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a b s t r a c t

We evaluate the accuracy of the McCormack model by comparing its solutions for Couette and Fourier
flows of binary gaseous mixtures with results from the linearized Boltzmann equation. Numerical simu-
lations of Ne–Ar and He–Xe gas mixtures are carried out from slip to near free-molecular flow regimes for
different values of the molar concentration. Our numerical results show that while there are only small
differences in the shear stress in Couette flow and the heat flux in Fourier flow, calculated from the two
kinetic equations, differences in other macroscopic quantities can be very large, especially in free-
molecular flow regime. Moreover, the difference between results from the two models increases with
the molecular mass ratio and the molar concentration of the heavier species. Finally, the applicability
of the McCormack model, which was derived for linearized flows only, is investigated by comparing its
solutions with those from the Boltzmann equation for Fourier flow with large wall-temperature ratios.
� 2016 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

In practical applications like vacuum technology, porous media,
and the chemical industry, information about the heat/mass trans-
fer in rarefied gaseous mixtures is indispensable. Benchmark test
cases are of great importance as they can validate new numerical
models developed to describe gas flows or test the validity of exist-
ing approaches under various physical conditions. In this paper,
Couette and Fourier flows between two parallel plates are chosen
as benchmark test cases as they are classical problems in fluid
mechanics. Although solutions for single-species gases have been
well studied, few papers have investigated gaseous mixtures.

The plane Couette flow of a binary gaseous mixture was first
studied [1–5] using kinetic models for the Boltzmann equation
(BE), such as the Hamel model [6] for Maxwellian molecules and
the McCormack model for general intermolecular potentials [7].
Notably, following the McCormack model, the influence of inter-
molecular interactions on the velocity and shear stress in three
mixtures (Ne–Ar, He–Ar, and He–Xe) [4] and the influence of the
gas-surface interaction on the flow properties were investigated
[5]. The linearized Boltzmann equation (LBE) for hard-sphere
(HS) molecules has been solved by an analytical version of the
discrete-ordinates (ADO) method [8], and the accuracy of the
McCormack model has been assessed for a He–Ar mixture: the
McCormack model produces accurate shear stress for each species,
and the velocity of the heavier species [5,8]; however, the velocity
of the lighter species and especially the heat flux significantly devi-
ate from the LBE results (by over 100% for some case).

Very few papers have tackled the heat transfer through a binary
gaseous mixture. Plane Fourier flow was first simulated by solving
the BE using the numerical kernelmethod [9]. Later, the heat transfer
between two plates with a small temperature differencewas studied
using the McCormack model [10] and the LBE [11]. Surprisingly, the
normalized heat flux for Ne–Ar and He–Xe mixtures obtained from
the linearized equations were found to agree with results from the
BE, with the maximum relative deviation being about 4%. However,
therewere large differences in the density and temperature between
the McCormack model and the LBE: for density, up to 15% difference
inNe–Armixture and 51% inHe–Xemixturewere observed,while for
temperature the maximum differences were 12% and 20% for Ne–Ar
and He–Xe mixtures, respectively. The influence of intermolecular
potentials on the heat flux between two parallel plates, for three bin-
arymixtures of noble gases (Ne–Ar, He–Ar, He–Xe), has been studied
using the McCormack model [12]: the heat flux is sensitive to the
intermolecular potential, and the difference between theHSand real-
istic potential [13] reached 15% near the hydrodynamic regime.

To summarize, only two papers have compared the McCormack
model and the LBE for mixtures of Ne–Ar, He–Xe [11], and He–Ar
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[8]. Therefore, systematic new comparisons between the McCor-
mack model and the LBE will be useful for further development
of numerical tools for the simulation of gaseous mixture flows. In
this paper, Couette and Fourier flows are considered with two
types of binary gaseous mixture composition. Different species
accommodation coefficients are considered, and their influence
on the flow parameters is analyzed. A large temperature difference
between the two plates in Fourier flow is also investigated, where
the results from the McCormack model are compared with those
from the BE in order to establish the limits of the linearized
approach.

2. Problem statement

Consider a binary mixture of monatomic gases, where the mass
of a molecule of the first (second) species is m1 (m2), and the cor-
responding number density is n1 (n2). Without loss of generality,
we assume m1 < m2. The gaseous mixture is confined between
two parallel plates situated at y0 ¼ �H=2, see Fig. 1. In Couette flow,
the two plates with temperature T0 move in opposite directions
with a speed U=2. In Fourier flow, both plates are stationary, but
the plate at y0 ¼ �H=2 has a temperature of TC ¼ T0 � DT=2, while
the other one has TH ¼ T0 þ DT=2. We assume that, in the case of
Couette flow, the relative speed of the two plates U is much smaller
than the most probable molecular velocity v0 of the mixture. We
also assume that the temperature difference DT , in the case of
Fourier flow, is much smaller than the equilibrium gas temperature
T0, so the gaseous mixture deviates only slightly from thermody-
namic equilibrium and the McCormack model can be applied.

