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Abstract: In this paper, we consider a class of multi-group SEIR epidemic models with stochastic
perturbations. By the method of stochastic Lyapunov functions, we study their asymptotic behavior
in terms of the intensity of the stochastic perturbations and the reproductive number Ry. When
the perturbations are sufficiently large, the exposed and infective components decay exponentially to
zero whilst the susceptible components converge weakly to a class of explicit stationary distributions
regardless of the magnitude of Ry. An interesting result is that, if the perturbations are sufficiently
small and Ry < 1, then the exposed, infective and susceptible components have similar behaviors,
respectively, as in the case of large perturbations. When the perturbations are small and Ry > 1,
we construct a new class of stochastic Lyapunov functions to show the ergodic property and the
positive recurrence, and our results reveal some cycling phenomena of recurrent diseases. Computer
simulations are carried out to illustrate our analytical results.
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1 Introduction

Mathematical modeling in epidemiology has become a more and more useful tool in the analysis of
spread and control of infectious diseases in host populations. There is an intensive literature on the
mathematical epidemiology, for examples, [5, 6, 7, 9, 10, 13, 14, 23, 24,25 31, 37, 38, 39, 40, 45, 16,

, 48,49, 50, 51, 53] and the references therein. In particular, [1, 2, 43] are excellent books in this
area.

One of classic epidemic models is the SIR model, which subdivides a homogeneous host pop-
ulation into three epidemiologically distinct types of individuals, the susceptible, the infective, and
the removed, with their population sizes denoted by S, I and R, respectively. It is a reasonable
approximation only for a disease which has a short incubation period compared with the time scale
of disease transmission in the host population. But, for some diseases, such as HIV/AIDS, there is
a long fixed period of time between the exposure and becoming infectious. In this case, rather than
becoming infectious instantaneously, the susceptible enters into an exposed class, labeled by E, and
remains there for a latent period of time. This leads to the SEIR model. Moreover, taking different
internal structures of the host population and the transmission properties of infectious diseases into
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account, a heterogeneous host population can be partitioned into several homogeneous subgroups,
according to various characteristics of individuals, such as age, contact patterns, social and economic
status, profession and demographical distribution. This is known as a multi-group model. Obviously,
in the multi-group model, we have to consider the interactions within a subgroup as well as among
different subgroups in the course of the spread of infectious diseases. Thus, the multi-group model
can produce more interesting and complicated scenarios of disease transmission. A tremendous vari-
ety of multi-group models have been formulated, analyzed, and applied to many infectious diseases,
see [1, 16, 17, 18, 20, 27, 28, 32, 33, 35, 44] for examples. The classic multi-group SEIR models are
governed by the following system of nonlinear ordinary differential equations

dSk S "
2 = M dkSk - ;ﬂkjsklj,
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where Si(t), Ex(t), I(t) and Ry(t) are the population sizes of four distinct compartments in the j-th
subgroup at time ¢. Here A, represents the influx of individuals into the k-th group, i, represents the
transmission coefficient between compartments Sy and I}, d?,dE, dé and dkR represent death rates of
S, E, I and R populations in the k-th group, respectively, € represents the rate of becoming infectious
after a latent period in the k-th group, and 7, represents the recovery rate of infectious individuals in
the k-th group. All these parameters are assumed to be nonnegative except Ay, df ) dkE , di, dk.R > ( for
all k.

Since Ry’s have no effects on the dynamics of Si, Ey and I (1 <k <n)in Eq. (1.1) and they
can be solved explicitly once I;’s are known, they can be omitted in analysis and Eq. (1.1) is therefore

reduced to .

dSk S -
o0 = M= diSi= ) BiSil;,
j=1
dE}, -
W ZﬁkjSkIj — (dE + é‘k)Ek, 1<k <n, (1'2)
j=1
dl
ditk = exEyx — (df, + W) k-
That is why only three components Sy, Ey, I, appear in the SRIR models in this paper and some other
papers. Especially, Guo et al. [21] studied the globally asymptotic stability of Eq. (1.2) by a graph-
TN
theoretical approach. Let Ry be the spectral radius of matrix My = ( =TT Brir kI > .
dy, (dk; + 5k)(dk + k) 1<k,j<n
Under some mild conditions, Guo et al. [21] showed that Ry is the basic reproduction number which is

defined as the expected number of the secondary cases produced in an entirely susceptible population
by a typical infected individual during its entire infectious period ([15]). Its biological significance is
that if Ry < 1, the diseases die out whilst if Ry > 1, the diseases become endemic ([15]). Therefore, Ry
works as the threshold parameter which determines the extinction or the persistence of the diseases. In
other words, if Ry < 1, the disease free equilibrium is globally asymptotically stable, whilst if Ry > 1,
there exists a unique endemic equilibrium which is globally asymptotically stable.



In practice, population systems are always subject to environmental noise. It is therefore nec-
essary to develop stochastic population models. It has also been proved that the stochastic models
can reveal some interesting properties which we observe in the real life. Moreover, instead of giving
a single predicted value in the deterministic model, we can build up a distribution of the predicted
outcomes by the trajectory of a stochastic model (ergodic property). Furthermore, we can obtain an
approximation to the mean and the variance of the population sizes of the infective classes, and the
probability of entering into a fixed subset at time .

In this paper, we introduce random effects into Eq. (1.2) by replacing parameters d?, df and
di with df + opdBy(t), dkE + 0, d&k(t) and di + prdni(t), respectively. This is a standard technique in
stochastic modeling (see e.g. [3, 11, 12, 30]). This is of course an initial stage. Ideally, we should have
introduced random effects into the other parameters, but the analysis would become too complicated.
In other words, we here only consider a reasonable stochastic analogue of Eq. (1.2) in the following
form

aSe = (Ak = dfSi— 1 BrySel; ) dt + o SkdBr(b),
b = [Z?:1 Brj Sl — (di] + 5k)Ek] dt + O Epdér(t), 1 <k <n, (1.3)
dl, = [exBEr — (df + ) Ix) dt + prIpdni(t),

where By(t), & (t), nk(t), 1 < k < n, are independent Brownian motions, and oy, Ok, pr, 1 < k < n
are nonnegative and referred as their intensities of stochastic noises respectively which are used to
describe the volatility of perturbations.

It is worth mentioning that because of mutual interactions among different groups, the multi-
group epidemic models are much more complicated than a single-group model. The classical methods
for a single-group epidemic model are not applicable. In this paper, we will use a graph-theoretical
approach, the stochastic Lyapunov functions and the techniques in probability theory to investigate its
asymptotic behavior. Especially, we construct a new class of stochastic Lyapunov functions combing
with a graph-theoretical approach to obtain its ergodic property and positive recurrence. Our results
provide an interesting insight into the spread of recurrent diseases.

