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Abstract
With the recent advances in laser technology, experimental investigation of radiation reaction phenomena
is at last becoming a realistic prospect. A pedagogical introduction to electromagnetic radiation reaction
is given with the emphasis on matter driven by ultra-intense lasers. Single-particle, multi-particle, classical
and quantum aspects are all addressed.
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Introduction

The response of matter to its own electromagnetic radiation has captivated physicists ever since the late 19th
century when Lorentz undertook his ambitious programme to account for all macroscopic electrodynamical and
optical phenomena in terms of the microscopic behaviour of electrons and ions. The reason for this fascination
is easy to appreciate when one considers the pivotal roles that electricity and magnetism have played in the
astonishing pace of technological advancement over the last century. In this context it is even more remarkable
that, to the present day, debate continues to rage unabated about the dynamical behaviour of an electron, the
simplest elementary particle, when it is driven by ultra-high strength electromagnetic fields. The next generation
of ultra-high field facilities, such as ELI [1], will provide lasers with field intensities of order 1023 W cm−2 and, for
the first time, will offer the opportunity to explore the behaviour of matter when the force due to the electron’s
own emission exceeds the force due to an applied laser field. Such considerations are also of vital importance
for exploring novel sources of coherent electromagnetic pulses of zeptosecond duration [2].
The purpose of this article is to introduce the reader to electromagnetic radiation reaction in the context of
ultra-intense laser-matter interactions. Much effort has been devoted to the subject of radiation reaction over
many decades by numerous researchers, and it would be impossible to include everything in a single pedagogical
article. Instead, our aim is to give the reader a flavour of the contemporary issues in this field and encourage
them to pursue the technical details elsewhere. For example, Erber [3] has given an overview of the development
of classical radiation reaction up to the beginning of the 1960s, and the seminal book by Rohrlich [4] also offers
a historical perspective.
In parallel with the motivation provided by the advent of ELI and other planned large-scale facilities, it is
worth noting that radiation reaction in strong fields has also received much attention from the gravitational
physics community during recent years [5]. Understanding the behaviour of inspiralling black hole binary systems
requires efficient and accurate numerical methods for modelling strong-field gravitational radiation reaction, and
such work is vital for the development of matched filters (templates) used to extract information from a binary
system’s gravitational wave emission. Some of the recent progress in electromagnetic radiation reaction [6] has
been made as a consequence of modern interest in the gravitational radiation reaction of extreme-mass-ratio
binary systems.
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Non-relativistic considerations

Ultra-intense laser-matter interactions are highly relativistic. However, an appreciation of why the subject of
radiation reaction has enticed so many researchers is simplest to gain by considering how a non-relativistic
particle responds to its own radiation.

2.1

Abraham-Lorentz equation

Newton’s equation of motion
ma = q(Eext + v × Bext )

(1)

describes the response of a non-relativistic point particle, with mass m and charge q, to an external electric
field Eext and external magnetic field Bext . However, an accelerating charged particle emits electromagnetic
radiation, and the energy carried away by the radiation must be accounted for. Simply adding the particle’s
own contributions Eself , Bself to the external electric and magnetic fields is problematic because the Coulomb
field of a point particle diverges at the particle’s location. Sophisticated regularization procedures do make this
possible [7, 8], and yield the same equations as the following. The Lorentz force exerted by the external fields
is augmented with a term Frad ,
ma = q(Eext + v × Bext ) + Frad ,

(2)

and the form of the radiation reaction force Frad may be motivated using a simple argument [9] as follows.
The classical expression for the instantaneous electromagnetic power emitted by a non-relativistic particle
is given by the Larmor formula
P = mτ |a|2

(3)

where τ = q 2 /6πε0 mc3 in MKS units and, in particular, τ = 2re /3c ∼ 10−23 s for an electron (with re the
classical electron radius). The work done by the radiation reaction force Frad over the time interval t1 < t < t2
and the energy radiated by the particle over that time interval must balance, and it follows
Z t2
Z t2
P dt.
(4)
Frad · v dt = −
t1

t1

Hence, rewriting the right-hand side of (4) using an integration by parts leads to
Z

t2
t1


t2
Frad · v dt = − mτ a · v t + mτ
1

Z

t2

t1

da
· v dt
dt

(5)

If the boundary term in (5) vanishes (e.g. the motion is periodic) then
Z

t2
t1

(Frad − mτ

da
) · v dt = 0
dt

(6)

follows immediately, and it is reasonable to identify the radiation reaction force as Frad = mτ da/dt.
The result
ma = q(Eext + v × Bext ) + mτ

da
dt

(7)

is known as the Abraham-Lorentz equation and it has the curious property of being a third order ordinary
differential equation for the position of the particle. More rigorous derivations also lead to (7). We are confronted
with the unfamiliar situation in which the instantaneous position, velocity and acceleration of the particle must
be specified in order to to find its location at later times.
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Equation (7) is solved by a(t) = a(0) exp(t/τ ) when the external fields vanish, and this type of solution
is known as a runaway because the particle’s acceleration increases exponentially in time unless its initial
acceleration a(0) is zero. Consideration of the time constant τ for an electron (τ ∼ 10−23 s) immediately shows
that runaway solutions are totally unphysical; an electron at rest would respond to an external perturbation
by accelerating to extraordinarily high speeds over very short time scales. Such behaviour is generic, and not
a peculiarity of vanishing external fields: a runaway term can always be added to any solution of (7), and its
rapid growth implies it will dominate any acceleration generated by the applied fields. Runaway solutions must
be excluded on physical grounds.
Further investigation of (7) yields more curiosities [10, 11]. Equation (7) may be rewritten as
Z
′
et/τ t
(t−t0 )/τ
ma(t) = ma(t0 )e
−
Fext (t′ )e−t /τ dt′
(8)
τ
t0
where t0 is a constant and Fext = q(Eext + v × Bext ). Runaway behaviour can be eliminated by demanding
that the acceleration tends to zero in the asymptotic future, once all forces have finished acting. This can be
implemented in (8) by taking the limits t0 → ∞, a(t0 ) → 0. Applying the change of variable s = (t′ − t)/τ
yields the expression
Z ∞
ma(t) =
Fext (t + τ s) e−s ds.
(9)
0

