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Abstract. Let ¥ C R? be a C°°-smooth closed compact hypersurface, which splits
the Euclidean space R? into two domains Q. In this note self-adjoint Schrédinger
operators with § and ¢’-interactions supported on ¥ are studied. For large enough m € N
the difference of mth powers of resolvents of such a Schrédinger operator and the free
Laplacian is known to belong to the trace class. We prove trace formulae, in which the
trace of the resolvent power difference in L*(R?) is written in terms of Neumann-to-
Dirichlet maps on the boundary space L*(Z).
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1. Introduction

This paper is strongly inspired by the work of Pavel Exner on Schrédinger operators
with singular interactions of § and §’-type supported on hypersurfaces in R?. Such
operators play an important role in mathematical physics, for instance, in nuclear
physics or solid state physics or in connection with photonic crystals or other
nanostructures. In the case of a curve in R? such models are also called “leaky
quantum wires”. The first rigourous investigations of such operators started in the
late 1980s (see, e.g. [1, 14, 15]), and the interest in these operators grew steadily in
the last two decades. We refer the reader to the review paper [26], the monograph
[30], the references therein and also to the more recent papers [6, 7, 10, 23, 24, 29,
35, 44].

Let ¥ C RY, where d > 2, be a C*®-smooth closed compact hypersurface
without boundary, which naturally splits the Euclidean space R? into a bounded
domain §2_ and an exterior domain Q. Moreover, let o,w € L*°(X) be real-valued
functions. The Schrodinger operator H, »» with d-interaction of strength o and the
Schrodinger operator K, s with §’-interaction of strength w are formally given by

A —ad(x —X) and —A—wd(x-X). (1.1)

*JB gratefully acknowledges financial support by the Austrian Science Fund (FWF): Project
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We define these operators rigorously via quadratic forms; see Definition 1.1 below.
Let us first fix some notation. Since the space L?(R?) naturally decomposes as
L2(RY) = L3(Q) @ L*(Q2_), we can write functions u € L%(R%) as u = uy ® u_
with ux = u [ Q+ € L%(Q4). The L%-based Sobolev spaces of order s > 0
over R? and Q. are denoted by H*(R?) and H*(. ), respectively. Note that the
hypersurface ¥ coincides with the boundaries 02+ of the domains Q.. Hence, for
any u € HY(R?) and ug € H*(Q4) the traces uly and u4|x on X are well defined
as functions in L?(¥). Further, for a function u € HY(RI\X) := HY(Q )@ H ()
we define its jump on ¥ as [u]y = ui|s — u_|s.

Let us now introduce the following quadratic forms that correspond to the
formal expression in (1.1). According to [14, §2], [10, §3.4] and [6, Proposition 3.1],
the symmetric quadratic forms

Ba,mlu] == HVUH2 — (auls,uln)s, domb, x = Hl(Rd),
tosful = [[Vur |7 + Vo |2 = (wluls, [uls)s,  domt, s := H'(R'\X),

in L2(R?) are closed, densely defined and bounded from below; here u = u, @ u_
with ug as above, and || - ||+ denotes the norm on L?(Qy;CY).

Definition 1.1. Let H, x and K, 5 be the self-adjoint operators in LQ(Rd) corre-
sponding to the forms b, x and £, 5, respectively, via the first representation the-
orem ([37, Theorem VI.2.1]). Moreover, set Hyee := Ho x (o =0) and Ky := Ko 5
(w=0).

The operator H,, x is called Schrédinger operator with d-interaction of strength
a supported on ¥; the operator K,y is called Schrodinger operator with §’-
interaction of strength! w supported on ¥. The operator Heee is the usual free
Laplacian on R?, and Ky is the orthogonal sum of the standard Neumann Lapla-
cians on )4 and Q_. Let us mention that the operators H, 5 and K, 5, can also
be introduced via interface conditions at the hypersurface ¥; see, e.g. [10].

The aim of this paper is to derive trace formulae for H, s and K, 5;. According
to [10] for m € N the resolvent power differences

d—2

(Ha,Z - )\)—m - (Hfree - )\)—m’ m > T ) A€ p(Ha,E)a

(Kw,Z _)\)—m - (Hfree_)\)_m’ m > %7 )‘€p<Kw,E)7

are in the trace class. Their traces as functions of A or as functions of interaction
strengths are expected to encode a lot of information on the operators H, x and
K., themselves and on the shape of ¥. Such non-trivial connections have been
observed in various other settings in the classical papers [18, 36, 42] and more
recently in, e.g. [5, 34, 38, 39, 46].

