Epero’rors

and
|: &| Mlatrices

www.ele-math.com

VARIATIONAL PRINCIPLES FOR SELF-ADJOINT OPERATOR
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Abstract. Variational principles are proved for self-adjoint operator functions arising from vari-
ational evolution equations of the form

(2(1),y) +0[2(t),y] + ao[z(t),y] = 0.

Here ap and 0 are densely defined, symmetric and positive sesquilinear forms on a Hilbert
space H. We associate with the variational evolution equation an equivalent Cauchy problem
corresponding to a block operator matrix 7, the forms

t(A)[x,y] == A2 (x,y) + Ad[x,y] + ag [x, )],

where A € C and x,y are in the domain of the form ag, and a corresponding operator fam-
ily T(A). Using form methods we define a generalized Rayleigh functional and characterize
the eigenvalues above the essential spectrum of <7 by a min-max and a max-min variational
principle. The obtained results are illustrated with a damped beam equation.

1. Introduction

Variational principles are a very useful tool for the qualitative and numerical inves-
tigation of eigenvalues of self-adjoint operators and operator functions. For instance,
the eigenvalues A; < A, < ... below the essential spectrum of a self-adjoint operator
A that is bounded from below and has domain Z(A) can be characterized using the
Rayleigh functional

p(x) = , x€9(A), x#0,

via a min-max principle or a max-min principle:

Ay= min  max p(x)= max min  p(x).
LCP(A) xeL\{0} LC x€2(A)\ {0}
dimL=n dimL=n—1 " yip

Variational principles were first introduced by H. Weber, Lord Rayleigh, H. Poincaré,
E. Fischer, G. Polya, and W. Ritz, H. Weyl, R. Courant (see, e.g. [4, 7, 20], and the
references therein).

Mathematics subject classification (2010): 47A56, 49R05, 47A10.
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In this article we investigate variational principles for self-adjoint operator func-
tions arising from variational evolution equations of the form

(&(1),y) +0[2(r),y] + ao[z(2),5] = 0. (1.1)

Here ap with domain %(ap) and 0 with domain Z2(0) D %(ag) are densely defined,
symmetric and posivite sesquilinear forms on a Hilbert space H satisfying (F1)—(F3),
see Section 3. With this variational evolution equation we associate a Cauchy problem

()=(3) (Z)=(2)

on Z(ap) x H in such a way that the solutions of (1.1) equal the first component of the
solutions of (1.2). For A € C we define the sesquilinear form

t(A)[x,y] == A3(x,y) + A0[x,y] + ag[x, Y] (1.3)

with domain Z(t(4)) :=H = 2 (ap). We identify a disc ®,, C C which is the largest
disc around zero with an empty intersection with the essential spectrum of <. For
A € ®,, we show that the form t(4) is closed and sectorial and that the corresponding
operator T(A) is m-sectorial. Moreover, on @y, the spectrum (point spectrum) of .o/
and the spectrum (resp. point spectrum) of 7" coincide.

In [7] R.J. Duffin proved a variational principle for eigenvalues of a quadratic ma-
trix polynomial, which was generalized in various directions to more general operator
functions; see, e.g. the references in [9] and [19]. In [9] such a variational principle
was proved for eigenvalues of operator functions whose values are possibly unbounded
self-adjoint operators. Here we adapt this variational principle from [9] to our situation.
Using the form t(A) we introduce a slightly more general definition of a generalized
Rayleigh functional and we show that the variational principle generalizes to this situa-
tion. In particular, for a fixed x € H 1 \ {0}, denote the two real solutions (if they exist)

of the quadratic equation

t(A)[x,x] =0

by p_(x) and p(x) such that p_(x) < py(x) is satisfied and set p,(x) := —oo,
p—(x) := oo if there are no real solutions. Then the function p, plays the role of a
generalized Rayleigh functional in our main theorem, which yields variational prin-
ciples for the real eigenvalues of <7 or, what is equivalent, of 7. These variational
principles hold in certain real intervals A above the essential spectrum of 7 in the disc
®,, with the property that A does not contain values of p_. In A the spectrum of &/
is either empty or consists only of a finite or infinite sequence of isolated semi-simple
eigenvalues of finite multiplicity of /. Moreover, we show that these eigenvalues
A1 > Ay > -+, counted according to their multiplicities, satisfy

A, = max min p;(x)= min sup  py (%)
LCH, )/, xeL\{0} CLCH e 0
dim L=n dimL=n—1 ;J/_ZL\{ }



and, if N < o, we show for n > N that

sup min  py(x) <infA and inf sup  p+(x) <infA.
) xeL\{0} LCH .
dimiZn aimi=n—1 *<7\[0}

A major application of this variational principle is a quite general interlacing principle
which is the second main result of this article: if the stiffness operator Ao decreases and
the damping operator D increases, then the corresponding nth eigenvalue decreases
compared with the nth eigenvalue of the unchanged system. We illustrate the obtained
results with an example where we consider a beam equation with a damping such that
Ao corresponds to the fourth derivative on the interval (0,1) (with some appropriate
boundary conditions) and the damping D equals —%d % with some smooth function
d (and some boundary conditions).

We proceed as follows. The variational principle obtained in [9] is adapted to the
setting of this paper in Section 2. Section 3 is devoted to general properties of the
class of second-order systems studied in this paper. The main results of this paper are
proved in Section 4. In particular, we study the form (1.3) and their relation to the op-
erator matrix ./ and the operator function 7'(4). On a disc ®y, around zero, t(1) isa
closed sectorial form and the spectrum (point spectrum) of &7 and the spectrum (point
spectrum) of T coincide. Further, the variational principles for .7 are presented in
Theorem 4.8. As an application of the variational principle we show interlacing prop-
erties of eigenvalues of two different second-order problems with coefficients which
satisfy a specific order relation. Finally, in Section 5 we apply the obtained results to a
damped beam equation.

Throughout this paper we use the following notation. For a self-adjoint operator
S and an interval I we denote by .Z7(S) the spectral subspace of S corresponding to
I. A closed, densely defined operator in H is called Fredholm if the dimension of its
kernel and the (algebraic) co-dimension of its range are finite. The essential spectrum
of a closed, densely defined operator S is defined by

Oess (S) := {A € C| S— AI is not Fredholm }.

A closed, densely defined operator T is called sectorial if its numerical range is con-
tained in a sector {z € C|Rez > zo, |arg(z—2z0)| < 0} forsome zo € R and 6 € [0, F).
A sectorial operator T is called m-sectorial if A € p(T) for some A with Red < zp;
see, e.g. [15, §V.3.10]. For a sesquilinear form a[-,-] with domain Z(a) the corre-
sponding quadratic form is defined by a[x| := a[x,x], x € Z(a). A form is called secto-
rial if its numerical range is contained in a sector {z € C|Rez > zo, |arg(z—z0)| < 0}
for some zo € R and 0 € [0, 7); see, e.g. [15, §V.3.10].

2. A general variational principle for self-adjoint operator functions

In this section we recall a general variational principle for eigenvalues of a self-
adjoint operator function from [9] adapted to the present situation. Here we also show
some additional statements. We mention that in [9] a more general class of operator
functions was investigated.



For the rest of this section let A C R be an interval with
a=1infA and b =supA, —0 < a< b < oo, 2.1)

and let Q be a domain in C such that A C Q. On Q we consider a family of closed,
densely defined operators T (A1), A € Q, in a Hilbert space H with inner product (-,-),
where T(A) has domain Z(T(1)). In the following we shall assume that either 7(1)
or —T(A) is an m-sectorial operator for A € Q. Under this assumption the sesquilinear
form (T(A)-,-) is closable for A € Q, and we denote the closure by t(4)[-,-] with
domain Z(t(1)) and set t(A)[x] := ¢t(A)[x,x], which is the corresponding quadratic
form. Recall (see, e.g. [15, §VIL.4]) that T := (T (1)),cq is called a holomorphic
family of type (B) if T(A) is m-sectorial for A € Q, the domain Z(t(1)) of the closed
quadratic form t(A) is independent of A, which we denote by &, and A — t(A4)[x] is
holomorphic on Q for every x € &.
We suppose that one of the following two conditions is satisfied.

(I) Let Q be a domain in C and A C QNR an interval with endpoints a, b as in
(2.1). The family (7'(A))scq is a holomorphic family of type (B), T (1) is self-
adjoint for A € A and there exists a ¢ € A such that dim £ _., ) (T'(c)) < e°.

