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Abstract

The depletion force is an effective inter-particle attractive interaction that is en-

tropically driven by the exclusion of co-solvent molecules. For large co-solvents,

such as polymers, the exclusion is primarily driven by excluded volume interac-

tions. However, the exclusion of co-solvents, such as electrolytes, can be caused

by other mechanisms. In this review, we summarize the literature on inter-

particle depletion forces that arise from repulsive image-charge forces between

low-dielectric particles and electrolytes. In particular, we emphasize the results

from a variational perturbation theory for describing the salting-out behavior

observed in moderately concentrated salt solutions. The theory predicts an

unscreened force with a range given by the Bjerrum length and a magnitude

proportional to the osmotic pressure of the salt solution. The force becomes sig-

nificant at the same salt concentration where salting-out behavior is typically

observed.
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1. Introduction

The depletion force was originally used to describe the attraction between

colloidal particles induced by the addition of small polymer molecules [1]. In
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this case, the force is driven by polymer exclusion from the colloidal particles.

The excluded volume of the colloids restricts the space available to the polymer5

molecules. The net exclusion volume decreases as colloids approach each other,

giving rise to a net inter-colloid attractive force, with a range and magnitude

determined by the polymer size and the polymer osmotic pressure, respectively.

Excluded volume interactions are one mechanism that gives rise to an ef-

fective inter-colloid depletion force. However, any situation where co-solvents10

(e.g., polymers) are driven from the surface of a colloidal particle can lead to an

entropically driven attraction between the colloids. In this work, we review and

discuss the depletion of ions from a dielectric interface due to image-charge in-

teractions. This depletion of ions leads to an effective attraction between larger

colloidal particles. We discuss the similarities and differences between depletion15

forces driven by image-charge forces and by excluded volume interactions.

2. Image-charge interactions

2.1. Planar interfaces

Consider a planar interface located at z = 0 which separates two mediums

with dielectric constants equal to ε′ and ε as shown schematically in Fig. 1. The

medium to the left corresponds to a particle, which is inaccessible to electrolytes.

The right side is referred to as the solvent and contains electrolytes (co-solvent).

A point charge with magnitude q located a distance d from the interface will

induce a surface charge due to the difference in polarizabilities between the two

media. For an isolated planar interface, the potential of the induced surface

charge is identical with that of a point charge of magnitude q′ = ∆q, where

∆ = (ε − ε′)/(ε + ε′), located at z = −d, in the absence of the dielectric

discontinuity [2]. The interaction energy u(r) of the ion with the induced surface

charge is

βu(r) =
∆lB
2z

, (1)

where β = (kBT )−1, kB is the Boltzmann constant, T is the absolute tempera-

ture of the system, and lB = βq2/ε is the Bjerrum length. If q is the elementary20
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charge, then lB ≈ 7 Å for water at 25◦C.

Figure 1: Schematic diagram of a point charge near a planar dielectric interface.

There is an effective ion-interface attraction when the dielectric constant of

the particle is higher than that of the solvent (i.e. ε′ > ε). Conversely, if the

dielectric constant of the particle is lower (i.e. ε′ < ε), then the ion is repelled

from the interface. The strength of the interaction varies as the square of the25

ion valency but is independent of the sign of the ion charge. The image force

causes a layer of ion depletion about the interface, defined by a depletion length

of roughly l = ∆lB/2, the distance at which the image-charge interaction is of

order kBT .

2.2. Spherical geometries30

The strength of the image-charge interaction depends on the geometry of

the dielectric interface. As an illustrative example, consider a single sphere

with a dielectric constant ε′ embedded in a solvent of dielectric constant ε. The

presence of charge induces a surface charge on the dielectric interface. For a
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point charge located a distance r from the center of the dielectric sphere, the

potential generated by the induced surface charge can be represented by the sum

of a point charge of magnitude qK = ∆q(R/r) located at a distance rK = R2/r

from the center of the sphere and a line charge stretching from the center of the

sphere to rK with a linear charge density [3, 4, 5, 6]

λK(x) = −∆qζ
(rK
x

)1−ζ
(2)

where x is the distance from the center of the sphere, η = ε′/ε, and ζ = (1+η)−1.