The main results of the paper (see Theorems 1.2 and 1.3) are formulae that
express the traces of the resolvent power differences in (1.2) in terms of traces

(1.2)

1We point out that, in the case of invertible w, not w itself, but its inverse is frequently called
the strength of the §’-interaction.
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of derivatives of certain operator-valued functions in the boundary space L*(X).
These operator-valued functions are, in turn, expressed in terms of Neumann-to-
Dirichlet maps on 21 corresponding to the differential expression —A — A and in
terms of the coupling functions «, w. Trace formulae of this kind are useful (see,
e.g. [19, 20, 32]) in connection with the estimation of the spectral shift function.

1.1. Traces, Neumann-to-Dirichlet maps and some operator functions.
We first recall some notions that are needed in order to formulate the main results
of this paper. For a compact operator K in a Hilbert space H we define its singular
values si(K), k =1,2,..., as the eigenvalues of the non-negative compact operator
|K| = (K*K)Y2 > 0 in H ordered in non-decreasing way and with multiplicities
taken into account. If Y 7- | s, (K) < oo, we say that K belongs to the trace class
and define its trace as

TrK =Y M(K),
k=1

where A\, (K) are the eigenvalues of K repeated with their algebraic multiplicities.
Note also that the series in the definition of the trace converges absolutely.

Let us also define some auxiliary maps associated with partial differential equa-
tions. For the sake of brevity, we introduce the spaces

HY? (1) o= {us € H?(Q1) : Aug € LP(Q) ). (1.3)

For any uy4 € HZ/Q(Qi) its Neumann trace 9, u |y, exists as a function in L?(X);
see, e.g. [43, §2.7.3]. For every A € C\ Ry (where Ry := [0,00)) and every
¢ € L%(X) the boundary value problems

—Aui = )\ui in Qi,

8yiui|zzgo on X,

have unique solutions uy 4 (¢) € Hi/2(Qi); see, e.g. [43, §2.7.3]. The operator-
valued functions A — My (A\), A € C\ Ry, are then defined as

Mi()): L2(Z) — L*(%), My (N = ux +(p)]s-

For fixed A € C\ Ry the operators My (\) are the Neumann-to-Dirichlet maps for
the differential expression —A — X\ on the domains 2. The operators My () are
compact and injective and their inverses are called Dirichlet-to-Neumann maps.
Recently, there has been a considerable growth of interest in the investigation of
these maps (see, e.g. [3, 4, 25]), in particular also with the aim to derive spectral
properties of the corresponding partial differential operators (see, e.g. [2, 13, 31]).

Further, we define the following operator-valued functions A — M (M), M (N,
A e C\ Ry, by

M) = (M, "+ M- (N MO =M\ + M\, (1.4)
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We should mention that for every A € C\ Ry the operator My (\)~t + M_(\)~1
is invertible and therefore M (M) is well defined. Moreover, M (M) and M (A\) are
compact operators in L?(X) for every A € C\R; see [10, Propositions 3.2 and 3.8].
It is worth mentioning that M (M) and the inverse of M (M) appear naturally in the
theory of boundary integral operators. They are used in the treatment of partial
differential equations from both analytical [45] and computational [48] viewpoints.

The operator-valued function M (-) was successfully applied to the spectral analysis
of the operator H, » in quite a few papers; see, e.g. [27, 28, 30, 41] and the survey
paper [26].

1.2. Statement of the main results. In the first main result of this note we
obtain a trace formula for the resolvent power difference of the operators H, 5 and
Hfree-

Theorem 1.2. Let the self-adjoint operators Hyee and Hy s with o € L™ (3;R) be

as in Definition 1.1, and let the operator-valued function M be as in (1.4). Then
for allm € N such that m > % and all A € p(Ha,s) the resolvent power difference

Ea,m(/\) = (Ha,E —A)7" = (Hpee —A) 7™

belongs to the trace class, and its trace can be expressed as

Tr (l~)a7m()\)) = (mi ol Tr (dd)\”;l ((I - QM(/\))_laM’(/\D).

In the second main result of this note we obtain trace formulae for the resolvent
power differences of the pairs of operators {K,, s, Kn} and {K,, 5, Hree }-
Theorem 1.3. Let the self-adjoint operators Hyee, Kn and K, withw € L (Z; R)
be as in Definition 1.1, and let the operator-valued function M be as in (1.4). Then
the following statements hold.