Based on the above stochastic multi-group SEIR model (1.3), we study the transmission dynamics
of infectious diseases according to the threshold value Ry and the stochastic perturbations. We show
that large perturbations can accelerate the extinction of epidemics. It makes sense in the point that
the extinction of epidemics can be caused by occurrence of a catastrophe, such as earthquake, volcanic
eruption or tsunami, which is considered as a large perturbation. When the perturbations are small
and Ry < 1, this model has a similar dynamics as the case of large perturbations, and we can obtain
an explicit limiting distribution of the susceptible in each subgroup. In addition, the ergodicity and
the positive recurrence of multi-group SEIR model hold for small perturbations and Ry > 1. In
such a case, the invariant distributions of the sizes of infective components are obtained, and their
positive densities lies in the first quadrant. Therefore, epidemics can be considered to persist in the
heterogeneous host populations. We can also use the positive recurrence to illustrate characteristics
of recurrent diseases in probabilistic sense, such as the cycling phenomena of the high and the lower
infective levels. Furthermore, in practice, we usually make lots of records to investigate the dynamic
behavior of recurrent diseases. If the numbers of records are great, we usually found that the average
of records approaches a fixed positive point, but the records may fluctuate around this fixed point
even if the numbers are large. In our stochastic model, under some mild conditions, we conclude that
Eq. (1.3) is ergodic, that is to say, the average of records approaches the means of their invariant
distributions as the numbers are large. Meanwhile, the records are recurrent, i.e., they can enter the
high and the lower levels for infinite times (see Remark 6.1), which is a reason why the the records



may fluctuate around their limits. From this point of review, Eq. (1.3) provide a good description of
some biological phenomena of recurrent diseases.

The paper is organized as follows. In Section 2, we introduce some preliminaries used in the
later parts. In Section 3, we show that there is a unique positive solution to Eq. (1.3) for any positive
initial values. In Section 4, when the stochastic perturbations are large, we show that the exposed
and the infective populations decay exponentially to zero whilst the suspectable populations converge
weakly to a class of stationary distributions regardless of the magnitude of Ry. It is also noted that the
increasing perturbations of the exposed and the infective compartments in a subgroup will accelerate
the extinction of other subgroups. In Section 5, when Ry < 1 and the perturbations are small, we
obtain similar results to those in Section 4. Especially, we can get the explicit exponential rates of
the expectation of the sample means of the susceptible components. In Section 6, when Ry > 1
and the perturbations are small, we construct a new class of stochastic Lyapunov functions to obtain
the ergodic property and the positive recurrence of the epidemic models, which account for some
recurring events of recurrent diseases. In Section 7, we make some computer simulations to illustrate
our analytical results. In Section 8, we make the some further discussion and conclude our paper by
emphasizing the difference between the large and small stochastic perturbations. In Section 8, we give
the proofs of several results in the previous sections.)

2 Preliminaries

Firstly, we introduce some notations and results of graph theory ([36, 54]). It is known that a
directed graph G = (V, E) contains a set V = {1,2,--- ,n} of vertices and a set E of arcs (k, j) leading
from initial vertex k£ to terminal vertex j. A subgraph H of G is said to be spanning if A and G have
the same vertex set. A directed digraph G is weighted if each arc (k, j) is assigned a positive weight
ap;. Given a weighted digraph G with n vertices, define the weight matrix A = (ax;j)nxn Whose entry
apj equals the weight of arc (k,7j) if it exists, and 0 otherwise. A weighted digraph is denoted by
(G, A). A digraph G is strongly connected if for any pair of distinct vertices, there exists a directed
path from one to the other and it is well known that a weighted digraph (G, A) is strongly connected
if and only if the weight matrix A is irreducible ([8]). The Laplacian matrix of (G, A) is defined as

dkr1Q1  —Q12 e —a1p
—as Dokpo G2k —ag,
Ly= )

Let ¢, 1 < k < n, denote the cofactor of the k-th diagonal element of L4, by Kirchho’s Matrix Tree
Theorem ([12]) which can be expressed as follows.

Lemma 2.1. Assumen > 2, then

=Y w(T), 1<k<n,
TETy

where Ty, is the set of all spanning trees T of (G, A) that are rooted at vertex k, and w(T) is the weight
of T. In particular, if (G, A) is strongly connected, then ¢, > 0, for 1 <k < n.

The following lemmas are classical results of graph theory ([30, 54]), which can be used later.



Lemma 2.2. Assume n > 2, and the matriz A is irreducible, then the solution space of the linear
system L v = 0 has dimension 1 and (cy1,--- ,¢p) is a basis of the solution space, where ¢, 1 < k <n,
are given in Lemma 2.1.

Lemma 2.3. Assumen > 2, and ¢, 1 < k <n, are given in Lemma 2.1, then the following identity

holds
ZchalJGk xr) ZZCWU

k=1 j=1 k=1 j=1
where Gi(zk), 1 <k <n, are arbitrary functions.

Lemma 2.4. If n x n matriz A is nonnegative and irreducible, then the spectral radius p(A) of A is
a simple eigenvalue, and A has a positive left eigenvector w = (w1, -+ ,wy) corresponding to p(A).

Next, we give some criteria on the ergodic property of stochastic differential equations. Through-
out this paper, unless otherwise specified, (€2, {F;}+>0, P) denotes a complete probability space with a
filtration {F; }+>0 satisfying the usual conditions (i.e., it is right continuous and Fy contains all P-null

sets). Denote
R ={zeR:z;>0foralll1<i<I}

In general, let X be a regular temporally homogeneous Markov process in E; C R' described by the
stochastic differential equation

d
dX(t) =b(X () dt + Y or (X(t)) dB(t), (2.1)
r=1

with initial value X (to) = xo € E; and B,(t),1 < r < d, are standard Brownian motions defined on
the above probability space. The diffusion matrix is defined as follows

d

Az) = (aij($))1§i7j§lv aij(w) = Zaﬁ(w)aﬁ(aj)

r=1
Define the differential operator L associated with equation (2.1) by

l

: 0 1y, 02
L= Z bl(m) 6931 + 5 Z ”(x) 81‘161‘] '
=1 0]

1,7=1

If L acts on a function V € C?>'(E; x R, ; R), then

1 82V
LV (z) = Zbi(;p)a—% +5 > Aij(x)m,

i=1 1,j=1
where V,, = (gTZ’ cee 8xl) and V., = (‘93’23;1)1“' By Ito’s formula, we have
dV(X(t)) = ))dt + ZV X(t)) dB,(t).



