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Abstract
Singularities are invariably present in engineering simulation models
due to the idealisations used for geometry and transitions from one
material or thickness to another. As will be shown they are locations
where the elastic stress is infinite, or tends to infinity with mesh
refinement in some discretized idealisations. It will be emphasized that
the singularities are also theoretical in nature as they cannot exist in
practice. Despite the idealised nature of such singularities however, it is
argued that a better understanding of their characteristics will allow
them to be handled in an appropriate way in modelling and could also
provide better insight into their use in making design choices and for the
development of assessment procedures. Given that these are the likely
locations of highest stress in any finite element idealisation, such an
understanding should also prevent the misuse of stresses at such
locations.
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1. The nature and significance of singularities in elastic stress
The study of the infinite was clearly an important topic and challenge
over 300 years ago as this extract from the preface to one of Leonard
Euler’s books indicates: Often I have considered the fact that most of
the difficulties which block the progress of students trying to learn
analysis stem from this: that although they understand little of ordinary
algebra, still they attempt this more subtle art. From this it follows not
only that they remain on the fringes, but in addition they entertain
strange ideas about the concept of the infinite, which they must try to
use. Although analysis does not require an exhaustive knowledge of
algebra, even of all the algebraic techniques so far discovered, still
there are topics whose consideration prepares a student for a deeper

understanding. However, in the ordinary treatise on the elements of
algebra, these topics are either completely omitted or are treated
carelessly. For this reason, I am certain that the material I have
gathered in this book is quite sufficient to remedy that defect.
I have striven to develop more adequately and clearly than is the usual
case those things which are absolutely required for analysis. Moreover,
I have also unravelled quite a few knotty problems so that the reader
gradually and almost imperceptibly becomes acquainted with the idea
of the infinite [1].
There has in the past been a significant volume of literature addressing
singularities in elastic stress [2] and much of this pre-dates or relates to
the early days of finite element analysis. Naturally a great deal of the
early literature relating to the development of linear elastic fracture
mechanics (LEFM) relates to the singular stress distribution in the
vicinity of the crack tip. Erdogan in his review of fracture mechanics [3]
highlights Wieghart’s work [4][5] as the first elasticity solution in which
the existence of stress singularity was recognized and its correct power
law form obtained. There are also a significant number of publications
dealing with special crack-tip elements and those by Byskov [6], Tracey
[7] and Walsh [8] represent a few of the earliest, where the goal was to
ensure the presence of an appropriate singular stress distribution in the
vicinity of cracks, without the highly refined meshes normally associated
with crack modelling.
This paper however focuses on the challenges inherent in dealing with
elastic stress singularities in general finite element models, to avoid
their misuse, but also to provide insight into how the nature and
characteristics of such singular stress distributions may be used to
provide the basis for design and assessment. If we put aside special
crack tip elements and procedures such as positioning a crack tip at a
mid-side node and locating this node at the quarter position
(deliberately to generate a singular stress distribution) [9], the
discretised nature of the finite element method and the common shape
functions used means that finite stresses are invariably obtained at
locations of singularity. It is important however to realise that finite
element stress results at singularity locations will tend to infinity with
mesh refinement and it is generally inappropriate therefore to use finite
stresses directly obtained at a singularity location in assessment.
The issue of singularities in idealised models is not unique to the elastic
stress domain and Bladel [10] discusses the various “infinities” which
occur in electromagnetic fields and sources. Power law variations of
different order or “strength” are examined and it is noted that the topic
has generated an abundant and often controversial literature on how
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these singularities should be handled. Field behaviour near geometrical
singularities such as sharp edges, tips of cones and vertices are
examined.
It is perhaps not surprising, given that field problems embrace
numerous areas of engineering analysis and simulation, that there is a
substantial body of literature examining singularities not only in relation
to elastic stress and electromagnetic fields but also in the fluid domain.
Moffatt has examined three types of singularity that can arise in fluid
dynamics problems and the manner in which these can be resolved in
practice [11]. The three types are: singularities driven by boundary
motion in conjunction with viscosity (e.g. corner singularities where the
flow is driven by tangential motion of one boundary and where both
pressure and stress are singular at the corner); free surface (cusp)
singularities associated with surface-tension and viscosity; interior point
singularities or vorticity associated with intense vortex stretching.
Moffatt discusses the resolution to the untenable physical nature of
such mathematical singularities. For example, in the case of a cusp
singularity at a free surface it is noted that the exact solution to the
Navier-Stokes flow leads to a radius of curvature of the free surface that
is many orders of magnitude below the scale at which a continuum
approximation is valid. Such an observation is arguably not unlike the
arguments (resolutions) made later in section 2 as to why elastic stress
singularities cannot exist at re-entrant corners. The resolution of the
fluid cusp singularity is explained as being due to air being drawn into
the cusp causing deformation and instability of the free surface, leading
to the engulfment of air bubbles into the viscous fluid.
Shikhmurzaev provides a good overview of singularities in
mathematical models of physical phenomena [12], although coverage of
elastic stress singularities is not specifically addressed. In this overview
the author emphasizes that singularities are a result of modelling and
not of mathematical techniques. The point is also made that the study of
singularities has apparently become popular and that research aimed at
removing singularities by “proper modelling” often meets opposition
from those who have invested their careers in studying singularities!
As will be discussed herein, component geometry and loading along
with the associated detail local to the singularity, will however influence
the significant real stress concentration levels occurring in the vicinity of
any singularity. As usual, the engineering significance of these stress
concentrations will be a function of whether the loads are static or cyclic
in nature and whether the material has the ability to alleviate the high
stress levels by some form of inelastic behaviour (e.g plastic yielding or
creep).

