Acceleration and evolution of a hollow electron beam in wakefields driven by a
Laguerre-Gaussian laser pulse
Guo-Bo Zhang,1, 2 Min Chen,1, ∗ C. B. Schroeder,3 Ji Luo,1 Ming Zeng,1 Fei-Yu Li,4 Lu-Le
Yu,1 Su-Ming Weng,1 Yan-Yun Ma,2, † Tong-Pu Yu,2 Zheng-Ming Sheng,1, 4 and E. Esarey3
1

Key Laboratory for Laser Plasmas (MOE) and Department of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2
College of Science, National University of Defense Technology, Changsha 410073, China
3
Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
4
SUPA, Department of Physics, University of Strathclyde, Glasgow G4 0NG, UK
(Dated: February 2, 2016)
We show that a ring-shaped hollow electron beam can be injected and accelerated by using a
Laguerre-Gaussian laser pulse and ionization-induced injection in a laser wakefield accelerator. The
acceleration and evolution of such a hollow, relativistic electron beam are investigated through three dimensional particle-in-cell simulations. We find that both the ring size and the beam thickness
oscillate during the acceleration. The beam azimuthal shape is angularly dependent and evolves
during the acceleration. The beam ellipticity changes resulting from the electron angular momenta
obtained from the drive laser pulse and the focusing forces from the wakefield. The dependence
of beam ring radius on the laser-plasma parameters (e.g., laser intensity, focal size, and plasma
density) is studied. Such a hollow electron beam may have potential applications for accelerating
and collimating of positively charged particles.
PACS numbers: 52.38. Kd, 52.65. Rr, 52.35. Mw

I.

INTRODUCTION

Laser wakeﬁeld acceleration (LWFA) studies have
made rapid progress in the last decades due to the
tremendous acceleration gradient and the advancement
of ultrashort, ultraintense laser technology, e.g., chirpedpulse application (CPA)[1–3]. The wakeﬁeld acceleration gradient normally
scales with the plasma density
√
as E(V/m)≈ 96 n0 (cm−3 ), which makes GeV electron
beam acceleration within a few centimeters distance[4, 5].
At present, much research is focused on the improvement
of the beam qualities such as energy spread and transverse emittance. These are critical for applications of the
LWFA electron beams. Important progress has been
achieved both theoretically and experimentally. For example, detailed injection control is possible using colliding laser pulse[6], yielding low energy spread beams[7].
By using ionization injection in an LWFA, both beam
energy spread and emittance can be improved[8–11]. In
addition to beam quality, beam shaping, both in longitudinal or transverse directions, is important for some
applications. Recently, there has been interest in hollow
electron beam acceleration, which can be used for the
collective acceleration of ions and positrons[12], collimation for proton acceleration[13], and hollow x-ray generation. Conventionally, a hollow electron beam is created with an inductive voltage adder or linear transformer
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device[14, 15]. However, due to the extremely small spatial scales of the laser-driven wakeﬁeld and the accelerated beam, the tunability of such an electron beam inside
a wake is much more challenging, compared to conventional radio-frequency (RF) accelerator. Tailoring the
wakeﬁeld structure is a possible way to generate and accelerate electron beams with special spatial structures.
Combined laser modes have been recently suggested to
generate tailored wake structures, enabling high quality
electron acceleration and positron acceleration by tuning
the transverse wakeﬁelds[16, 17]. Recently, single-mode
intense Laguerre-Gaussian (LG) laser pulses have also
been proposed as a driver both for particle acceleration
and harmonic generation in laser-plasma interactions[18–
21].
As is well known that, the LG laser has a hollow transverse intensity proﬁle and it carry well-deﬁned orbital
angular momentum (OAM). In previous studies, Vieira
et al. have studied the linear and nonlinear wakeﬁelds excited by LG lasers through simulations and a ringshaped wakeﬁeld was observed[18, 22]. Positron acceleration by such wakeﬁeld has been demonstrated in multidimensional particle-in-cell (PIC) simulations.
In this paper, we concentrate our studies on a hol- low
electron beam injection through the ionization injection method[23, 24] and beam acceleration by such
ring-shaped wakeﬁeld driven by a LG laser. Especially,
we focus on the formation and evolution of the hollow
electron beam in the wakeﬁeld. Angular momentum evolution of electron beam in laser-plasma accelerators has
been studied through simulations and experiments.[25]
Although the angular momentum cannot directly transfer between LG laser and the electrons, we ﬁnd that, in
the process of electron ionization and subsequent trap-
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FIG. 1: (color online) (a) Spatial distribution of the hollow electron beam accelerated in the ring-shaped wake structure driven
by an intense LG pulse. Green and yellow colors represent the charge density of the hollow electron ring and wake structure,
respectively. The orange-blue colors represent the LG laser electric field. (b) Distribution of the laser electric field and the
wake potential at x = 32.8µm and y = 25.6µm. The yellow shaded region marks the area where the initial Nitrogen gas is
located. (c) Energy spectrum of the electrons within the ring structure at t=872fs.