The most probable molecular velocity of the mixture is:

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
2kT0

m

r
; ð1Þ

where k is the Boltzmann constant and m ¼ C0m1 þ 1� C0ð Þm2 is
the mean molecular mass of the mixture. Here, C0 is the equilibrium
molar concentration of the lighter species,

C0 ¼ n01

n01 þ n02
; ð2Þ

and n0a is the equilibrium number density of species a (a ¼ 1;2Þ.
The equilibrium number density of the mixture is n0 ¼ n01 þ n02.

In Couette flow, we are interested in the profiles of the species
velocity u0

ax and shear stress P0
axy, while in Fourier flow, we are

interested in the deviated density n0
a, concentration

C0 ¼ ðn01 þ n0
1Þ=ðn01 þ n02 þ n0

1 þ n0
2Þ, deviated temperature T 0

a, and
heat flux q0

ay.

3. Kinetic equations

To describe the gas dynamics at various conditions, the gas
kinetic theory is necessary. In this section, the BE for the binary
gaseous mixture is first introduced. Then, the McCormack model
is used to simplify the Boltzmann collision operator for linearized
Couette and Fourier flows. Finally, the gas-wall boundary condition
is specified and numerical techniques to solve the kinetic equa-
tions are briefly described.

3.1. The Boltzmann equation

Let f aðt; x;vÞ be the distribution function of specie a with
molecular velocity v at spatial location x and time t. In the absence
of external forces, the following BE describes the evolution of f 1
and f 2:

@f a
@t

þ v � @f a
@x

¼
X
b¼1;2

Qabðf a; f bÞ; ð3Þ
where the Boltzmann collision operator Qabðf a; f bÞ is

Qabðf a; f bÞ¼
Z
R3

Z
S2
Cabðh; jv rjÞ f bð0vab� Þf að0vabÞ� f bðv�Þf aðvÞ

� �
dXdv�:

ð4Þ
In the above equations, v and v� are the pre-collision velocities

of molecules of species a and b, respectively, while 0vab; 0vab� are the
corresponding post-collision velocities. Conservation of momen-
tum and energy yield the following relations: 0vab ¼ v þmb

ðjv r jX� vrÞ=ðma þmbÞ and 0vab� ¼ v� �maðjv r jX� v rÞ=ðma þmbÞ,
where vr ¼ v � v� is the relative pre-collision velocity,X is the unit
vector in the sphere S2 with the same direction as the relative
post-collision velocity, and h is the deflection angle between the
two relative velocities, i.e. cos h ¼ X � v r=jv rj. Finally, for hard-
sphere molecules, the collision kernels Cab are given by

C11 ¼ d2
1

4
jv r j; C22 ¼ d2

2

4
jv rj; C12 ¼ C21 ¼ ðd1 þ d2Þ2

16
jv r j; ð5Þ

where da is the molecular diameter of species a.
For systems that only slightly deviate from equilibrium, the BE

can be linearized. Introducing the equilibrium Maxwellian distri-
bution function:

f Ma ðvÞ ¼ n0a
ma

2pkT0

� �3=2

exp �mav2

2kT0

� �
; ð6Þ

and expressing the (steady-state) distribution function in the form

of f aðx;vÞ ¼ f Ma ðvÞ þ f daðx;vÞn, where f daðx; vÞ is the perturbed distri-
bution function, n ¼ U=v0 � 1 for Couette flow and n ¼ DT=T0 � 1
for Fourier flow, the LBE becomes

vy
@f da
@y

¼
X
b¼1;2

Labðf da; f dbÞ; ð7Þ

with the linearized Boltzmann collision operator Labðf da; f dbÞ ¼
Qabðf Ma ; f dbÞ þ Qabðf da; f Mb Þ.

When the perturbation function f da is known, the deviated (from
equilibrium values) macroscopic flow quantities of species a, such
as the density, velocity, shear stress, temperature, and heat flux,

are calculated as follows: n0
a ¼ n

R
f dadv ;u0

ai ¼ n
R
f dav idv=n0a ; P

0
axy ¼

man
R
f davxvydv , T 0

a ¼ n
R
f dað2mav2=3� 1Þdv , and q0

ai ¼ man
R
f dav i

ðv2 � 5=2Þdv .

3.2. The McCormack model

The McCormack model was proposed for linearized flows of
multicomponent monatomic mixture [7], where the linearized col-
lision operator is obtained by requiring that its first three velocity
moments be the same as the corresponding moments of the lin-
earized Boltzmann collision operator. Expressing the distribution

function in the form f a ¼ f Ma ðvÞð1þ hanÞ, the McCormack model
for the steady-state solution reads

cay
@ha
@y

¼ H
ffiffiffiffiffiffiffiffiffiffiffi
ma

2kT0

r X2
b¼1

Labh; ð8Þ

where the linearized collision operator Labh is given in A. Note that
in writing Eq. (8), we have used the following dimensionless
quantities:

y ¼ y0

H
; ca ¼

ffiffiffiffiffiffiffiffiffiffiffi
ma

2kT0

r
v; na ¼ n0

a

n0an
; uax ¼ u0

ax

U
; Paxy ¼ � P0

axy

2p0an
;

Ta ¼ T 0
a

T0n
; qay ¼

q0
ay

p0av0n
;



Fig. 1. Schematic of the Couette and Fourier flows between two parallel plates.
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where ca is the molecular velocity and p0a ¼ n0akT0 is the partial
pressure of species a.