However, (9) exhibits an unphysical phenomenon called pre-acceleration. The acceleration at time t depends
on the applied force at all subsequent times. The removal of runaway solutions thus requires that the particle
is prescient. Inspection of the integrand in (9) reveals that the influence of the future force on the present
acceleration is exponentially weak: in contrast to the runaways, the smallness of τ renders pre-acceleration
more palatable rather than less.
Although pre-acceleration may be eliminated and causality restored if t0 = −∞ is chosen in (8) instead of
t0 = ∞, runaway behaviour re-emerges.

2.2

Non-relativistic Landau-Lifshitz equation

Runaways and pre-acceleration can be removed simultaneously by reducing the order of the Abraham-Lorentz
equation (7). Substituting ma = Fext + O(τ ) into the right-hand side of (7) yields
ma = Fext + τ

dFext
+ O(τ 2 )
dt


= q(Eext + v × Bext ) + τ q

 dE

ext

dt

+v×


q
dBext 
+ Fext × Bext + O(τ 2 )
dt
m

and the non-relativistic Landau-Lifshitz equation [12]
 

q
dEext
dBext 
ma = q(Eext + v × Bext ) + τ q
+ Fext × Bext
+v×
dt
dt
m

(10)

(11)

is obtained by dropping O(τ 2 ) terms. The total derivative of the fields is given by dEext /dt = ∂t Eext +(v·∇)Eext ,
dBext /dt = ∂t Bext + (v · ∇)Bext .
Clearly, (11) is of the form ma = F (x, v, t) and it does not suffer from the same pathologies as the
Abraham-Lorentz equation. Therefore, (11) is generally accepted to be the correct classical equation of motion
for a non-relativistic charged point particle if the external fields are sufficiently weak and vary sufficiently slowly
(in position and time).

2.3

Relativistic considerations

The Lorentz-Dirac equation [13] (also called the Lorentz-Abraham-Dirac, or Abraham-Lorentz-Dirac, equation)
is a fully relativistic classical description of a structureless point particle in an applied electromagnetic field
3

ext
Fab
and has the form

...
ab
mẍa = −qFext
ẋb + mτ ∆a b x b

(12)

with q the particle’s charge, m the particle’s rest mass and τ = q 2 /6πm in Heaviside-Lorentz units with
c = ǫ0 = µ0 = 1. An overdot denotes differentiation with respect to proper time λ, and the tensor ∆a b is
∆a b = δba + ẋa ẋb .

(13)

The Einstein summation convention is used throughout, indices are raised and lowered using the metric tensor
ηab = diag(−1, 1, 1, 1) and lowercase Latin indices range over 0, 1, 2, 3. The particle’s 4-velocity ẋa = dxa /dλ is
normalized as follows:
ẋa ẋa = −1.

(14)

Equation (12) is the relativistic generalization of (7) and exhibits the same pathologies.
Equation (12) may be obtained by appealing to the conservation condition
∂a T ab = 0

(15)

satisfied by the stress-energy-momentum tensor T ab ,
1
T ab = F ac F b c − η ab Fcd F cd ,
4

(16)

self
ext
self
for the total electromagnetic field Fab = Fab
+ Fab
, where the contribution Fab
is the Liénard-Wiechert field
of the point particle [9]. The details of the passage from (15) to (12) are rather involved and subtle [4], and will
not be addressed here (a recent detailed discussion of the derivation of (12) may be found in Ref. [14]).
Perhaps the most notable aspect of Dirac’s derivation [13] of (12) is the need to renormalize the mass of the
electron. Although the concept of renormalization in physics is more usually associated with quantum, rather
than classical, electrodynamics, from a historical perspective it is worth noting that Dirac obtained (12) a decade
before the divergences inherent in loop Feynman diagrams in QED were overcome using renormalization.
The force on the electron contains a term proportional to d2 xa /dλ2 that leads to an electromagnetic contriself
bution to the electron’s mass. However, the shift in mass is infinite for a point electron (since Fab
diverges at
the electron’s world line) and the bare (unrenormalized) mass must be negatively infinite to yield a finite result
for the mass of the electron.
The pathologies inherent in the Lorentz-Dirac equation are removed using an iteration procedure analogous
to that used in the passage from (7) to (11). The third-order terms in (12) (the radiation reaction force) are
replaced with the derivative of the first term on the right-hand side of (12) (the Lorentz force due to the external
field) yielding a second order differential equation for the particle’s world line. This procedure is justifiable if
the radiation reaction force is a small perturbation to the Lorentz force due to the applied field, and it yields
the relativistic Landau-Lifshitz equation [12]:
ab
ab
mẍa = −qFext
ẋb − τ q ∂c Fext
ẋb ẋc + τ

q 2 a bc ext d
∆ b Fext Fcd ẋ .
m

(17)

The Landau-Lifshitz equation (17) is the accepted description of the dynamics of a charged particle when the
external field is sufficiently weak and slowly varying in space and time. However, as noted earlier, the fields in
forthcoming ultra-high intensity laser facilities will be so strong that the forces due to an electron’s emission
exceed the Lorentz force on the electron due to the laser pulse. The opportunity to experimentally probe (17)
is expected to be available during the coming decade, and this has reinvigorated interest in alternatives to (17)
arising from quantum and more general considerations.
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Alternative theories

Given the difficulties facing the Lorentz-Dirac equation, a number of researchers have proposed alternative
theories to describe the response of a particle to its emission of radiation. Although none of these has achieved
widespread acceptance, it is of interest to explore the various motivations that led to a number of them, along
with their respective advantages and pitfalls. The following is by no means a comprehensive list of theories, but
captures a flavour of the various approaches taken.