ping, the hollow electron beam can get angular momentum and rotate in the ring-shaped wakeﬁeld. Nevertheless, electrons at diﬀerent positions of the hollow beam
have diﬀerent rotation characteristics due to two eﬀects:
the initial residual ionization momentum and the wakeﬁeld focusing force. As a result, the beam ellipticity evolves. The dependence of beam ring radius and charge
on laser intensity, focal size and plasma density are studied by scaling simulations. Our studies describe a method
to generate electron beams with special structures, e.g.,
hollow center, using a laser wakeﬁeld accelerator that can
be tested on existing laser systems.
II.

GENERATION AND EVOLUTION OF A
HOLLOW ELECTRON BEAM

To study the acceleration and evolution of the hollow relativistic electron beam in detail, three dimensional particle-in-cell (3D-PIC) simulations have been performed. In our simulations, the normalized laser vector
potential (a = eA/mc2 ) of the LG laser pulse with wavelength of 800 nm and mode of (1,0) is given by:
a(r, ξ) = a0 c1,0 (r/w0 )exp(−r2 /w0 2 − ξ 2 /(cτ )2 + iφ)L0 1
(1)
Where w0 = 10.2µm and τ = 17fs are the laser spot
size and pulse duration, respectively. L0 1 = 1 is a Laguerre polynomial with radial index p = 0 and azimuthal
index l = 1, c1,0 = 1 is normalizing factor. We adopt
the co-moving frame variables, ξ = z − ct is √
the forward
co-moving coordinate with the laser, r = x2 + y 2 is
the radial distance to the axis, x and y are the transverse coordinates, and φ is the azimuthal angle. The
dimensionless amplitude of the incident laser pulse is
a0 = 2, which corresponds to the laser peak intensity of
I = 8.53 × 1018 W/cm2 . The laser is linearly polarized along the x direction and propagates along the z direction.
The simulation utilizes a moving window and includes an

ADK tunneling ionization module[26]. The initial neutral gas mixture is composed of 99% Hydrogen and 1%
Nitrogen. The electron density of the initial hydrogen
plasma is n0 = 6.96 × 1018 cm−3 . In order to get a clear
picture of the dynamics of the ionization-injected hollow
electron beam, the Nitrogen gas is only occupied within
a short region (about 8µm) for ionization injection[24].
The simulation box size is 51.2µm×51.2µm×25.6µm and
has been divided into 400 × 400 × 400 cells with 2 × 2 × 2
macro-particles per cell.
A typical snapshot of produced hollow electron beam
in the 3D simulations is shown in Fig. 1(a). As one
can see, an annular electron structure (as indicated by
the green color ring) is accelerated at the back of the
ﬁrst wakeﬁeld bucket (marked by the yellow color). The
orange-blue colors show the electric ﬁeld of the driver LG
pulse. These electrons are ionized from the Nitrogen gas.
Figure 1(b) shows the laser electric ﬁeld and the wake potential at x = 32.8µm and y = 25.6µm corresponding to
the peak wakeﬁeld position. The ionized electrons satisfy
the ionization injection condition of ∆ψ > 1[10, 24, 27],
where ψ is the wake potential and ∆ψ is the diﬀerence in
wake potential between the ionization position and the
back of the wakeﬁeld bucket. The particle tracer in the
simulation also conﬁrms the source of these injected electrons. The energy spectrum of the electrons within the
ring structure is presented in Fig. 1(c), which is taken at
t=872fs before the electrons reach the dephasing point.
The spectrum shows the peak energy of 33.4MeV and
energy spread of 4.4% containing ∼7pC of charge.
The transverse slice of the accelerating ﬁeld is presented in Fig. 2(a). A wakeﬁeld with a ring-shaped has been
excited by the LG laser pulse, and the transverse position of the maximum accelerating ﬁeld is the same as the
position of the maximum laser ﬁeld. The lineout of the
accelerating ﬁeld at two transverse positions [labeled by
the dashed lines in Fig. 2(a)] is plotted in Fig. 2(b). Figure 2(c) shows the radial slice of the focusing ﬁeld Ey −Bx
along the y direction, and lineouts of the ﬁelds [labeled
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FIG. 3: (color online) The evolution of electron ring radius
(red circles) and thickness (blue squares).
FIG. 2: (color online) Spatial distribution of accelerating field
Ez in the plane of x = 25.6µm (a) and spatial distribution of
focusing field Ey − Bx at the plane of z = 51.2µm (c). The
time is t=126fs and the normalized field unit is 804GV/m.
The red and black lines shown in (b) and (d) represent the
electric fields corresponding to the positions of the dashed
lines as shown in (a) and (c), respectively.