When the perturbation functions ha are known, the velocity and

shear stress in Couette flow are uax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m=ma

p R
hacaxf

0
adca and

Paxy ¼
R
hacaxcayf

0
adca, respectively, while the deviated density,

deviated temperature, and the heat flux in Fourier flow are

na ¼ R
haf

0
adca; Ta ¼ R

hað23 c2a � 1Þf 0adca, and qai ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m=ma

p R
hacaiðc2a

� 5
2Þf

0
adca, respectively, where f 0a ¼ p�3=2 expð�c2aÞ. The dimension-

less macroscopic quantities of the binary gaseous mixture in Cou-
ette flow are defined as follows:

uxðyÞ ¼ m1n01u01xþm2n02u02x
n0mU ¼ C0m1u1xðyÞþð1�C0Þm2u2xðyÞ

m ;

PxyðyÞ ¼ P01xyþP02xy
2p0n

¼ C0P1xyðyÞ þ 1� C0ð ÞP2xyðyÞ;
ð9Þ

while those in Fourier flow are defined as follows:

nðyÞ ¼ n01þn02
n0n

¼ C0n1ðyÞ þ ð1� C0Þn2ðyÞ;
CðyÞ ¼ C0�C0

C0n
¼ ð1� C0Þ½n1ðyÞ � n2ðyÞ�;

TðyÞ ¼ n01T
0
1þn02T

0
2

n0n
¼ C0T1ðyÞ þ ð1� C0ÞT2ðyÞ;

qyðyÞ ¼
q01yþq02y
p0v0n

¼ C0q1yðyÞ þ ð1� C0Þq2yðyÞ:

ð10Þ

where p0 ¼ n0kT0 is the equilibrium pressure of the mixture.
Expressions for the macroscopic quantities of the binary gaseous
mixture in the LBE can be given similarly.

3.3. Boundary conditions

The Maxwell diffuse-specular boundary condition is adopted to
describe the gas-wall interaction. When molecules hit the plate, an
aa portion of them (0 < aa � 1) are diffusely reflected, while the
rest are specularly reflected. There is complete accommodation
when the accommodation coefficient aa is unitary. In this paper,
if not otherwise specified, complete accommodation is assumed.

In the linearized Couette flow the boundary condition for the
LBE has the following form

f dþa ðy ¼ �1=2Þ ¼ 1� aað Þf d�a ðy ¼ �1=2Þ � aamavx f
M
a ; ð11Þ

while that for the McCormack model is [4]

hþ
a ðy ¼ �1=2Þ ¼ 1� aað Þh�

a ðy ¼ �1=2Þ � aa

ffiffiffiffiffiffiffi
ma

m

r
cax; ð12Þ

where the superscriptsþ and� of the perturbation functions in Eqs.
(11) and (12) refer to the outgoing and incoming molecules with
respect to the plates’ surfaces, respectively.

In the linearized Fourier flow the boundary condition for the
LBE reads
f dþa ðy¼�1=2Þ¼ 1�aað Þf d�a ðy¼�1=2Þþaa½naðy¼�1=2Þ�ðmav2=2�1Þ�f Ma ;
naðy¼�1=2Þ¼ �2

ffiffiffiffiffiffiffi
map

p
n0a

R
f d�a ðy¼�1=2Þvydv ;

ð13Þ

while that for the McCormack model is [12]

hþ
a ðy¼�1=2Þ¼ 1�aað Þh�

a ðy¼�1=2Þþaa naðy¼�1=2Þ�ðc2a=2�1Þ� �
;

naðy¼�1=2Þ¼ � 2
p

R
h�
a ðy¼�1=2Þexpð�c2aÞcay dca:

ð14Þ
3.4. Numerical techniques

The Boltzmann collision operators in the BE (3) and LBE (7) are
solved by the fast spectral method (FSM) [14]. The main idea of the
FSM is to expand the distribution function and collision operator
into Fourier series, and handle the binary collision in a correspond-
ing frequency space. The method can deal with highly rarefied gas
flows, where the distribution function has large discontinuities.
The number of discretized velocities can be large to capture the
discontinuities, but the number of frequency components is rela-
tively small, resulting in high computational accuracy and effi-
ciency [15]. We discretize the three-dimensional molecular
velocity space by 32	 64	 32 points (the points are uniformly
distributed in the vx and vz directions, while the discretization in
the vy direction is non-uniform, with most of them concentrating
on vy 
 0 to capture the discontinuities in the molecular distribu-
tion function), while the corresponding frequency space is uni-
formly discretized by 32	 32	 32 points.

When the Boltzmann collision operator is obtained, the LBE (7)
is solved by an iterative scheme [14], where the spatial derivative
is approximated by a second-order upwind finite-difference. The
physical half-space �1=2 6 y � 0 is discretized by 50 points non-
uniformly, with most points located near the plate to capture the
velocity slip and temperature jump. The iterations terminate when
the maximum relative difference (excluding the point y ¼ 0) in
macroscopic quantities (such as the velocity and shear stress in
Couette flow, and the density, temperature, and heat flux in Fourier
flow) between two consecutive steps is less than 10�5.