Singularities in elastic stress do not only occur at crack tips however. As
indicated in Figure 1, singularities can theoretically exist in idealisations
at point loads, point constraints, cracks and zero-radius re-entrant
corners and at free edge junctions between dissimilar materials.

Figure 1: Basic situations where theoretical singularities arise.
It is also important to realise that occurrence of singularities in stress is
a function of the idealisation, including not only the representation of
detail, but also the underlying theoretical formulation of the elements
and the way that constraints and contact are being modelled.
In Figure 2(a) for example mesh refinement at the point load acting on
the beam element node or at the point constraints, will produce a
converged solution and not a tendency towards infinity. In a similar vein,
the stresses at changes of thickness or discontinuous slope
intersections of shell element idealisations will generally not produce
singularities in elastic stress. Beam and shell theory provide finite
stresses at these locations and this is consistent with the underlying
assumptions used in the development of the particular theories.
Consideration of case (b) in Figure 1 can be used to illustrate the fact
that singularities also have an associated strength. It is well recognised
in engineering that such local geometry provides a variation in stress
concentration, quite apart from the singularity at the zero-radius corner.
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Figure 2: Some situations where the presence of an elastic stress
singularity is a function of the idealisation used.
While the elastic stress level may be theoretically infinite in all cases
shown, the un-converged stress or rate of change of stress at any
location within the local vicinity of the singularity, will also vary
significantly. In a finite element model the stronger singularity will have
a higher un-converged stress at the singular point for the same mesh
density and element type. In Figure 1(b) for example, the singularity and
its zone of influence will disappear completely when the re-entrant
corner angle is 180 degrees and its strength (which may simply be
thought of as an indication of the rate at which the stress is heading
towards infinity or more formally the power law index in such a
distribution) will become smaller as this re-entrant corner angle is
approached. In reality it is invariably not possible to separate the zone
of influence of a singularity from that of the local geometric stress
concentration. As illustrated in Figure 3, the stress distribution in the
vicinity of any singularity may usefully be split into zones.