(II) Let Q be a domain in C and A C QNR an interval with endpoints a, b as in
(2.1). The family (—7(A)),cq is a holomorphic family of type (B), T(A) is
self-adjoint for 4 € A and there exists a ¢ € A such that dim % ..)(7'(c)) < oo.

Note that under assumption (I) for A € A the operators T(A4) are self-adjoint and sec-
torial, and, hence, bounded from below. Similarly, under assumption (II), the operators
T(A) are bounded from above for 4 € A. The condition dim.Z{_.,)(T(c)) < oo is
equivalent to the fact that ¢(7(c)) N (—o0,0) consists of at most a finite number of
eigenvalues of finite multiplicities.

Before we formulate the second set of assumptions, let us recall the following
definitions. The spectrum of the operator function 7 is defined as follows:

o(T):={A € Q| T(A) is not bijective from Z(T (1)) onto H }
={1eQ|0eo(T(A))}.
Similarly, the essential spectrum of the operator function 7 is defined as
Oess(T) := {1 € Q| T (1) is not Fredholm} = {1 € Q| 0 € 0ess(T (1)) }.

A number A € Q is called an eigenvalue of the operator function 7T if there exists
an x € Z(T(A)), x # 0, such that T(A)x = 0. The point spectrum is the set of all
eigenvalues:

op(T):={2€Q|Ixe 2(T(1)),x#0,T(A)x=0}
={2e€Q|0eac,(T(A))},



where 0,(7'(A)) denotes the point spectrum of the operator 7'(A) for fixed 4 € Q.
The geometric multiplicity of an eigenvalue A of the operator function 7T is defined as
the dimension of ker7'(4).

In addition to (I) or (I) we shall assume that one of the following two conditions

(\0), () is satisfied.
(\y) Forevery x € 7\ {0} the function A — t(A)[x] is decreasing at value zero on
A, i.e.if t(Ap)[x] = 0 for some Ay € A, then
t(A)x] >0  for A € (—e0,A9) NA,
t(A)[x] <0 for A € (Ag,o0) NA.

() Forevery x € 2\ {0} the function A — t(A)[x] is increasing at value zero on
A, i.e.if t(Ap)[x] =0 for some Ay € A, then

t(A)[x] <0 for A € (—oo,A9) NA,
t(A)[x] >0 for A € (Ag,o0) NA.

If T satisfies (") or (), then, for x € Z\ {0}, the scalar function A — ¢(1)[x]
is either decreasing or increasing at a zero and, hence, it has at most one zero in A.

We now introduce the notion of a generalized Rayleigh functional p, which is a
mapping from 2\ {0} to RU{=£eo}. If there is a zero Ay of the scalar function A —
t(A)[x] in A, then the corresponding value of a generalized Rayleigh functional p(x)
must equal this zero; p(x) = Ay. Otherwise, there is some freedom in the definition.
More precisely, we use the following definition.

DEFINITION 2.1. Let A and Q be as above. Moreover, let T(4), A € Q, be a
family of closed operators in a Hilbert space H satisfying either (I) or (II) and which
satisfies also () or (). In the case (N\,) a mapping p: Z\ {0} — RU{too} with
the properties

=2 ift(A)x] =0,

<a ifacAandt(d)[x] <Oforall A €A,

A
ifbe Aand t(A)[x] >0forall A € A,

>b ifb¢ Aand t(A)[x] >0forall A € A.

px)< <a ifag¢Aandt(1)[x] <Oforall A €A,

(4)
(4)
(4)
(4)

is called a generalized Rayleigh functional for T on A. In the case () a mapping



p: 2\ {0} - RU{+oo} with the properties

(=% ift(Ao)[x] =0,
>b ifbeAandt(A)[x] <Oforall A €A,
p(X){>b ifb¢ Aandt(A)[x] <Oforall A € A, (2.2)
<a ifaeAandt(A)}x] >0forall A € A,
|<a ifa¢gAandt(A)[x] >0forall A €A.

is called a generalized Rayleigh functional for T on A.

REMARK 2.2. One possible choice for p in the case () is the following (see
[4, 9]). For x € 2\ {0} set

Ao i t(A0)[x] =0,
p(x) =14 —oo ift(A)[x] <Oforall A € A,
+oo if t(A)[x] > O0forall A € A,

which was used as a definition of a generalized Rayleigh functional in [4, 9]. However,
here we propose to use the Definition 2.1. This has the following advantage: if p is
a generalized Rayleigh functional for 7 on A, then the same p remains a generalized
Rayleigh functional in the sense of Definition 2.1 for 7" on a smaller interval A" with
A" C A. Moreover, in many applications, including the one in Section 4, the operator
function T is defined on a larger interval A D A but satisfies, say, (\,) only on A. If
t(-)[x] has a zero Ag in A where Ay < a and t(A)[x] < 0 for all A € A, one can set

p(x):=A.
EXAMPLE 2.3. We consider two examples to illustrate the notion of a general-
ized Rayleigh functional.

(i) Let A be a bounded self-adjoint operator in a Hilbert space H and consider the
operator function T7(A) =A—AI, A € Q = C. The corresponding quadratic
forms are t(1)[x] = (Ax,x) — A|jx||>, x € = H. If we take A=R, then T
satisfies condition (I), where one can choose any ¢ < minc(A); it also satisfies
(1), where one can choose any ¢ > max ¢ (A). Moreover, the function T satisfies
condition (\) since t'(1)[x] = —||x|*>. For each x € H\ {0} the function t(-)[x]

has the unique zero
(Ax,x)
px) = =5
|2

hence the classical Rayleigh quotient is a generalized Rayleigh functional in the
sense of Definition 2.1.

(i) In H = C? consider the quadratic operator function

AZ_20+1 =2
T(A) = S 21l AeQ:=C,



and choose A := (—e0,0). Clearly, conditions (I) and (II) are satisfied. For x =
(g) € C? one has

t(A) ] = (T (A)x,x) = lPA = 201 P4 + [|x]|* — 4Re(x132).

Since the coefficient of A is non-positive, the sum of the two zeros of the poly-
nomial t(-)[x] is non-negative if x # 0, and therefore at most one zero can be in
A. At any such zero the function must be decreasing, which shows that condition
() is satisfied. Moreover, t(-)[x] is positive on A if it has no negative zero.
Hence a possible choice for a generalized Rayleigh functional is given by

1|2 — /|x1[* = [Jx[|> + 4Re(x1%2)
p(x) = HE
> otherwise.

if x1|* — ||x||> +4Re(x;x3) > 0,

Note that three cases occur: (a) t(-)[x] has a positive and a negative zero, in
which case p(x) equals the negative zero; (b) t(-)[x] has two positive zeros,
in which case p(x) > 0 = supA; (c) t(-)[x] has no real zeros, in which case
p(x) = oo. Examples for these three cases are given by the vectors (}) , (31) ,

(_11) , respectively.

For a generalized Rayleigh functional p as in Definition 2.1 we have for A € A, x €

2(T(A))\{0},
TA)x=0 = pkx) =471

If T satisfies (), then for x € 2\ {0}
t(A)[x] >0
t(A)[x] <0

if T satisfies (), then for x € 2\ {0}
tA)] >0 <= px) <A,
tA)x] <0 <= px)>A.

—
(2.3)
— ;

(2.4)

In [9, Theorem 2.1] a variational principle involving a generalized Rayleigh func-
tional was derived. There the generalized Rayleigh functional was defined as in Re-
mark 2.2 and not in the (slightly more general) way as in Definition 2.1. Therefore,
the variational principle in the following theorem is an adapted version of [9, Theo-
rem 2.1] where a non-decreasing sequence of eigenvalues of an operator function is
characterized. Moreover, in [9, Theorem 2.1] only the case (I), (\,) was considered
(under slightly weaker assumptions on t).

THEOREM 2.4. Let A and Q be as above. Moreover, let T(A), A € Q, be a
family of closed operators in a Hilbert space H satisfying either (1), (\,) or (I), ( ),
let p be a generalized Rayleigh functional and assume that

A/ - {A ifoe5s(T)ﬂA:0,
B {A €A| A <inf(0ess(T)NA)}  if Oess(T)NA O,



is non-empty.

Then o(T)NA’ is either empty or consists only of a finite or infinite sequence
of isolated eigenvalues of T with finite geometric multiplicities, which in the case of
infinitely many eigenvalues in 6(T)NA' accumulates only at supA’ (which equals
inf(Cess(T) NA) if Cess(T) NA # O and equals b otherwise).