3.1

Eliezer–Ford–O’Connell equation

Perhaps the first attempt to address the deficiencies of the Lorentz-Dirac equation was put forward by Eliezer,
a student of Dirac’s, in 1948 [15]. Noting that the equation of motion of a nonrelativistic extended electron of
radius R can very generally be expanded as
∞

ma − mτ

da X
dn a
+
cn Rn n = Fext ,
dt n=0
dt

(18)

where the cn are coefficients that depend on the structure of the particle, Eliezer asked the question, can the
radius and charge density of the electron be such that
m

∞
X

n=0

−τ

d n
d −1
a=m 1+τ
a = Fext .
dt
dt

(19)

Then for such a particle, the equation of motion could be recast as
ma = Fext + τ

dFext
,
dt

(20)

which can be made relativistically covariant,
b
a
mẍa = fext
+ τ ∆a b f˙ext

(21)

where ẋa = dxa /dλ.
Eliezer made no attempt to interpret the structure of the particle for which (21) is the equation of motion,
and essentially took it as his starting point. However, some four decades later Ford and O’Connell [16, 17]
rediscovered (20) as the classical limit of a quantum Langevin equation for extended electrons, a unified
description of radiation reaction and (quantum and thermal) fluctuations (see Ref. [18] for a recent review). In
this work, they gave the electron a form factor
ρ(ω) =

ω2

Ω2
+ Ω2

(22)

with Ω a cut-off frequency. For the point electron, Ω → ∞, this recovers the Abraham-Lorentz equation, and
decreasing the cut-off frequency produces related equations with the same pathologies. For the critical value
Ω = τ −1 , however, the third order derivatives cancel, and Ford and O’Connell recovered (20). It is worth noting
that for still smaller cut-offs, third order derivatives reappear, yet the pathologies do not: despite many claims
to the contrary, it is not the order of the Lorentz-Dirac equation that causes problems, but its precise form.
At first glance, (21) appears to be no different from the Landau-Lifshitz equation. Indeed, their similarity
a
has caused a certain confusion in the literature [19]. However, if fext
represents the Lorentz force, its derivative
introduces terms proportional to acceleration. Since the Landau-Lifshitz equation neglects terms of order O(τ 2 ),
these acceleration terms can be replaced by the Lorentz force without further loss of accuracy. However, since
the Eliezer-Ford-O’Connell equation is regarded as exact, we are forced to retain these terms, and end up with
a matrix equation for the acceleration:


q
q
(23)
F a b + τ ẋc ∂c F a b ẋb
δba + τ ∆a c F c b ẍb = −
m
m
5

ext
where, for notational convenience, the label ‘ext’ has been omitted from the external field Fab
. We will adopt
this convention for the remainder of this chapter.
It can be shown [20] that (23) can always be solved for ẍa , so the Eliezer-Ford-O’Connell equation is
mathematically viable. Nevertheless, its validity remains open to question. Firstly, (20) relies on the specific
form factor (22) with Ω = τ −1 (though Ford and O’Connell argue that it should be a good approximation for
any form factor [16]), while there is as yet no evidence that the electron is anything other than a point particle.
Moreover, (21) exists only as the relativistic generalization of (20), and it is unclear whether a fully consistent
derivation could exist.
Regardless of its validity as a description of radiating electrons, the Eliezer-Ford-O’Connell equation can
serve a useful purpose. Since it also appears as an intermediate step in the derivation of the Landau-Lifshitz
equation from the Lorentz-Dirac equation, it can be used to test the validity of the former: where the LandauLifshitz and Eliezer-Ford-O’Connell equations disagree, we cannot trust the Landau-Lifshitz equation.

3.2

Mo–Papas equation

In 1971, Mo and Papas proposed a new equation of motion [21] for a radiating particle which they hoped would
overcome the problems of the Lorentz-Dirac equation. Rather than working from first principles, they argued
heuristically that such an equation should have certain features: it should depend only on the applied field and
the particle’s worldline; it should balance inertia and radiation forces with the Lorentz force and an additional
acceleration-dependent generalization of the Lorentz force. This led them to postulate the equation
ẍa − τ

q b
q
F c ẍb ẋc ẋa = − F a b ẋb + gF a b ẍb .
m
m

(24)

Here, the second term on the LHS compensates for the energy-momentum lost to radiation, while the second term
on the RHS is their new force. To ensure consistency with the normalization condition, they took g = −τ q/m.
While their motivation is clear, there is little in Mo and Papas’s work that inexorably leads to (24). Why
approximate the Larmor power mτ ẍa ẍa by τ qF a b ẋb ẍa ? Why introduce the mysterious acceleration analogue
of the Lorentz force? And so it is remarkable that they should end up with an equation so close to Eliezer-FordO’Connell. Indeed, the only difference between the two equations is the term in the latter involving derivatives
of the field.
The Mo–Papas equation quickly generated a certain level of interest. But it has been criticized on a number
of fronts. One particular objection is that, for purely linear motion, it reduces to the ordinary Lorentz force,
the additional terms precisely cancelling out. In general, radiation reaction is expected to be only a minor
correction in the case of linear motion, but nevertheless it would be a surprise if it vanished identically.