Figure 3: Schematic stress distribution at a singularity showing various
zones of influence.
In the pressure vessel codes of practice [13][14] for example, stresses
are basically categorized as being primary, secondary or peak and
these will have different allowable values, which in turn are linked to
various failure mechanisms. The concept of local geometric stress
concentration and gross geometric stress concentration also exist
in these codes and in the different design checks they are treated
differently.
For example in the assessment of plastic collapse, geometry leading to
local geometric stress concentration (e.g. fillet welds) does not have to
be included in assessment models, on the basis that plasticity will blunt
their effect and as a consequence such features will not significantly
affect the collapse load of a component manufactured from a material
with suitable ductility. For fatigue on the other hand, peak stresses at
such locations are very important and local geometric stress
concentration effects (and local geometry) must be accounted for in
simulation models.
In apparent contradiction to this however, as a consequence of the fact
that the allowable fatigue stress ranges in pressure vessel codes
already include the effect of the real weld (including its profile), the
singularity and the local geometric stress concentration must be
removed from the finite element analysis results before comparison with
the allowable. The effects of the field stress and any gross geometric
stress concentration must however always be retained as in effect this
remaining stress (field plus gross geometric stress component) is
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equivalent to the cyclic stress applied to the test specimens used to
generate the fatigue allowable.
The removal of the singularity and local geometric stress contributions
is handled in some codes [14] by use of hot-spot stress techniques.
This involves determining the stress at various distances from the weld
toe and using either linear or parabolic extrapolation from these points
to determine a representative stress or hot-spot stress at the weld toe
location.
In Figure 4 it may be observed that the results for cases DNS and ENS
are not singular as there are no zero-radius re-entrant corners. In all
other cases, any desired value of stress whatsoever may be obtained at
the weld toe by simply varying mesh refinement. However it may also
be observed that for a similar degree of mesh refinement, the unconverged stress at the weld toe for case CS is higher than cases BS
and AS. Similarly the toe stress for case BS is larger than for AS. What
is not clear however is whether the stress levels for AS, BS and CS are
mainly due to the different local geometric stress concentrations or
whether they are also due to different strengths of singularity. A
methodology for addressing this question will be presented in the
following sections.
In passing it may also be noted that the stresses for all weld profiles do
not vary to any significant degree beyond a quarter of a plate thickness
from the weld toe. This is typically the distance used for the first
extrapolation point employed in hot-spot surface stress methods.

2. Why singularities do not exist in practice.
As mentioned previously, elastic stress singularities do not exist in
reality and their existence is purely a function of the type of idealisations
used. For singularities to exist, the idealisation has generally to be
formulated on the basis of 2D or 3D elasticity (2D plane stress, 2D
plane strain, 2D solid of revolution / axisymmetric or full 3D solid
representation) and not beam theory for example. In Figures 1 and 2 we
see that they arise at locations of point loads and constraints, re-entrant
corners with zero-radius and at the free edges of joints with step
changes in material properties.

Figure 4: Typical finite element stress distributions in the vicinity of
various weld toe geometries, with singular locations shown.
Elastic stress singularities do not exist in practice as a result of the fact
that it is simply not possible to have a point load (with zero area under
the load) or to create a re-entrant corner with a zero radius. The issues
examined herein are largely of a macro nature and as geometry is
examined at different scales, the simple concept of a single smooth
corner profile of a specific radius becomes increasingly irrelevant as
surface roughness effects become dominant for example. While it is
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possible to manufacture devices at the nano level using a FIB for
example, with very small radii indeed as shown in Figure 5, these radii
are invariably not small relative to the nano-components being
considered. In any case, it is in fact impossible to obtain a zero radius at
any scale and at the atomic level our concepts of geometric radii and of
stress itself arguably become irrelevant.