If o(T)NA is empty, then set N := 0; otherwise, denote the eigenvalues in
o(T)NA by (lj)yzl, N € NU {0}, in non-decreasing order, counted according to
their geometric multiplicities: Ay < Ay < ---. Choose a’' € A’ so that in the case N > 0
it satisfies a' < Ay. Then the quantity

dim . _.. ) (T(a’ )) if (D), (\) are satisfied,
K=
dim Zg ) (T(a’ )) if (D), () are satisfied,

is a finite number. Moreover, the nth eigenvalue A,, n € N, n < N, satisfies

A, = min sup  p(x), (2.5)
dimixn YO}
Ay = max inf  p(x). (2.6)

_LCH  xe7\{0}
dimL=x+n—1 YL

For subspaces L with dimensions not considered in (2.5) and (2.6) the right-hand side
of (2.5) and (2.6) gives values with the following properties: if Kk > 0, then

inf  sup pkx) <a
LCD  xer\{o}

dimL=n
forn=1,...,K; 2.7
sup inf px) <a
LcH  x€2\{0}
dimL=n—1 xL1L
if N < oo, then
inf  sup p(x) > supA/
di Ly XEL\(0}
forn> K+ N withn <dimH. (2.8)

: !/
| el 1) Z w0
dimL=n—1 x1L
Proof. Let us first consider the case when (I), (\,) are satisfied. We apply [9, The-
orem 2.1]. Since T is a holomorphic family of type (B), [9, Proposition 2.13] implies
that conditions (i) and (ii) of [9, Theorem 2.1] are satisfied. It follows directly from (I)
and () that (iii) and (iv) of [9, Theorem 2.1] are also satisfied. Now [9, Theorem 2.1]
implies that o(T) N A’ is either empty or consists of a sequence of isolated eigenvalues
that can accumulate at most at supA’.
Set
A it N=0,

{peA|u<A} otherwise.



In [9, Theorem 2.1] the number & was defined as dim.%|_.. ) (7'(a”)) with a particular
choice of a” € A;. However, the function

A dim 2 ) (T(A))

is constant on A; by [9, Lemma 2.6]. Hence we choose an arbitrary a’ € A; for the
definition of x, which by [9, Theorem 2.1 and Lemma 2.6] is a finite number:

K = dim,gﬁ,m7o) (T(a/)) .

Let us now prove (2.5). In [9] a special choice of a generalized Rayleigh functional
was considered; see Remark 2.2. In order to distinguish it, we denote it by ¢, i.e. for
x€ 2\{0} we set

do  if t(Ao)[x] =0,
g(x) ;=< —co if t(A)[x] <Oforall A €A,
+oo if {((A)[x] > Oforall A € A.

If p(x) € A or g(x) € A holds for some x € 2\ {0}, then by the definition of p and ¢
we have t(p(x))[x] =0 or t(g(x))[x] = 0, respectively, and thus p(x) = g(x) follows.
In [9, Theorem 2.1] it was proved that

A, = min max X
" Lco  xel\{o) 9(x)
dimL=x+n

for n e N, n < N. Let n € N with n < N. There exists a subspace Ly C & with
dim Ly = K+ n such that
max ¢(x) =A,,
x€Lo\{0}

which implies in particular that g(x) < A, for all x € Ly \ {0}. If, for x € Ly \ {0}, we
have g(x) = —oo, then p(x) < a by the definitions of p and ¢, and hence p(x) < A,.
If, for x € Ly \ {0}, we have g(x) # —oo, then g(x) € A and hence p(x) = g(x) < A,.
This implies that

sup p(x) < max g(x)=A,. (2.9)

x€Ly\{0} xeLo\{0}

Let L C & be an arbitrary subspace with dimL = k +n. Then, by the definition of Ly,

max ¢g(x)> max ¢g(x)=A,.
xeL\{O}q( ) xeLo\{O}q( )

Hence there exists an xo € L\ {0} with g(xo) > A,. If g(xp) = +oo, then p(x9) > b
and, in particular, p(xg) > A,. If g(xp) # +o0, then g(xp) € A, which implies that
p(x0) = q(x0) > A, . Hence
sup p(x) > A,. (2.10)
xeL\{0}

By (2.9) and (2.10) we obtain (2.5). Equation (2.6) is shown in a similar way.



Next we prove the first inequality in (2.7). Let n < k and let A € A; be arbi-
trary. We have seen above that dim.Z(_.,)(T(A)) = k. Therefore we can choose
an n-dimensional subspace of Z{_..)(T (1)), which we denote by Ly and which is
contained in Z(T (1)) C 2. Since t(A)[x] <0 for all x € Ly \ {0}, we have

inf  sup px)< sup  plx) <A

GES7  xer\{0} xeLo\{0}

This implies the first inequality in (2.7) since A € A} was arbitrary. The second in-
equality in (2.7) is shown in a similar way.

We show the first inequality in (2.8). Let n > K+ N. If we have Ay = b =supA/,
then (2.8) follows from (2.5). In all other cases, choose A € A’ such that A > Ay if
N > 0. It follows from [9, Lemmas 2.6 and 2.7] that dim %_. (T (1)) = K+ N.
Hence, for each subspace L C & with dimL = n, there exists an xo € L\ {0} such that
t(A)[xo] > 0. Therefore

sup  p(x) > p(xo) > A.
xeL\{0}

Since this is true for every such L, we have

inf  sup p(x) > A,

G2, xeL\{0}

which implies the validity of the first inequality in (2.8) as A can be chosen arbitrar-
ily close to supA’; see [9, Lemma 2.6]. In a similar way one can show the second
inequality in (2.8).

If instead of (I), (Y\,) the assumptions (II), (") are satisfied, then the function
T(A):=—-T(A) satisfies the assumptions (I), () and p(x) := p(x) is a generalized
Rayleigh functional for T on A, see Definition 2.1. Hence we can apply the already
proved statements to T, which imply all assertions also in this situation as Gp(T) =
op(T). O

REMARK 2.5.

(1) Instead of assuming that 7 is a holomorphic family of type (B) it is sufficient
to assume some weaker continuity properties. Also the domain of the quadratic
form may depend on A . For further details see [9], in particular, the assumptions
(1) and (ii) there.

(ii) If the functional p is chosen such that it is continuous as a mapping from & into
the extended real numbers RU {£e} and p(cx) = p(x) for all ¢ € C\ {0} and
X € 9, then the supremum in (2.5) is actually a maximum, i.e. the eigenvalue A,,,
neN, n <N, satisfies

Ay = min max  p(x).
" Lco  xel\{0) (x)
dimL=x+n

This follows from the fact that it is sufficient to take the supremum over the set
{x € L||x|]| =1}, which is compact. The same statement applies to (2.7) and
(2.8).
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A similar theorem holds if we replace in Theorem 2.4 the assumption (I), () by (I),
(/Y and (II), () by (IT), (\,), respectively, and change A" accordingly. This is done
in the following theorem.

THEOREM 2.6. Let A and Q be as above. Moreover, let T(A), A € Q, be a
family of closed operators in a Hilbert space H satisfying either (1), ( ) or (I), (\),
let p be a generalized Rayleigh functional and assume that

A/‘ A ifGess<T)mA:@,
B {A' EA’)L > Sup(GESS<T)mA)} ifGeSS(T)mA%@,

is non-empty.

Then o(T)NA’ is either empty or consists only of a finite or infinite sequence
of isolated eigenvalues of T with finite geometric multiplicities, which in the case of
infinitely many eigenvalues in o(T)NA" accumulates only at infA' (which equals
sup(Oess (T) NA) if Cess(T) NA # O and equals a otherwise).