3.3

Bonnor equation

Shortly after the work of Mo and Papas, a more radical proposition was put forward by Bonnor [22]. Since the
third order Schott term in the Lorentz-Dirac equation was both the source of the pathological behaviour and
the least intuitive contribution, he suggested it should be dropped, yielding the equation of motion
q2
d(mẋa )
= −qF a b ẋb −
ẍb ẍb ẋa .
dλ
6π

(25)

Note that we have here not written the prefactor of the radiation reaction force as mτ . This is because
consistency with the normalization condition ẋa ẋa = −1 requires the particle’s rest mass m—and consequently
also τ —to vary with time. Expanding the derivative in (25) and contracting with ẋ yields
q2
dm
= − ẍa ẍa ,
dλ
6π
mẍa = −qF a b ẋb .

(26)
(27)

The interpretation of (26-27) is immediate: the energy lost to radiation is provided by a decrease in the
particle’s mass-energy, while the acceleration of the particle is governed by the usual Lorentz equation, albeit
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with a varying mass. It follows that in regions where the external field vanishes the acceleration is zero and the
mass is constant, so the pathologies of the Lorentz-Dirac equation are again avoided. However, (25) introduces
a new problem not faced by the Lorentz-Dirac equation.
Since acceleration is spacelike (ẍa ẍa > 0) it follows from (26) that the mass can only decrease, never increase.
Thus the mass of a particle depends on its entire history. However, experiments show that all electrons have
the same mass, to an extraordinarily high precision. In addition, comparing with (27) shows that the smaller
the mass becomes, the faster it decreases, for a given external force. Eventually the particle will radiate away
all its mass, at which point it should travel at the speed of light. However, since by construction (25) preserves
the normalization of ẋa , this cannot be the case. For all its elegance, it seems the Bonnor equation cannot be
a valid description of radiating particles.

3.4

Sokolov equation

More recently, Sokolov [23] has introduced an equation that also departs radically from a conventional tenet of
physics, in this case that the 4-momentum should be collinear with the 4-velocity. The justification for doing
so is that part of the momentum of a charged particle may be regarded as distributed throughout space in its
Coulomb field. Since this does not change instantaneously when the particle’s motion is disturbed, it can be
argued that an accelerating electron has a momentum and a velocity that are not parallel.
If we take momentum and velocity to be parallel, pa = mẋa , the Einstein relation for energy and momentum
is equivalent to parametrization by proper time:
E 2 − p2 = m2 ⇐⇒ ẋa ẋa = −1.

(28)

However, if we accept that acceleration causes pa and ẋa to be misaligned, in general only one of the equations
in (28) can hold. Keeping the Einstein relation, we are led (via some quite general assumptions) to the equations
q a pb
F b) ,
m
m
ṗa
pc
pb pc pa 
q a pb
q2 
.
= − F b + τ 2 F abF bc + F bdF dc
m
m
m
m
m
mmm
ẋa = (δba − τ

(29)
(30)

Apart from terms involving the derivatives of the fields, the form of (30) is identical to the Landau-Lifshitz
equation, under the substitution pa /m → ẋa , though its derivation is quite different. The novel feature of the
Sokolov theory is (29), which describes the non-collinearity of ẋa and pa .
Since its inception, the Sokolov theory has gained significant attention (though it is still far from universally
accepted). However, it should be noted that this theory too suffers a number of drawbacks, stemming from
abandoning the normalization condition in (28). While E 2 −p2 = m2 has a clear physical meaning, parametrizing
the worldline by proper time is simply a choice, and one that we are always free to make. The physical meaning
of the parametrization used in (29-30) is obscure, and it is unclear why this should naturally emerge.
Using (29), the normalization of velocities becomes

q2
pb pc 
≤ 1.
−ẋa ẋa = 1 − τ 2 2 F a b Fac
m
mm

(31)

In general we could use this to rewrite (29-30) in terms of proper time λ. However, for sufficiently large fields
and/or high energies, we could have ẋa ẋa ≥ 0. Then the notion of proper time breaks down, and we find that
a massive particle must move at the speed of light (or faster!). This is the complement to the problem faced by
Bonnor’s equation, and demonstrates that the Sokolov theory is capable in extreme circumstances of violating
causality.

4

Collective effects

ext
Although thus far we have focussed on the behaviour of a single particle in an externally applied field Fab
, in
practice radiation reaction is unlikely to ever be observed in the context of a single radiating particle. However,
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modern laser facilities accelerate electron bunches with charge of the order of 10 pC, containing 108 particles,
and modelling such a large number of particles requires an efficient mathematical description.
The most common approach to describing a large collection of slowly-moving point charges begins with the
Liouville equation for an N -particle probability distribution. A cluster decomposition is used to express the
N -particle probability distribution in terms of reduced M -particle distributions, where M < N , leading to a
set of integro-differential equations for the reduced M -particle distributions (the BBGKY hierarchy). However,
the full set of equations is intractable and physical reasoning must be used to cast the BBGKY hierarchy into
a manageable form. If all correlations between particles are negligible then the Vlasov equation


1
∂t f + ∇x · (vf ) + ∇v ·
Ff =0
(32)
m
is obtained for the 1-particle distribution f (t, x, v) where the electrostatic force F = −q∇V . The mean electric
potential V is determined by Poisson’s equation
∇2 V = −ρ/ε0

(33)

where the electric charge density ρ is
Z
ρ(t, x) = q f (t, x, v)d3 v.