Lemma 2.5. ([22]) We assume that there exists a bounded domain U C E; with regular boundary,
having the following properties:
(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the diffusion
matriz A(x) is bounded away from zero.
(B.2) If x € E;)\U, the mean time T at which a path issuing from x reaches the set U is finite,
and sup e E,m < 00 for every compact subset K C Ej.
Then, the Markov process X (t) has a stationary distribution u(-) with density in E; such that for
any Borel set B C E;
lim P(t,z, B) = u(B),
t—o0

and
r g 3 [ e [ Hotan =1

for all x € E; and f(z) being a function integrable with respect to the probability measure .

Remark 2.1. (i) The existence of the stationary distribution with density is referred to Theorem
4.1 on page 119 and Lemma 9.4 on page 138 in [22] while the ergodicity and the weak convergence
are referred to Theorem 5.1 on page 121 and Theorem 7.1 on page 130 in [22].

(ii) To verify Assumptions (B.1) and (B.2), it suffices to show that there exists a bounded domain
U with regular boundary and a non-negative C2-function V such that A(z) is uniformly elliptical in
U and for any =z € E;\U, LV (z) < —C for some C' > 0 (See e.g. [75], page 1163).

3 Existence and Uniqueness of the Positive Solution

By Lyapunov analysis method ([11]), we show that Eq. (1.3) has a unique global and positive
solution.

Theorem 3.1. If all the system parameters in Eq. (1.3) are nonnegative except Ak,df,dkE,di >0
for all 1 < k < n, then there is a unique positive solution to Eq. (1.3) ont > 0 for any initial value
in R3™, and the solution will remain in R3" with probability 1, namely Sk(t), Ex(t) and I;(t) € Ry,
1<k <n, for allt > 0 almost surely.

Proof. Note that the coefficients of Eq. (1.3) are locally Lipschitz continuous, thus there exists a
unique local solution on ¢ € [0, 7.), where 7 is the explosion time, thus Eq. (1.3) has a unique local
solution. Assume that mg > 0 is sufficiently large such that Si(0), Ex(0), [;(0),1 < k < n, all lie in
the interval [1/mg, mg]. For each integer m > mg, define the stopping time

= nf{t € [0.7:) : min {Sy(0), By(0), [u(1)} < 1/m or

lréllf’gn{sk(t)v Ek(t)a Ik(t)} > m}

As usual, we set inf () = oo. Clearly, 7, is increasing. Set 7o, = lim 7y, where 0 < 7o, < 7, a.s. If
m—00

we show that 7., = oo a.s., then 7. = oo and the solution remains in Ri” for all ¢ > 0, a.s. If this
statement is false, then there is a pair of constants 7" > 0 and € € (0, 1) such that

P{1oc <T} > e



Hence there is an integer m; > mg such that
P{r, <T} > eforall m > my. (3.1)

Define the C?-function V : R¥" — R, as

n n

V(Sk,Ek,Ik,l S k S n) = Z(Sk — ag —aklog— +Z Ek -1 —logEk) + (Ik -1 —loglk),
k=1 k=1

where ax, 1 < k < n, are positive constants to be determined later.
By It6’s formula, we see

(dE},)? “ (dIy)?
dV = 1——d8 1——dE 1——dl
= 1 = 1
= LVdt + Z o SkdB(t) + Y (1 — =)0 Edei(t) + > (1 — —)prLdi(t),
Sk k=1 B k=1 Ty
(3.2)
where
LVZEN: (1_7) Ak—dksk—zlﬁk SkI Ckak =+ Y (1—i) [EkEk_(d£+7k)Ik] —I—ii
k=1 Sk ’ k=1 Ty 2
n 1 n . 92
+ Z (1-— Fk) Zﬁkdskfj — (di + Ek)Ek + ?
k=1 j=1
- I - s 0;3 i, O
<M @+ T+ Bl + apd + df + df e byt o +
k=1 j=1
Note that
Z apBril; — Z(dﬁ + ) Ik
k=1 j=1 k=1
= Z [Z ak/Bkj] I; Z(dj + 7)1
j=1 Lk=1 j=1
= [Z arBrj — (dj + ;) | -
j=1 Lk=1
Choose ag,1 < k < n, such that for 1 < j < n, Zakﬂkj < d]I- + 4, then
k=1
LV <C, (3.3)



where C' is a generic positive constant. (3.2) and (3.3) yields

T AT
/0 AV (Si(r), Bo(r). To(r), 1 < k < n)

o (3.4)
S / Cd?" + M7'7,L/\T7
0

where {M;,t > 0} is a continuous local martingale with initial value 0.
Taking expectation on both sides of (3.4), yields

EV(Sk(tm AT), Ex(tin AT), It (s AT),1 < k < n)]

T AT
< V(SHO0). B0 101 <k <m)+ B [ Car (3.5)
0

< V(Sk(0)7Ek(0)7Ik(0)7 1<k< n) + CT.

Set Qy, = {7, < T'} for m > my and by (3.1), we have P(),,) > e. Note that for every w € €2,,, there
is at least one of Sk(Tm,w), Ex(Tm,w), I(Tm,w), 1 < k < n equals either m or 1/m. Consequently,

V(Sk(tm AT), Ex(tin ANT), Ii(tin AT), 1 < k <mn)

m 1 1 1 1
> i —ap —aglog —, — —ap —aplog —— » A —1-1 A(— —1—log—).
_12}3211 {m @ Ak 108 ar” m U Ak 108 akm} (m ogm) (m Ogm)

It then follows from (3.1) and (3.5) that

V(Sk(0), Ek(0), I5(0),1 <k <n) + CT
> E 19, )V (Sk(tm AT), Ep(tim AT), I(tn AT),1 < k < )]

1 1 1 1
> ¢ min {m—ak—aklogm,—ak—aklog}/\(m—l—logm)/\(—l—log),
a’ m apm m m

where 1 (. is the indicator function of €. Letting m — oo leads to the contradiction that
V(Sk(0), Ex(0),I£(0),1 <k <n)+ CT = 00. SO Tec = 00 a.8. O

4 Exponential stability under large perturbations

In this section, we investigate the exponential decay of the exposed and the infective components,
and the weak convergence of the susceptible components under large perturbations. It is shown that
even if Ry > 1 of Eq. (1.2), the random effects may make the exposed and the infective components
washout more likely whilst the susceptible components converge weakly to stationary distributions
with the explicit densities.

Theorem 4.1. If B = (Bkj)1<kj<n i irreducible, then

1 1
max {li;n_)s;p T log Ex(T), h;n—iip T log I.(T) }

n . (4.1)
< (o = A on) 00 ) 00) = Sy
- e (4 31)



Especially, if I, converge exponentially to 0 and 2df > J]%, 1<k <n, then

e A 1 T A\ 2 2 72
lim / Sk (u)du = —g, a.s, lim / E (Sk(t) — k) dt = . O} 2k' T
0 dk T—oo T 0 <2dk — Uk)<dk)

and Si(T) =" v, as T — oo, where —" means the convergence in distribution and vy is a probability
oo

A
measure in Ry such that xvg(de) = d—g In particularly, vy, has density (Apz’p(x)) ™1, where Ay,
0

k
18 a normal constant and s
2d
k

—% 2A
pr(@) =2 7% exp <2k> , = >0. (4.2)
oix

The proof is given in the Appendix.