If o(T)NA' is empty, then set N := 0; otherwise, denote the eigenvalues in
o(T)NA by (lj)yzl, N € NU {eo}, in non-increasing order, counted according to
their geometric multiplicities: Ay > Ay > ---. Choose b’ € A’ so that in the case N >0
it satisfies A < b’. Then the quantity

dim.Z(_. ) (T(b/)) if (I), () are satisfied,
K .=
dim Z{g o) (T(®)) if A1), O\ are satisfied,

is a finite number. Moreover, the nth eigenvalue A,, n € N, n <N, satisfies

An = inf 2.11
= max o inf p(x), (2.11)
dimL=xk+n
Ay = min sup  p(x). (2.12)
dimi=iin-1 *€2\(0)
x1L

For subspaces L with dimensions not considered in (2.11) and (2.12) the right-hand
side of (2.11) and (2.12) gives values with the following properties: if kK > 0, then

su inf px)>>b
LC% xeL\{0} )

dimL=n
forn=1,...,K; (2.13)
Linlg sup p(x) > b
dimL=n—1 2\ 0}
if N < oo, then
sup inf p(x) < infA/
Lcy X€L\{0} )
dimL=n
forn>x+N withn <dimH. (2.14)
inf sup p(x) < infA/
dim L—p—1 *€Z\{0}
x1L

11



Proof. The theorem follows from Theorem 2.4 applied to the function T'(1) :=
T(=A), —A €Q. With @:= —b, b:=—a and A:={—2A |1 € A} all assumptions
of Theorem 2.4 are satisfied, namely (I) and (II) remain the same and () turns into
() and vice versa. Thatis, T satisfies either (I), (\,) or (I), (). Then the mapping

p(x) := —p(x) is a generalized Rayleigh functional for T on A; see Definition 2.1.
Since A, = —A, for A, € Gp(f), all assertions of Theorem 2.6 follow from Theo-
rem 2.4. Ol

REMARK 2.7. If the functional p is chosen such that it is continuous and p(cx) =
p(x) for c € C\ {0} and x € & (see Remark 2.5), then the infimum in (2.11) is actually
a minimum, i.e. the eigenvalue 4,, n € N, n <N, satisfies

Ay = max min  p(x).
LCT  xel\{0}
dimL=x+n

A similar statement applies to (2.13) and (2.14).

3. Framework

Let H be a Hilbert space and let ayp and 0 be sesquilinear forms on H with do-
mains Z(ap) and Z(0), respectively, such that the following conditions are satisfied.

(F1) The sesquilinear form ay is densely defined, closed, symmetric and bounded
from below by a positive constant, i.e. 3¢ > 0 such that aglx] > ¢y ||x||*> for
XED (Cl()) .

(F2) The sesquilinear form 9 is symmetric, satisfies Z(9) D Z(ay), and there ex-
ists a ¢p > 0 such that

0 <0[x] < crap|x] for all x € Z(ay).

It is our aim to study the following second order differential equation
(Z(t),y) +0[z(t),y] +ao[z(t),y] =0 forally € Z(ao). 3.1

In a first step we find an equivalent Cauchy problem. Then, using the standard theory
of semigroups, we obtain solutions of (3.1). Therefore we associate with the form ag a
positive definite self-adjoint operator Ag with Z(Ag) C Z(ap) and 0 € p(Ap) via the
First Representation Theorem [15, Theorem VI.2.1], i.e.

aolx,y] = (Agx,y) forall x € Z(Ag), y € Z(ay). (3.2)

The operator Ay is called stiffness operator. The Second Representation Theorem [15,
Theorem VI.2.6] shows .@(Aé/ 2) = P(ap) and

aolx,y] = <A(1)/2x,A(l)/2y) for all x,y € Z(ay).

12



We define the two spaces

H% = _@(A(l)/z) with norm ||x||H1 HA1/2

x| 3.3)

and
H | as the completion of H with respect to the norm
2

- 34
Il = (145l oY

By continuity, Ag and A, 12 can be extended to isometric isomorphisms from H ! onto
H | and from H onto H _ 1 respectively. These extensions are also denoted by Ap

]

and AO/ The space H j can be identified with the dual space of H 1 by identifying
elements x € H ; with bounded linear functionals on H 1 as follows

2

~1)2

e H = <A0 x,Aé/2y>, xEHf%,yEH%. (3.5)

N\'—'
I\)\'—

Note that, for x € H, y € H; , we have
2

(x, y> = {x,y)H. (3.6)

N\
I\J\ —

The form ag can be expressed in terms of the extended operator Ag:

aolx,y] = (Aox,y)n for all x,y € H%; (3.7)

l\)\
l\)\ —

this relation is obtained from (3.2) by continuous extension.
Assumption (F2) implies that 0 restricted to H 1 is a bounded, non-negative, sym-

metric sesquilinear form on the Hilbert space H 1. Hence by [15, Theorem VI.2.7]
there exists a bounded, self-adjoint, non-negative operator Don H ! such that
D[x,y]:<Dx,y>H1 for all x,yEH%.

2

Now we define the damping operator D by
D = Aoﬁ,

where Ay is considered as a bounded operator from H ! onto H_ 1 Clearly, the oper-
ator D is bounded from H 1 to H ] . Using (3.5) we obtaln the followmg connection
between 0 and D:

ofx,y] = (Dx,y)y, — (A)*Dx, Al %y)

2 (3.8)
— (A, "*Dx,A}%y) = (Dx, o

m
Nb—-
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for x,y e H 1
We consider the following standard first-order evolution equation

x(t) = o x(t) (3.9

in the space 7 := H% x H where o7 : 9 (/) C H# — H is given by

%:[ 0 1 } (3.10)
—Ay —D

D(t) = {(fv) €Hy xH,

It is easy to see (e.g. [18]) that ./ has a bounded inverse in .7 given by

N -1
—D —A; ]

Aoz+Dw€H}. (3.11)

o7 =

(3.12)

I 0 1 0

-1 -1
~A;'D A ]

where A D is considered as an operator acting in H ! and [ is the embedding from
H, into H. The operator <7 itself is not self-adjoint in the Hilbert space .72. However,

wizth
I 0
Ji= {0 —I]

the operator J./ is symmetric in 7#. Since ./ has a bounded inverse, the operator
Jof is even self-adjoint in 7. Therefore,

o =Jd ], with 2(o*) =J P ()
(see also [21, Proof of Lemma 4.5]) and
Re(/x,x) <0 forxe Z(«/) and Re(/"x,x) <0 forxe Z(F™).

This implies that o7 is the generator of a strongly continuous semigroup of contractions
on the state space 7. This fact is well known; see, e.g. [2, 3, 6, 10, 16] or [21,
Proposition 5.1]. Hence, (3.9) together with an appropriate initial value has a unique
(classical) solution. This implies the following proposition.

PROPOSITION 3.1. Assume that (F1)—(F2) are satisfied. For zo,wq € H% with
Aozo +Dwo € H there exists a solution z: RT — H% of (3.1) that satisfies

e 7(0) =z and z(0) = wy,
e the function z is continuously differentiable in H 1

e the function 7 is continuously differentiable in H .

14



Moreover, a solution of (3.1) with the above properties is unique and equals the first
component of the classical solution of the Cauchy problem

<VZ") -7 (vzv) ’ (vi(<%)>> = (fv(f)) (3.13)

We mention that a similar relation holds for mild solutions of the Cauchy problem
(3.13) with ( fv((’)) in 7 instead of Z(</) and a somehow weaker formulation of (3.1),

with () € (7).

d

(0. +20=000]) +a0fzr)y] =0 forally € P(ao). (3.14)

For details we refer to [6, Theorem 2.2], see also [3].
REMARK 3.2. The operators Ag and D satisfy the following conditions (A1) and
(A2), which appeared in various papers; see, e.g. [12, 14, 13].

(A1) The stiffness operator Ay : Z(Ag) C H — H is a self-adjoint, positive definite
linear operator on a Hilbert space H such that 0 € p(Ao).

(A2) The damping operator D : H 1= H | is a bounded operator with

1
2

(Dz,2)u | xn, =0, ZGH%.

S}
8]

Instead of starting with the forms and then constructing the operators one could also
start with two operators Ag and D that satisfy (A1) and (A2) and then define the
sesquilinear forms ag and 0 via

aO[xay] = <A0x7y>H7l xHq s
2

(]

x,yEH%.
D[X,y] = <D)C,y>[—[ 1 XHyp»

2

(]

It is easy to see that these forms satisfy (F1) and (F2).

In the following we study the spectrum of <. For (3!),(32) € H 1 X H we define
an indefinite inner product on .7 by

K;CD ’ ()ycz)} a <J ()yci) ’ (;Z)> - <x1,x2>H% — (y1,y2)-

Then (47,]-,-]) is a Krein space and <7 is a self-adjoint operator with respect to |-, -]
(note that the latter is equivalent to the self-adjointness of J./ in J¢). Hence o(</)
is symmetric with respect to R; see, e.g. [5, Theorem VI1.6.1]. For the basic theory
of Krein spaces and operators acting therein we refer to [1] and [S]. In the following
proposition we collect the above considerations.

15



PROPOSITION 3.3. If (F1) and (F2) are satisfied, then the operator </ is self-
adjoint in the Krein space (J,[-,-]), its spectrum is contained in the closed left half-
plane and is symmetric with respect to the real line. The operator </ has a bounded
inverse, and it is the generator of a strongly continuous semigroup of contractions on
the state space ¢ .