The discrete velocity method [4] is used to solve the McCor-
mack kinetic Eq. (8). To reduce computational effort, the caz vari-
able is eliminated by introducing the reduced functions of ha

[16]: Ua ¼ 1ffiffiffi
p

p
ffiffiffiffiffi
m
ma

q R
ha exp �c2az

� �
dcaz and Wa ¼ 1ffiffiffi

p
p

ffiffiffiffiffi
m
ma

q R
hac2az exp

�c2az
� �

dcaz. The entire physical space is uniformly discretized into
400 points, and a first-order finite-difference is used to approxi-
mate the spatial derivative. The two-dimensional reduced molecu-
lar velocity space is discretized by 50	 50 points according to
Gaussian–Hermit quadrature. Grid-independence is checked with



Fig. 2. Velocity profiles in the Couette flow of Ne–Ar and He–Xe gas mixtures with C0 ¼ 0:5.
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a coarser grid of molecular velocity space 32	 32 points for He–Xe
mixture of C0 ¼ 0:5 and d0 ¼ 0:1 showing less than 1% difference in
the macroscopic profiles. As we seek the steady-state solution the
time-independent Eq. (8) is solved by the fixed point method. The

convergence criterion
R 1=2
�1=2 jAlþ1

=Al � 1j < 10�10 is employed,

where l is the iteration step, and A ¼ Pxy in the Couette flow and
A ¼ qy in the Fourier flow.
4. Numerical results

The binary gaseous mixtures Ne–Ar and He–Xe are chosen in
this comparative study in order to investigate the influence of
the molecular mass ratio. Three values of the molar concentration
C0 ¼ 0:1;0:5, and 0.9 are considered at three values of the rarefac-
tion parameter d0 ¼ 0:1;1, and 10. For Ne–Ar and He–Xe mixtures



Table 1
Velocities at y ¼ 0:5 in the linearized Couette flow of a Ne–Ar mixture.

d0 uNe uAr u

McCormack LBE McCormack LBE McCormack LBE

C0 = 0.1
0.1 0.0633 0.0621 0.0736 0.0785 0.0730 0.0776
1 0.2341 0.2257 0.2536 0.2509 0.2525 0.2496
10 0.4361 0.4320 0.4420 0.4397 0.4417 0.4393

C0 = 0.5
0.1 0.0663 0.0669 0.0773 0.0855 0.0736 0.0793
1 0.2399 0.2336 0.2598 0.2596 0.2531 0.2509
10 0.4377 0.4343 0.4435 0.4419 0.4416 0.4393

C0 = 0.9
0.1 0.0712 0.0745 0.0833 0.0960 0.0734 0.0784
1 0.2492 0.2453 0.2695 0.2720 0.2529 0.2501
10 0.4407 0.4380 0.4463 0.4454 0.4417 0.4393

Table 2
The mixture shear stress Pxy in the linearized Couette flow of a Ne–Ar mixture.

d0 C0 ¼ 0:1 0:5 0:9

McCormack LBE McCormack LBE McCormack LBE

0.1 0.2601 0.2598 0.2576 0.2570 0.2594 0.2590
1 0.1689 0.1707 0.1675 0.1692 0.1685 0.1703
10 0.0415 0.0423 0.0414 0.0422 0.0415 0.0423
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at an equilibrium temperature T0 ¼ 300K , the molecular diameter
ratios are d2=d1 ¼ 1:406 and 2:226, respectively, while the corre-
sponding molecular mass ratios m2=m1 are 1:979 and 32:8. Both
Couette and Fourier flows are characterized by the following rar-
efaction parameter [17]:

d0 ¼ Hp0

lv0
; ð15Þ

where l ¼ l1 þ l2 is the viscosity of the mixture, see Appendix A.
4.1. Couette flow

The velocity in the Ne–Ar mixture with molar concentration
C0 ¼ 0:5 at d0 ¼ 0:1;1, and 10 is shown in the left column of
Fig. 2. When d0 ¼ 0:1, the Ar gas velocity is different by 9% between
the McCormack model and the LBE, while the difference in Ne is
less than 1%. When d ¼ 1, the difference in the Ar velocity quickly
decreases, while that in the Ne velocity slightly increases. By
d ¼ 10, there are practically no differences in all the respective
velocities. The influence of the molecular mass ratio on the velocity
profile is observed by comparing the left (Ne–Ar) and right (He–Xe)
columns in Fig. 2. It is clear that the larger the mass ratio, the
greater the difference between the McCormack model and the
LBE. For example, at d0 ¼ 0:1, the McCormack model underpredicts
the velocity of Xe at the plate by about 24%.

The influence of the molar concentration C0 on the gas velocity
at the plate is summarized in Table 1. As C0 varies from 0.1 to 0.9,
the difference in Ar velocity between the McCormack model and
the LBE increases from 6% to 13% when d0 ¼ 0:1. For d0 ¼ 10, this
difference is less than 1% for all considered values of C0. On the
other hand, the relative difference in the Ne velocity between the
two kinetic equations is less than 4% for all values of C0 and d0:
the maximum 4% is when C0 ¼ 0:9 and d0 ¼ 0:1.