Remark 4.1. In the deterministic model, when Ry > 1, the positive solution converges to the
endemic equilibrium P*. However, if the intensities of white noise 67 and p? are large enough, the
exposed and the infective populations of Eq. (1.3) will always die out exponentially regardless of the
magnitude of Rg. Meanwhile, the increasing perturbation size of a group of populations speeds up the
extinction of the other groups of populations. Thus the asymptotic behavior of perturbed epidemic
models can be very different from that of the deterministic counterpart.

To explain such a phenomena, we may regard the large perturbation as the occurrence of a
catastrophe, such as earthquake, volcanic eruption or tsunami, which brings depopulation of the
exposed and the infective individuals. Therefore, Theorem 4.1 fits the scenario of such extinction well.

5 Exponential stability under small perturbations and Ry <1

In this section, we investigate the asymptotic behavior under small perturbations and Ry < 1.
We can obtain the similar results as that in Theorem 4.1, which are given in the following theorem.

Theorem 5.1. If B = (Byj)1<k,j<n s irreducible, Ry <1 and 2df > o0, 1 <k <n, then

1 1
11%1]2(” {1i;11501;p T log E(T), lijmjotip T log I(T) }

(5.1)
Ok

"~ 1
< max { —F————— ZRO(dJI-—i—’yj)—

—1<k< 1 1)’
SRR /2dF — o} ) = 23 5= <@ + g)

Especially, if I;,1 < k < n, converge exponentially to 0, then Sp(T) =" vk, as T — oo, where vy, is
the probability measure in Ry defined in Theorem 4.1 and for any 1 < k <mn,
Ay
di

Tli_r)r;o%log ( 'ESk(T) ) = —dS. (5.2)

The proof can be seen in the Appendix.

Remark 5.1. If Ry <1 and af is small enough, then the exposed and the infective components
always have exponential stability whilst the susceptible components converge weakly to a class of
stationary distributions instead of Py on the effect of white noises. Furthermore, the expectation of
sample means of the susceptible components have also the exponential convergence with the explicit
rates.



6 Ergodic Property under small perturbations and R, > 1

By a new class of stochastic Lyapunov functions, we obtain the ergodic property and the positive
recurrence of Eq. (1.3) to illustrate the cycling phenomena of recurrent diseases.

Theorem 6.1. If B = (Bj)1<k,j<n 1 irreducible, Ry > 1, ok, 0k, pi, 1 < k < n, are positive and

cp(dy — o?)S; N . -
{ TR (o — 22) (B0t o~ 2RI | > S (vt + BudR + Curd),

k=1

min
1<k<n

(6.1)

then Eq. (1.3) has the ergodic property and converges to the unique stationary distribution p. Here
P* = (S}, St EY, .- (B IT, -+ 1Y) is the unique endemic equilibrium of (1.2), ¢, 1 <k <mn,
denotes the cofactor of the k-th diagonal element of Ly, respectively, B = (Bg,j)nxn = (BrjSpl; Jnxn,
and

—1
dE +db + 5 2) cr(dy — o)

ap = [ dF +dL 4+~ + 2d7 + (d7)? o ,
k <k kT Yk p +(dy) (dﬁ-i-’yk)dkE k 25;

1<k<n
Ay = (g +1) xS+ 2a5(57)%,
= U
C, = (K + 1)(d2£5+ enendi; 2ar(12)’ (di + Zk +df N 1) '
k k

Especially, we have

. 1 T2 Tep(d? — o2 N N
lim E/ ’“(’“7*’“)(5,{(15) — S92 + ap(df — 202)(EL(t) — E})?
T Jo 255

+ar(di + = 200) (In(t) — 11)*] dt <> (Ao + Bibi + Crp})-
k=1

Proof. If B = (B;j)i<k,j<n is irreducible and Ry > 1, Guo et al. ([21]) pointed out there is a unique
endemic equilibrium P* = (S§,---, Sk, EY,--- ,Ex If,--- , I}) in Eq. (1.2) such that for 1 <k <n,

Ay = de; + ZBMS;;I;,
j=1

n 6.2
> " BiiSiIy = (df + ex) Ef, (62)
j=1

ernEy = (di + )i

10



Firstly, define the C? function V;: Ri" — Ry by

n

Sy
‘/1(5]@, kylky, 1 > > TL) kg_l Ck |:Sk Sk‘ Sk‘ og —— S*

de I
L% ek (Ik—I;—I,’;logi)}.
Ek Ik

E

We compute

n

LVi =) e |[Ap—di Sk —
k=1

df +ep)dp + )l ASE :
(dy, Ek)ikk )l gkk + ) BriSilj + di S

j=1

B i BriSkliEy (dF + ) Bl — (di, +ex) By I} n (4 + ex)(df, + )1

Ey Iy, €k

n Z oS QI%EZ n PRl (dy +er)
2 2¢; ’

Jj=1

Substituting (6.2) into (6.3), we have

5k] S* 2[* n

ds(sp)?
S S *
LV I; 1Ck 2d Sk d Sk — S, +3 E ﬁk]SkI JE 1

S,JE - LB O
_Zﬁk]‘sk JS*I* Z’Bkjsk JE* Zﬁkﬂsk ]I*

2 E
+zck[ g P

Sk

_ chd55k< e+ ch 325k]sk1* Z%Sk o

SeiE; &
_Zﬂk_] Z;Sljj* ZBkJ k JE*

Z 67@’]5/%

2¢ep

n n n 2 Q% 2 1k 271 JE
“r ;S 0 FE pi L (dy + e)
+ E Ck E BkjSk E ,BkjSk j I* + Ck |: k2 k + k2 k + k' k\"k
= j k=1

By Lemma 2.3,

ch ZﬁkjSZ Zﬁkﬂk ; I* ZZCkﬂkgSkI*F —ZZCkﬁkgSk j I* =

k=1 j=1 k=1 j=1 k=1 j=1

Meanwhile, the inequality > 1 4+ Ilnx, > 0 implies

11

(6.3)



S e |33 Ausirs - Zﬁkgskf* Zﬁkjskjs’fw Zﬁkjsk]

Pt = SiE B3I
S 6> Sl [ S SLE B
— — s Se SplFE,  Er;
’: ; (6.5)
ers |1 Bk Ej
<> e BiSil] 1n§ —In ﬁ
k=1 j=1
n
— Z 1B SiL; ln Zchﬁk]SkI*ln——
k=1 j=1 k=1 j=1
where the last equality is derived from Lemma 2.3.
Therefore, (6.4) and (6.5) yield
n S 2 2 1k 271x( JE
S 0 FE I#(d
L‘Gézckdfsz <2 ’f_>+z [Uk ko k2k+pk k(zlg +€k)]_ (6.6)
Sk k
k=1

