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Biaxial order parameter in the homologous series of orthogonal bent-core smectic liquid crystals
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The fundamental parameter of the uniaxial liquid crystalline state that governs nearly all of its physical
properties is the primary orientational order parameter (S) for the long axes of molecules with respect to the
director. The biaxial liquid crystals (LCs) possess biaxial order parameters depending on the phase symmetry
of the system. In this paper we show that in the first approximation a biaxial orthogonal smectic phase can
be described by two primary order parameters: S for the long axes and C for the ordering of the short axes
of molecules. The temperature dependencies of S and C are obtained by the Haller’s extrapolation technique
through measurements of the optical birefringence and biaxiality on a nontilted polar antiferroelectric (Sm-APA)
phase of a homologous series of LCs built from the bent-core achiral molecules. For such a biaxial smectic phase
both S and C, particularly the temperature dependency of the latter, are being experimentally determined. Results
show that S in the orthogonal smectic phase composed of bent cores is higher than in Sm-A calamatic LCs and
C is also significantly large.
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I. INTRODUCTION

Liquid crystals (LCs) are highly anisotropic complex fluids
and their physical properties, such as optical and dielec-
tric and material parameters including elastic and viscosity
coefficients, etc., can be expressed in terms of the order
parameters. The number of order parameters depends on
the phase symmetry; their magnitudes may depend on their
definition. Maier-Saupe [1] proposed a molecular field theory
for a uniaxial nematic mesophase in which the alignment of
molecules along a preferred axis is expressed in terms of the
scalar order parameter S, where S = 1

2 〈cos2 θ − 1〉, θ is the
angle between the long molecular axis and the director, and
〈(. . .)〉 denotes the ensemble average. Meanwhile de Gennes
and Prost [2] noticed that even macroscopically uniaxial
LC phases generally consist of biaxial shaped molecules
and the molecular biaxiality affects the general form of the
orientational tensor order parameters.

The thermotropic biaxial nematic phase was first theo-
retically predicted by Freiser [3] in 1970, who generalized
the Maier-Saupe molecular field theory by including two
molecular second-rank tensor order parameters for a lower
symmetry system. These tensors can be diagonalized using a
frame that coincides with the directors of a biaxial nematic
phase. This diagonalization made by Straley [4] gave rise to
four Straley scalar order parameters [5,6]. In this work, Straley
assumed a simplified molecular shape with the symmetry of
a rectangular parallelepiped rather than applying the theory to
an object of arbitrary shape. The main result of this work is
that such systems undergo phase transitions from the isotropic
to the biaxial NB phase through the uniaxial nematic phase,
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either calamitic NU or discotic ND , depending on the sign
of the molecular shape biaxiality. This model is used as
the basis for the follow on of theoretical and simulation
works. A potential existence of the biaxial nematic phase
for other biaxial molecular particles has been supported by a
number of computer simulations [7–10], which were recently
summarized in Ref. [11].

In spite of significant progress in theoretical and com-
putational physics made so far, the experimental studies on
low molar mass thermotropic biaxial nematics could not
unambiguously find a biaxial nematic phase as yet. The
optical biaxiality has been found to be too low to ascribe
it to the inherent biaxiality of the nematic phase after the
effects of surfaces and other experimental errors are taken into
account. Furthermore there are problems associated with the
independent alignment of long and short molecular axes in
biaxial nematics along the two orthogonal directions.

In contrast to the nematics, relatively large biaxiality was
observed in 2001 in the orthogonal Sm-A-like phase of LCs
exhibited by bent-core shaped molecules. Since the molecules
are constrained to lie in layers, there are no problems associated
with the independent alignment of the two axes along the two
orthogonal directions.