Proposition 3.3 guarantees that the spectrum of &7 is contained in C_, where
C_ denotes the closed left half-plane {z € C | Rez < 0}. Since </ has a bounded
inverse, we even have o(«7) C C_\ {0}. However, apart from this restriction and the
symmetry with respect to the real line, the spectrum of 7 is quite arbitrary; see, e.g.
[11, Examples 3.5 and 3.6] and we refer to Example 3.2 in [12].

For the rest of the paper we assume that, in addition to (F1) and (F2), also the
following condition is satisfied.

(F3) The operator Ay ! is a compact operator in H.

In the following we consider D= Ay 'D and Ay 1 2DA(; 1/2 as bounded operators acting
in H 1 and H, respectively. For A € C the relations

ker(Aal/zDAal/2 — 7L) = A(l)/2 (ker(lN) — QL)) ,
ran(AO_l/zDAa]/2 — l) = A(l)/2 <ran(5 — l))
hold. This, together with the fact that A(l)/ % isan isomorphism from H 1 onto H, implies
that
G(Aal/ZDAal/Z) =o(D), G (Aal/zDAal/Z) = Gess (D). (3.15)

In the next definition we introduce some numbers that are used in the following proposi-
tion for a further description of the spectrum of ./ and in the next section in connection
with the study of a quadratic operator polynomial.

DEFINITION 3.4. Set
§:=minc (A, *DA;"?),  y:i=maxo(A,*DA,"?). (3.16)
If H is finite-dimensional, then set
Oy := oo, % :=0; (3.17)
otherwise, set
8 = minou (A, 2DAS?), = max ous (A /2DAG ). (3.18)
Moreover, if H is infinite-dimensional, 8y = 0 and 9y > 0, then set

81 = inf(0ess (A /2DA, ) \ {0}). (3.19)

16



If H is infinite-dimensional, then clearly 0 < § < &) < % < y. The numbers &
and ¥ can be expressed in terms of the forms ag and 0:

(A Ay P x) ‘ (Dy.y)a_y <
0= inf > = inf

xeH\{0} [ x| yeH, )\{0} (A0Y, V)i | xH,

22 (3.20)
0
_ e DL
veH; 5\ {0} do[y]
where we made the substitution y = A, 1/ 2x, and similarly
0

Y= sup ﬂ (3.21)

veH, m\{o} 9o

If H is infinite-dimensional, then one can use the standard variational principle for
bounded operators to express & and }p in terms of ap and :

0 =sup inf sup M, Y = inf  sup inf M (3.22)
neN LCHin yep\joy 9o[y] neN LcH, , YyeL\{0} aoly]
dimL=n dimL=n

PROPOSITION 3.5. Assume that (F1)—(F3) are satisfied. Then

Goss () = {A e C\{0} ‘ % € cess(—f))} (3.23)
= {/1 e C\{0} ‘ % € O'ess(—AOl/ZDAOl/Z)} (3.24)
C (—o0,0). (3.25)

The spectrum in C\ Oess(27) is a discrete set consisting only of eigenvalues. Moreover,
the set 6(</ )\ R has no finite accumulation point.
Moreover, the following statements are true:

o if =0, then Cess( ) = 0;
e if >0 and & =0, then
o if 8 =0,

inf Oess (&) = 5 50
- L 1 )

1
max Oggs () = ——

Y

17



e if & >0, then

1 1

o) Y

Proof. The equality in (3.23) was proved in [12, Theorem 4.1]. Relation (3.15)
implies (3.24), and (3.25) follows from assumption (F2). The discreteness of the spec-
trum in C\ Ogs(o7) follows from Fredholm theory and the fact that C\ Oess(7) is
a connected set and has non-empty intersection with p (<), namely 0 € p(<7) N (C\
Oess(27)) by (3.12). Corollary 5.2 in [12] implies that no point from Ces(.27) is an
accumulation point of the non-real spectrum of .o/, which shows that the non-real spec-
trum has no finite accumulation point. The remaining assertions are clear. O

Note that, although A ! is compact, the operator .7 ! is in general not a compact
operator in .7 . In fact, &7 ~! is compact if and only if the operator D is compact as an
operator acting from H; into H_; ; see [17, Lemma 3.2].

2 2

4. A quadratic operator polynomial

In the following we construct a quadratic operator polynomial 7(A4) that is con-
nected with the operator .o/ and also the differential equation (3.1). Throughout this
section let ap and 0 be sesquilinear forms that satisfy (F1)—(F3) from Section 3. More-
over, let the operators Ay, D, 7 and the numbers &, ¥, &y, Y be as in Section 3. It
follows from (3.20) and (3.21) that

Sao[x] Sa[x] §}/ao[x], XGH%. 4.1)

Before we define the operator polynomial 7 (1), we need two lemmas.

LEMMA 4.1. Let R be a compact operator in H and € an arbitrary positive
number. Then there exists a constant C > 0 such that

IRAY*x|? < e|| A x| +Cllx|> forallx e H,.

Proof. The operator RA(I,/ 2A0_ 2 _Risa compact operator in H. Hence RAé/ 2
is A(l)/2 -compact; see, e.g. [15, Section 1V.1.3]. By [8, Corollary IIL.7.7], RA(])/2 has

A(l)/ 2 -bound 0, which implies the assertion (see [15, §V.4.1]). O

Define the following set, on which the operator polynomial 7'(A1) will be defined:

1
%ECMA<—} if yo #0,
@fy = /}/0

o *

(4.2)
C if Yo = 0.
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LEMMA 4.2.  For A € ®y, the form A0 is relatively bounded with respect to ag
with ag-bound less than 1, i.e. there exist real constants C1,Cy with C; >0, 0<(C, < 1
such that

| A0[x]| < C1||x||* + Crap[x] foralleH% = P(ap).

Proof. Obviously, for A = 0 the assertion of Lemma 4.2 is true. Let A € &\ {0}

and choose Y € R such that y < ¥ < ﬁ Denote by E the spectral function in

H corresponding to the bounded self-adjoint operator S := A, 1/ 2DA(; 1z, Then, for

x € H;, we have
2

— (SE([0,7Y])Ay*x, E([0,Y])A *x)

+(SE((Y,20)Ay 5, E(( .=)AY *x)
<7|[E0, YDA x]|” + [|S2E((Y 00))Aq ||
< YA+ SR o)Al x|

By the definition of 9y and the fact that ¥ > ¥ it follows that E((y,e0)) is a finite
rank projection. Choose € > 0 such that |A|(Y +¢€) < 1, which is possible because
Y < ‘/{—' Then Lemma 4.1 applied to the finite rank operator S'/2E((Yy,e0)) implies

that there exists a C > 0 such that
1/2 1/2
[Aal]| < IAIY 1A x|+ A1 (llAg %112 +Cllx|)
= |AI(Y +€)aolx] + [A|C]Ix],

which shows that A9 is ag-bounded with ag-bound less than 1. O

For A € C we define the sesquilinear form t(A) with domain Z(t(1)) = H ! by
t(A)[e,y] = A%(xy) + Ad[wy] +aolxy]  xyEH), 4.3)

and the corresponding quadratic form by t(A4)[x] := t(A)[x,x] for x € H L Note that if

a function of the form z(r) = ¢*x with x € H ! is plugged into (3.1), then one obtains
the equation t(A4)[x,y] = 0. Using (3.7) and (3.8) we can rewrite t(1) as follows:
t(A)[x,y] = <12x + ka+on,y>H7 xH

1 1
2 2

X,y GH%. 4.4)

In the next proposition we introduce the representing operators 7 (A) for A € ®,, and
state some of their properties.
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PROPOSITION 4.3.  For A € @y the form (L) with domain Z(t(A)) = H% is

a closed sectorial form in H. The m-sectorial operator T(A) in H that is associated
with t(A) is given by

AT (L)) = {x € H | ADx+Agx € H} :
T(A)x = A%x+ ADx+ Aox, xe P(T(A)).

The family T(A), A € ®y,, of m-sectorial operators is a holomorphic family of type
(B), which satisfies T(A) =T (A)* for A € ®y,. For A € ®y, NR the operators T(A)
are self-adjoint and bounded from below.