(i) For all m € N such that m > 952 and all X € p(K, x) the resolvent power
difference

E\w,m()\) = (Kw,E - )\)—m - (KN - )‘)_m

belongs to the trace class, and its trace can be expressed as

Tt (Ey.m(N) = = i o (ddAm_l ((I — Wl (N)) wM’(A))).

(i) For all m € N such that m > 91 and all X € p(K,,x) the resolvent power
difference N
Dw,m(A) = (Kw,E - A)im - (Hfree - >\)7m

belongs to the trace class, and its trace can be expressed as

Tr (Duy,m(N)) = o i i Tr (dd;l ((1 - wﬂ@))—lﬂ@pﬁx@))) .
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We remark that it is also implicitly shown that the derivatives of the operator-
valued functions appearing in the trace formulae exist in a suitable sense and that
these derivatives belong to the trace class.

The main ingredients used in the proofs, which are given in Section 3, are
Krein-type resolvent formulae, properties of weak Schatten—von Neumann classes,
asymptotics of eigenvalues of the Laplace—Beltrami operator on X, and elements
of elliptic regularity theory. We point out that for the proof of Theorem 1.3 (ii)
an auxiliary trace formula for the resolvent power differences of Hgee and Ky is
derived in Lemma 3.4. This trace formula is also of certain independent interest.
We also mention that a similar strategy of proof was employed in our previous
paper [12] where we proved trace formulae for generalized Robin Laplacians.

2. Preliminaries

This section consists of five subsections. In Subsection 2.1 we recall the notion of
weak Schatten—von Neumann classes and their connection with the trace class, and
in Subsection 2.2 we collect certain formulae that involve derivatives of holomor-
phic operator-valued functions. Next, in Subsection 2.3 we recall the definitions
of quasi boundary triples and associated 7-fields and Weyl functions. Krein’s
resolvent formulae and sufficient conditions for self-adjointness of extensions are
discussed in Subsection 2.4. Finally, in Subsection 2.5 we introduce specific quasi
boundary triples, which are used to parameterize Schrodinger operators with sin-
gular interactions from Definition 1.1.

2.1. &y, -classes and the trace mapping. Let } and X be Hilbert spaces.
Denote by G (H,XK) the class of all compact operators K : H — K. Recall that,
for p > 0, the weak Schatten-von Neumann ideal &, (3, K) is defined by

G oo (3, %K) = {K € Goo(H, K) : si(K) = O(k~/7), | — oo}.
Often we just write &,  instead of &, o (3, XK). For 0 < p’ < p the inclusion
Sp.oo C6pr oo (2.1)
holds, and for s,t > 0 one has

G1 ., =6 (2.2)

1 1
+,00 1,007

S1 o
where a product of operator ideals is defined as the set of all products. We refer
the reader to [33, §§II1.7 and II1.14] and [47, Chapter 2] for a detailed study of
the classes &, oo; see also [11, Lemma 2.3]. If K € &, o with p < 1, then K
belongs to the trace class. It is well known (see, e.g. [33, §II1.8]) that, for trace

class operators K1, Ko, the operator K + K> is also in the trace class, and that

TI'(K1+K2) :TI'Kl +TI‘K2. (23)



6 Jussi Behrndt, Matthias Langer and Vladimir Lotoreichik

Moreover, if K; € B(H,XK) and K, € B(K,H) are such that both products K Ky
and Ky K are in the trace class, then

Tr(K1K2) = Tr(K2 Ky). (2.4)

The next useful lemma is a special case of [11, Lemma 4.7] and is based on the
asymptotics of the eigenvalues of the Laplace—Beltrami operator. For a smooth
compact manifold ¥ we denote the usual L2-based Sobolev spaces by H"(Z), r > 0.

Lemma 2.1. Let ¥ be a (d—1)-dimensional compact C*-manifold without bound-
ary, let X be a Hilbert space and let K € B(X, L*(X)) with ran K C H"(X), where
r > 0. Then K is compact and K € GEW.
2.2. Derivatives of holomorphic operator-valued functions. In the follow-
ing we shall often use product rules for holomorphic operator-valued functions. Let
H;,i=1,...,4, be Hilbert spaces, U a domain in C and let 4 : U — B(Hs, H,4),
B: U — B(Hq,Hs), C: U — B(H;,Hs) be holomorphic operator-valued func-
tions. Then for A € U we have