Essentially two different types of biaxial smectic phases
were discovered: polar biaxial (Sm-CPA) [12] in 2001 and
nonpolar biaxial (Sm-Adb) [13] [here d stands for double layer
(interdigitated) and b for biaxial] in 2002. Sm-CPA is com-
posed of orthogonal polar smectic layers with antiferroelectric
structure, i.e., alternating polar directions in the neighboring
layers are antiferroelectrically arranged. Such a structure was
also observed in a homologous series of an LC compound [14]
and Sm-CPA has been renamed as Sm-APA, where Sm-A
stands for orthogonal (no tilt) smectics, P for polar layers,
and subscript A for antiferroelectric. In the Sm-APA phase,
polar directions in the neighboring layers are antiparallel
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leading to the biaxial antiferroelectric phase. An application
of the in-plane electric field higher than its threshold value
in the Sm-APA phase causes a field-induced transition to the
ferroelectric Sm-APF state [15,16].

In addition to the antiferroelectric Sm-APA phase, several
different polar biaxial phases such as macroscopically uniaxial
Sm-APR [17] and Sm-APAR [18], and biaxial ferroelectric
Sm-APF [19], all in their ground states, were discovered.
The common characteristic of these three phases is that they
are nontilted (Sm-A-like) and possess long-range or short-
range order of the in-layer polarizations in smectic layers.
In these three phases, the molecular rotation around the
major director within a smectic layer is biased at least to
some extent. Sm-APR macroscopically is a uniaxial phase
with a random distribution of the polar directors (or the
in-layer spontaneous polarizations) in smectic layers. The
Sm-APAR phase was initially proposed [18] to consist of local
antiferroelectric orderings. Later on it was found to have a
short pitch of a three-layer structure, supported by modeling
of the experimental dependence of biaxiality on the applied
electric field [20]. The ferroelectric Sm-APF which exists in
the absence of an external in-plane field is a biaxial phase with
a typical ferroelectric structure in the adjacent layers.

II. THEORY

In this paper, we present theoretical and experimental
studies of orientational order parameters for smectic LCs
composed of achiral bent-core molecules by the measurements
of biaxiality and birefringence. The biaxiality in orthogonal
smectics can be exploited to produce fast electro-optic devices
since it has already been established that LCs are excellently
aligned in these phases [15,16]. The anisotropic properties of
LCs can be characterized by the molecular polarizability tensor
χM

n,ij which can be diagonalized in the molecular frame as

χM
n,ij = χ33aiaj + χ22bibj + χ11cicj , (1)

where the orthogonal unit vectors a, b, and c are the principal
molecular axes and χ11, χ22, χ33 are the principal values of
the polarizability tensor.

The components of the average polarizability depend on
the orientational order parameters and can be conveniently
calculated by rewriting the average polarizability tensor as a
sum of orthogonal contributions:

χij = 〈
χM

n,ij

〉
= χ̄δij + �χ

〈(
aiaj − 1

3δij

)〉 + χ⊥〈(bibj − cicj )〉, (2)

where χ = (χ11 + χ22 + χ33)/3 is the average molecular
polarizability, �χ = χ33 − (χ11 + χ22)/2 is the polarizability
anisotropy, and χ⊥ = χ22 − χ11 is the biaxiality of the molec-
ular polarizability, and where 〈(. . .)〉 denotes the statistical
average.

In an orthogonal biaxial smectic phase, the averages of
the two molecular tensors 〈(aiaj − 1

3δij )〉 and 〈(bibj − cicj )〉
give rise to the four orientational order parameters (see, for
example, [4,21]):〈(

aiaj − 1
3δij

)〉 = S
(
ninj − 1

3δij

) + 1
2P (mimj − hihj ), (3)

〈(bibj − cicj )〉 = D
(
ninj − 1

3δij

) + 1
2C(mimj − hihj ), (4)

where the unit vector n is the primary director and m and h
are the secondary directors of the biaxial phase. Here S is the
uniaxial nematic order parameter, D is the secondary uniaxial
parameter which exists also in the uniaxial nematic phase, P

specifies the biaxial ordering of long molecular axes in the
biaxial phase, and C is the primary biaxial order parameter of
short molecular axes.