(34)

An introduction to the BBGKY hierarchy may be found in Ref. [24].
Alternatively, from a purely mathematical perspective, one can rigorously show that the behaviour of a
collection of N point charges interacting via their Coulomb fields is described by the Vlasov-Poisson system of
equations in the limit N → ∞ (see Ref. [25] for a recent review).
The non-relativistic Vlasov-Maxwell system is obtained by the replacement F = −q∇V → q(E + v × B) in
(32) where the mean electric field E and mean magnetic field B satisfy Maxwell’s equations
∇ · E = ρ/ε0 ,
∇ × E = −∂t B,
1
∇·B = 0
∇ × B = 2 ∂t E + µ0 J,
c

(35)
(36)

and the electric current density J is
Z
J(t, x) = q vf (t, x, v)d3 v.

(37)

Although it is straightfoward to motivate the relativistic Vlasov-Maxwell system by rendering (32, 34, 37)
invariant under Lorentz transformations, we are unaware of any mathematically rigorous derivation of the
relativistic Vlasov-Maxwell system that begins with a set of point particles interacting via their Liénard-Wiechert
fields.
Use of the Vlasov-Maxwell and Vlasov-Poisson systems is ubiquitous in plasma physics and particle accelerator physics. Although the relativistic Vlasov-Maxwell system is often given the appellation “self-consistent”,
this should not be misconstrued to mean that it incorporates the recoil that each particle experiences due to its
own emission. At present, there is no universally accepted (physical or mathematical) approach to a tractable
kinetic theory starting from first principles that describes a bunch of relativistic particles each of which is
reacting to its own emission as well as the electromagnetic fields of the other particles.
A pragmatic approach introduced in the context of magnetized plasmas [26] and tokamaks [27], and recently
adopted by the laser-plasma community [28], is to simply augment the Lorentz force in the Vlasov equation with
the Landau-Lifshitz radiation reaction force due to the mean electromagnetic field and an externally applied
electromagnetic field. Insight into this approach may be obtained by noting that the generalized Vlasov equation
can be understood as the preservation of the product of the 1-particle distribution and a “volume” element (a
differential form of maximal degree) along the orbits of the Landau-Lifshitz equation on the single-particle
“phase” space coordinated by (t, x, v). By including an acceleration coordinate a, one can also follow a similar
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prescription using the Lorentz-Dirac equation [29] and exploit advantages in delaying the removal of runaway
behaviour and pre-acceleration to later in the analysis. Following the approach of the latter case, consideration
of the Lorentz-Dirac equation yields
Lf +

3
f =0
τ

(38)

for the 1-particle distribution f = f (x, v, a) where L is the Liouville operator



q µ a
1 µ
∂
µ ∂
a
µ
a ∂
a + F a ẋ
+a
+ ẍ ẍa v +
,
L = ẋ
a
µ
∂x
∂v
τ
m
∂aµ

(39)

(x) is shorthand for (t, x) and Greek indices µ, ν range over 1, 2, 3 and are raised and lowered using the Kronecker
delta √
δνµ . The 4-velocity coordinate ẋa satisfies ẋa ẋa = −1 and is given in terms of the proper velocity v as
0
ẋ = 1 + v 2 , ẋµ = v µ where v 2 = v µ vµ√. Likewise, the 4-acceleration coordinate ẍa satisfies ẍa ẋa = 0 and is
given in terms of a and v as ẍ0 = a · v/ 1 + v 2 , ẍµ = aµ .
The second term on the left-hand side of (38) may be understood as a consequence of losses due to radiation.
Maxwell’s equations for the mean field Fab are
∂a Fbc + ∂c Fab + ∂b Fca = 0,
∂a F

ab

b

=J +

(40)

b
Jext

(41)

with J a the electric 4-current
Z
d3 v d3 a
.
J a (x) = q ẋa f (x, v, a)
1 + v2

(42)

The presence of the factor 1 + v 2 in (42) and the second term in (38) are related, as discussed in Ref. [29], and
a
Jext
is an external 4-current.
Almost all solutions to (38) will exhibit the pathological behaviour inherent in the Lorentz-Dirac equation
as described earlier. Physically acceptable solutions may be extracted from (38) using the ansatz
p

f (x, v, a) = 1 + v 2 g(x, v) δ (3) a − A(x, v)
(43)
where δ (3) is the 3-dimensional Dirac delta and g(x, v), A(x, v) are assumed to have a power-series dependence
on τ :
g(x, v) =

∞
X

g(n) (x, v) τ n ,

n=0
∞
X

A(x, v) =

(44)

A(n) (x, v) τ n .