(ilm (ANBW) = Y (m) AP (N)B@D(N), (2.5a)

ptg=m p
p,q>0
dm m! ,
dTm(A(A)B(A)O(A)): Y S 5APNBOM)CT (). (2.5b)
p+q+r=m pq-r
P,q,r>0

If A(\)~! is invertible for every A € U, then relation (2.5a) implies the following
formula for the derivative of the inverse,

%(A(/\)_l) = —AN)TTAN)AN) L (2.6)
2.3. Quasi boundary triples, Weyl functions and ~-fields. We begin this
subsection by recalling the abstract concept of quasi boundary triples introduced
in [8] as a generalization of the notion of (ordinary) boundary triples [16, 40]. For
the theory of ordinary boundary triples and associated Weyl functions the reader
may consult, e.g. [17, 21, 22]. Recent developments on quasi boundary triples and
their applications to PDEs can be found in, e.g. [9, 11, 12, 13].

Definition 2.2. Let S be a closed, densely defined, symmetric operator in a Hilbert
space (H, (+,)3c). A triple {G,T0,T'1} is called a quasi boundary triple for S* if
(G, (+,")g) is a Hilbert space, and for some linear operator T C S* with T = S* the
following assumptions are satisfied:
(i) To,Ty : domT — § are linear mappings, and the mapping T' = (11:?) has
dense range in G x G;

(ii) Ao :=T | kerTg is a self-adjoint operator in H;
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(iii) for all f,g € domT the abstract Green identity holds:

(Tf,9)5 — (f,Tg)sc = (T'1f,Tog)s — (Tof,T19)s-

Next, we recall the definitions of the ~-field and the Weyl function associated with
a quasi boundary triple {G, 9,1} for S*. Note that the decomposition

dom T = dom Ag + ker(T — \)

holds for all A € p(Ap), so that T'g [ ker(T — A) is injective for all A € p(Ag). The
(operator-valued) functions v and M defined by

1

Y(A) == (To T ker(T — X)) and M(X) :=T1v()\), € p(Ao),

are called the y-field and the Weyl function corresponding to the quasi boundary

triple {G,T'g,I'1}. The adjoint of (\) has the following representation:
YA =Ti(Ao =N A€ p(Ao); (2.7)

see [8, Proposition 2.6 (ii)] and also [9, Proposition 7.5]. According to [8, Propo-
sition 2.6] the operator-valued functions A — y(A), A — v(A)* and A — M ()\) are
holomorphic on p(Ap). Finally, we recall formulae for their derivatives: for k € N,

p €ranTg and A\ € p(Ap) we have

TP Ve = k(Ao = )TN, (2.8)

k
5 OM) =HA) (49 - N, (2.50)
MO (e = KA (49 — 1)~y () (2.8

see [12, Lemma 2.4].

2.4. Self-adjoint extensions and abstract Krein’s resolvent formula. In
this subsection we parameterize subfamilies of self-adjoint extensions via quasi
boundary triples and provide a couple of useful Krein-type formulae for resolvent
differences of these extensions.

The following hypothesis will be useful in the following.

Hypothesis 2.1. Let S be a closed, densely defined, symmetric operator in a
Hilbert space H and let {G,T,T'1} be a quasi boundary triple for S* such that
ranl'g = G. Moreover, let v and M be the associated ~y-field and Weyl function,
respectively.

We remark that the quasi boundary triple {G,'g,T"1 } in Hypothesis 2.1 is also
a generalized boundary triple in the sense of [22]. In this case the y-field and the
Weyl function associated with {G,T'y,T'1} are defined on the whole space G, and
the formulae (2.8a) and (2.8c) are valid for all ¢ € G.

Next, we state a Krein-type formula for the resolvent difference of A; :=1T |
kerI';, j =0,1.
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Proposition 2.3. [12, Theorem 2.5] Assume that Hypothesis 2.1 is satisfied and
that Ay is self-adjoint in H. Then the formula

(Ao = N7 = (A = )T = ()M )TN
holds for all A € p(Ag) N p(A1).

In the next proposition, we formulate a sufficient condition for self-adjointness
of the extension of A defined by

A[B] =T F ker(BF1 - Fo),
and provide a Krein-type formula for the resolvent difference of Ajp) and Ao.

Proposition 2.4. [12, Theorem 2.6] Assume that Hypothesis 2.1 is satisfied, that
M(Xo) € 6(9) for some Ao € p(Ap), and that B € B(G) is self-adjoint in §.
Then the extension A of A is self-adjoint in H, and the formula

(Ap = V7" = (Ao = N1 =N (T = BM(N) ™' By(V)*
holds for all X € p(Arp)) N p(Ao). In this formula the middle term satisfies
(1-BM(\) " €B(9)
for all A € p(A;p)) N p(Ao).