The scalar order parameters S, P , D, and C as defined by
Straley are expressed as the averages [4,21]: S = 〈P2(cos θ )〉,
P = 〈sin2 θ cos 2φ〉, D = 3

2 〈sin2 θ cos 2ψ〉, and C = 1
2 〈(1 +

cos2 θ ) cos 2φ cos 2ψ − 2 cos θ sin 2ϕ sin 2ψ〉, where θ is the
polar angle between the primary axis a and the director n, and
φ and ψ are the remaining two Euler angles which specify
the orientation of a biaxial molecule. φ is the azimuthal angle
which specifies the orientation of the projection of the axis a
on the (m, h) plane, and ψ specifies the angle between the
short axis b and the (a, n) plane.

One can notice that the order parameters P and D vanish
in the limit S → 1 and thus they can be neglected in the
case of high S. Then one obtains the following approximate
expressions for the principal values of the average molecular
polarizability:

χM
n = χ̄ + 2

3�χS,

χM
m ≈ χ̄ − 1

3�χS + χ⊥C, (5)

χM
h ≈ χ̄ − 1

3�χS − χ⊥C.

Finally the biaxiality of the average polarizability tensor
can be expressed as χm − χh ≈ 2χ⊥C. Therefore the primary
biaxial order parameter can be determined as

C ≈ χm − χh

2χ⊥
≈ 1

2

χm − χh

χ22 − χ11
. (6)

One may notice that according to de Gennes [2], the
biaxial order parameter may in principle be related to the
biaxiality of any physical quantity including the difference
between the refractive indices nm − nh. On the other hand, it
is important to establish a relationship between nm − nh and
the orientational order parameters defined by Eqs. (3) and (4)
based on molecular tensors. One can use the equations n2

n =
1 + 4πχn, n2

m = 1 + 4πχm, n2
h = 1 + 4πχh, where nn,nm,nh

are the principal refractive indices of the biaxial phase and
χn,χm,χh are the principal values of the macroscopic dielectric
susceptibility. The macroscopic susceptibility tensor can be
written in the form χ = ρ f · χM where ρ is the molecular
number density, f is the local field tensor, and χM is the
average molecular polarizability tensor, given by Eq. (5).
In the characterization of LCs one often uses the simple
semiempirical Vuks formula [22] for the local field tensor
f = (εav + 2)/3 where εav is the average dielectric constant.
In this approximation the refractive indices are directly

FIG. 1. Chemical structure of a banana shaped molecule of
bent-core LC compounds under investigation.
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TABLE I. Phase sequence and the phase transition temperatures (deg C) of the homologous series
of achiral smectic LCs composed of banana shaped molecules, obtained on cooling from the isotropic
temperature.

Chain length Phase sequence

8 Sm-APA 121 ◦C Sm-A 163 ◦C I

12 Sm-APA 111 ◦C Sm-APR 158 ◦C Sm-A 16 4◦C I

14 Sm-APA 91 ◦C Sm-APAR 108 ◦C Sm-APR 111 ◦C Sm-A 164 ◦C I

expressed in terms of the components of the average molec-
ular polarizability which depend on the order parameters S

and C.
In this paper we use the Vuks formulas [22] to determine

the order parameters based on the measurements of the bire-
fringence and biaxiality of the refractive indices. Expanding
nn,nm,nh in S and C to the first order one obtains the following
approximate expressions for the order parameters:

S ≈ nn − (nm + nh)/2

n33 − (n22 + n11)/2
= �n

�n0
, (7)

C ≈ 1

2

nm − nh

n22 − n11
= 1

2

δn

δn0
, (8)

where �n and δn are the measured values of birefringence
and biaxiality while �n0 and δn0 are the corresponding
maximum values which refer to the system of perfectly ordered
molecules.

Kuczynski et al. [23] suggested an approximate empirical
formula for normalization of the optical birefringence similar
to that used by Haller [24] for polarizabilities. It has been
shown that the nematic order parameter obtained from the
optical anisotropy is equal to the one evaluated from magnetic
polarizability anisotropy with the accuracy of ±5%.

In this extrapolation one assumes that for temperatures far
enough from the clearing point, the expression log �χ (T )
[23] is a linear function of the logarithm of the reduced
temperature. On the other hand, one postulates that the order
parameter is equal to 1 at the absolute zero of temperature

which means that all molecules are parallel to each other, i.e.,
limT →0[log(�n)] = log �n0.