In the limit that ε′ � ε or ε′ � ε, the expressions for the Green’s function

and ion self energy can be written in closed form [3, 4, 6]. The self energy in

this case is exactly given by

βu(r) =
lB
R

[
R2

r2 −R2
+ ln(1−R2/r2)

]
. (3)

The image-charge interaction approaches that of a plane when the distance from

the point charge to the surface is much less than the sphere radius. In general,

the image-charge interaction for the dielectric sphere is weaker than that for the

plane.35

When a point charge is inside a sphere of dielectric constant ε that is sur-

rounded by a medium of dielectric constant ε′, the image charge can again be

represented as a point charge and a line charge. The point charge has magni-

tude qK = ∆qR/r and is located at a distance rK = R2/r from the center of

the sphere. The line charge stretches from the point rK outside the sphere to40

infinity and has a linear charge density given by Eq. (2).

2.3. Other geometries

For other more complex geometries, the potential generated by the induced

charge cannot be easily represented in terms of simple image charge distribu-

tions. The key quantity in these electrostatic problems is the Green’s function

G(r, r′) of the Poisson equation [2]

− 1

4π
∇ · [ε(r)∇G(r, r′)] = δd(r− r′), (4)
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where δd(r− r′) is the d-dimensional Dirac delta function.

The Green’s function gives the electric potential of a point charge under a

given set of boundary conditions. The potential generated by a general charge

distribution Q(r) is given by

φ(r) =

∫
dr′G(r, r′)Q(r). (5)

The Green’s function can be represented as

G(r, r′) = Gfree(r, r
′) + δG(r, r′) (6)

where Gfree(r, r
′) = (ε|r − r′|)−1 is the Green’s function in the absence of any

dielectric bodies, and δG(r, r′) represents the influence of any dielectric bodies45

in the system.

Although analytical expressions do exist for general geometries, most require

intensive computation, and, consequently, have limited value to direct simula-

tions of systems containing electrolytes. The key challenge in the simulation and

theoretical analysis of problems near dielectric interfaces is the development of50

new analytical expressions or algorithms for rapidly calculating the Green’s

function. Recently, several computational algorithms have been developed that

efficiently evaluate the electrostatic interaction for arbitrary distributions of the

dielectric constant. [7, 8, 9, 10, 11]. For collections of spheres, a fairly effi-

cient quadrature method to integrate the image-charge interactions has been55

proposed [12, 13]. In order to account for the dispersion interaction, however,

further work is required to numerically evaluate the determinant of the Green’s

function.

3. Electrolytes near dielectric bodies

3.1. Ion depletion60

For a symmetric electrolyte solution near a neutral dielectric surface, the

average cation charge density will be identical to the average anion charge den-

sity. As a consequence, there will be no charge separation, and the system will

5



be everywhere neutral on average. Within mean field theories, the ion density

profiles are considered only in an average manner, and, consequently, there will65

be no repulsion of ions from a low-dielectric interface. Thus, one has to go be-

yond mean field theories, such as the Poisson-Boltzmann theory, and allow for

fluctuations in ion densities to account for ion depletion.

In early theoretical approaches [14, 15], the image-charge interaction was

included explicitly by using an additional one-body interaction. More recent70

theories account for correlations between ions, as well as between ions and the

dielectric interface, using various methods, such as the self-consistent Born-

Green-Yvon equation [16, 17, 18], the hypernetted-chain approximation [19, 20],

loop expansions [21, 22, 23], variational perturbation theory [24, 25], strong cou-

pling expansions [26], among many others. These correlations lead to deviations75

from the mean ion profiles.