by the dashed lines in Fig. 2(c)] are shown in Fig. 2(d).
One can see four crescents-shaped focusing ﬁeld structures. These structures can conﬁne the electrons within
a ring-shaped structure and aﬀect the beam shape evolution. The electron motion results from a balance between
the radial force from these focusing ﬁelds and the angular
momentum from the residual ionization momentum. We
also ﬁnd that there is a relatively weak accelerating ﬁeld
about 44 GV/m in the center axis and that non-zero focusing ﬁelds are present near the axis. These ﬁelds make
electron acceleration along the axis possible. Our simulations show that, with some parameters, electrons from
self-injection can be accelerated along the axis forming a
central beam and the ionization-injected electrons are accelerated in the wake forming a ring beam nearby. These
two beams have well-seperated peak energies due to the
diﬀerent intensities of the longitudinal ﬁelds.
To describe the dynamics of the hollow electron beam,
the evolution of the ring size and beam thickness of the
accelerated electrons are studied. The radius of the ring
is deﬁned by the transverse centroid value of the elec∑N
trons inside the ring as rc = 1 ri /N , where ri is the
radial position of each electron, N is the total electron
number. The temporal evolution of the ring radius rc is
shown in Fig. 3 by the red circles. The initial ring radius
is rc = 7.235µm, which is close to the√transverse position
of the peak wakeﬁeld, i.e., rm = w0 / 2 = 7.21µm. During the acceleration, the ring radius performs oscillations.
Related to betatron oscillation, the oscillation period is
longer at higher electron energies. The betatron frequen√
cy of spherical blowout can be expressed ωβ = ωp / 2γ,
where ωp is the plasma frequency and γ is the Lorentz factor of the electron beam. Therefore,
the betatron wave√
√
length should be λβ = λp 2γ = 17.7 γ[µm]. In our
simulation, the second oscillation period is about 300fs,

which close to the theory estimate 309fs. One can also
see that the ring radius here rapidly goes up from t=277fs
to t=504fs. This is due to the driver pulse expansion in
the radial direction during this period. After this initial
time, the laser transitions to a more stable propagation.
We deﬁne the beam thickness as the root-meansquare
√∑ (RMS) of the electron radial distribution σr =
N
2
1 (ri − rc ) /N , which is also shown by the blue
squares in Fig. 3. During the initial injection time (126fs
< t < 176fs), the beam thickness is larger because ionization injection is on-going and the electrons have not
slipped to the back of the wake yet. Later the thickness
of the beam shows periodic oscillation from the betatron
oscillations in the wake. Meanwhile, the oscillation period is close to half of the ring centroid value oscillation.
We also ﬁnd that due to the asymmetry originating from the driver pulse linear polarization, the ring
beam distribution shows non-axisymmetric characteristics. To describe the dynamics of the hollow electron
beam, we divided the electron ring azimuthal sections, each occupying a limited azimuthal angle region of
θi − 5◦ < θi < θi + 5◦ . The temporal evolution of the
hollow electron beam angular distribution is shown in
Fig. 4. The red point position shows the local (within an
angle bin) beam center, its size represents the local electron charge, and the blue error bars show the local beam
thickness. At the beginning of ionization injection [shown
in Fig. 4(a)], the ionized electrons show an annulus ringshaped with ring radius of rc = 7.24µm and the charge
density is relatively uniform. However, as a consequence
of laser ﬁeld ionization, the injected electrons always carry initial residual momenta from the laser vector, which
is usually one of the main emittance sources of wakeﬁeld
accelerated electrons from ionization injection[8, 9, 24].
Therefore, the electrons tend to move along the laser polarization direction later as shown in Fig. 4(c). Once the
electrons are completely trapped by the wakeﬁeld, the
electron dynamics will be determined by both the initial
residual ionization momentum and the wakeﬁeld focusing force. The electron ring radius gradually increases
and the shape of the ring gradually changes. As one can
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FIG. 4: (color online) Spatial distributions of the electron ring structure at different acceleration instant. The radius of the
beam is represented by the green line, the thickness is represented by the blue error bars and the electron charge is represented
by the size of the red points.