Proof. Since ay is a closed symmetric non-negative form and, by Lemma 4.2, 10
is bounded with respect to ap with ag-bound less than 1, it follows from [15, The-
orem VI.1.33] that t(4) is closed and sectorial for A € ®y,. Hence by [15, Theo-
rem VI.2.1] there exist m-sectorial operators T(A) that represent the forms t(A). The
form of the domain and the action of T'(A1) follow easily from [15, Theorem VI.2.1].
The domain of t(A) is independent of A, and the analyticity of A — t(1)[x] is clear.
Hence T is a holomorphic family of type (B). Since ¢(4)[x,y] = t(A)[y,x], we have
T(A)=T(2)*; see [15, Theorem VI.2.5]. From this we obtain also the self-adjointness
of T(A) for A € &y, NR; moreover, 7(A) is bounded from below in this case since it
is m-sectorial. 0

Next we show that on @y, the spectral problems for 7 and T are equivalent.

PROPOSITION 4.4.  Consider T as a function defined on ®y,. On @y, the spec-
tra and point spectra of </ and T coincide, i.e.

op(Z ) NPy, =0 (F)NDyy =0(T) = 0p(T). 4.5)
For Ay € op(a/) NPy, the geometric multiplicities coincide:
dimker(«Z — Ay) = dimker T (Ap). (4.6)

Moreover,
Cess(T) = 0.

If % # 0, then there are at most finitely many eigenvalues of <7/ (and, hence, of T) in
®, \R.
Y

Proof. First we show equality of the point spectra of .27 and T . For this, let A € ®,
and assume that 0 € 6,(T(1)). Then there exists x € Z(T (1)) \ {0} with A2x+ADx+
Aox = 0. Therefore () € Z(</) and

(o — A) (fx) —0.
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Conversely, if A € 0,(/) and if (3) € (&) is a corresponding eigenvector, one
concludes that
y=Ax and Agpx+Dy+Ay=0. 4.7)

Hence x € Z(T(A)) and T (A)x =0 with x # 0 because otherwise, () = 0. Therefore
the point spectra of .27 and T coincide in ®y,. Moreover, as the first component of
an eigenvector (jy) € Z(«) of & satisfies x € Z(T()) and T(A)x =0 and vice
versa, the statement on the geometric multiplicities follows.

Next assume that A € p(«/) N ®y,. Then for g € H there exists (3) € Z()

with 0
o ()-()

y=Ax and Apx+Dy+Ay=g,

which shows that x € Z(T(A)) and T(A)x = g. Hence T(A) is surjective and, by the
already proved statement about the eigenvalues, A € p(T). Proposition 3.5 implies that
Ocss (7 ) Ny, = 0 which, together with 0 € p(.27) (see Proposition 3.3), gives the first
equality in (4.5). Hence each point A in &, is either an eigenvalue of %/ and, hence,
of T, or belongs to the resolvent set of <7 and hence of T . This proves (4.5).

We show the statement about the essential spectrum of 7. Let A € &y . The
statement is obvious for finite-dimensional H ; hence let H be infinite-dimensional. By
Lemma 4.2 there exist constants a,b such that a >0, 0 < b < 1 and

From this one concludes that

|Adlx]| < allx||* +bag[x], x¢€ H,.

2
Denote by L the spectral subspace for Ag corresponding to the interval [O, MI‘_Z“ + 1} .
Assume that 0 € 0¢e(T(A)). It follows from Proposition 3.5 and the definition of ®y,

that A ¢ Oess(27) and Igé Oess (7). Hence (4.6) implies that dimker7 (A1) < oo and

dim(ranT(?L))L = dim(ker7(1)*) = dimker7 (1) < os.

By [8, Theorem IX.1.3] there exists a singular sequence (x,),cny With x, € Z(T (1)),
||| =1, x, — O (i.e. x, converges to 0 weakly) and T'(A)x, — 0 as n — . We
decompose x;,, as follows:

Xn = Uy +Vy, u,eL,v, LL.

The projection onto L is weakly continuous and L is finite-dimensional by assumption
(F3); therefore the sequence (u,)nen converges strongly in H to 0, Apu, — 0 and
|lvall = 1 as n — oo. We obtain

(T (A)xn, X0} | = |t(A) [xa] | = ‘/lz—i—lb[xn] + ag [x4] |
> aplxa] — (IA%[+ |A0[x]1) = (1= b)ao[xa] — (1A%] +a)

A2 +a
1-b )

= (1 — b) (ao[un] + ao[vn] —
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2
As n— o0, we have ag[u,] — 0, and ag[v,] > (Ill\_za +1)||va]|* holds for every n € N.

Hence

liminf| (T (A )x,, x,)| > (1 —b) >0,
n—oo

which is a contradiction. Therefore 0 ¢ Gess(7'(1)).

Finally, assume that ¥ > 0. Suppose that there are infinitely many eigenvalues
of &/ in ®y \R. Since ®y, \R is a bounded set, there exists a sequence of non-real
eigenvalues of .7 which converges. However, this contradicts Proposition 3.5. Hence
the last statement is proved. O

In the following we prove variational principles for real eigenvalues of <7 or, what
is equivalent (see Proposition 4.4), of 7. To this end we introduce functionals p, and
p— sothat p, serves as generalized Rayleigh functional for 7" on appropriate intervals.
For fixed x € H ! \{0} consider the equation

t(A) [x] = A2 ||x||* + Ad[x] 4 apx] = 0 (4.8)

as an equation in A .

DEFINITION 4.5. If (4.8) forx € H ! \ {0} does not have a real solution, then we
set

pe()i= o, p(x) = o
Otherwise, we denote the solutions of (4.8) by p(x):

—ol £/ (01])” — 4l}x[|ao[x]
pe = MY TR

4.9)

—(Dxx) ey \/ (Dx} | i

1/2
= 4llx]2 )4y )2
2 2 2 2

2]lx|1?
Note that the values of p(x) and p_(x) belong to (—eo,0) U{£eo}. Set
7" ={x¢ H; \ {0} | 34 € R such that t(A)[x] =0}

= {x € H% \ {0} | p+(x) are ﬁnite}

= {x e Hy\ {0} o) > 2Jx]| VVaol]} (4.10)

and define
max{ sup p(x),—l} if yp >0,
o= e o 4.11)
sup p(x) if 10 =0,
xXeg*

where we set sup,. g« p—(x) = —oo if 2" =0.
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We collect some of the properties of py, p— and « in the following lemma. Note
that ¥ > 0 if and only if 9 # 0.

LEMMA 4.6. Assume that 0 # 0. Then
1 *
pi(x)<—’—/ for xe 97,

and hence

1
o< —-—.
Y

Proof. The assumption 0 # 0 implies that ¥ > 0. Let x € Z*. It follows from (4.1)
that for A € [—%,,00) \ {0},

tA) ] = A% |lx]|* + A0 [x] + ao ]

> A%x|)? - ﬂ;c] +aplx] > A?|jx||* > 0.

Since t(0)[x] = ag[x] > 0, we therefore have t(A)[x] > 0 for all A € [—%,,oo). This
implies that p(x) < —71/ . The statement on o follows from this and the inequality

1l 1
1 < v =
In the next proposition we discuss situations when the set Z* is empty or non-
empty. Note that (i) in the following proposition contains a slight improvement of the
fifth assertion in [13, Theorem 3.2].

PROPOSITION 4.7.  For the set " we have the following implications.

W ¥ 12, —1)2 ~1/2
A, ""DA, T <24, 7, (4.12)
where the inequality is understood as a relation between two self-adjoint op-
erators in the Hilbert space H (i.e. <A61/2DA(;]/2x,x> < 2(A81/2x,x> for all
x € H\{0}), then

2*=0  andwe have ©,(/)NR=0.

(1) If
Ag2DAg | > 2]|Ag "

, (4.13)

where the norms are the operator norm in the Hilbert space H, then

9" 0.
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Proof. (i) Let x€ H ! \ {0} be arbitrary and set y := A(l)/ *x. From the assumption
(4.12) we obtain that

(AyPDAG Py, y) < 2(a5 Py y) <20yl A0

which implies
1/2
o] = (Dx,x)n <ty < 2|4y x| %]l = 2]l /a0 -

Together with (4.10) this shows that x ¢ 2*. Hence 2 = 0. To prove the last statement
in (i), let A be a real eigenvalue of < with corresponding eigenvector (3) € Z(<7).
Then

Apx+ADx+A*x=0

by (4.7), which implies that t(A)[x] = 0. The latter is not possible since Z* = 0
(ii) The number [|A,"/*DA, "/

range of the self-adjoint operator A,
(yn) in H with ||y,|| = 1 such that

| is an element of the closure of the numerical

~1/2p, 1 2 )
/ / . Therefore, there exists a sequence

—1/2 4 —1/2

(A DAY yava) = |4 PDAS P as s oo,

Assumption (4.13) implies that (A, 12 DA, 1/2 Yng»Yng) > 2||A(;1/2|| for some ny € N.