2.5. Quasi boundary triples for coupled problems. We recall particular
quasi boundary triples, which are used to parameterize the self-adjoint operators
from Definition 1.1. Furthermore, we reformulate some of the abstract statements
from Subsections 2.3 and 2.4 for these quasi boundary triples.

First, we introduce the subspace HZ/Z (R9\ ¥) of L2(R?) by

HPRI\ %) = HY (@) @ HY? (o),

where Hi/Q(Qi) are as in (1.3). Further, to shorten the notations, we also de-

fine the jump of the normal derivative by [Oyuls = 0y, uy|s + 0, _u_|x for
u € Hi/2(Rd \ ). Following the lines of [10, Section 3], we define the opera-
tors T and T in L?(RY) by

Tu = (—Auy) ® (—Au_), dom T := {ue HZ/Q(Rd \2) : [us =0},
Tu:= (—Auy) ® (—Au_), dom T := {ue Hi/Q(Rd \2) : [Opuls =0},
and their restrictions S and S by
S:=T1{ue H*R'\ %) : usls =0, [8,u)s =0},
S

S = f [ {u S H2/2(Rd\2) : ayiuik; = 0, [U]E = 0}.
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It can be verified that S (respectively, §) is the restriction of Hgee to functions,
whose Dirichlet trace (respectively, Neumann trace) vanishes on . In partlcular
as a consequence of this identification we arrive at the inclusions domS dom S C
H2(R%). Tt can also be shown that the operators S and S are closed, densely
defined, and symmetric in L?(R?) and that the closures of T and T coincide with
S* and S* , respectively. Furthermore, we define the boundary mappings by

fo,fl :domT — LA(%), Tou := [0y u]s, Cyu:= uls, (2.9)
fo,fl dom T — LA(%), Tou := Oy, uyls, Thu:= [u]s. (2.10)
The identities
Hfree = T [ ker fo =T [ ker fl and Ky = T [ ker fo

can be checked in a straightforward way. According to [10, Proposition 3.2 (1)]
the triple II := {L2(%), 1"0,1"1} is a quasi boundary triple for S*, and by [10,
Proposition 3.8 ()] the triple II := {L*(X),T,T1} is a quasi boundary triple for
5*.

Definition 2.5. Let WLM and 7, M be the ~v-fields and the Weyl functions of the
quasi boundary triples I1 and II, respectively.

Remark 2.6. The definitions of the operator-valued functions M and M as Neumann-
to-Dirichlet maps in (1.4) and as Weyl functions of the quasi boundary triples IT
and IT are equivalent; see [10, Propositions 3.2 (iii) and 3.8 (iii)].

Remark 2.7. According to [10, Propositions 3.2 (ii) and 3.8 (ii)], for any ¢ € L*(%)
both transmission boundary value problems

—Au=\u in R4\ %, —Au=Au in RY\ %,
[uls =0 on X, Oy usls = on %,
[Ouls = ¢ on X, Op_u_|s=—p on X,

have unique solutions u(y),u(p) € Hz/ (R4 \ ¥). Moreover, the operator-valued
functions 5 and 7 satisfy ¥(A\)p = ux(p) and ()¢ = Ux(p) for ¢ € L*(X) and
A e C\Ry.

Thanks to (2.7) the adjoints of 7(\) and 7()\) can be expressed as
T =T1(Hpee — A1 and AN =T1(Ky — A)7! (2.11)

for A € C\Ry. We also remark that, by [10, Propositions 3.2 (iii) and 3.8 (iii)], we
have . .
ran M(\) = ran M(\) = H' (), AeC\R,. (2.12)

According to Proposition 2.3, the formula

(Kn = A) 7! = (Hieo — X)L = (M) A0V, (2.13)
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holds for all A € C\ R;. Since the operators of multiplication with « and w are
bounded and self-adjoint in L?(X), by Proposition 2.4 the extensions

T | ker(al'y — Tg) and T | ker(wl'; — Tp)

are self-adjoint in L?(R?). In a way similar to [10], one can check that these re-
strictions coincide with H, 5 and K, 5, respectively. Moreover, by Proposition 2.4,
the formulae

(Ha,E - )\)_1 - (Hfree - A)_1 = :7<)\) (I - QM()\D_IOKA’Y'(X)*, (214&)
(Ko — N1 = (Kn = A1 =30 (I — wM (V) wi (V) (2.14D)

hold for all A € p(Hq,5) and all A € p(K,, 5), respectively. In these formulae the
middle terms on the right-hand sides satisfy

(I—aM\) ™, (I—wM\) ™ € BLAE)) (2.15)

for A in the respective resolvent sets.