(a) In situ SEM methods for tensile testing of single crystalline
metallic specimens fabricated using Focussed Ion Beams
(FIB), developed by D. Kiener et al. Image reproduced from
D.S. Gianola and C. Eberl [15].
(b) Aberration-corrected transmission electron microscope image
(TEM) of a hole in a graphene sheet (single atomic layer of
carbon atoms). Image courtesy of the Zettl Research Group,
Berkeley National Laboratory, University of California at
Berkeley.
Figure 5: Geometry considerations at different scales
Step changes in chemistry from one material to another generally do
not occur in practice either. In welding there is an obvious melting and
alloying of the parts being joined and the weld consumable. Brazing for
example will involve a significant variability in the geometry at the join
as well as a diffusion of elements from one material to another, as
shown in Figure 6. Etching of a welded or brazed joint would also reveal
a variation in microstructure.

Figure 6: Reality versus idealisation for a typical brazed joint.
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This change in geometry and transition in properties at the micro scale
will eliminate any idealised singularity at the macro scale, although
theoretically high stresses may still exist. Such high stresses will often
be alleviated in practice however via inelastic material behaviour and
also large deformation and damage mechanisms. These mechanisms
may be thought of as “blunting” the singularity or high stresses. As
mentioned previously, this concept is inherent in the pressure vessel
codes of practice, which are based on the requirement that materials
with sufficient ductility are being used in construction. While singularities
and high stresses are always of some concern with fatigue, they
become more significant with materials of low ductility, even when the
loading is not cyclic in nature.
The resolution of the untenable physical nature of singularities in other
engineering disciplines is discussed in section 1.
The fact that singularities in stress do not exist in practice however,
does not mean that they are therefore irrelevant and should be ignored.
Understanding the nature of singularities can avoid the misuse of
stresses at such locations and also lead to a better understanding of
design and assessment options. The method of characterising
singularities outlined in the following section has been used to direct
improvement in dissimilar material joints for example [16].

3.

Characterizing singularity strength.

It is apparent from Section 2 that while all elastic stress singularities
exist at a point and that the theoretical value of stress at the singularity
is infinite, all singularities are not the same. Different singularities
would appear to have different strengths, which can be interpreted in
various ways:
 At a small distance away from the singular point, the stronger
singularity will generally have a higher elastic stress;
 At a small distance away from the singular point, for a given level
of mesh refinement, the stress distributions associated with
stronger singularities will have a higher local stress gradient;
 The stronger singularity has a greater potential to cause damage
e.g. higher stress level, larger strain energy within a given
area/volume around the singularity or a larger plastic zone.

In terms of quantifying the strength of a singularity for comparative
purposes, any desired measure would have the following qualities:
 It should be easy to obtain and use;
 A single unique value would exist and this would only be a function
of the geometry, material properties, loading and constraints e.g.
the measure would preferably be independent of mesh
refinement;
 The measure would not require special elements or specific
meshes to be used;
That is not to say that if a measure was not unique and not independent
of mesh refinement, that the same level of mesh refinement across
different singularities could not form an adequate basis for comparison.
Similar issues were possibly considered in the development of Linear
Elastic Fracture Mechanics (LEFM) and the basic closed crack can be
considered as a special case of the general elastic stress singularity
considered herein. In LEFM theory a singularity in stress is assumed to
exist at the crack tip and the significance of the crack is characterised
by 3 different stress intensities (KI, KII and KIII) associated with 3
different basic modes of crack opening displacement, Mode I, Mode II
and Mode III. These modes are shown in Figure 7.

Figure 7: The three modes of crack opening.
Shukla [17] argues that the great majority of cracks result from tensile
mode I opening and modes II and III are rare and generally occur in
combined modes. Inherent in the fundamental theory of LEFM is the
fact that the stress variation in the vicinity of the crack tip follows an
inverse power law of index -0.5. For mode I opening the relationship is
as follows [18]:
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σ=