The shear stresses Pxy in the Ne–Ar mixture are listed in Table 2
for different values of the molar concentration and the rarefaction
parameter. Theoretically, the mixture shear stress has to be con-
stant, but numerical results vary slightly across the channel. There-

fore, the average shear stress Pav
xy ¼ R 1=2

�1=2 Pxydy is presented. The
maximum variation in the shear stress across the channel,
maxijðPxyðiÞ � Pav

xy Þ=Pav
xy j, is less than 0.4%, which indicates the good

numerical accuracy of both the FSM and the discrete velocity
method. Good agreement between the McCormack model and
the LBE is observed: the relative difference increases from 0.1%
when d0 ¼ 0:1 up to 2% when d0 ¼ 10, for all molar concentrations.
We have also calculated the shear stress of the He–Xe mixture with
C0 ¼ 0:5. They are, respectively, 0.2163, 0.1482, and 0.0400 when
d0 ¼ 0:1;1, and 10 from the McCormack model, and 0.2150,
0.1491, and 0.0411 from the LBE. The relative difference in the
shear stress in the He–Xe mixture between the two kinetic equa-
tions is slightly higher than that in the Ne–Ar mixture.

4.2. Fourier flow

The number density in the Ne–Ar mixture with C0 ¼ 0:5 when
d0 ¼ 0:1;1, and 10 is shown in the left column of Fig. 3. The differ-
ence in the Ne number density predicted by the McCormack model
and the LBE reaches 31% when d0 ¼ 0:1. This difference decreases
as the rarefaction parameter increases, with only 5% difference
by d0 ¼ 10. Fig. 3 also shows that for mixtures with disparate
molecular masses (i.e. He–Xe) the disagreement in the number
density between the McCormack model and the LBE is larger than
for the Ne–Ar mixture, especially at small values of the rarefaction
parameter. The influence of the molar concentration on the num-
ber density is shown in Table 3. Large differences, i.e. 38% and
24%, are found in Ne and Ar, respectively, when d0 ¼ 0:1 and
C0 ¼ 0:1. This difference is reduced when the molar concentration
of Ne is increased: at C0 ¼ 0:9, the maximum differences in Ne and
Ar are 22% and 3%, respectively.

The molar concentration C in the Ne–Ar and He–Xe mixtures,
which is defined as the deviation of the concentration of the lighter
species from its initial equilibrium state, is shown in Fig. 4. Positive
values of C mean that the concentration of the lighter species
increases near the hotter plate due to thermodiffusion. Although
the McCormack model, in contrast to several other kinetic models
such as the Hamel model [6], can describe the thermodiffusion
phenomenon in gaseous mixtures, comparisons in Fig. 4 show that
the McCormack model underestimates the thermodiffusion signif-
icantly when compared to the LBE. For instance, when d0 ¼ 0:1, the
McCormack model underpredicts the molar concentration at the
hotter plate by 40% and 67% for Ne–Ar and He–Xe mixtures,
respectively. Even when d0 ¼ 10, the relative differences between
the McCormack and LBE results are as high as 14% and 20% for
Ne–Ar and He–Xe mixtures, respectively.

The temperature variation in the Ne–Ar mixture with C0 ¼ 0:5
when d0 ¼ 0:1;1, and 10 is shown in the left column of Fig. 5. Good
agreement between the McCormack model and the LBE is found
when d0 ¼ 10. However, when d0 ¼ 0:1, the difference in the tem-
perature results for Ne reaches 13%, while the difference for Ar is
negligible. The influence of the molecular mass ratio on the tem-
perature is seen by comparing the left and right columns of
Fig. 5. As in Couette flow, the difference between the McCormack
model and the LBE increases with the molecular mass ratio.

The influence of the molar concentration on the gas tempera-
ture at the hotter plate is shown in Table 4. When d0 ¼ 0:1, the
maximum difference between results from the two kinetic equa-
tions. (18%) is found for Ne when C0 ¼ 0:1, and this reduces to
7% when C0 ¼ 0:9. So the difference between the two kinetic equa-
tions decreases as C0 increases.

The heat flux in the Ne–Ar mixture is given in Table 5. As with the
shear stress in Couette flow, here the average heat flux across the
channel is reported. FromTable 5we see that theheat fluxhas itsmax-
imum value for the molar concentration C0 ¼ 0:5 for all rarefactions.
The maximum difference between the McCormack model and the
LBE results is about 2%. We have also calculated the heat flux in the



Fig. 3. The number density in the linearized Fourier flow of Ne–Ar and He–Xe gas mixtures.
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He–Xe mixture with C0 ¼ 0:5. At d ¼ 0:1, 1, and 10, heat fluxes from
the McCormack model are 1.3012, 0.9839, and 0.3304, respectively,
while the corresponding data from the LBE are 1.3121, 1.0314, and
0.3622. This means that the relative difference in the He–Xe mixture
between the twomodels is greater than in the Ne–Ar mixture.
4.3. Effect of the incomplete accommodation