Applying these approaches to describe the behavior of small colloids such

as proteins or spherical micelles requires determining the effect of curvature on

the interfacial behavior. This has been taken into account using a variational

perturbation theory. Figure 2 shows the ion density profile, as calculated using80

variational perturbation theory [24], around a sphere of radius R and dielectric

constant ε′ immersed in a symmetric electrolyte (the co-solvent) dissolved in a

solvent with dielectric constant ε, where ε′ � ε. The electrolyte concentration

is such that the bulk screening length is κ−1 = 10lB . The effect of curvature

on the density profiles of a symmetric electrolyte about a spherical interface are85

shown in Fig. 2. For this calculation, the ratio of dielectric constants for the

spherical particle over the solvent is taken as ε′/ε� 1 [24].

The repulsive image-charge interactions lead to depletion of ions from the

dielectric interface of roughly a distance of lB/2, in the case of the planar geom-

etry; this distance is approximately independent of the screening length. The90

effect of curvature is important when the radius of the particle becomes small

compared to the screening length κR < 1. For decreasing values of κR, the

magnitude of the screened image interaction is lowered resulting in a decreased

amount of ion desorption. As the radius of the sphere becomes greater than
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Figure 2: Density profile for symmetric electrolytes near a dielectric sphere with ε′/ε = 0,

κlB = 0.1, and: κR = 0.01 (blue line), κR = 0.1 (green line), κR = 1 (red line), κR = 10

(black), and planar interface (circles).

screening length κ−1, the ion profile around the sphere approaches that of a flat95

plate.

3.2. Influence on interfacial tension

The depletion of co-solvents from a surface leads to an increase in the surface

tension. For a system at a co-solvent concentration c with a depletion length

l, the increase in surface tension ∆σ can be estimated using a simple entropy

argument to give

∆σ = kBT lc. (7)

When the surface has a lower dielectric constant than the solvent, then

ions with a valency zα are repelled from the interface by a distance of roughly

z2α∆lB/2. The increase in surface tension is then given by

∆σ =
kBT∆lB

2

∑
α

cαz
2
α, (8)

7



where cα is the concentration of ion species α. Experimentally, this can be

related to the surface tension increment kE , which is defined as:

kE =
∂σ

∂cα
. (9)

Using this approach gives a surface tension increment for monovalent ions in

water kE ≈ 0.87 mN m−1 M−1, which is similar to experimental values for many

monovalent ions [27], although there are exceptions, the most notable being mix-100

tures of asymmetric electrolytes. For electrolyte mixtures, the surface tension

increment is typically equal to the sum of the kE for each type of ion, weighted

linearly by the product of their concentration and valency. The depletion due

to image-charge interactions suggests that the contributions should be instead

weighted by the square of the ion valency.105

4. Interactions between dielectric particles

4.1. Two plate geometry

Depletion of ions from a low-dielectric interface should give rise to an en-

tropic depletion force between two low-dielectric surfaces when immersed in

an electrolyte solution analogous to what happens for excluded-volume driven110

depletion. The electrostatic depletion force was first examined using two low-

dielectric plates separated by a high dielectric solvent contains a dissolved elec-

trolyte. Early Monte Carlo simulations [28, 29] that incorporated image charge

forces observed the expulsion of ions from between the plates as their separation

distance decreased. The ion depletion leads to an effective plate-plate attrac-115

tion proportional to the osmotic pressure of the electrolyte solution. Even in

the absence of dielectric interfaces, ions are repelled from the interface due to

the lack of ionic screening near to the interface. This repulsion also leads to an

attractive depletion force between plates, albeit much weaker than when image

charges are present [30].120
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4.2. Influence on dispersion forces

Differences between the dielectric constant of colloidal particles and the sol-

vent leads to a dispersion, or van der Waals, interaction between the particles.

Within Lifshitz theory, the zero-frequency contribution to the dispersion in-

teraction energy F is related to the Green’s function of the Poisson equation

[31, 32, 33]

F =
kBT

2
Tr ln

G

Gfree
. (10)

In classical treatments of colloidal interactions, such as DLVO theory, the

dispersion forces are typically treated independently of the electrostatic inter-

actions. However, ion motion can screen the low-frequency fluctuations in the

electron density, altering the decay of the dispersion interaction [31]. The dis-125

persion interaction between two plates separated by an electrolyte-free medium

is given by an attractive force, which varies as p ∝ 1/d (where d is the inter-plate

separation). The presence of electrolytes screens the attractive force, such that

the pressure has an exponential decay given by p ∝ e−κd/d [34, 35], where κ−1 is

the screening length for the electrolyte solution. The ability of ions to screen the130

dispersion force will be reduced when ions are depleted from between the low-

dielectric surfaces, providing an additional mechanism by which ion depletion

can lead to an increase in inter-plate attraction.

