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ABSTRACT. A discrete stochastic Razumikhin-type theorem is established to
investigate whether the Euler-Maruyama (EM) scheme can reproduce the mo-
ment exponential stability of exact solutions of stochastic functional differen-
tial equations (SFDEs). In addition, the Chebyshev inequality and the Borel-
Cantelli lemma are applied to show the almost sure stability of the EM ap-
proximate solutions of SFDEs. To show our idea clearly, these results are used
to discuss stability of numerical solutions of two classes of special SFDEs, in-
cluding stochastic delay differential equations (SDDEs) with variable delay and
stochastically perturbed equations.

1. Introduction. The stability analysis of numerical methods for stochastic dif-
ferential equations (SDEs) has received increasing attention in recent years. Due to
the presence of stochastic factors, stability here means mainly moment stability (M-
stability), in particular mean-square stability, called as MS-stability, and trajectory
stability (T-stability), that is almost sure stability, which is a direct extension of the
deterministic stability concept. T-stability was defined in [13] for weak solutions
and extended to strong solutions in [3], for which it is equivalent to the asymptotic
stability property. MS-stability was defined and investigated for various kinds of
numerical schemes of SDEs in [14]. In addition, [2, 6, 7] examined the almost sure
and the moment stability of numerical solutions of SDEs, while [12] extended these
techniques to examine almost sure and moment exponential stability for stochastic
differential equations with Markovian switching (SDEwMS). The pth moment ex-
ponential stability for SDDEs with fixed delay was discussed in [1] in terms of the
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discrete Halanay inequality, while [16] investigated the almost sure exponential sta-
bility of the numerical approximations of SDDEs by using continuous and discrete
semimartingale convergence theorems and in [17], the authors extended this tech-
nique to examine the almost sure exponential stability of the numerical solutions of
SFDEs.

This paper will use the Razumikhin-type technique to examine the stability of
numerical solutions of SFDEs. Consider the n-dimensional SFDE

dz(t) = f(t,z)dt + g(t, z)dw(t), t>0 (1.1)

with initial data xg = € € C.Z;_-O([—T, 0]; R™), namely, & is a bounded, Fy-measurable
C([—T,0]; R™)-valued random process defined on [—7, 0], where z; =: z:(0) = {z(t +
0) : —7 < 6 <0} € C([-7,0;R™), f: Ry x C([-7,0;R") — R™, g : Ry x
C([—7,0];R™) — R™ ™ are Borel measurable, w(t) is an m-dimensional Brownian
motion. The initial data £ satisfies sup_,<p<o E|£(0)|P < oo for p > 0.

Let the step size A be a fraction of the delay 7, namely, A = 7/M for some
integer M. Then the EM method (see [11, 15, 17]) applied to (1.1) produces

{ z = E(kD), -M < k<0,
Try1 = Tk + (A, ypa) D + g(kD, ypa) Dwy, k>0,

where Awg = w((k + 1)A) —w(kA) is the Brownian motion increment and yg, is
a C([—7,0]; R™)-valued random variable defined by piecewise linear interpolation:

(1.2)

0 — 1A
Yka = Yka(0) = Tpgi + A (Tht14i — Thtd),
foriAN<O<(i+1A, i=-M,-M+1,---,—-1. (1.3)

Razumikhin-type theorems are well-known (for example, see [4, 5, 9, 10]) in the
stability theory of both ordinary and stochastic differential equations. To consider
the stability of deterministic difference equations, some papers (for example, [8,
18, 19]) examined the Razumikhin-type theorems for deterministic delay difference
equations. Motivated by these papers, this paper establishes a discrete Razumikhin-
type theorem for the pth moment exponential stability of the EM scheme (1.2). By
the Chebyshev inequality and the Borel-Cantelli lemma, this paper also investigates
the almost sure stability of the EM scheme (1.2). The analysis thus also includes
almost sure exponential stability. To illustrate our ideas clearly, these results are
applied to SDDEs with variable delay and stochastically perturbed equations and
thus generalize some existing results (for example, [1] and [7]).

In the next section, we introduce some necessary notations and definitions. Sec-
tion 3 reviews the Razumikhin-type theorem on the exponential stability for SFDE
(1.1), and then we establish the discrete Razumikhin-type theorem. To show our
idea more clearly, In Section 4, we examine stability of exact and numerical solutions
of SDDEs with variable delay as an important class of SFDEs. We also examine
stochastically perturbed equations in section 5 and deal with a class of linear sto-
chastic Volterra delay-integro-differential equations (SVDIDESs) as a special case of
stochastically perturbed equations.