(45)

n=0

The subspace (x, v) 7→ (x,
√ v, a = A(x, v)) of (x, v, a) space contains physical solutions to the Lorentz-Dirac
equation and the factor 1 + v 2 ensures that g is normalized in the usual manner for a 1-particle distribution;
plugging (43) into (42) yields the usual expression for the electric 4-current in relativistic kinetic theory:
Z
d3 v
a
J (x) = q ẋa g(x, v) √
.
(46)
1 + v2
Equations (43, 38) lead to the coupled system of equations
µ
∂Aµ
1
q
ν ∂A
+
A
= Aa Aa v µ + (Aµ + F µ a ẋa ),
a
ν
∂x
∂v
τ
m

p
g Aµ
∂
a ∂g
2
√
ẋ
=0
+ 1+v
∂xa
∂v µ
1 + v2

ẋa
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(47)
(48)

√
for g and A, with A0 = v µ Aµ / 1 + v 2 .
Analysis of (47, 48) shows that neglecting O(τ ) terms in (44, 45) leads to the usual relativistic Vlasov
equation without the self-force. Neglecting O(τ 2 ) leads to the kinetic theory of the Landau-Lifshitz equation
as found in, for example, Ref. [28]. Furthermore, it may be shown [29] that the entropy 4-current sa defined as
Z
d3 v
(49)
sa = −kB ẋa g ln(g) √
1 + v2
satisfies


kB
q2
a
a
ab
∂a s = − τ
Ja (J + Jext ) + 4 2 Tab S
+ O(τ 2 )
m
m
a

(50)

where
S

ab

T ab

d3 v
,
ẋa ẋb g √
1 + v2
1
= F ac F b c − η ab Fcd F cd
4

=m

Z

(51)
(52)

with S ab the stress-energy-momentum tensor of the matter encoded by g and T ab is the stress-energy-momentum
tensor of the electromagnetic field Fab .
a
The right-hand side of (50) naturally splits into two contributions of opposite sign when Jext
= 0. The
a
first term −Ja J is positive due to the signature choice ηab = diag(−1, 1, 1, 1) and encourages the entropy to
increase. However, Tab satisfies the weak energy condition Tab X a X b ≥ 0 for all choices of timelike vector X a ,
so Tab ẋa ẋb ≥ 0 and −Tab S ab ≤ 0 follows from (51) since the 1-particle distribution g is positive. The first term
on the right-hand side of (50) drives growth (heating) in the phase-space volume occupied by the system of
particles, whereas the second term drives a reduction (cooling) of the system’s phase-space volume.
If the self-fields of the particles are neglible relative to the applied external field (as is the case for a bunch of
ext ab
electrons driven by an ultra-intense laser pulse) then Ja J a + 4q 2 Tab S ab /m2 may be replaced by 4q 2 Tab
S /m2
ext
ext
where Tab is the stress-energy-momentum tensor of the externally applied field Fab . Thus, a sufficiently strong
ext
field Fab
will encourage a charged particle beam to cool. However, the situation is considerably more subtle
when the self-fields dominate because it is then possible for the beam to heat due to radiation reaction. A
discussion of the implications of (50) for an isolated bunch of electrons is provided in Ref. [30].
Most attention has been focussed in recent years on the behaviour of a bunch of particles driven by one
or more ultra-intense laser beams. In such situations the discrete nature of charge can induce growth in the
phase space volume (so-called stochastic heating). However, the interplay of the dissipation due to the radiation
reaction force and stochastic heating [31] can lead to an improvement in the monochromaticity of particle
bunches accelerated by multiple ultra-intense laser beams.

5

Quantum considerations

It is often remarked that, being so brief, the time τ belongs to the quantum realm, and so we should not worry
if the classical theory predicts violations of causality over this timescale. Although rather vague—τ itself is a
purely classical constant, being independent of ~—some credence can be given to this by comparing it to the
Compton wavelength λc = h/mc:
cτ =

2 α
q2
=
λc ,
2
6πε0 mc
3 2π

(53)

where α = q 2 /4πε0 ~c ≈ 1/137 is the fine structure constant. The distance light can travel in a time τ is less
than one part in a thousand of the Compton wavelength, a lengthscale regarded as firmly within the quantum
realm. Thus, it is reasonable to ask if a quantum mechanical treatment can elucidate the issues surrounding
the Lorentz-Dirac equation.
10

5.1

Eliminating pathologies

One of the earliest explorations of radiation reaction in a quantum context was given by Moniz and Sharp [32].
Noting that in the classical theory an extended charge is not subject to runaways or pre-acceleration provided its
radius exceeds cτ [33], they asked whether the Compton wavelength in the quantum theory might in the same
way ameliorate the pathological behaviour. Put another way, could the quantum uncertainty in the particle’s
position give rise to an effective radius λc ≫ cτ ?
Analogously to Lorentz’s derivation of the equation of motion for an extended classical charge, Moniz and
Sharp derived the Heisenberg equation of motion for the position operator of an extended electron:
m

∞
X
d2 R
dn R
=
F
+
A
,
ext
n
dt2
dtn
n=2

(54)

where An are constants depending on the Compton wavelength and the particle’s charge density.
To get from (54) to an equation for a classical point electron, two limits must be taken. If we first take the
classical limit ~ → 0 (here equivalent to λc → 0), we recover Lorentz’s theory, which reduces to the AbrahamLorentz equation when the point particle limit is taken. However, Moniz and Sharp found that, if they first
took the point particle limit and only then the classical limit, the situation was quite different. Although they
were not able to obtain an equation of motion in closed form, they were able to show that the theory was free
from runaways and pre-acceleration.
Unfortunately, major problems arise in generalising this result to the relativistic domain. Firstly, the calculations are far more cumbersome when relativistic and quantum effects are simultaneously present, and such
nonlinear processes as pair production come into play. Moreover, in their demonstration that pathologies are
absent, Moniz and Sharp had to appeal to consistency with the assumption of nonrelativistic behaviour. It is
far from clear, therefore, whether the same results are true in the relativistic theory, where radiation reaction
is particularly important.