The effect of ion depletion on the dispersion force has been examined self-

consistently using the variational perturbation theory. The pressure between135

two plates immersed in an electrolyte solution is shown in Fig. 3, where the

dielectric constant of the plates ε′ is taken to be much lower than that of the

intervening solvent ε. Predictions of the variational perturbation theory [24, 36]

are compared to what happens when uniform screening of the dispersion interac-

tion is assumed. According to Fig. 3, increasing the ion concentration weakens140

the inter-plate attraction due to screening of the van der Waals interaction.

In the variational approach, the interaction is more attractive due to weaker

screening effects from the layer of ion depletion about each of the plates.

The difference in the pressure calculated by the variational approach and
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the pressure of a screened van der Waals interaction [31, 35] is plotted in the145

inset to Fig. 3. The deviation between the two cases increases with increasing

electrolyte concentration, while the screened van der Waals interaction by itself

follows the opposite trend (i.e. the force becomes weaker with increasing bulk

electrolyte concentration).
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Figure 3: The pressure as a function of plate separation for η = 0 and (i) κlB = 1.5 (black),

(ii) κlB = 1.0 (red), and (iii) κlB = 0.5 (green). The solid lines are the predictions of the

variational perturbation theory, and the dashed lines are for the screened dispersion pressure,

assuming a uniform screening length. The inset gives the deviation of the pressure from the

screened dispersion pressure.

Figure 4 shows the effect of electrolyte concentration on the pressure be-150

tween plates at a fixed separation. The results of the variational treatment are

compared against the standard screened van der-Waals interaction. The differ-

ence between the pressures in the two cases can be attributed to the attrac-

tive osmotic depletion force and the change in the van der Waals interaction.

For low bulk electrolyte concentrations κlB � 0.2, the depletion-induced at-155

traction is much smaller than the van der Waals interaction felt at the same

distance. However, if the screening length becomes smaller than lB (e.g., at
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high electrolyte concentrations), the osmotic pressure force becomes compara-

ble to the van der Waals interaction for plate-plate separations equal to or less

than lB. Since the van der Waals interaction at d = lB is almost unaffected by160

the electrolytes, a good approximation for the magnitude of the osmotic deple-

tion force at this separation is the difference between the total pressure (solid

line in Fig. 4) and the van der Waals interaction in the absence of electrolytes

(−βl3Bpκ=0
vdW(d = lB) = 0.0477). For values of κlB > 0.5, the magnitude of the

osmotic depletion force becomes comparable to or greater than the unscreened165

dispersion force.

At plate separations larger than one Bjerrum length, electrolyte begins to

enter the region between the plates and effectively screens the interaction. This

can be seen by considering the case when d = 2lB in Fig. 4, where the interaction

between the plates decreases with increasing electrolyte concentration (solid red170

line).
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Figure 4: The variation of the pressure as a function of bulk screening length at constant

plate-plate separation for η = 0. (i) d = lB (black line), and (ii) d = 2lB (red line). The solid

lines are the predictions of the variational perturbation theory, and the dashed lines are for

the screened dispersion pressure.
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The electrostatic depletion force provides a partial explanation for the ori-

gin of salting-out interactions [37]. Salting-out interactions are correlated with

the preferential exclusion of the co-solvent molecules (or electrolytes) about the

solute [38, 39]. The electrostatic depletion mechanism links the depletion of175

electrolyte about the solute to an attractive force between solute molecules.