KI. f(θ)
√2πr

Where KI is the mode 1 stress intensity, r is the distance from the crack
tip and f() is a function of angle of approach to the crack tip, with  = 0
in the direction of the crack. This power law variation is an exact
elasticity solution and the stress intensity KI has been calculated for a
wide range of cracked body configurations [19]. In LEFM theory KI is
thought of as the crack driving force and assessment involves
comparing the calculated value for KI with the value of KIc, which is the
experimentally obtained plane strain fracture toughness for the material
in question.
It should be noted that the power law inherent in the above equation (r 0.5
) describes the form of the stress distribution in the vicinity of the
crack, but not in itself the potential to propagate. For a body made out
of a single homogeneous material, the basis for comparing the severity
of different cracks would be the stress intensity, which also includes
field, local and gross stress concentration effects.
The question clearly arises as to whether an inverse power law can be
used to characterise the relative strengths of singularities in general and
for dissimilar material joints in particular. There are clearly other
mathematical functions that exhibit singularities, but the power law has
the attraction of already providing the basis for the theoretical solution
for LEFM and in addition the power index would provide a simple
measure of strength. Furthermore, as illustrated below, curve fitting
finite element results to a power law would provide a relatively
straightforward route to characterisation. The fact that power laws arise
in singularity studies in other fields such as electromagnetics, as
indicated in section 1 is also a positive indicator.
In general, the techniques used to evaluate stress intensities in Linear
Elastic Fracture Mechanics have potential for the wider study of
singularities. It may be noted that in terms of finite element analysis,
procedures such as the use of the Westergard equations, virtual crack
extension and the J-Integral generally involve specific guidance on finite
element meshes [20]. In the present investigation highly refined meshes
have been used and specific guidance on minimum acceptable levels of
mesh refinement have yet to be developed for the procedure listed
below.
It is also noteworthy that a single power law index has also been used
by various researchers in the theoretical study of dissimilar material
joints [21][22][23]. As mentioned previously, the study of singularities in

general pre-dates the development of the finite element method and
much of the work on singularities are based on relatively complex
mathematics. One of the well-recognized advantages of the finite
element method is its inherent ability to deal with complex geometry,
loading and material complexity. The following relatively simple
approach to characterizing singularity strength, based on fitting a power
law curve to stress graphs obtained from a well refined finite element
model, retains the recognized advantages of the FEM, at the expense
of an elegant closed-form solution.
The basic procedure is as follows:
 Produce a mesh with sufficient refinement to capture the form of
the local geometric stress concentration and the singularity
effect;
 Produce a graph of the relevant stress in the vicinity of the
singularity;
 Remove any data points in the vicinity of the singularity that shows
disturbances. This may be due to stress averaging at the
singular point for example;
 Use a sufficient portion of this graph to allow a Power Law fit with
as high an R-squared measure as possible.
The outcome from this procedure is shown in Figure 8 for the free edge
singularity in a Tungsten-Copper dissimilar material joint subjected to
axial tension. In this case an index of -0.067 was obtained, with an Rsquared value of 1. The coefficient of determination R-squared is a wellrecognized method of indicating how well data fits a statistical model. In
studies so far, values in the region 0.9+ are not untypical with highly
refined meshes.
For completeness, the distributions of both axial and hoop stress along
the free edge of the above specimen are presented in Figure 9. Load
case 1 is a uniform temperature increase of 500degC whereas load
case 2 is the above axial tension of 1000N/sq.mm.
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Figure 8: Simple illustration of curve-fitting

Figure 9: Complete free-edge stress distributions for dissimilar joint
specimen
From this figure the variety of stress distributions are apparent, with all
tending to infinity at the singularity, but with some tending to positive
infinity and some to negative. The different “zones of influence” of the
combined local stress concentration and singularity are also apparent. It
may also be noted that completely different shaped distributions of the
same stress either side of the singularity (e.g. for axial (YY) stress for
load case 2), do not necessarily lead to different singularity strengths,
as indicated by the identical power law indices in Figure 8. The

singularity strength from the graph in the Copper is the same as that
from the differently shaped graph in the Tungsten.
To illustrate the potential of the power law index to characterise
singularities at zero radius re-entrant corners, a plate benchmark with
an edge notch was examined with different notch angles. The finite
element results for this study are shown in Figure 9.