Secondly, define the C? function Va: Ri" — Ry by

n

E, df I
Va(Sks By Iy 1 <k <n) = ey | B, — Ef — Bflog —; + ko I, —I; —Iflog = ) | .
— SEr £k I

By computation,

" " (dE + é‘k)(dl + ’Yk) ° Bri Skl B N
LVo=> ok | > BrjSely — 2+ o : L,o-Y =k Ek] B (df] + en) By,
k=1 j=1 Jj=1

(@ +en)Be (d£+€k)(d£+w)]ﬂ +z”:% (9,31*775 N (df+ak)pifii)

Ik Ek el 2 25k:

= ch Zﬁk] —I7) + Zﬁkgskfk + Zﬁkgsk = By SiI;
Jj=

_dE Fer)di+ ), Z ﬁkjskf 12 (df + ) By

+ (df +ex)Ej —

€k = Ik
+(d,§ +ex) (df + %) N z”:Ck 07 N (dP + ep)p2I;
“k ’ k=1 2 2ex
n n n n
Sy S E; B}
= kP (Sk — Sp) (I — I7) + kBriSili |1+ o — G — —
kZIJZ; ’ S kZl; ! S; SiEx  Eil
* J ok 0L E, (dk +er)pid}
PR chﬁ’”sﬂf e (5 e )

12



where the last equality is derived from (6.2).
Applying inequality x > 1+ logz, x > 0 again, yields

>N cnBriSiTy

Se  SuLE; B}

Sy SiLE,  EfI

k=1 j=1

<§n:zn:c B, SEIE _i—1—1 SWli B _ g Erli

_k:1j:1 kPkjRktEk S; SZI;Ek gEZIk
n o n B

< kzlzjlckﬁkjskfk S—z —1+log =+ Sk logF — log Ik]
=1j= L

& o [Sh I; I
<Y B SiIi 5 + —k _ 2] Zchﬁk]Ska [logji — logI—Z

k=1j=1 k=1 j=1

n n .o —Sk S*
< chkﬁkjskfk §Z+§:— ] )

k=1j=1 L

where the last inequality is derived from Lemma 2.3 such that
Z Z kB SEI: log o Z Z kB SEL}: log k—q.
k=1j=1 ] k=1 j=1

Similarly, we get

ZZ’Bk]sk J]* Zzﬂ’”sk J]*:

k=1 j=1 J k=1 j=1

Hence, (6.7) and (6.8) imply

Lvs < chkﬁk] (Sk — Sp)L; — I7) +220k5k]5k1k [Sk +gk )

k=1 j=1 k=1 j=1
n
O2E;  (dE +ep)pil;
+ch< 5 T % :

k=1

Thirdly, define the C? function Vj: RY — Ry by

By computation and (6.2),

13



" i (Sp — S¥ " " 0252
ngzzW(Ak—dgsk—ZBkjskIjHZ s

k=1 k j—l k=1 25y
B n ckd,f(Sk Ckﬁkj ) J
- Z 5: Z Z S*
k=1 k=1 j=1 (6 10)
n o n . c O' :
SN B (S — SE)(L; — 1) +Z ’“25’3*
k=1 j=1
. Ck(dS—O' )(Sk— * & *
ST S el SO 1)+ Y asiol
k=1 k=1 j=1 k=1
Fourthly, define the C? function V4: R3" — R, by
Vi( Sk, Bi, Iy 1 Sk <n) = aw(Sk — Si + B — By + I — I})%.
k=1
By computation and (6.2),
LVi =2 ap(Sk — S + Ex — By + I — I}) (A — di Sk — df By, — (df, + ) I,
k=1
+ Y ar(07 Sk + 0RE; + ppI})
k=1
= =2 ay [d}(Sk — Sp)* + dff (Bx — Ef)? + (di + ) Ik — I7)?
k=1
(i} + ) (Sk = S (Ex — Ef) + (df, + v + d)(Sk = Si) Ik — 1)
+(d+ v+ ) (B = B (I = ID] + D an(0f SF + LB + pR17)-
k=1
Since 2ab < a2 + b%, we obtain
LVy <) agmp(Sk — S7)* =) aw(df — 267)(Ey — Ef)? Zak dE v, — 2021, — I})?
k=1 k=1 k=1
=2 ai(df + e+ dP) (B — BTk = I7) + 2 ar(0(S5)? + 02 (E)? + pi (1)),
k=1 k=1
(6.11)
df +d!
where my, = d¥ + df 4~ + 2d3 + (df)2M + 20%.

(df, +w)df;
Finally, define the C? function Vi: R — Ry by

" ay(df dF
Vot <k<n =3 WEF D) g gy
k
k=1

14



We compute

n

d[—|— +dE 2[2
LV5_2Zak (d! + g + dEY(By — BN (L — 1) +Z“k e+ i)
k=1

k=1
akd +'yk+d )(d + k) N
_22 . &_kk g (I — I})?
k=1
n i} . n a dl+ +dE 2 I*Q
<2 ag(dy +yk +dF)(By — BRIy — I) +2 ) el %gk Lend) (6.12)
k=1 k=1
" ap(dh 4y + dEY(dL 4y, — p?) .
oy Wl w NG ) gy
k=1

ak(di + vk + i) pi (I)°
ek

<2 ap(df + v + i )(Er — Bp)(Ie — I}) + 2
P

e
Il
—

Hence, (6.11) and (6.12) imply

L(Vi+ V) <> apmp(Sk — S7)° = > ar(dy — 267)(Ey, — E;)” Z ap(d +vp — 202) (I, — I})?
k=1 k=1

g . . . ag(df, + i + d)pi (1)
£23 anloR(S0? 1 D + A 23 R

k=1 €k
(6.13)
(6.6) together with (6.9), (6.10) and (6.13), yield
— c(d} — o) a2 B 2 2
L(KVA+ Vot Va4 Vat V) < = 37 k28, — 57)° = 3 an(df) — 207) (B — )
k=1 k k=1
n n QS* HQE* 2]* dE+€
= arldi 4 e = 200) (T — ) + 5> e [“’f iy %eBi | pilild v en)
2 2 2¢ep
k=1 k=1
+z": 92E* (df + er) Pl +2§:ak(d;€+%+df)pi(fé)2
25k €k
k=1
+ 22% o (Sp)* + 07 (ER)? + )+ ZCkSkUk
k=1
" [ep(d? — o2 . . .
== [W(Sk — S3)? + ar(di, — 207)(Bx — Ep)* + ar(df, + v — 207) (Ix — I1})°
k=1 k

n
+ Z(Akaz + Bkei + Ckpi),
k=1

Note that if (6.1) holds, then the ellipsoid

15



5 G (Sk — Sp)? + ar(dy — 207)(Ex — EQ)? + ar(df +ve — 207) (I — I;)?
k

n [ck(df — 0]%)
1
n
= (Apol + Bro: + Crpp)
k=1

lies entirely in Ri”. We can take U to be any neighborhood of the ellipsoid with U C E; = Ri", SO
forx € U\ By, LV < —C, which implies condition (B.2) in Lemma (2.5) is satisfied. Besides, there is
a constant C' > 0 such that for z € U, ¢ € R3",