5.2

Classical limit of QED

Although there were earlier investigations of radiation reaction in relativistic quantum electrodynamics, Higuchi
and Martin [34–36] conducted the first extensive comparison between the predictions of classical electrodynamics
and the classical limit of relativistic QED. By analysing the expectation value of the position of an electron
wave-packet after interacting with an external potential, they found that in the classical limit this agreed with
the result obtained from the Landau-Lifshitz equation. Since they worked to leading order in the coupling α
(i.e., considered single photon emission only), this is consistent with the Lorentz-Dirac equation.
More recently, Ilderton and Torgrimsson [37, 38] have similarly investigated the classical limit of QED, this
time in the physically relevant background of a plane electromagnetic wave. In contrast to Higuchi and Martin,
they considered the expectation value of the 4-momentum operator, rather than the position shift, and traced
its value throughout the interaction, not only in the asymptotic limit. Again, they found agreement with the
Landau-Lifshitz equation, though they also noted that, to this order, their results were consistent with the
Eliezer-Ford-O’Connell equation, but not with the theories of Sokolov or Mo and Papas.
Higuchi and Martin worked to tree level, but pointed out that 1-loop effects could be relevant to the classical
limit. Ilderton and Torgrimsson showed this explicitly, finding that Feynman diagrams corresponding to emission
and absorption of a single photon were necessary to cancel divergences in processes involving radiation of a
photon that is not subsequently reabsorbed. This demonstrates the intimate connection between ‘radiation
reaction’ and ‘self-force’, terms that are often used synonymously.

5.3

Quantum effects

So far, we have addressed the classical limit of various quantum approaches to radiation reaction. However,
it is important to note that quantum effects can be important in their own right. In many cases, radiation
reaction can act to prevent quantum modifications to particle motion from becoming significant: in general,
the classical theory is sufficient unless both high energies and strong fields are present, and radiation losses can
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ensure that an electron’s energy is (relatively) low when it accesses a region of high field. However, this is not
always the case, and we now examine some of the ways in which quantum radiation reaction can be distinct
from the classical effects.
QED is formulated by promoting the classical electromagnetic field and the Dirac spinor field to quantum
operators. In strong-field QED, the classical electromagnetic field is split into two parts prior to quantization
: a background term (such as a strong laser pulse), which remains a classical field, and a perturbation to the
background field. Only the perturbation is promoted to a quantum operator, so the perturbation alone is the
photon field. The electron-positron quantum states are constructed using a basis of exact solutions to the Dirac
equation in the background field and perturbation theory is used to calculate matrix elements between quantum
states in the background field. However, only a handful of electromagnetic fields exist for which this can be
achieved (typical examples of background fields include a static magnetic field, or a plane electromagnetic wave)
and applying this formalism to a realistic laser pulse remains a formidable challenge.
Considerable interest in QED in strong magnetic fields grew during the 1960s as a consequence of the multiMG field strengths offered by explosive flux compression techniques developed at that time. Many of the results
obtained during that era [39] have been used in contemporary theoretical studies of quantum radiation reaction
in ultra-intense laser-matter interactions, such as the work by Bell, Kirk, et al. [40, 41]. From an heuristic
perspective, the practical features of quantum physics are that it is discrete and random, in contrast to the
continuous and deterministic nature of the classical world, and it is these features that are responsible for many
of the differences between the quantum and classical predictions of radiation reaction.
Quantum effects must be accounted for when the ratio of the electric field ‘seen’ by the electron is comparable
to the Sauter-Schwinger field, ES = m2 c3 /|q|~:
χ :=

|q|~ p
Ee
= 2 Fab F ac ẋb ẋc & 1.
ES
m

(55)

Heuristically, the electron proceeds without losing energy in such fields except at discrete emission events, where
its motion is altered significantly. This means it can penetrate deeply into a laser pulse, say, before it emits any
radiation, whereas the classical picture would have it radiating—and hence losing energy—as soon as it enters
the pulse. As such, the classical theory tends to overestimate the significance of radiation reaction, compared
to the (more accurate) quantum description. Di Piazza et al. have demonstrated this explicitly in the case of
multi-photon Compton scattering [42].
In some cases, quantum effects can not only reduce the classical radiation reaction effects, but reverse them
completely. For example, it is clear from the Lorentz-Dirac equation that more energetic particles tend to
radiate more than less energetic ones. In the absence of quantum effects this leads to a reduction in the energy
spread of an electron bunch (assuming repulsive interparticle forces are negligible compared to the radiation
reaction force, which is reasonable for an ultrarelativistic bunch). Similar observations are true of the spread in
momentum. As quantum effects become more significant, however, the continuous radiation driving solutions
to the Lorentz-Dirac equation gives way to discrete, stochastic emission events, and this stochasticity tends to
increase the spread in energy-momentum. In laser-particle interactions where quantum effects are important
but pair production remains negligible, it has recently been shown that this can more than compensate for the
classical reduction in both longitudinal [43] and transverse [44] momentum spread, leading to degradation in
the quality of electron bunches. For further information on the quantum description of intense laser-particle
interactions, we refer the reader to the recent review article [45].
We close this section with a brief comment on the intriguing interplay between quantum fluctuations, dissipation and radiation reaction.
One of the first major triumphs of QED was the calculation of the Lamb shift in the energy of the 2 S1/2
orbital of the hydrogen atom. Early explanations of this effect [46] were based on the interaction of the atom
with vacuum fluctuations in the electromagnetic field. However, from the fluctuation-dissipation theorem, it is
clear that such fluctuations can be related to dissipative processes, which Ford, Lewis and O’Connell [47, 48]
have shown can describe radiation reaction.
In the 1970s, Ackerhalt, Knight and Eberly [49] presented a novel calculation of the Lamb shift in which the
entire shift, and the concomitant spectral line broadening, resulted from radiation reaction, with the contribution
from vacuum fluctuations cancelling out. The discrepancy between this and earlier interpretations was explained
12

