kraus operators in this case readK

′
1 = diag

[
1 1√

2
. . . 1√

2

]
,

K ′i =
[
0 . . . 1√

2 (i)
. . . 0

]
,

(63)

where (i) designates consecutive Kraus operators (Ki ∈MN,1) as well as (i)-th place in row
where 1/

√
2 is placed.
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