We studied the influence of the gas-wall interaction by simulat-
ing the incomplete accommodation. In the following, simulations
of a Ne–Ar mixture with C0 ¼ 0:5 are carried out for both Couette
and Fourier flows, where the accommodation coefficients for Ne
and Ar are aNe ¼ 0:6 and aAr ¼ 0:8, respectively.
4.3.1. Couette flow with incomplete accommodation
The influence of the incomplete accommodation on the velocity

can be seen by comparing data in Table 6 with those in Table 1.
Clearly, the species velocities decrease with a decrease in the
accommodation coefficient. Profiles of the shear stress are shown
in Fig. 6. We find the shear stress of each species is quite different,



Table 3
The number density at y ¼ 0:5 in the linearized Fourier flow of a Ne–Ar mixture.

d0 �nNe �nAr �n

McCormack LBE McCormack LBE McCormack LBE

C0 = 0.1
0.1 0.0481 0.0296 0.0576 0.0434 0.0566 0.0420
1 0.1577 0.1296 0.1947 0.1796 0.1910 0.1746
10 0.3093 0.2877 0.4094 0.4038 0.3994 0.3922

C0 = 0.5
0.1 0.0507 0.0347 0.0624 0.0533 0.0566 0.0440
1 0.1680 0.1443 0.2159 0.2069 0.1920 0.1756
10 0.3375 0.3209 0.4631 0.4643 0.4003 0.3926

C0 = 0.9
0.1 0.0551 0.0428 0.0705 0.0684 0.0566 0.0454
1 0.1847 0.1667 0.2496 0.2476 0.1912 0.1748
10 0.3826 0.3731 0.5508 0.5612 0.3994 0.3919
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and they are nearly constant when d0 ¼ 0:1, but vary significantly
across the channel when d0 ¼ 10. The smaller the accommodation
coefficient, the larger the variation of the shear stress of each
species.

Shear stresses from McCormack simulations of the equal-mole
Ne–Ar mixture with incomplete accommodation are 0.1503,
0.1119, and 0.0366 when d0 ¼ 0:1, 1, and 10, respectively, while
the corresponding values from the LBE are 0.1500, 0.1125, and
0.0373. Compared to the data in Table 2, it is clear that the shear
stress decreases with the accommodation coefficient. The relative
Fig. 4. Concentration of the lighter species in the lineari
difference (about 2%) between the results from the two kinetic
equations remains the same as in the complete accommodation
case.
4.3.2. Fourier flow with incomplete accommodation
The number density and temperature of each species and the

mixture at the hot plate are presented in Table 6. The influence
of incomplete accommodation can be seen by comparing the cor-
responding data in Tables 3 and 4. We find that the agreement
between the McCormack model and the LBE is essentially
improved when there is incomplete accommodation. For instance,
with incomplete accommodation, the differences in the density of
Ne and Ar when d0 ¼ 0:1 are reduced from 31% to 21%, and from
14% to 5%, respectively. For the temperature, the difference in Ne
when d0 ¼ 0:1 is reduced from 13% to 7%, but that in Ar increases
from 2% to 7%.

The influence of incomplete accommodation on the concentra-
tion is shown in Fig. 7. The absolute value of the concentration
increases when the accommodation coefficient decreases, espe-
cially in the near free-molecular regime (d0 ¼ 0:1), and the agree-
ment between the McCormack model and the LBE becomes
better for incomplete accommodation.

The absolute value of the heat flux is shown in Fig. 8. As with
the shear stress in Couette flow, the heat flux of each species is
not constant in the slip-flow regime (d0 ¼ 10). When d0 ¼ 0:1, 1,
and 10, heat fluxes from the McCormack model with incomplete
accommodation are 0.3009, 0.2491, and 0.1126, respectively, while
zed Fourier flow of Ne–Ar and He–Xe gas mixtures.



Fig. 5. Temperature profiles in the linearized Fourier flow of Ne–Ar and He–Xe gas mixtures with C0 ¼ 0:5.
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those from the LBE are 0.3013, 0.2522, and 0.1154. Compared to
the data in Table 5 when C0 ¼ 0:5 and there is complete accommo-
dation, the heat flux decreases with a decrease in the accommoda-
tion coefficient, but the difference between the McCormack model
and the LBE results remains unchanged.
4.4. The limit of the linearized approach

In the above sections, numerical results obtained from the
McCormackmodel are compared with results from the LBE because
the McCormack model requires the deviations of the gas parame-
ters from their equilibrium values to be small. Therefore, it is useful
to determine the applicability limit of this linearized approach,
especially for the case of the heat flux through a gaseous mixture
with large wall-temperature ratios. We carried out simulations on
the heat transfer between two parallel plates with the temperature
differences DT=T0 ¼ 0:6 and 1, which leads to the large temperature
ratios TH=TC ¼ 1:8 and 3, respectively. Under these conditions, the
assumption of a small deviation of the plate’s temperature from
its equilibrium value (i.e. DT � T0) is not fulfilled.



Fig. 6. The shear stress in the linearized Couette flow of an equal-mole Ne–Ar ga
accommodation.