3n 3n n n n
> ( aik(@%‘k(@) §& =) oraili + Y 0ral 4k + Y prab, &k = C.
ij=1 \k=1 k=1 k=1 k=1

Applying Rayleigh’s principle ([52], P349), condition (B.1) is satisfied. Therefore, Eq. (1.3) has a
unique stationary distribution p in Ri” and it is ergodic. O

Corollary 6.1. Under the above assumptions, Eq. (1.3) is positive recurrent.

Proof. In the proof of Theorem 6.1, condition (B.2) of Lemma 2.5 is verified. Thus, Eq. (1.3) is
positive recurrent by the definition of positive recurrence and lemma 3.1 in [22], on page 116-117. [

Remark 6.1. For fixed ay and a9 such that g > ay > 0, let Uy = {x € Ry;2 > a1} and
Us = {z € Ry;x < as} denote the high and the lower infective levels, respectively. Set 7§ = inf{t >
0;1;(t) € U} and 7§ = inf{t > 7¢;1;(t) € Uz}, we define the following sequence of stopping times
recursively for every 1 < ¢ < n:

o, =inf{t > 75, ;s L(t) € UL}, k> 1

Taps1 = inf{t > 75 L;(t) € Us}, k> 1.

By Corollary 1 and strong Markov property, T]i < 00,k > 0, a.s. This means the recurring phenomena
of high and lower infective levels in j-th group, which can be used to illustrate some cycling events of
recurrent diseases and provide a biological insight of recurrent diseases.

7 Simulations

In this section, we make simulations to confirm our analytical results. Using the Milstein’s higher
order method ([20]), we simulate the positive solution to Eq. (1.3) with the given positive initial value
and parameters. The corresponding discretization equations are

;

n 2
oSk
Skit1 = Sk + (A — dj} Ski — Z BrjSk,ilji) At + 015y i Bri VAl + kz LBy At — At),
j=1
07 Ei
2

n
Eyiv1 = Egi + Z BrjSkilii — (dF + er) By | At + 0p By &V AL+ (&7 At — Ab),
j=1

2
Pilk,i
Iiivr = Ini + (erBri — (v + di) Ing) At + preliingi VAL + %(U@Af — At),

16



(@ (b)

a a
s1 s2
3.5 El 3.5 E2
11 12
3 3
25}

15
1
0.5
)
—0.5 -0.5
5 500 1000 o 500 1000

Figure 1

where By, &kiki, 1 < k < n, 1 < j < m, are independent Gaussian random variables with
distribution N(0,1). Let n = 2, we consider two groups of infective populations. In Eq. (1.3),
we choose the positive initial value (S1(0), S2(0), E1(0), E2(0), 1;(0), I2(0)) = (3.6,2.4,2.7,3.2,2.1,2.7)
and the parameters A1 = 0.2, Ay = 0.1, e = 0.3, g2 = 0.2, 11 = 0.3, 72 = 0.2, d;j = dkE = dé = 0.1,
1 <k < 2. Using Matlab software, we simulate the solution to Eq. (1.3) with different values of 3,
a,f, 9,? and pi, 1<k, j<2.

In Fig.1-Fig.6, we choose parameters such that Ry > 1 and the conditions in Theorem 4.1 are
satisﬁed, i.e., ,311 = ,822 = ,312 = 621 = 2, o1 = 09 = 0.1, 91 = 92 = 2.4, pP1L = p2 = 3.0. In (a)
and (b), note that the exposed and the infective populations tend exponentially to 0. In (c) and (d),
the average of susceptible populations % fOT Sk (t)dt converges to %, 1 <k <2 In Fig.3-Fig.6, we
represent the histograms of Sy and v, 1 < k < 2. We use statistic;;l software R to record the values
of Sg, 1 < k <2, at large time t = 50000, and At = 0.01. Comparing these figures we know that when
the time is large, the kernel density of Si looks very like the one of v, 1 < k < 2. Thus S is a good
approximation to v, 1 < k < 2.

In Fig. 7 and Fig. 8, we only change the values of the intensities: o =0, = pr = 0.1, 1 < k < 2.
In (e) and (f), the simulating solutions fluctuate around the endemic equilibrium. In (g) and (h), we

1 [ 1 [ I
give the simulations of t/ Sk(s)ds, 75/ Ei(s)ds and t/ Ix(s)ds, 1 < k < 2, which conform the
0 0 0
ergodicity of Eq. (1.3).

8 Discussion and concluding remarks

It is seen that when the perturbations are very large, the exposed and the infective components
will be forced to expire. It makes sense in the point that the extinction of epidemics can be caused
by the occurrence of a catastrophe, such as earthquake, volcanic eruption, or tsunami, which can be
considered as a large perturbation. Hence, Ry will not act as the threshold to determine the extinction
or the persistence of epidemics as that of the deterministic model. In such a case, the exposed and the
infective components decay exponentially to zero in every group regardless of the magnitude of Rjy.
We also obtain the weak convergence of the susceptible components. In particular, the expectation
of limiting sample means, limiting sample variances and the densities of invariant distributions of the

17
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susceptible components are denoted explicitly by parameters in this model.

Under small perturbations, if Ry < 1 and some mild conditions hold, the results in the case of
large perturbations also hold. In addition, we obtain the explicit exponential rates of the expectation
of sample means of the susceptible components. If Ry > 1, we study the ergodicity and the positive
recurrence of Eq. (1.3) by a new class of stochastic Lyapunov functions. Furthermore, we use the
positive recurrence and the strong Markov property to illustrate the recurrent phenomena of high and
lower infective levels of recurrent diseases, which provides a biological insight of recurrent diseases
(see Remark 6.1). In such a case, Ry plays a role similar to the threshold of the deterministic model.
Therefore, large perturbation surpasses the effect of Ry as a threshold value, and small perturbation
retains some role of Ry in stochastic sense.

9 Appendix

In this part, we will give the proofs of several results in the previous sections.

Proof of Theorem 4.1 By comparison theorem (Theorem 1.1 of [29], on page 352), S; < X,
where X, is the positive solution with initial value X (0) = Sg(0) such that

dXy, = (Ap — d3 Xp)dt + 04 XdBy(t). (9.1)

Since 0 < Sj < X}, X is positive.