3. Proofs of the main results

In this section we prove the main results of the paper: the trace formulae for
the Schrédinger operators with singular interactions. Theorems 1.2 and 1.3 are
proved in Subsections 3.1 and 3.2, respectively. Throughout this section we use
the notations R(A\) := (Hgee — A) 7! and Rn(N) := (Kny — A) L.

3.1. Proof of Theorem 1.2. To prove Theorem 1.2 we need an auxiliary lemma.

Lemma 3.1. Let the y-field ¥ and the Weyl function M be as in Definition 2.5.
Then for every A € C\ Ry and every k € Ny the following relations hold:
(i) FHO), FFT) € 6 _s

)
Sk+3/2°°

. "’(k)

(i) MW (N) € 62(1@117
Proof. (i) Let A € C\ Ry and k € Ny. First, we observe that ran(R(\)¥) C
H?¢(R%). By the trace theorem we have u|y, € H*~/2(X) for every u € H*(R?)
with s > 1/2. Hence, we obtain from (2.11) that

ran(Y(A)*R(A\)F) ¢ H23/2(%),
Thus Lemma 2.1 with K = L?(R?%) and r = 2k + 3/2 implies that
FN*RWF € & _as (3.1)

HF3/3 0
By taking the adjoint in (3.1) and replacing A by A we obtain
RN\ €6 _aa

2k+3/2°®
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From (2.8a), (2.8b), (3.1) and (3.2) we now obtain 7*)()\), &7(N\)* € & L
2k+3

dNF
(ii) For k = 0 we observe that by (2.12) we have ran M( ) = H'(X). Therefore,

Lemma 2.1 with X = L?(X) and r = 1 implies that M( ) € G4—1,00- For k>1
we derive from (2.8¢c) that

5,00"

M®(A) = KFX)* RO 5\ € 6__u G =G

3(k—1)+3/2°° 3/2°

where we applied (3.1), (3.2) and (2.2). O

Proof of Theorem 1.2. In order to shorten notation and to avoid the distinction of
several cases, we set

B(L* (%)) if r = 0.

It follows from (2.2) and the fact that &, o (L*(X)) is an ideal in B(L*(X)) for
p > 0 that
Ay - Uy = Ay 11y, r1,72 > 0. (3.3)

The remainder of the proof is divided into two steps.

Step 1. Let o € L*=°(%; R) and set
T(N) == (I- aM()\))_l, A € p(Hax),
where T(\) € B(L2(X)) by (2.15). Next, we show that
T®(N) € Agpr1,  keN, (3.4)

by induction. Relation (2.6) implies that

T'(\) = T(N)aM' (N)T(N), (3.5)
which is in A3 by Lemma 3.1 (ii). Let m € N and assume that (3.4) is true for
every k =1,...,m, which implies, in particular, that

TEN) € Ao, k=0,...,m. (3.6)
Then

m

Tlm+1) () = ddTm (f(/\)aﬂ’()\)f(/\))

- ¥

ptg+r=m
P,q,720

— 'T(p)(/\)aﬁ(qﬂ)()\)f(r)()\)
pgq-T:
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by (3.5) and (2.5b). Relation (3.6), the boundedness of o, Lemma 3.1 (ii) and (3.3)
imply that

Tv(p)()‘)aﬁ(qﬂ)()‘)f(r) (A) € Aoy - Ao(gt1)41 - A2 = Ao(mp1) 41,

since p + g + r = m. This shows (3.4) for k = m + 1 and hence, by induction, for
all k € N. Since T'(\) € B(L*(X)), we have, in particular,

TW(N) € Aoy, k €Ny, A€ p(Ha ). (3.7)
Step 2. By taking derivatives we obtain from (2.14a) that, for m € N,

dmfl m—1

(m = 1) DanN) = o (Das (V) = o (FNT (YY)