Table 6
Velocity ux in Couette flow, and number density n with temperature T in Fourier flow,
at y ¼ 0:5 in the Ne–Ar gas mixture with C0 ¼ 0:5. The accommodation coefficients
are aNe ¼ 0:6 and aAr ¼ 0:8.

d0 McCormack LBE McCormack LBE McCormack LBE

uNe uAr u
0.1 0.0328 0.0337 0.0571 0.0641 0.0489 0.0539
1 0.1492 0.1448 0.2098 0.2106 0.1894 0.1885
10 0.3851 0.3799 0.4100 0.4077 0.4017 0.3984

�nNe �nAr �n
0.1 0.0255 0.0201 0.0463 0.0450 0.0359 0.0325
1 0.0992 0.0833 0.1688 0.1604 0.1340 0.1219
10 0.2740 0.2582 0.4035 0.3967 0.3387 0.3274

TNe TAr T
0.1 0.0292 0.0277 0.0506 0.0546 0.0399 0.0411
1 0.1211 0.1130 0.1781 0.1767 0.1496 0.1449
10 0.3311 0.3220 0.3661 0.3608 0.3486 0.3414

Table 4
Temperature at y ¼ 0:5 in the linearized Fourier flow of a Ne–Ar gas mixture.

d0 TNe TAr T

McCormack LBE McCormack LBE McCormack LBE

C0 = 0.1
0.1 0.0569 0.0466 0.0640 0.0579 0.0633 0.0568
1 0.2020 0.1863 0.2136 0.2065 0.2124 0.2045
10 0.4045 0.3974 0.4093 0.4052 0.4088 0.4044

C0 = 0.5
0.1 0.0589 0.0509 0.0673 0.0659 0.0631 0.0584
1 0.2056 0.1928 0.2205 0.2171 0.2131 0.2050
10 0.4065 0.4003 0.4127 0.4093 0.4096 0.4048

C0 = 0.9
0.1 0.0622 0.0577 0.0727 0.0779 0.0632 0.0597
1 0.2106 0.2018 0.2296 0.2303 0.2125 0.2047
10 0.4081 0.4033 0.4154 0.4132 0.4088 0.4043

Table 5
Total heat flux qy in the linearized Fourier flow of a Ne–Ar gas mixture.

d0 C0 ¼ 0:1 C0 ¼ 0:5 C0 ¼ 0:9

McCormack LBE McCormack LBE McCormack LBE

0:1 0:5430 0:5450 0:5589 0:5607 0:5446 0:5462
1 0:4058 0:4128 0:4172 0:4252 0:4069 0:4146
10 0:1364 0:1381 0:1397 0:1424 0:1368 0:1397
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In this case the full BE is solved by the FSM [14] for the
equal-mole Ne–Ar gas mixture with complete accommodation
at three values of the rarefaction parameter. Good agreement
in the number density is observed in Fig. 9 when d0 ¼ 0:1
and 10, except in a small region in the vicinity of the wall
(especially in the slip-flow regime and near the colder plate).

For the comparison of temperature profiles between the McCor-
mack model and the BE, we note that near the free-molecular
regime the gas temperature tends to a constant value
TFM ¼ ffiffiffiffiffiffiffiffiffiffiffi

TCTH
p

. However, in the linearized approach we calculate
the temperature deviation from its reference value
T0 ¼ ðTC þ THÞ=2. Therefore, to compare the temperature obtained
from the McCormack model with the results from the BE when
d0 ¼ 0:1, we take TFM as the reference temperature. From Fig. 10b
it is clear that the use of TFM as the reference temperature makes
the comparison meaningful, and the temperature profiles from
the McCormack model display good agreement with these from
the BE. This is not the case when the mean temperature T0 is cho-
sen as the reference value, and large shifts between the two kinetic
model results are observed, see Fig. 10a. In the slip-flow regime
(d0 ¼ 10), however, choosing the mean temperature T0 as the ref-
erence value (Fig. 10c), instead of the free-molecular value TFM

(Fig. 10d) enables a meaningful comparison, and perfect agreement
between the two kinetic equations is found.

The dimensionless heat fluxes obtained from the McCormack
model, the LBE, and the BE are compared in Table 7. Good agree-
ment of the McCormack results with the solution of the BE, of
the order of 4%, is found at DT=T0 ¼ 0:6. However, for the temper-
ature difference, DT=T0 ¼ 1, the deviation between the McCormack
model and the BE increases, to 9%.
5. Conclusion

Plane Couette and Fourier flows of binary gaseous mixture have
been simulated using the McCormack kinetic model and the lin-
earized Boltzmann equation, over a wide range of the molar con-
centration and rarefaction parameter. Two gaseous mixtures, one
with similar molecular masses (Ne–Ar) and the other with dis-
parate molecular masses (He–Xe), have been considered. Our
numerical results showed that when only the shear stress in Cou-
ette flow and the heat flux in Fourier flow are required, the McCor-
mack model can be used, as the differences in the results from the
two kinetic models are within 2%. However, difference in other
s mixture with complete (aNe ¼ aAr ¼ 1:0) and incomplete (aNe ¼ 0:6; aAr ¼ 0:8)



Fig. 7. Concentration of the lighter species in the linearized Fourier flow of Ne–Ar gas mixture: influence of the accommodation coefficient.