A
First, we show (9.1) is stable in distribution and ergodic. Let Y = X} — d—g, then Y} satisfies
k

A
dY;, = —dekdt + ok (Y + ﬁ)dBk(t).
k

Theorem 2.1 (a) in [19] with C' = 1 implies that the diffusion process Y} is stable in distribution as
t — 00, so does X.
By Theorem 1.16 in [31], we see X} is ergodic, and with respect to the Lebesgue measure its

unique invariant measure v, has density (Apz?p(z))~!, where A4; = Mkal% exp (—2/\—2’“) Since X},

9k
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is stable in distribution, and it is clear that the stability in distribution implies that the limiting
distribution is just the invariant distribution. Therefore, Xy (t) converges weakly to vy as t — oo.

Now, we show that fj(t) := EX}(t) is uniformly bounded for some p > 1 to be determined later.
Applying Itd’s formula to X,f , we have

oip(p — 1) X}

ax? = <pAkX,§—1 — pdi X7 + 5

) dt + pop X} dBy(t).

a bp—
Taking expectation of the above equation, and using the fact apb B < + (p

1
), a,b > 0, yields

”3

0'2 —
) < M+ (= D) - |af - RO g

oot (- 55

Choose p > 1 close enough to 1 such that

p—1 s oilp—1)
—_——dy - = 0
p (k 2 <0,

then sup EX} (t) = sup fi(t) < oo, and [ zPry(dx) < oo.
>0 £>0

{hm / Xp(t)dt = / :cyk(dx)}zl, (9.2)

for all z € Ry. Whilst Jensen’s inequality yields

By ergodic theorem, we have

[ /Xk dt] <FE— /Xp (t)dt < sup EX}(t) < ooc.
£>0

1 [T
Therefore, {T / Xp(t)dt, t > O} is uniformly integrable and together with (9.2), we have
0

T 00
E% /0 X ()t — /0 i (da). (9.3)

Taking expectation on both sides of (9.1), yields

p k

Let t — oo and taking (9.3) into account, we have

zvg(dx) = —¢.
/0 =3
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Next, define C? function V: Ri" — Ry by

n
dE
V(Ep, I, 1<k<n)=) e <Ek+ k +5k[k>:
€k
k=1

WEEE

(df +er)(df +)
corresponding to Ry. We compute

where ¢, = 1 <k <n,and (wy,---,w,) is the positive left eigenvector of M

n

(df + k) pr
A% Z Z ekﬁkjSkI — Z wily | dt + Z [ ekEkdfk( ) Tfkdnk(t) .

k=1 j=1 k=1

1t6’s formula implies

dlogV =Vt ZZekﬁk Sl —Zwklk dt — 2V ! n e 02E2+MI2 dt
J k k=K 62 k

k=1 j=1 k=1 k
7 (df + ek)pi
yL 0 ErdEr (T R

+ E ek[k R d&i(t) + 5

Ikdnk(t)]
k=1

k=1 j=1 k=1 j=1
n
. dy + eg _ dE + ep)pr
— )Y <0,%E,3 + (’Cz)p’ﬁg) dt +V 1Zek [HkEkdfk(t) + (’“E)plkdnk(t) .
k=1 k k=1 k
Note that
ek Br; Ak
IV ST S
k=1 j=1 k
and
V2 < <ek9kEk1 L enldi +er)onle 1>
— Ok €k Pk
n E 2 2 n
d 1 1
<3 (e IR S (52,
=1 €k —1 O i
then

dlogV < YRy —1) Zwklk—l—v 1ZZekﬁkj (Sk )I dt

k=1 j=1

_ di + ex)pr
vt 01 Ejdé (t (i + er)pr
+ Zek[k kA€ (t) + o

— - ) ) Ikdnk(t)] .
23 ko1 (@ + g) =1
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Since

d
lim sup — / V(t)~? Zek <9kEk Mfk( )) dt < oo,

T—o00 €

the strong large number law of martingales implies

1 T n dE
lim — / Vi)t ek [HkEkdfk(t)—i—m&:WCIkdnk(t)} =0, as.
0 k=1 k

T—oo 1’
Therefore,
log V(T I < 1
limsupOgT() < limsup - / V() (Ro — 1) wili(t)dt — —
T—00 T—o00 0 — 25" = 4+ =
r h Sia (o td) g
1 e A
+ lim sup T/ V()™ Z Z exBrj (Sk(t) - g) I(t)dt.
T—oo 0 k=1 j=1 dk
If Ry > 1, then
lim sup — / V() YRy — 1 Zwklk t)dt < (Rp — 1) max {dk + Yk} (9.5)
T—o0

k=1

Also, note that
- A
ZZekﬁkJ (Xk. d;‘) L(t)dt

1
lim sup — / -1
T—o0 e 1] 1

< limsup — / -t Z Z ekﬂk]Xk (t)dt (9.6)

T—o0 k=1 j=1
1 e d +
< limsup — / -1 Z Z kﬁk] %) Xi(t)dt < My,
T—o0 k=1 j=1

where

Zzn: wiBrjeni(d] +75)
dswj dE —i—Ek)(dI + k)

Z Z Wk Bricr Mk _ dj +7
= S(1E 7 )
i d d + er)( d + k) wj
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Therefore, if Ry > 1,

n WEEE dkE + &g
hmsup log [Z dE+5k (dl o) <Ek+ o Ik>]

T—o0 1

1
< (Rp—1) max{dk—l-’Yk}-i—RoZd +75) — e TR
7=1 > k=1 7T

If Ry <1, taking (9.4) and (9.6) into account, then

n

WEEL dkE+5k
hmsup log <Ek+ Ik>
Tooo 1 Zzl (df +er)(df + ) €k
= 1
I N —
< Ro) (dj +) S (B )
Jj=1 k=1 \ 62 P2
Finally, since
lims lo Z Wkk <E +d£+€k1> ma {lms log Ey, lims lo I}
im su = X 4 limsu ,lim su ,
T T %8 (dE + &) (dL + ) g e ) Tiken | pame T8RN pT &k
(4.1) holds.

At last, we concentrate on S;. We next show that Sy is stable in distribution. To do this, we
introduce a new stochastic process Sy, ;) which is defined by its initial condition S -(0) = Sk(0) and

the stochastic differential equation
dSke = [Ax — (df + €)Ske]dt + 0.Sk dBy(t).

First, we prove
liminf (Sk(t) — Skc(t)) > 0, a.e.
t—00 ’

Consider
d(Sk — Ske) = | (e — Zﬁkg — (d}} +)(Sk — Ske) | dt + o1 (Sk — Sk.e)dBy(t).