2. Notations and definitions. Throughout this paper, unless otherwise specified,
we use the following notations. Let |- | be the Euclidean norm in R". If A4 is a
vector or matrix, its transpose is denoted by A”. If A is a matrix, its trace norm is
denoted by |A| = /trace(AT A). Let 7 > 0 and C([—7,0],R™) denote the family of
continuous functions from [—7, 0] to R™. The inner product of z,y in R™ is denoted
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by (z,y) or zTy. If a, b € R, let a V b = max{a,b} and a A b = min{a,b}. N
represents the set of the integer numbers, namely, N = {0,1,--- ,} and let N_p; =
{0,—1,-2,--- ,—M} for some positive integers M.

Let (2, F,P) be a complete probability space with a filtration {F;};>0 satisfying
the usual conditions, namely, it is right continuous and increasing while Fy contains
all P-null sets. Let w(t) = (w'(t), - ,w™(t))T be an m-dimensional Brownian
motion defined on this probability space. Denote by C.l;_—o([*’r, 0]; R™) the family of
all bounded, Fy-measurable C([—7,0]; R™)-valued stochastic processes on [—,0].
Let p > 0 and L’ ([-7,0];R") be the family of F;-measurable stochastic processes
o ={p(0) : =7 < 6 < 0} such that [|||f := sup_,<g<o Elp(0)P < co. If x(t) is
an R™-valued stochastic process, define z; = {x(t +6) : —7 < 6 < 0} for t > 0.
Let C?(R™;R, ) denote the family of all nonnegative functions V(x) on R™ which
are continuously twice differentiable. For a function V € C%(R™;R,), define an
operator LV from Ry x C([—7,0];R") to R by

LV(t,9) = Valp(O) (1) + gtracelg” (6, 0)Vaa (0Ol 0)). (2.1)

Then the expectation of LV along the solution z(t) of Eq. (1.1) is given by
ELV (t,2:). To indicate dependence on the initial data &, the solution will often be
written z(t) = z(t, ).

In this paper, it is assumed that there exists a unique solution z(¢,&) to Eq.
(1.1) for any initial data & € C%, ([—7,0];R™) and for any p > 0, the pth moment
of this solution is finite, namely E(sup_, <, |2(t,£)|?) < oo. For example, the
linear growth condition may guarantee the boundedness of the pth moment (see
[10, Theorems 5.2.5 and 5.4.1, Pages 153 and 158]). For the purpose of stability,
assume that f(¢,0) = ¢(¢,0) = 0. This implies that Eq. (1.1) admits a trivial
solution z(¢,0) = 0. The following definitions of stability for SFDEs and its EM
scheme are required.

Definition 2.1. The trivial solution of Eq. (1.1) or, simply, Eq. (1.1) is said to be
exponentially stable in the pth moment if for any initial data & € C}O ([-7,0; R™),

1
limsupzlogE|x(t,f)|p <0 (2.2)

t—o0

and almost surely exponentially stable if
1
limsup = log|z(¢,&)] <0 a.s. (2.3)
t—o00 t
Definition 2.2. The EM scheme (1.2) is said to be exponentially stable in the pth

moment if for given stepsize A > 0 and any bounded initial sequence {£(kA)}ken_,,
if

1
lim sup — log E|zx|? < 0 24
im sup ;7= log |z | (2.4)
and almost surely exponentially stable if
1
li —1 .S. 2.
llr:i)sipkA oglrr] <0 a.s (2.5)

In this paper, our aim is to examine whether stability of the numerical solution
for (1.2) can reproduce stability of the exact solution of equation (1.1) in the senses
of the moment and almost sure.



888 FUKE WU, XUERONG MAO AND PETER E. KLOEDEN

3. Stability of SFDEs and the EM scheme. Razumikhin-type theorems are
very important in stability analysis. The classical Razumikhin theorem for deter-
ministic functional differential equations can be found in Hale et al [5], while Mao
(see [9, 10]) extended it to SFDEs. The method was also used for deterministic
delay differential equations with random delays in [4]. In this section, a discrete
Razumikhin-type theorem on exponential stability of (1.2) is established and used
to examine the stability of numerical solutions.