Fig. 8. The heat flux in the Fourier flow of an equal-mole Ne–Ar gas mixture with complete (aNe ¼ aAr ¼ 1:0) and incomplete (aNe ¼ 0:6; aAr ¼ 0:8) accommodation
coefficients.
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macroscopic quantities, such as the deviated density, velocity,
deviated temperature can be large, especially in transitional and
free-molecular flows. For example, the McCormack model could
underestimate the deviated concentration (due to thermodiffusion
of the lighter species) by 67% in Fourier flow of He–Xe when
d0 ¼ 0:1. Our numerical results also showed that the differences
in macroscopic quantities from the McCormack model and the lin-
earized Boltzmann equation increase with the molecular mass
ratio (for fixed rarefaction parameter and molar concentration).
On the other hand, if the molecular mass ratio and the rarefaction
parameter are fixed, the difference increases with an increase in
the molar concentration of the heavier species. The fact that the



Fig. 10. The temperature variation in the Fourier flow of a Ne–Ar gas mixture with C0 ¼ 0:5. Ne: in blue, Ar: in green, mixture: in red. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. The number density variation in the Fourier flow of a Ne–Ar gas mixture with C0 ¼ 0:5. Ne: in blue, Ar: in green, mixture: in red. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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McCormack model is not accurate for highly rarefied gas is because
the collision term of McCormack model only recovers the relax-
ation rate of low order momentum (such as pressure tensor, heat
flux), while at small value of d0 the relaxation of higher order
moments is important.
Finally, we investigated the applicability of the McCormack
model in nonlinear Fourier flow. We found that the McCormack
model can provide temperature profiles in relatively good agree-
ment with those from the Boltzmann equation, even for large
differences in the plates’ temperatures. However, the reference



Table 7
The heat flux qy in a Ne–Ar gas mixture with C0 ¼ 0:5 for different wall-temperature
ratios.

d0 DT=T0 � 1 DT=T0 ¼ 0:6 DT=T0 ¼ 1

McCormack LBE BE BE

0.1 0.5589 0.5607 0.5423 0.5059
1 0.4172 0.4252 0.4168 0.3927
10 0.1397 0.1424 0.1454 0.1425
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temperature has to be adapted to the rarefaction parameter: in
the slip-flow and hydrodynamic regimes the arithmetic mean of
the two plates’ temperatures should be chosen as the reference
value, while near the free-molecular regime the geometric aver-
age (complete accommodation) should be chosen. In the inter-
mediate region, either the arithmetic or geometric temperature
can be used. As far as the heat flux is concerned, the use of
the McCormack model is acceptable, with a maximum error of
about 9% even when the temperature ratio of the two plates
is 3.
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Appendix A. The McCormack collision term

The collision term of the McCormack model [7] has the follow-
ing form:

Labh¼ �cabhaþcabna
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where a;b ¼ 1;2; i ¼ x; y for Couette and Fourier flows, respectively,

and t ið Þ
ab are defined as following
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where

mab ¼ mamb

ma þmb
ðA:3Þ
is the reduced mass of the binary mixture. Note that Xði;jÞ
ab in Eq. (A.2)

represents the omega integral [18], which for the case of the HS
model is defined as [18]

Xði;jÞ
ab ¼ ðjþ 1Þ!

8
1� 1þ ð�1Þi

2ðiþ 1Þ

" #
pkT
2mab

� �1=2

da þ db

� �2
: ðA:4Þ

Finally, the parameters cab are proportional to the collision fre-
quency between species a and b and appear in the collision term
(A.1) only in the combinations c1 ¼ c11 þ c12 and c2 ¼ c21 þ c22,
so one has only to define c1 and c2. The collision frequencies and
the viscosity can be related in the same manner as in the Shakhov
kinetic equation [19,20,4]:

ca ¼ p0a

la
; ðA:5Þ

where p0a ¼ n0akT0 is the equilibrium partial pressure and la is the
partial viscosity given as

la ¼ p0a

Sb þ tð4Þab

SaSb � tð4Þab t
ð4Þ
ba

; Sa ¼ tð3Þaa � tð4Þaa þ tð3Þab ; and b– a:

ðA:6Þ
Our numerical simulations are carried out using dimensionless

quantities. The dimensionless omega integrals are defined as
follows
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As examples, the dimensional and dimensionless form of Xð1;1Þ
ab

are

Xð1;1Þ
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The dimensionless tðnÞab functions (A.2) are defined as follows:

t�ðiÞab ¼ tðiÞab
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ffiffiffiffiffiffiffiffiffiffiffi
pkT
2m12
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2
4

3
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As examples, the dimensional and dimensionless form of tð1Þab are

tð1Þab ¼ 16
3

mab
ma

nbX
ð1;1Þ
ab ;

t�ð1Þab ¼ 16
3

mab
ma

nb
n1
X�ð1;1Þ
ab :

ðA:10Þ

We note that ca; Sa have the same dimension as tðiÞab, so we use
the same reference quantity to obtain the dimensionless expres-
sions for these functions.
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