see, although the local thickness and the ring radius are
approximately uniform at the end of the simulation, the
charge distribution remains asymmetric. Electrons move
along the laser polarization and pile up at the end, which
leads to the asymmetric electron charge distribution as
shown in Fig. 4(i).
To describe the electron ring evolution, we examine
the beam ellipticity by considering the ratio between the
two perpendicular beam radii, ρ = r0◦ /r90◦ ≈r180◦ /r270◦ .
As shown in Fig. 5, this ratio oscillates near ρ = 1. The
hollow electron beam periodically changes its orientation.
This indicates that the betatron oscillations along x and
y directions are not in phase.
The beam shape evolution is related to the rotation of
the electrons along the ring. To see the rotation process,
the evolution of electron angular momenta along diﬀerent azimuthal angles is shown in Fig. 6. Here, we deﬁne
positive value as right-handed rotation along the hollow
electron beam propagation direction, and negative value

is left-handed rotation. At t=126fs shown in Fig. 6(a),
two groups of electrons with helical orbits having opposite handedness are ionized by the LG laser and injected
into the wakeﬁeld. The electrons primarily have parallel
momenta along the laser polarization, as shown in Fig.
7(a). Then, as the ionized electrons are trapped by the
ring-shaped wakeﬁeld, they begin to rotate due to the initial ionization momenta and the wakeﬁeld focusing force.
Electrons at diﬀerent positions have diﬀerent rotation directions. Figures 6(b) and 6(c) show that electrons located in the ﬁrst quadrant and the third quadrant present
right-handed rotation, while the ones in the second quadrant and the fourth quadrant present left-handed rotation. In other words, electrons with angles ranging from
θ = 0◦ to θ = 180◦ move towards θ = 90◦ and electrons
with angles ranging from θ = 180◦ to θ = 360◦ move towards θ = 270◦ . This results in the high-charge density
regions along the electron ring. When the electrons go
into the dephasing phase, the electrons interact with the
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FIG. 5: The ellipticity evolution of the hollow electron beam.
Black line represents ρ = r0◦ /r90◦ , and red line represents
ρ = r180◦ /r270◦ . The green dashed line represents ρ = 1 corresponding to a uniformly distributed circular hollow electron
beam.

FIG. 7: (color online) (a) Momentum vector distribution
of the injected electrons at the initially ionization time of
t=126fs. (b) Total angular momentum of electron ring plotted as a function of the time evolution.

(xpy − ypx ) is about 5 × 10−21 kg.m2 /s. As one can see
that the transfer eﬃciency from the laser pulse to the accelerated hollow electron beam is very low. However, it is
not negligible for the electrons’ dynamics as we have discussed before. We ﬁnd that, although the beam evolves
strongly during acceleration, the total angular momentum of the hollow electron beam is almost constant until
the electrons reach the dephasing point, at t=872fs, and
interact with the drive laser pulse. Then the total angular momenta of the hollow electron beam gradually
increases.

III.

FIG. 6: (color online) Azimuthal angular momentum distribution of electrons at different times.

laser ﬁeld and obtain transverse momenta again from the
LG pulse [as shown in Fig. 6(d)]. The angular momentum with right-handed rotation increases.
To show the eﬀects of wakeﬁelds and initial angular
momenta from the drive laser pulse on the beam rotation, we plot the electron initial momenta distribution
and their total angular momenta evolution in Fig. 7.
From Fig. 7(a) one can see that, a hollow electron beam
is initially ionized by the LG pulse. The electrons inside
the ring primarily have parallel momenta along the laser
polarization direction. Figure 7(b) shows the evolution
of the total angular momentum of the hollow electron
beam. The LG10 mode laser pulse carries total angular
momentum[21] of:
2

Lam = (a20 × 1.37 × 1018 W/cm )w02 τ T /2

(2)

where T is the laser period. In our simulation, the total laser angular momentum is Lam =1.3 × 10−16 kg.m2 /s.
The Nitrogen gas is ionized by LG laser at t=126fs, and
the total angular momentum of the hollow electron beam