More importantly, salting-out interactions are not screened by increasing ionic

strength, but rather increase in proportion to salt concentration. This behavior

is accurately represented by the variational theory, in that the range of the in-

teraction is independent of salt concentration, as it scales with the ion depletion180

layer thickness given by lB. Thus, similarly to the excluded volume force be-

tween colloids immersed in a polymer solution, the electrostatic depletion force

has a constant range and a magnitude proportional to the osmotic pressure of

the co-solvent (i.e. electrolyte). The attractive force becomes comparable to the

dispersion force at κlB ∼ 1.4, corresponding to a concentration for a symmetric185

electrolyte mixture of approximately 1 M. This concentration is consistent with

salting-out behavior, which is typically observed at salt concentrations greater

than 1 M [37]. A similar mechanism likely explains the increase of protein fold-

ing stability in concentrated salt solutions, which has been linked to image forces

[40].190

Accurate representation of electrostatic forces requires taking into account

specific ion effects, which can arise from differences in the excess ion polariz-

ability. A large excess ion polarizability is correlated with weak adsorption of

ions to non-polar surfaces due to a combination of ion-surface dispersion and

solvation forces [41, 42, 43]. These effects have been incorporated into electric-195

double layer theories by including an ion-surface potential of mean force at

the Poisson-Boltmzann level [44, 45, 46]. The approaches are able to capture

the experimentally-observed reversal of the Hofmeister series for the salting-

out effectiveness of charged, low-dielectric surfaces (such as proteins) [47]. An

improved understanding requires combining the ion-specific effects self consis-200

tently with the image-charge force. Along these lines, recent work has included

specific ion effects by the addition of a phenomenological adhesion parameter
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using a loop correction to the mean field theory [48]. Another interesting route

has been to include the polarizability of the ions, which has been examined in

the weak and strong coupling limits [49]; this self-consistently incorporates not205

only the induced dipole interactions but also the dispersion forces between the

ions and the ions and the dielectric interface.

4.3. Other effects

The magnitude of the image-charge interaction is proportional to the ion

valency squared. For asymmetric electrolytes, the ion with the higher valency210

will be more strongly depleted from a low-dielectric interface. The depletion

will cause an effective charge on the dielectric particle as lower valency ions

will form a cloud about the colloids. This has implications for the interaction

between low-dielectric particles in polyelectrolyte solutions.

The electrostatic depletion force not only occurs for ions, but also applies to215

neutral, multipolar co-solvents. The charge separation within a multipolar (e.g.,

dipolar) co-solvent will also lead to image-charge interactions with a dielectric

interface. The magnitude of this interaction is weaker than that for a charged co-

solvent because each of the charges within the multipolar molecule will interact

with the image charges generated by the other charges. Consequently, for a220

low-dielectric interface there is a reduction in the net image-charge repulsion.

For multipolar molecules, the image-charge interactions will not only lead

to a repulsion, but there is also a tendency to align molecules with the inter-

face. Dipolar molecules will tend to align parallel to a low-dielectric interface.

This results in a different dielectric response of the solution parallel (ε‖) and225

perpendicular (ε⊥) to the interface. [50, 51].

The addition of multipolar particles increases the dielectric constant of the

solution, which will increase the attractive dispersion interactions between low-

dielectric particles. However, the depletion of dipolar molecules from between

the particles will decrease the dielectric constant of the intervening solution,230

thereby weakening the dispersion interaction.
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5. Conclusions

We have discussed image-charge interactions between dielectric interfaces

and ions. For low-dielectric particles, this leads to an ion depletion layer which

results in an attractive interaction between particles due to both osmotic pres-235

sure of the bulk electrolyte solution and a reduction in the screening of the dis-

persion forces. This mechanism provides attractive force between low-dielectric

particles which increases in magnitude with electrolyte concentration and has a

relatively constant range (of about lB). The electrostatic depletion force could

play a significant role in salting out of hydrophobic solutes and colloidal objects,240

such as proteins.

Interactions between colloids are sensitive to ion type, and several attempts

have been made to theoretically capture these differences through incorporating

specific ion-surface interactions or ion polarizability. It is expected that specific

ion effects should be important for the electrostatic depletion force. This is a245

future direction for the investigation.
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