The solution is given by

2
Sk<t) — Sk’g(t) = exp{ (dk +e+ = 9 )t—i—UkBk( )}

t 52
./Oexp{(dk—i-a—i- 2)8—UkBk } E—Zﬁ;w s) | Sk(s)ds.

If I, = 0,1 <k <n, ae., then for almost w € Q, 3T = T'(w) such that

€>Zﬂk] , Ve >T.

24
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Hence, for almost w € €, for any ¢ > T,

2
Si(t) = Spe(t) > exp {_(df feqt %)t n akBk(t)}

T 2 n
[ e+ Frs-amo} (- X A | s
j=1

Therefore,
litrgglf (S(t) — Ske(t)) >0, a.e.
Next, note that X3 > S ., a.e. and
d( Xy — Ske) = [Ske — A7 (Xi — Ske)]dt + 04 (Xy — Sk.c)dBy ().

Taking expectation of the equation above, yields
T
BIXW(T) — Sue(T)] = [ [£8a(6) = dE060) — Sie(0)]
0

T
< / [eXk(t) — df [ Xk(t) — Skel] dt.
0

Hence
€ Sup, > EXp(u)
E|Xp(T) — Ske(T)| < uzfls ( (1 - exp{—dfT}) .
k
This implies
liminf lim E|Xy(T) — Sk(T)| = 0. (9.9)

e—0 T—oo

Combing (9.7), (9.9) and the fact that Si(t) < X(t), we get
Tlim (Xk(T) — Sk(T)) = 0, in probability.
—00
Since Xj(T") converges weakly to distribution vy, so does Si(7") as T' — co. The proof of

1 [T Ay 2 ozA?
lim — [ E(Sit)——= | dt = k™ k
7 2 (50 - ) o= a2t

is left in Theorem 5.1.

Proof of Theorem 5.1 First, by ergodic property of (9.1), we get

1 /7 A >
lim / k dt:/ A
T—)OOT 0 0

Xi(t) — —5 s

s vi(dx). (9.10)

X

IS %) A 2 2
Note that / T — d—g vi(dx) < ( / (x - d§> Vk(dx)> by Hoélder inequality, and for any m >
0 k 0 k

0, the ergodicity of X} implies

/OO< Ak>2/\ (dz) = 1i 1/TE<X ) Ak>2/\ dt < lims 1/TE(X ) Ak>2dt
r — — mrv. ) = 111 — - —a m 1m sup — - — .
0 dy g T—oo T /g g dy - T—>oopT 0 " dy
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Let m — oo, we have

/Oo< A’“>2 (dz) < lim sup ~ /TE<X (t) A"“>2dt (9.11)
r — —a 1% i 1 up — - —a . .
0 3 g =T Jy : dy
ArR\?
Applying Ito’s formula to (Xk(t) — ds) , then
k

(- A’“) -[ 2 (Xu(s) — 35 ) (hu - dEX (o) + oF R0

S
dk k

+ 2/0t o, <Xk(5) - 2;;) X (s)dBg(s)

t AR\ 2 2o (1 A
_—2d5—2/<X —k>d “/(X —k>d
( k Uk) 0 k(s) d? s+ ds 0 k(s) df S

e <2§>2t + 2/; o (Xk;(s) - 2;;) X4 (s)dBy(s).

Taking expectation on both sides of the above equation and using the fact that hm — / EXp(t

A\
,if 2d7 > o2, th EFlX < 00,
dS if 2d; > oy, then ig}g ( k(t) — df) 00

1 T Ak 2 0'2A2
lim / E<Xk(t)—> dt = k_k : (9.12)
T Jo dy (2d7 — o2)(dy)?

T—o00

and by lim;_,o (X (t) — Sk(t)) = 0 in probability, we have
1 T Ak 2 O'2A2
lim — [ E(Sp(t)——5 ) dt= Bk :
p [, (05 ) =
Taking (9.10), (9.11) and (9.12) into account, yields

1 T 00
lim / dt—/
T%OOT 0 0

Secondly, in (9.4), note that

1 ZZekﬁk] (Sk A’“) O <VOTY D ey (Xk(t) - 25) L;(t)

k=1 j=1 k=1 j=1

T — (9.13)

2k
S
dy,

Zi Wi Brjen( d + ;) ¥
< k
= = wi( (dF + &) (d1+7k)
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together with (9.13), implying

limsupT/ VYD enbry (Sk( S) (t)dt < M. (9.14)
T—o00 0 k=1 j=1 d
where
Iy " i opwiBrjere(df + ;)
2 =
(3 dwy(aF + ) (d] + )y 245 — o
n on d1_|_ .
< max Ik Z s ;UkﬁkjekAk L
1<k<n ng_f’l% ot k d +€k)(d +7k) wy
< max S — ZRowj‘ Ll
1k | faas — o2 [ £ wy
o n
k I
= max { ——— ZRO(dj +7%5)-
Isksn 2d7 — o2 | =1

Taking (9.4) and (9.14) into account, we get (5.1).
A
Thirdly, we study the exponential bounds of ’ESk(t) - % . Let hg(t) := EXi(t) — d—g and take
k

the expectation on both sides of Eq. (9.1), we have

h(t) = —d3h(t).

Then
EX M ) = ;
(0) = 25 = () = hu(0) exp{ a5t} (9.15)
k
together with comparison theorem, implying
Ak A s
k k
Meanwhile, (9.8) yields
g5(t) == E (Sk(t) Ska / E(e — Zﬁk] s)ds — dk +¢€ / E(Sk(s Sk,a(s))ds.

A
Since I;,1 < j < n converge exponentially to 0, £Si () converges to d—g and litm inf E (Sk(t) — Ske(t)) >
A —00

Elitm inf (Sk(t) — Ske(t)) > 0 (see (9.7)), for any 6 > 0, there exists Ty > 0 such that for any ¢ > T,
—00

EAk
8 o Z 6k7] 2dS
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and
9i(t) = E(Sk(t) — Spe(t)) = —0.
By computation, for any ¢ > Tp,

e’:“Ak

E (Si(t) = Sie(t)) 2 g (To) exp{—(d} + &) (t — To)} + 255 + 2

(1—exp{—(dj +&)(t —Tp)})

together with (9.15), implies for any ¢t > T,

Ak Ak Ak Ak
ES(t) — =% = E (Sk(t) — Ske(t)) + ESp.o(t) — Lk
k(t) as (Sk(t) — Ske(t)) + ESke(t) d£+€+d£+5 5
> g5 (Tp) exp{—(d +¢)(t — To)} + L (1 —exp{—(dj +¢)(t — Tp)})
- 24 (5} + )
A A
S k k
+ hi(0) exp{—(dy + )t} + df e @

By ¢;.(To) > —6, let € = 0, then for any t > Ty,

Ak
dj

ESi(t) — =5 > (h(0) — 6) exp{—djit},

together with (9.16), yields (5.2).
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