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• The Lorentz force describes the motion of a charged particle in an external electromagnetic field,

but as the particle accelerates it radiates energy and momentum.

• Radiation reaction describes the effect of this radiative loss on the motion of the particle itself.

This radiation reaction force is typically extremely small compared to the applied force, so can be

safely neglected.

• However... as the field becomes strong, the particle radiates more and more, and this correction

can become significant: for example, at future high-intensity laser facilities such as ELI.

• Furthermore, in strong fields the quantum nature of photon emission may also become important.

• Lorentz–Abraham–Dirac equation

Fully relativistic equation of motion for a classical point particle [1]

ẍa = − q
m
F a

b ẋ
b + τ∆a

b
...
x b , (1)

where τ = q2/6πm ' 6× 10−24s is the characteristic time of the electron and ∆a
b = δab + ẋaẋb.

. Jerk term leads to pathological solutions:

→ Runaway solutions (unphysical) or preaccelerations (violation of causality).

. Overcome using the Landau–Lifshitz approach [2]: treat the radiation reaction as a small pertur-

bation to the applied Lorentz force.

Classically... radiation reaction causes the relative momentum spread σ̂ of a relativistic electron

beam colliding with an intense laser pulse to reduce (known as beam cooling) at the expense of total

energy. However, classical models of radiation reaction allow the particle to radiate at all frequencies,

because the emission is not quantised. This leads to an over-estimation of radiative damping.

Objective: Develop a model for radiation reaction including quantum effects, and use it to study

the interaction of relativistic electron beams with high-intensity laser pulses.
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• Account for the reduction in radiative damping by scaling the radiation reaction force in the Landau–

Lifshitz equation by g(χ) [3]:
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where we use the approximation [4]

g(χ) = (1 + 12χ + 31χ2 + 3.7χ3)−4/9. (3)

• Quantum effects are typically negligible when the electric field observed by the particle Ê is much

less than the Sauter–Schwinger field ES typical of QED processes [5]; that is, when the quantum

nonlinearity parameter χ := eh̄
√
F abFacẋbẋc/m

2
e = Ê/ES � 1.

• Expect semi-classical model to be valid for weakly quantum scenarios, χ2 � 1.
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• The corresponding semi-classical Vlasov equation is intractable; require a method to efficiently

investigate the dynamics of a particle distribution governed by the single-particle equation (2).

• Define the initial momentum distribution of Np particles to be a Maxwellian with variance θ = p̄2σ̂2

• Since the total particle number Np =
∫
dp f (0, p), define δp such that

1 =

∫ p+δp
2

p−δp2
dp f (0, p) ' f (0, p)δp =⇒ pi = pi−2ξ +

2ξ

f (0, pi−ξ)
with ξ = sgn(i). (4)

• Distribution at a later phase φ = ωt− k · x is then naturally reconstructed using:

f (φ, pi) :=
1

δpi(φ)
. (5)
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• Interaction of a bunch of Np = 401 particles with a relative spread σ̂ = 20% around γ = 2000 (about 1

GeV) with a 27 fs (FWHM) laser pulse of intensity 2 × 1021 W/cm2 (at λ = 800 nm) modelled by an

N = 20 cycle plane wave modulated by a sin2-envelope (duration L = 2Nπ).

• The left-hand panel of Fig. 1 shows the contraction of phase space predicted by the classical theory

. The relative spread reduces to σ̂f = 12.5% and the distribution has become negatively skewed, Sf < 0.

• The right-hand panel of Fig. 1 shows the reconstructed semi-classical prediction

. The mean p̄f and relative spread σ̂f decrease less, and the distribution is less negatively skewed.

• Quantum effects have reduced the amount of beam cooling

• The value of the quantum nonlinearity parameter satisfies 〈χ〉2 < 0.05, suggesting that the semi-classical

model is valid.
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• In the classical theory, the final state depends only on the total energy in the laser pulse, whereas the

semi-classical theory is also sensitive to how the delivered energy is distributed.

• Introduce a linear chirp rate ∆ to modify the energy distribution within the pulse (total kept constant)

a(φ,∆) =

 a0

√
1 + ∆

2 sin
[
η(φ,∆)

]
sin2

(
πφ/L(∆)

)
for 0 < φ < L(∆)

0 otherwise
, (6)

where

η(φ,∆) = φ

(
1 +

φ∆

2L(∆)

)
and L(∆) =

2πN

1 + ∆/2
. (7)

• Classical predictions unaffected by positive and negative chirps, confirmed by Figs. 2a and 2b.

• While there is a measurable difference, as shown in Figs. 2a and 2b even a large chirp of ∆ = 50% does

not significantly alter the semi-classical predictions.
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• As χ is increased, the stochastic nature of photon emission becomes important.

• Stochastic single-emission quantum model based on the differential probability [6] dW = Γdφ, where

Γ =

∫ Ω

0

dΩ̃ P (Ω, Ω̃), P (Ω, Ω̃) =
αm√
3πΩ2

[(
Ω− Ω̃

Ω
+

Ω

Ω− Ω̃

)
K2/3(χ̃)−

∫ ∞
χ̃

dx K1/3(x)

]
(8)

and the invariant parameters Ω = kap
a/m, Ω̃ = kaκ

a/m and χ̃ = 2mΩ̃/[3h̄a(φ)Ω(Ω− Ω̃)].

• The electron is propagated using the Lorentz force. At each step, if a generated random number

r ∈ [0, 1) < dW then a photon is emitted.
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Conclusions and future work
• A semi-classical model based on the Landau–Lifshitz theory of radiation reaction has been used to

study beam dynamics in the interaction of an electron bunch with high-intensity laser pulses.

• We have introduced a novel method for sampling and reconstructing the distribution [7].

• Classical beam cooling is demonstrated and compared to the semi-classical prediction. As expected,

quantum effects have reduced the amount of beam cooling observed.

• The final distribution predicted by the classical theory only depends on the total energy of the pulse,

whereas quantum models are sensitive to the energy distribution within the pulse.

• Chirped pulses (important experimentally) were found to only produce a minor modification.

• A stochastic quantum model has been implemented, with mean properties found to be in excellent

agreement with the semi-classical predictions. We intend to study beam dynamics using this model.
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• The emitted momentum is determined by find-

ing Ω̃ such that∫ Ω̃

0

dx P (Ω, x) = ζΓ, with ζ ∈ [0, 1). (9)

• Figure 3 compares a single and ensemble-

averaged stochastic trajectory with the clas-

sical and semi-classical models.

. Excellent agreement is observed for the mean

behaviour, despite 〈χ〉 ' 0.8.

. Expect stochastic effects to increase the

spread.
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Figure 1: Phase-space evolution of the distribution f (φ, p) predicted by classical (left) and semi-classical (right) models
of radiation reaction. A reduction in beam cooling is observed in the semi-classical case.
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Figure 2a: Final momentum distributions for positive
and negatively chirped laser pulses, as predicted by
classical and semi-classical theories.
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Figure 2b: Evolution of the relative momentum spread
σ̂ in the interaction with chirped laser pulses, as pre-
dicted by classical and semi-classical theories.
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Figure 3: Evolution of the electron’s energy in the in-
teraction with an N = 10 pulse of intensity 4.3× 1022

W/cm2. The ensemble was 1000 particles.
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