RING RADIUS DEPENDENCY ON LASER
AND PLASMA PARAMETERS

In this section, we study the eﬀects of laser and plasma parameters on the hollow electron beam ring radius and the trapped electron charge. To generate highquality hollow electron beam, a wake with a well-deﬁned
ring-shaped structure should be generated. In previous
work, an analytical theory is used to predict the condition for ring-shaped wakeﬁeld generation in the blowout
regime[18]. Considering the usual blowout matching con√
dition kp rb =2 a0 , the bubble inner radius should satisfy
rb < rm to obtain a well-deﬁned ring-shaped wakeﬁeld
structure, where rb is the bubble radius and kp is plasma
wake number. Thus, an approximate
condition to gener√
ate an electron ring is kp w0 > 2 2a0 . √
In our simulation,
the parameters satisﬁed kp w0 ≈ 5 > 2 2a0 = 4. Figure
8(a) shows the laser spot size eﬀects on the electron ring
radius rc and the trapped electron charge Q at t=454fs.
One can see that the ring structure cannot be produced
until the laser spot size is larger than 6.4µm, which is
close but smaller than the prediction above (7.96µm).
When the laser spot size is smaller than this value, we
ﬁnd the ring-shaped wake structure is not well-deﬁned
and the on-axis wakeﬁeld is nonzero. Although the initial ionized electrons are also annularly distributed, the
transversely oscillating electrons are very easily injected
into the axial accelerating ﬁeld and ﬁnally a single electron beam on axis is produced. With the increase of the
laser focal spot, the ring-shaped wake structure appears
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FIG. 8: (color online) 3D-PIC simulation results of the electron ring radius and the trapped electron charge at t=454fs for
varying laser spot size (a), laser intensity (b), and initial hydrogen plasma density (c). The blue line in (a) is the linear fitting
curve.

and the electron ring radius and the trapped electron
charge increase gradually as shown in Fig. 8(a). A linear ﬁtting curve is also shown (blue line) in Fig. 8(a).
The ﬁtting curve can be expressed as rc = 0.55w0 + 2.33.
This linear relationship makes it possible to control the
size and the charge of the beam ring by adjusting the
laser spot size. Unlike the laser spot size, we found the
ring size is only weakly dependent on the laser intensity, as shown in Fig. 8(b). However, the laser intensity
should be larger than the threshold for ionization injection. And as the laser intensity enlarges, the trapped
electron charge gradually increases at ﬁrst. Then, it decreases originating from large number of the transversely
oscillating electrons injected into the axis accelerating
ﬁeld. A hollow electron beam and an axis electron beam
are produced simultaneously. Similarly, Fig. 8(c) shows
that the ring radius is also weakly dependent on the plasma density. Meanwhile, the trapped electron charge also
increase with initial hydrogen plasma density. Both of
these dependencies are reasonable since the location of
the maximum laser intensity along the transverse direction determines the maximum radial position of the wake
structure. The ring radius strongly depends on the location of the wakeﬁeld maximum.

IV.

SUMMARY AND DISCUSSION

In summary, we have studied the acceleration and evolution of a hollow relativistic electron beam in a laser
wakeﬁeld driven by a LG laser pulse. The LG laser pulse,
which has transverse ring intensity-distribution, can produce a ring-shaped wakeﬁeld. Part of the angular momentum of the LG laser is transferred to the ionizationinjected electrons. The angular momentum will result in
rotation of the electrons in the wakeﬁeld. However, electrons from diﬀerent positions of the hollow ring experience diﬀerent rotation orientations because of the laser
polarization and wakeﬁeld focusing forces. Due to the
small initial transverse momenta, most of the ionization
injected electrons cannot make multi circle helical motions in the wakeﬁeld. Electrons in the ring move along

the direction of the laser polarization piling up at the end
and form an electron ring with non-uniform density distribution. Scaled simulations show that the ring size and
the trapped electron charge of the hollow electron beam
can be well controlled by tuning the laser spot size; however, both the laser intensity and plasma density have a
weak eﬀect on the ring size.
In some other simulations, we found by using external injected electrons with initial larger transverse momenta the electrons may do multi circle helical motions
around the laser axis once the balance of the transverse
momenta and the transverse wake focusing ﬁelds is satisﬁed. In a simulation, with laser parameters of a0 = 1.7,
w0 = 4µm, τ = 10fs and background plasma with density 8.7 × 1018 cm−3 , an initially injected electron beam
with momenta of pz = 15, py = 4, and px = 0 have
been observed to make helical motions with screwy radius about 3µm. Such electron motion makes a circularly
polarized hollow x-ray source possible, which could be a
simpler alternate radiation scheme to other ones for similar sources.[28]
Besides radiation source, such a hollow electron beam
structure may also have applications for accelerating and
collimating positively charged particles, and so on. We
expect that the generation of tailored beam shapes in
LWFAs by using laser drivers with unique modes will
open a wide range of potential applications.
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