On applying these postulates the birefringence can be
rewritten as [23]

�n(T ) = �n0

(
1 − T

T ∗

)β

or

log[�n(T )] = log �n0 + β log

(
1 − T

T ∗

)
, (9)

where T is the absolute temperature, and T ∗ and β and are
constants. Similarly,

δn(T ) = δn0

(
1 − T

T ∗

)β

or

log[δn(T )] = log δn0 + β log

(
1 − T

T ∗

)
. (10)

III. EXPERIMENT

Measurements of biaxiality have been carried out on a bent-
core 4-cyanoresorcinol bisbenzoate with two terephthalate-
based wings [25], with alkyl chain lengths of 8, 12, and
14. The chemical structure of these compounds is given
in Fig. 1, and Table I lists the phase sequence and the
phase transition temperatures, on cooling from the isotropic
temperature. All compounds of these homologous series
exhibit an orthogonal biaxial antiferroelectric Sm-APA phase
in the lower temperature range.

δ

δ

Δ

Δ

(a) (b)

FIG. 2. (Color online) Temperature dependencies of (a) optical birefringence, �n, and (b) biaxiality, δn, in undisturbed Sm-APA phase
(open symbols) and in the field-induced Sm-APF state (filled symbols) for three studied compounds.
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Two different types of ∼7-μm-thick cells were used in
optical measurements: the homogeneous cells with planar
alignment for birefringence (�n) measurements and ho-
mogeneous cells with homeotropic alignment for biaxiality
(δn) measurements. The planar cells were built from two
transparent indium tin oxide (ITO) glass substrates coated
by RN1175 polymer (Nissan Chemicals, Japan) layer. The
electrodes for homeotropic cells were made by etching an
∼80-μm-wide stripe on the ITO surface to apply an in-plane
electric field. The homeotropic alignment was obtained by
treating the glass plates with a polymer, AL60702 (JSR,
Korea). The tilting optical compensator technique was used
to measure the magnitude of biaxiality. The cells were placed
in the temperature controlled hot stage between crossed
polarizers of the polarizing microscope, at the angle α = 45◦
between the main optical axis and polarizer’s axis. The optical
compensator based on a rotating birefringent plate was a
standard accessory for a Leitz polarizing microscope (Leitz
Wetzlar, Germany 0345), built according to the Nikitin-Berek
principle. This optical compensator enables one to measure
extremely small optical retardation of a particular domain and
it helps to avoid the influence of any kind of defects within
the cell. The optical retardation is measured as a function of
voltage and temperature by inserting a tilting compensator
plate in the slot of the polarizing optical microscope.

The effect of electric field on biaxiality in the Sm-APA

phase was studied in greater detail in Ref. [16]. An application
of electric field to biaxial Sm-APA disturbs an antiparallel
structure of polar directors in adjacent layers and finally causes
the phase transition to the field-induced biaxial ferroelectric
state Sm-APF through the intermediate nonbirefringent uniax-
ial state [15]. Theoretically both states must be optically equiv-
alent, i.e., have the same polarizability tensor but preliminary
experiment shows that the birefringence magnitudes in Sm-
APA and in the field-induced Sm-APF phases are of the same
value (�nAF ≈ �nF ) while values of biaxiality are different
(δnAF < δnF ) [26]. Therefore the measurements of biaxiality
were performed in both the undisturbed antiferroelectric state
and in the field-induced ferroelectric state.

TABLE II. The maximal values of biaxiality δn0 and birefrin-
gence �n0 deduced from extrapolation to 0 K.

Chain length �n0 δn0

8 0.1245 0.0236
12 0.1250 0.0253
14 0.1263 0.0258

IV. RESULTS AND DISCUSSION

Figure 2 shows the temperature dependence of birefrin-
gence [Fig. 2(a)] and biaxiality [Fig. 2(b)] in three different
compounds for both Sm-APA and field-induced Sm-APF

phases. Both biaxiality and birefringence grow on cooling, as
expected, indicating a gradual increase of the order parameters.
Figure 2(b) shows that the magnitude of biaxiality of antiferro-
electric state is smaller than the field-induced ferroelectric state
(δnAF < δnF ), especially in the higher temperature range.