3.1. Stability of the exact solutions of SFDEs. For the convenience of the
reader, the well-known Razumikhin-type theorem on exponential stability for SEFDEs
is stated (see [9, 10]). Note that E(sup_, <, |2(t,§)|P) < co may guarantee that
ELV () in condition (i) of the following theorem is well defined.

Theorem 3.1. Let (,p,c1,co all be positive constants and q > 1. Assume that
there exists a function V € C?(R";Ry) such that the following conditions hold:
(i) alzlP <V(z) < calz|P for all x € R™;
(i) ELV (t,9) < —CEV(¢(0)) for allt > 0 and those ¢ € L% ([=7,0];R™) which
obeys EV (p(0)) < ¢qEV((0)) on —7 <0 <0.
Then for all £ € C}O([—T, 0];R™), the solution of (1.1) has the property that

Bla(t, O < Zlielge™ ont>0, (3.1)
1
where A = [log(q)/7] A C.

To explain this idea, applying the It6 formula to eMV (x(t)), one sees that to
have the pth moment exponential stability, it would require that ELV (¢, 2;) <
—AEV (x(t)) for all ¢t > 0. As a result, one would be forced to impose very severe
restrictions on the functionals f and g. However, by this theorem, one needs to
require ELV (t,z;) < —CEV (x(t)) if EV (z:) < ¢EV(2(t)). f and g can be much
weakened. This is the basic idea of this theorem. Mao [9, 10] gave a classic proof
for this theorem. Another proof, which is different, is given in Appendix A.

Although the pth moment exponential stability and almost sure exponential sta-
bility of the exact solution do not imply each other in general, under an irrestrictive
condition the pth moment exponential stability implies almost sure exponential
stability (cf. [9, 10]).

Theorem 3.2. Let p > 1. Assume that there is a constant K > 0 such that for
every solution x(t) of (1.1),

E([f(t, z)[P + |g(t,z)[P) < K sup Elz(t+0)F ont>0. (3.2)
—7<60<0

Then (3.1) implies
1 A
limsup = log |z(¢,£)| < —= a.s. (3.3)
t—oo T P

In other words, the pth moment exponential stability implies almost sure exponential
stability.

3.2. Stability of numerical solutions of SFDEs. To consider the stability of
difference equations, some papers (for example, [8, 18]) examine the Razumikhin-
type theorems for deterministic delay difference equations. In this subsection, we
establish the Razumikhin-type theorem on exponential stability of the EM scheme
(1.2).
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Theorem 3.3. Fiz A > 0. Let Co,pa,C1a,Con all be positive constants, qn > 1
and ANy < 1. Assume that there exists a function V, : R™ — R, such that the
following conditions hold: for the sequence {xy} defined by (1.2),

(i) cralzelPs < Via(zr) < canlzrlP?;
(i) for alli € N_py, EVy(2gyi) < qaEV,a (k) implies that
EV, (xlc-',-l) < (1 - CAA>EVA (xk),
(il) for some i € N_p; — {0}, EVi(z) ;) > eMFDNAEY, (2y) implies that
EVa(2r41) < 1/qa max EVj(zx4),
1€N_ s

where Ay = [log qa /(M + 1)2A)] A [log(1 — (A7 A
Then for any bounded initial sequence {£(kA)}ken_ s

Elzy [P < Z—illﬁll%ewm, for all k > 0. (34)

namely, the sequence {xy}r>1 is pth moment exponentially stable.

Remark Compared with Theorem 3.1, Theorem 3.3 needs an additional condi-
tion (iii). To explain necessity of this condition, let us recall the proof of Theorem
3.1 in Appendix A. We may observe that continuity plays an important role in The-
orem 3.1 and its proof. Condition (ii) of Theorem 3.1 shows that EV (z(t + 0)) <
qEV (z(t)) implies ELV (¢, z(t + 0)) < —CEV (z(t)), by which continuity gives that
EV (z(t)) is decreasing. However, the EM scheme does not hold continuity. Con-
dition (ii) of Theorem 3.3 shows that for any i € N_p;, EVy (2k4i) < qaEV, (zx)
implies that EVx(zk41) < (1 — (A A)EV, (1), but this condition cannot guarantee
the decreasing trend of EV, (zx+1) when EV, (zr1;) > qaEV,a(xr). To guarantee
the decreasing trend of EV, (z41) when condition (ii) does not hold, it is necessary
to add the additional condition (iii).