_ Z Wﬁ(”)(A)T(Q)(A)add)iqr?@)*- (3.8)

p+qg+r=m—1
P,q,m>0

By Lemma 3.1 (i) and (3.7), each term in the sum satisfies

I dr
,y(p) ()\)T(Q)()\)OldAT ’7()‘) € Ql2p+3/2 : Q[2q . m2r+3/2 = 2[2m+1 =6 a4 0o (39)

2m+1°

If m € N is such that m > 42, then 2‘71,:1 < 1 and, by (2.1) and (3.9), all terms

in the sum in (3.8) are trace class operators, and the same is true if we change
the order in the product in (3.9). Hence, we can apply the trace to the expression

in (3.8) and use (2.3), (2.4) and (2.8¢) to obtain

(m —1)! Tr(lN?aym(/\))—Tr< > Mﬁ(p)()\)f(‘”()\)a dd;ﬁ()\)*>

pratr=m—1 piglr!
P,q,m20
- T (7@ (N T(@ el *
++sz ot (AT OTOMa g3
P,q,m20
= (7@ *\5(p)
+2m o (TG0 )77 )
P,q,m20
m—1)! ~ d” _ — .\~
- Tr( 2 WT@(A)O‘(MV(A) )7@)(”)
p+q+r=m—1
p,q,720

= (s (P05 ) ) = 1S (Tad' ) )

which finishes the proof. O
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3.2. Proof of Theorem 1.3. First, we need three preparatory lemmas. The
proof of the first of them is completely analogous to the proof of Lemma 3.1 and
is therefore omitted.

Lemma 3.2. Let the y-field ¥ and the Weyl function M be as in Definition 2.5.
Then for every A € C\ Ry and every k € Ny the following relations hold:

) AP, AN €6 s

2k+3/2

(ii) M®(\) € & ums

2k+1°

Lemma 3.3. Let the v-field ¥ and the Weyl function M be as in Definition 2.5.
Then for all s > 0, and all X € C\ Ry the following statements hold:

(i) ran(FON)* | H*(RY)) € H*H3(%);

oo’

(i) ran(M()) | H*(Z)) = HFL(D).
Proof. (i) According to (2.11) we have

)" =T1Rn(N).

Employing the regularity shift property [45, Theorem 4.20] and the trace theorem
[45, Theorem 3.37] we conclude that

ran(F(N)* | H*(RY) € H**3 (%)

holds for all s > 0.

(ii) Define the space H* R\ ) = HS(Q_,_) ® H*(Q_). Tt follows from the
decomposition dom T = dom Ky + ker(T — ), A € C\ Ry, and the properties of
the Neumann trace [43, §2.7.3] that the restriction of the mapping fo to

ker(T — \) N H*T% (R?\ ¥)

is a bijection onto H*(X) for s > 0. This, together with the definition of the y-field,
implies that

ran(F(\) | H3(2)) = ker(T — \) N H**3(R?\ ) € H*F3(R?\ ).

Hence, it follows from the definition of M\()\), the definition of T'; in (2.10) and the
trace theorem that

ran(M(\) | H*(X)) € H*L(%).
To verify the opposite inclusion, let ¢ € H**1(X). The decomposition domT =
dom Hppee + ker(f1 A), A € C\ Ry 1mphes that there exists a function f) €
ker(T — A) N H*+3 (R?\ £) such that T'; f, = . Thus,

Tofi=pe H(S) and MN\p=1,

that is, H*7!(2) C ran(M(X) | H*(X)), and the assertion is shown. O
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Lemma 3.4. Let the self-adjoint operators Hiee and Ky be as in Definition 1.1,
and let the operator-valued function M be as in (1.4). Then for all m € N such
that m > % and all A € C\ Ry the resolvent power difference

~

Dp(A) = (Kn = A) 7" — (Hpee — A) ™™
belongs to the trace class, and its trace can be expressed as

—

Tr(Dm(N) = (mil)! T&(dd;_l (M(A)—lﬁ'(A))).

Proof. The proof is divided into three steps.
Step 1. Let us introduce the operator-valued function

—

S(A) == M\) 1AV, A€ C\Ry.
Note that the product is well defined since by Lemma 3.3 (i)
ran((A)*) c H'(X) = dom(]/\j()\)_l).