by Milonni, Ackerhalt and Smith [50] as resulting from alternative orderings of the atomic and field operators.
These operators commute, so the physical predictions are unaffected, but their partition into free and interacting
operators does not reflect this commutativity. As a result, an interaction between the vacuum field and the
excitation of the atom (vacuum fluctuation effect) can be converted into an interaction between the atom and
the radiation it produces (radiation reaction effect) purely by a reordering of commuting operators. Thus, one
must be careful when attributing a given effect to radiation reaction (or any specific physical process), since the
physical cause is not always uniquely defined.

6

Experimental signatures

As noted in the Introduction, the question of radiation reaction has vexed theorists for over a century, but
has yet to trouble their experimentalist colleagues. It may be that the lack of experimental support is the
chief reason why a satisfactory theoretical understanding of the problem has yet to emerge. There is historical
precedent for this: for example, the mathematical structures behind the renormalization programme in quantum
electrodynamics had been in place for a decade before Lamb and Retherford’s measurement of the fine structure
of hydrogen provided the stimulus for Schwinger, Feynman and Tomonaga to complete the picture.
With the recent advances in laser technology, experimental investigation of radiation reaction phenomena
is at last becoming a realistic prospect. For example, ELI, due to come online in 2017, is expected to operate
at intensities of 1023 W cm−2 , with GeV electrons [1]. Under these conditions, the radiation reaction force is
comparable to, and can even exceed, the Lorentz force due to the laser.
The first experimental signature of radiation reaction was derived by Dirac, in his original paper on the
subject [13]. He found that, for an electron interacting with light of frequency ω, the Thomson scattering
cross-section, σT = 8πre2 /3, where re ≃ 2.8 fm is the classical electron radius, is reduced by radiation reaction:
σT′ =

σT
.
1 + τ 2 ω2

(56)

Although the dependence of the cross-section on the frequency of the light makes it an appealing candidate for
detecting radiation reaction, for optical lasers the deviation from σT is only about 1 part in 1016 . Additional
complications arise from competing effects due to nonlinearities in the laser intensity, and quantum effects [51].
Nevertheless, shining laser pulses onto electrons has become the foremost set-up to measure radiation reaction.
In recent years there has been an intensification of activity in the analysis of interactions of electrons and
intense laser pulses [20, 52–55]. In the absence of radiation reaction, under certain quite general conditions, an
electron leaves a laser pulse with the same energy and momentum with which it entered. However, radiation
reaction breaks the symmetry of the interaction. In the ultrarelativistic limit, the radiation reaction force is
dominated by the last term in the Lorentz-Dirac equation, which can be written
f a = −mτ ẍb ẍb ẋa .

(57)

This clearly acts as a frictional force, whose strength goes like the square of the proper acceleration. Thus we
expect a relativistic electron to exit a pulse with less energy and longitudinal momentum than it had initially.
A typical example of this is shown in Fig. 1.
It is clear from the Lorentz-Dirac equation that the radiation reaction force scales with the frequency ω of
the laser, but since a relativistic particle sees a Doppler shifted laser field, this is enhanced by its Lorentz factor
γ. Additionally, since the Landau-Lifshitz equation is quadratic in the fields, these effects also scale with the
square of the intensity parameter, a0 = qE/mωc. Thus a measure R of the significance of radiation reaction is
given by
R = 2τ ωγa20 .

(58)

Do not be misled by the inverse factors of ω appearing in the definition of a0 : it is a0 rather than E that is
Lorentz invariant [56], so R increases linearly with ω.
In general, radiation reaction effects on the radiation itself are of second order in τ , and so are usually
less pronounced than the effects on the electrons. However, this does not mean that radiation reaction effects
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Figure 1:

Energy loss for an electron of initial Lorentz factor γ = 100 interacting with a 10 cycle laser pulse of strength a0 = 100.
Blue dotted curve without radiation reaction; red solid curve with radiation reaction.

cannot be observed in the radiation spectrum. Since the radiation emitted by a relativistic particle is highly
concentrated in the direction of its motion, small changes in this direction can radically alter the angular
radiation distribution. It was noted in Ref. [57] that, provided
R&

4γ 2 − a20
,
2a20

(59)

even if R ≪ 1 an electron can reverse its direction of motion in a laser pulse, an effect which does not occur in
the absence of radiation reaction. This can greatly broaden the angular distribution of the radiation it emits,
which may be the most accessible signature of radiation reaction.
Finally, it was recently argued [41] that an experiment using current high-energy laser facilities could be
realized in which the consequences of the discrete nature of photon emission would be manifest. Monte Carlo
simulations incorporating quantum radiation reaction show that the parameters of a collision between an electron
beam and a high-energy laser pulse can be chosen for which the photon yield is considerably greater than the
photon yield predicted by classical radiation reaction.

7

Conclusion

Numerous theoretical proposals for describing the behaviour of matter in ultra-intense electromagnetic fields
have been explored over a number of decades. However, it is clear that theory and experiment are now approaching a significant juncture. We will soon enter an era when it will be possible to experimentally investigate
the behaviour of matter bombarded by ultra-intense lasers in regimes where the magnitudes of the radiation
reaction force and Lorentz force are comparable. Such experiments will cast new light on fundamental questions
concerning the behaviour of light and matter.
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