On cooling, the biaxiality δnAF increases faster than δnF

and finally, at a particular lower temperature, the biaxialities of
both antiferroelectric and ferroelectric states become almost
equal (δnF ≈ δnAF ) in all of the three studied compounds.
Therefore the Sm-APA phase in the bent-core compounds
shows a weak antiferroelectric interaction which is supported
by high intensity of the dielectric mode [12] and large field-
induced spontaneous polarization [16].

The experimental data were fitted to Eqs. (9) and (10)
(Fig. 2, inset) and extrapolated to the absolute zero of tem-
perature (T = 0 K) where (i) the order parameter is assumed
to be unity and log(δn) is a linear function of the logarithm
of the reduced temperature [(T ∗ − T )/T ∗] for the points far
enough from the clearing temperature (T ∗) (see Fig. 2, inset).
The maximal (extrapolated to 0 K) values of biaxiality δn0 and
birefringence �n0 for all three studied compounds are listed
in Table II.

One may note that both maximal (extrapolated) birefrin-
gence �n0 and biaxiality δn0 slightly increase with the alkyl
chain elongation; nevertheless the difference between them

(a) (b)

FIG. 3. (Color online) Temperature dependencies of primary order parameters for uniaxial S (a) and for biaxial C (b) in both undisturbed
and field-induced Sm-APF states; undisturbed open symbols and field-induced (filled symbols).
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is just within the experimental error mainly due to limited
accuracy in the measurement of cell thicknesses, which was
±3% for planar cells and ±5% for homeotropic cells.

Figure 3 shows the temperature dependence of primary
uniaxial order parameter S (a) and the primary biaxial order
parameter C (b) calculated from the temperature dependencies
of birefringence and biaxiality (Fig. 2) and using extrapolated
values of birefringence �n0 and biaxiality δn0 from Eqs. (7)
and (8).

It should be noted that only the values of the biaxial order
parameter C, obtained in the field-induced Sm-APF states
[filled symbols in Fig. 3(b)], have a direct physical meaning
while the open symbols in Fig. 3(b) represent some apparent
values which are affected by other types of disorder. One
may assume that the alignment of the second director in the
homeotropic cell is not perfect and this improves with decreas-
ing temperature. In addition, both antiferro- and ferroelectric
phases (states) are characterized by additional polar order pa-
rameters which also increase with decreasing temperature and
may contribute to the birefringence in the second approxima-
tion. This explains why both the measured birefringence and
the apparent biaxial order parameter in the undisturbed Sm-
APA phase increase faster than linear with decreasing temper-
ature. Application of the electric field improves the alignment
of the second director and drives the polar order parameter
towards saturation but only weakly affects the nonpolar
parameter C. As a result the temperature variation of measured
order parameter in the field-induced phase has a normal shape
which represents the actual variation of the biaxial order.

V. CONCLUSION

In summary, we have developed an experimental method
to estimate primary order parameters for uniaxial and biaxial

states from the temperature dependent measurements of the op-
tical birefringence and biaxiality using Haller’s extrapolation
approach. We have applied this technique to three compounds
of orthogonal Sm-A-like bent-core homologous series, with
n = 8, 12, 14 carbon atoms in the alkyl chain. All these
compounds show at least the Sm-APA phase, in which the
optical measurements were performed. Both birefringence and
biaxiality slightly increase with the alkyl chain elongation,
while both order parameters S and C show the opposite
tendency.

The absolute values of the primary uniaxial order parameter
S in the bent-core LCs are higher than in conventional Sm-A
phases which can be explained by strong polar interactions
of bent molecular cores. The biaxial order parameters in the
range of 0.25–0.35 (or 0.5–0.7 when normalized to unity [4])
are smaller than uniaxial order parameter as expected, but
still rather high compared to the other biaxial systems. This is
supported by the theoretical model developed in Ref. [21]. The
authors show that the board shape symmetry is not sufficient
to provide a macroscopic biaxiality, while the lower molecular
symmetries such as C2h in tetrapodes and C2v in bent-core
molecules are required.
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