The closed graph theorem implies that S()\) € B(L?(R%), L?(X)) for all A € C\R,.
Next we prove the following smoothing property for the derivatives of S:

ran(S®(\) | H*(RY)) ¢ HT2FH/2(8), 5>0, k € Ny, (3.10)

by induction. Since, by Lemma 3.3 (i), 7(A)* maps H*(R%) into H**3/2(X) for
all s > 0 and M(X\)~! maps H**3/2(X) into H*+/2(2) by Lemma 3.3 (ii), rela-
tion (3.10) is true for k¥ = 0. Now let [ € Ny and assume that (3.10) is true for
every k=0,1,...,1. It follows from (2.5a), (2.6), (2.8b), (2.8¢c) and (2.13) that for
A e C\ Ry,

= S ETO) IO+ F) " SA0

= —M(\) LM (M) TFO)* + M(A)TF(N)* R (N)
= MM\ FO)FNMON) T+ M) TN Ba(N)
= S(\) [Rx(A) =AM N FA)] = SAR(N).

S'(N)

Hence, with the help of (2.5a) we obtain

S(Hl)()\):dd—;l(S()\)R()\)) -y <l>S(P)()\)R(q)()\)

(3.11)

I
= > =SP)RNTH.
p+q=l P
p,q20
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Using the induction hypothesis, formula (3.11) and smoothing properties of R(\),
we deduce that, for p,g >0, p+q=1,

ran(S®P (A\)R(A)TTL | H*(RY)) € ran(S®P)(\) | H* 2@+ (RY))
C Hs+2(p+q+l)+l/2(2) _ HS+2(Z+1)+1/2(E)

which shows (3.10) for k = [+ 1 and hence, by induction, for all ¥ € Ny. Therefore,
an application of Lemma 2.1 with X = L?(X) and r = 2k + 1/2 yields that

S(k)()\) €6 a1

2kF1/2°

ke Ny, Ae C\Ry. (3.12)

oo’

Step 2. Using Krein’s formula in (2.13) and (2.5a) we obtain that, for m € N and
A e C\ Ry,

1 dm—l - 1 dm—l

ﬁm()\) = (m — 1)! . T (Dl()\)) = (m — 1)! . v (a()\)so\))
_ 1 m =1\ )1y )
(m—1)! p+q;n_1 < » >7 (A)S(A). (3.13)
P,q=>0

By Lemma 3.2 (i), (3.12) and (2.2) we have

APNSDN) €S un -6 aa =6

d—1
2p13/2°>° 2q+1/2°° Ipta)r27>®

=G (3.14)

for p,q withp+q¢=m — 1.

Step 3. If m > 951, then dQ;ml < 1 and, by (3.14), each term in the sum in (3.13)
is a trace class operator and, by a similar argument, also S(@(X\)7®)()). Hence,

the resolvent power difference Bm(/\) is a trace class operator, and we can apply
the trace to (3.13) and use (2.3), (2.4) and (2.8c) to obtain

(m—1)!Tr (ﬁm()\)) = Tr( Z (m N 1)@(1))()\)5@)()\))

p+g=m—1 p
P20
m—1 A
= > ( ) Ty(,y(p)()\)g(q)()\))
p+g=m—1 p
p,q>0
= Z <m N 1> Tr(S(‘I)(/\)ﬁ(p)()\))
p+g=m—1 p
»,q20
_ Tr( 3 <m - 1) s<q>(m<P>(A)>
p+g=m—1 p
p,920
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= (s (T3 0050)
dam=1
- Tr<dm1 (M(A)lz\?(x)))
dam=1 ’
which finishes the proof. O

Proof of Theorem 1.3. (i) The proof of this statement is fully analogous to the
proof of Theorem 1.2. One has to replace in the argument Hgee, @, Ho s, M, 9,
by Kn, w, Ky 5, M , 7, respectively, Moreover, Krein’s resolvent formula is used in
(2.14b) instead of Krein’s formula in (2.14a) and Lemma 3.2 instead of Lemma 3.1.

(ii) By item (i) of this theorem and by Lemma 3.4, for every m € N such that
m > %1 and every A € p(K,x) both operators D,,(\) and D, ,,()) belong to
the trace class. In view of the identity Ewm(/\) = Dp(N) + ﬁw,m()\), we infer that

Ew’m()\) is also in the trace class. Using the formula (2.3) we have

~ ~

Tr(Eom(A)) = Tr(Deym (A)) 4 Tr(Dyn (A).

Combining the trace formula in (i) of this theorem and the trace formula in
Lemma 3.4 we obtain

- 1 dm! v -1 % Ar\\—17 77
Te(BumN) = oy T (dm_l ((I — WM\ WM () + M(A) M (A)))
1 dm-! v —1r =177
=i ™ (d)\m—l ((I — WM (N) MM (>\)>,
which finishes the proof. O
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