Set x:=A, 1/zyno ; then

O0s) = (Dt e, = (4gDAy i) > 22|

2
> 2|45 "y, H = 2|lx] [|Ag x| = 2 /1]l /a0 .
Now we obtain from (4.10) that x € " ; hence Z* # 0. O

The following theorem is one of the main results of this paper. Recall that an
eigenvalue is called semi-simple if the algebraic and geometric multiplicities coincide,
i.e. if there are no Jordan chains.

THEOREM 4.8. Assume that (F1)—(F3) are satisfied. Let A be an interval with
A C (a,0] and maxA = 0. Then the set 6(</)NA is either empty or consists only of a
finite or infinite sequence of isolated semi-simple eigenvalues of finite multiplicity of <7 .

The case of infinitely many eigenvalues in 6 (/) NA can occur only if o = — % =infA

and, in this case, the eigenvalues accumulate only at — %.

If o(o )OA is empty, then set N := 0, otherwise, denote the eigenvalues of <f
in A by (A;)_,, NeNU {00} in non-increasing order, counted according to their

=1
multiplicities: Ay > Ay > ---. Then the nth eigenvalue A,, n € N, n <N, satisfies
Ay = max min p;(x)= min sup  p+(x). (4.14)
j‘CHL/Z *eL\{0) dimi—n_1 x€H;2\{0}
imL=n x1L
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If N < oo, then

sup min py(x) <infA
Lcy xcL\{0} ®)
dimL=n

forn> N withn < dimH. (4.15)
Lin[f{ sup  p(x) <infA
dimI=n—1 xeZ\0}

Proof. Except for the semi-simplicity, the first part of Theorem 4.8 follows from
Proposition 3.5. Let us next prove the second part, for which we apply Theorem 2.6.
To this end, we consider the operator function 7 defined on € := @y, . Assumption (I)
in Section 2 is satisfied because of Proposition 4.3 and because 7(0) = Ay is a positive

definite operator in H. Next we show that () is satisfied. For x € H 1 \ {0}, the

function A — t(A4)[x] is increasing at value zero on A because it is convex and a zero

in (a,0] is the greater one of the two zeros of that function by the definition of & (note

that a double-zero cannot lie in (ot,0]). Hence () is satisfied. Moreover, p satisfies

(2.2) in both cases x € Z* and x ¢ Z* by the definition of p . Therefore,
plx):=pix),  xeHy,

is a generalized Rayleigh functional for 7" on A, cf. Definition 2.1.

By Proposition 4.4 the eigenvalues and their geometric multiplicities of 7 and &7
coincide in A, and the interval A’ in Theorem 2.6 equals now A. The quantity k in
Theorem 2.6 is determined as

K = dim.Z_oo)(T(0)) = dim.Z(_..0)(Ag) = 0.

Now the formulae in (4.14) and in (4.15) follow from (2.11), (2.12), Remark 2.7 and
Proposition 4.4.

Let us finally show that the eigenvalues of <7 in (a,0) are semi-simple. Assume
that A € (e,0) is an eigenvalue that has a Jordan chain, i.e. there exist vectors (3] ),
(31) € 2(«), both being non-zero, such that

(o — 1) Gg) =0, (o—2A) (;i) - (’y“;) (4.16)

It follows that yg = Axp and xo # 0. Moreover, we have xo € Z(T(A)) and T(A)xo =
0, cf. (4.7). From the second equation in (4.16) it follows that

y1 = xo+Ax; and Aoxi + Dy + Ay = —Axp.
Substituting for y; we obtain
— (A*+AD+Ag)x1 = (2A+D)xo
and hence, by (4.3) and the symmetry of t(4) forreal A,
<(27L —i—D)X(),X()>H71 WH, — —f(/l)[xl,X()] = —f()L)[X(),xl]

2 2

=—(T(A)x0,x1)y |y, =0,
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where we used that xo € kerT(A). The left-hand side of this equation is equal to
/(1) [xo], which is positive because A € (@,0) and there is no double-zero of A —
t(1)[xo] in (ct,0]. This is a contradiction and hence A is semi-simple. O

The next proposition provides a sufficient condition for the existence of eigenval-
ues in the interval (— % , 0) .

PROPOSITION 4.9.  Assume that (F1)—(F3) are satisfied and that vy > 0. If

e a1
o (49" 7Dag = g ) =) £ 0, @.17)

then
o(/)N (—%,0) £0. (4.18)

Proof. Define the following operator function

ROL) = A5 2DA 2 4 2ag ! + %1, 1 € R\ {0},

whose values are bounded operators in H. Assumption (4.17) implies that

maxG(R(—%)) = maxG(Agl/zDAal/z— %AOI —le> > 0.

On the other hand, for A < 0,
1
maxc(R(?t))S'y—f—I—)—oo as A —0—.

Since max 6 (R(A)) is continuous in A (see, e.g. [15, Theorem V.4.10]), there exists a
A€ (—%,O) such that max 6(R(A)) = 0. The compactness of A, ' implies that

MAax Oegs (R()LO)) =M+ % < 0.

Hence 0 € 0,(R(A0)), i.e. there exists a y € H \ {0} such that

—1/2,—1/2 _ 1
Ay'*DA, /y—l—loAOly—l-%yzo.

/2 to both sides, multiplying by Ao and setting x:= A, 1/ 2y we obtain that

Applying Aé
kozx + AoDx+Apx = 0.

This, together with (4.5), implies (4.18). Ol
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The converse of Proposition 4.9 is not true, i.e. (4.18) does not imply (4.17). This
can be seen from the following example. Let H = /> and define the operators Ay and
D by

2x1, n=1,
(Apx), = nxy, (Dx)n=1< n
>Xn 1 > 2,

where x = (x,)7_;. Then 3 = 3.,
12,172 1 1\ 1 1 2
G(AO DA = A >_{O’§}U{§_Z yneN,nzz},

which is disjoint from (9p,0). However, —1 is an eigenvalue of T with eigenvector
(1,0,0,...).

With the help of the form t(A) it is shown in the following proposition that a
certain triangle belongs to the resolvent set of .o ; see Figure 1. This complements [14,
Theorem 3.2], where it was shown that the open disc around zero with radius

2

7+ /P4

belongs to p(<7); note that r < 71,

=

b Imz

<=
<~

Rez

<U—

<I=
<~

Figure 1: The region on the left-hand side of (4.19), which is contained in p(); the
three circles indicate the numbers —71,, —71, 71,, which, in general, do not belong to
p().

PROPOSITION 4.10.  Assume that 0 # 0. Then
1 3n 5 11
{ZEC z=0 or —j—/gRez<0,argz€ {Tﬂ,%]}\{——,——ii}cp(m/)

Yy v v
(4.19)
where Y is defined in (3.16). If, in addition, ¥ # Y, then also —%, ep().
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Proof. Since 0 #0, we have D #0 and y > 0, see (3.16). Let A be either in the set
on the left-hand side of (4.19) or let A = —%, and assume that y # Jp in the latter case.

Suppose that A € 6(.«). By Proposition 3.5 the set on the left-hand side of (4.19) is
disjoint from O (.27), and —)l/ ¢ Oess(27) if Y# 1. Hence A is an eigenvalue of <7 .
By (4.7) there exists an x € H% \ {0} such that t(A)[x] =0. We have Re(1) > —71/ and

Re(A?) >0, where at least one of the two inequalities is strict. Using (4.1) we therefore
obtain

0 =Re(t(A)[x]) = Re(A?)||x||* + (Re A )0[x] + ag[x]
> Re(A)||x[|* + (ReA)yao[x] + ao[]
1
> ——-yaglx] + ap[x] =0,
Y
which is a contradiction. Hence A € p (). O

One can easily construct examples with eigenvalues A of & satisfying argA €
(3, 3”) and |Re | < — . For example, let Ay be a positive definite operator with
compact resolvent and smallest eigenvalue 1/2. For the choice D = Ap, we have y=1
and A9 = —1 -|—i\ﬁ is an eigenvalue of .7 which satisfies Redy = —1/4 > —71, =—1
and argo € (%,3F).

Another application of Theorem 4.8 results in interlacing properties of eigenvalues

of two different second-order problems with coefficients that satisfy a specific order
relation. This is the content of the following theorem.