Figure 9: Effect of notch opening angle on power law index.
As may be seen, the standard closed crack theoretical value of -0.5 has
been almost exactly replicated by the FEA methodology used i.e.
transferring the appropriate stress graph into Excel and fitting a power
law to the data. In addition, the intuitive value of 0 for the 180 degree reentrant angle has also been replicated.
Also shown in Figure 9 is an illustration of what is in effect a closed
crack growing from a 90o zero-radius re-entrant corner. Not only is the
power law index associated with a closed crack a worst-case, it does
arguably represent the situation that normally eventually arises in the
case of crack initiation and propagation from re-entrant corners in
general.
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Although not presented in this paper, the stress results in the vicinity of
a point load or point constraint (Figure 1(a)) are not appropriate for a
power law fit. Even with extreme mesh refinement the stress
distributions retain the “impulse” nature of the load function.

4.

Conclusions.

Although theoretical singularities do not exist in reality, their study can
be useful in understanding the relative effects of design changes; in
understanding the relative significance of different types of singularities
so that appropriate focus and emphasis can be placed on realizing
practical components and also in understanding the importance of
avoiding abrupt changes in geometry, material, loading and constraints
– including the relative effects of different forms of joint misalignment
and functional grading of material [16].
The following observations and conclusions may be drawn from the
work contained herein:
 Singularities in elastic stress are common in finite element models
and are a direct consequence of the idealisations used.
 Without an appropriate understanding of singularities, users of
finite element systems may not be aware of such singularities
and as a result attempt to misuse the un-converged stresses at
these locations directly in assessment. This situation is not
helped by software vendors indicating such locations as
positions of maximum stress and providing un-converged values
without any warnings. It is clearly possible for finite element
meshing tools to recognize singularity locations and either to
provide warning in results output or to exclude such singularities
from any adaptive meshing algorithm if necessary [24].
 Singularities often occur along with local geometric stress
concentrations (e.g. due to braze layers and weld profiles) and it
is not generally possible to be precise in identifying where the
zone of influence of the singularity ends. It is however useful to
think of stresses as existing in different zones for assessment
purposes.
 The theoretical stress level at a singularity can be positive or
negative infinity and in the case of dissimilar materials meeting at
such a singularity, in the limit the singular stress can be both,
depending on which material the singularity is approached from.

 A power law fit is suitable for characterising the strength of
singularities at re-entrant corners and at dissimilar material joints.
The power law index on the other hand is not sufficient on its
own to determine the damage potential of a given configuration
as it is independent of load magnitude. A power law cannot be
used to characterise the elastic stress singularities at point loads
or constraints.
 The procedure used herein to characterise singularities will
undoubtedly work with coarser meshes than those used, as long
as the basic characteristics of the distributions are picked up and
a satisfactory R-squared fit measure is obtained.
 Different stress quantities will exhibit different singularity strengths
at the same singularity. This is not unlike the situation where the
same geometry exhibits different stress concentration factors for
stress “flowing” in different directions. In this context it is worth
noting that thermal and mechanical loads in dissimilar joints will
result in different stress states. The singularity strength based on
the same stress component will be different for the two loading
cases.
 Elastic stress singularities are purely theoretical in nature and do
not exist in practice as a result of the following:
 Zero radius re-entrant corners do not exist.
 Step changes from one material to another do not exist.
 Mechanisms such as plasticity, creep and damage serve to blunt
the extremely high stresses that can exist at the locations of
theoretical singularities.
While the issue of how to deal with singularities is largely a macro-level
assessment challenge, as multi-scale analysis and simulation develops
at the micro and nano levels the issue will however remain. In this
respect it is well to reflect on the fact that stress is simply a concept and
at the molecular level the issue is one of various molecular forces /
bonds and zero-radius corners along with abrupt material transitions will
become irrelevant. It is off course possible that other singularity
challenges might arise and in this regard some of the considerations
explored herein may still have relevance at such scales.
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