THEOREM 4.11.  Let the forms ag, dg, 0 and O in the Hilbert space H be given

so that ag, 0 and G, 0, respectively, satisfy assumptions (F1)—(F3). Assume that
PD(ag) = Y(ag) and

ao[x] > do[x], o] <Ox]  for x € D(ap). (4.20)

Let <7, 8, 7, &, %o, %, pr, and & be defined as in (3.10)~(3.11), (3.16), (3.17),
(3.18), (4.3), and (4.9)—(4.11), respectively, where aq is replaced by &y and d by 0.
Then we have

Y<#  w<h, 8<8,  &H<d. (4.21)
Let
A= (a,0] with a > max{o,&}.

Assume now that 6(«/) N A is non-empty; then also o(4/)NA is non-empty. Let

(AN, and (l,,),1 1» N,N € NU{oo}, be the eigenvalues of </ and <, respectively,

in the interval A, both arranged in non-increasing order and counted according their
multiplicities. Then N < N and

<Ay forneN,n<N. (4.22)
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Proof. The inequalities in (4.21) follow from (4.20), (3.20), (3.21), (3.22) and
(3.17), e.g.

y=  sup b sup o]

ver, p\ {0} 90l T yem, )\ (0} B0l

=9.
The relations in (4.20) imply that
(W UM, xeHy, A e (—e,0]

It follows from (2.4) that p. (x) < p4(x) for x € H ! \ {0} and hence

Wy:= sup min pi(x) < sup  min  py(x) =: fl,. (4.23)
" LCHyj, ~€L\{0} +) LCHy, *€L\{0} +) "
dimL=n dimL=n

Assume that o/ has at least m eigenvalues in A. Then, by Theorem 4.8, A,, = W, >
a. If </ had less than m — 1 eigenvalues in A, then [, < a by (4.15), which is a
contradiction to (4.23). Hence the implication 6(/)NA#® = o(</)NA# 0 and
the inequality N < N are true. Finally, the inequality in (4.22) follows from (4.14) and
(4.23). O

5. Example: beam with damping

We consider a beam of length 1 and study transverse vibrations only. Let u(r,t)
denote the deflection of the beam from its rigid body motion at time ¢ and position
r. We consider for the beam deflection a damping model which leads to the following
description of the vibrations where ap > 0 is a real constant and d € C'[0,1] with
min,.c(p jjd(r) > 0:

0%u 0*u 2?2 u
A+t [dg} —0, re(0,1),1>0. (5.1)

Assuming that the beam is pinned, free to rotate and does not experience any torque at
both ends, we have for all # > 0 the following boundary conditions

2%u d%u

u}r:O:u‘rZI :W OZW =0. (52)

r=1

r=

We consider the partial differential equation (5.1)—(5.2) as a second-order problem in
the Hilbert space H = L*(0,1). In order to formulate this beam equation as in (3.1), we
introduce the forms ap and 9 defined for x,y from the form domains Z(ap) = Z(0) =
H?(0,1)NH(0,1) as

1 1
aglx,y] == ao/ X" (r)y" (r)dr and 0[x,y] ::/ d(r)x'(r)y (r)dr.
0 0
Then (5.1)—(5.2) corresponds to

(ii(t),y) +ao[u(t),y] +0olu(t),y] =0 forally € Z(ap) = 2(0).
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Set
dpin ;= min d d = m d
min re[(l).,l} (7‘), max re[gf] (}”)

For x € Z(ap) we have
_ "o 4 2
ao[x] = ao(x", x") = a7 |[x[|",
which shows (F1). Using again ||x”|| > x2||x|| we obtain for x € Z(a) that

aox] = ao||x"|I* > aom®|["|||lx|] = aon®

/lx”(r)Mdr

—aoir/|x ‘d >ao7r /d )X (r)| dr = aon 0[x].

max

Thus (F2) holds. In order to show (F3) we introduce the operator Ay associated with
ap via the the First Representation Theorem [15, Theorem VI.2.1] as in (3.2). It is easy
to see that Ag has the form

d* "
Ao =do 7 P(Ag) = {Z €P(w) |z € .@(ao)}.

Obviously, Ag satisfies assumption (F3). We define the Hilbert space H 1 as in (3.3);
then H 1= P(ap) = 2(0). Moreover, we define the damping operator as

d d
Di=——|d—]|.
dr [ddr]

Due to the fact that d € C'[0,1], D is a linear bounded operator from H 1 to H. For
xeH 1 we have

(Dx,x) = (dx',x') = 0[x].

Since DA, '/2 is a bounded operator in H and A, 2 s a compact operator in H, we

see that A, 1 2DA(; 12 isa compact operator in H. From this we obtain
0ss (A /2DAy %) = {0}
and hence 9y = & = 0. This, together with Proposition 3.5, yields
Oess () = 0. (5.3)

Finally, we apply the results of this paper to the damped beam equation.

THEOREM 5.1. Assume that

2
dmm

> 4ay. (5.4)
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Then 2* # 0 (cf. (4.10)) and the number o from (4.11) satisfies o0 < —dmin%2. The
set

o()N (—dmi;”z ,o)

is non-empty and consists only of a finite sequence of isolated semi-simple eigenvalues
of finite multiplicity of </ counted according to their multiplicities: A1 > Ay > ... > Ay
for some N € N. The nth eigenvalue A,, 1 <n <N, satisfies (4.14) in Theorem 4.8
and the following inequalities:

1 /2 —dag
A, < — max 2n? 1 <n<N, (5.5)

= > nn,

and

2
> —dmin + \/ dmin —4ag ) 9

= -°n”, neN suchthat * < ——————
2 11— J1-

min

. (5.6)

Note that the inequality in (5.6) for A4, holds at least for n = 1.

Proof. We introduce the forms 0p,j, and dpax by

1
0rnin/rnax[xay] = dmin/max/o x’(r)y’(r)dr, X,y € H%?
the form polynomials ty,i, and tyax by
{min/max(l)[xay] = 7[,2<X,y> + A'Dmin/max [x>y] + a()[xay]a X,y e H%?

and the corresponding operator functions T, and Tpax as in Proposition 4.3. Let
S:=—L in L%(0,1) with domain 2(S) = H*(0,1) N H}(0,1), which has spectrum

dr?
o(S) = {n’n? | n € N}. Since we can write

Tmin/max(l) =A? + )Ldmin/maxs+ 00527
we can use the spectral mapping theorem to obtain
0 (Thin) = {l eC| A% + Adpin’ * + apn* 1 = 0 for some n € N}

{—dmmi,/dgﬁn—%o s
= ‘N

- 2

ne N} C (—o0,0). (5.7)

In a similar way one obtains a description of 0(Tpax) -
(min) (max)

Define p+, py ', pyx ', D%, Drins Pmaxs &> Omin, Omax as in Definition 4.5
corresponding to T, Ti,in and T, respectively. Denote by e the eigenvector to the
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smallest eigenvalue, 72, of S with ||ej|| =1, i.e. e; = v/2sin(x-) and Se; = w?e;. It
follows from (5.4) that

Oler] —2ller][v/aole1] > dminler] —2+/ao[e1]
= dmin(Se1,e1) —2\/ao||Se: || = diin T —2+/agn* > 0,
which by (4.10) implies that Z* # 0. Since ¥ = 0, we have

—ax] =/ (01x])” — 4lJxlPaol]

o = sup p_(x) = sup

S sup —D[Xl < lmgx] — — inf dmiﬂ”x/zHZ — _dminﬂ:2
vz 2Mxl1P T reny ), 21l ety 2] 2
In the same way one obtains that Oyin, Omax < — % )

Set A 1= (—M,O} and let (Mmi“))ffgif and (/'L,Emax))ivij" be the eigenvalues
of Thin and Thax , respectively, in the interval A ordered non-increasingly and counted
with multiplicities. We can apply Theorem 4.11 to the pairs Tinin, 7 and T, Thax,

which implies that Ny, <N < Npax and

ln(min) < A‘}’h 1<n< Nmina
(5.8)
A <MY 1 <n<N.

It follows from (5.7) that

) [q2  _ _ g2 _—
A{rgmin) _ — m1n+ dmin 4a0 2 o l}gmax) B dmax_l_ dmax 4610 2 2'

> “n e, = > n°m
Moreover, Npin 1s the largest positive integer such that
/ 72
—dmin + dmin —4ay -NZ- 77:2 S dminﬂfz
2 min — 2 ?
where the latter inequality is equivalent to
N2, < Gnin = : : (5.9)

min — > 1 1 Zay
min — |/ i, —4d0 Vi@,

Now the inequalities in (5.8) imply (5.5) and (5.6). Since the right-hand side of (5.9) is
greater than or equal to 1, we have N > Ny, > 1. Hence o(<7) NA # 0. Moreover,
N is finite because Oegs(o7) = 0. O
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