Proof. Define the sequence

up = max {eCHIBREY, (21,1,5)}, for all k € N.
1eN_ s

It will be shown that ug1 < ug.
Also define

i=1(k) = max{i € N_ps,up = e FHIEEV, (2;,5)}.

Then )
U = e)\A(k+i)AEVA (Z'k_;'_;)

When i < —1, then for any i € N_,; — {0},

M FFHVARY, (2 4541) < e FHIAEV, (2447), (3.5)
which implies that
max  {eM VARV, (2y4511)} < e FTDLEV, (2145) = up. (3.6)
1€N_p—{0}
In fact, _
eAA(k+1)AEVA (Ik-‘rl) S eAA(k‘i’i)AEVA(ijJ’_;) = Uk (37)

also holds, which will now be shown. By the definition of 3,

up, = M FHILRY, (2)op7) > eMFEEV, (1),
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which implies that
EVi(244;) > e 0BV, (2x) > e AEV, (2x)
since 7 < —1. By the definition of \,, it follows from condition (iii) that

max EVjy(7p1i) > qaEVa(wp41)

1€N_pr
> M MTVEEY, (2)41),
which implies that
e)\A(k+1)AEVA(xk+1) < e(k+1))\AA67(M+1)/\AA é%lax {EVA($]@+1)}
1€EN_ pf
< max {MFTMARY, (2144}
i€N_ s
< max {e’\A(kH)AEVA (Tpti)} = Uk
i€N_ps

Hence, (3.7) holds. This, together with (3.6) yields that
Up+1 < up when i< —1.
If i = 0, then for any i € N_;;, by the definition of 1,
e DAY, (Tpyi) < ARV, (k).

Hence, by the definition of A4,

EVy(zhei) < e PRV, ()
< e)‘AMA]EVA(zk)
< eAA(MH)A]EVA(Ik)
< @BV, (z).

Condition (ii) gives
EVA($k+1) S (1 - CAA)EVA (xk)
Therefore

Up1 — Ug VARV, (2)41) — e 2BV, (k)

IN N

—CAAe)‘A(kH)AIEVA (zx) + eAAkA(e)‘AA — DEV, (k)
RO (M D 1 — (et B ARV, (2).

(3.8)

(3.9)

(3.10)

e)‘A(k+l)A[EVA (Tk41) — EVa(zr)] + ekAkA(e)\AA = DEV, (2k)

The definition of A, gives e)‘AA(l —(a/\) < 1. Thus ugy1 < uy also holds for ¢ = 0.
This, together with (3.8), yields uxy1 < uy for all & € N. By the definition of uy

and condition (i), for all i € N_yy;,
P FFIARY, (Tp4i) < o
=  max {eMPREV, (z;)}

1€N_pf
< EV, (z;
< ig@;{ (i)}
<

con max {Elz;[P* }
1€ Vi

caa [|€1[E"-

Hence
LRV, (1) < canll€]B2.
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Condition (i) gives
C24 11 ¢|Ps ,—An kD
Elzg[P> < —=|[¢][z" e ", (3.11)
C1a
as required. O

In the special case when both (, and ¢, are independent of A, namely ¢, = ¢
and g, = ¢, since 7 = MA and limy_,(1 — (A) /2 = ¢€ it is easy to see that

. log g
1 =
Hm Ay - NG,

which is A specified in Theorem 3.1.
The following simple theorem gives a link between the pth moment exponential
stability and almost sure exponential stability of the EM scheme.
Theorem 3.4. For any py >0, (5.4) implies
1 A
limsupk—Alog\zﬂ < fp—A, a.s. (3.12)

k—o0

In other words, the pth moment exponential stability of the EM scheme implies the
almost sure exponential stability.

Proof. By the Chebyshev inequality and (3.4), for any integer k > 0,

caa [l ]IE°

P Pa > k‘2 —Ap kA <
{laalps > werowey < 2elEl

Then, by the Borel-Cantelli lemma, it follows that for almost all w € €2 there exists
a random variable ko(w) such that for any k > ko(w),
"Ijk'|pA S k2€7AAkA7

which implies that for almost all w € €,

1 Aa 2log k
L loglay| < —2o 4 2losk_
kA Pa AnPa kA
whenever k > ko(w). Letting k — oo yields (3.12), as required. O

4. Stability of exact and numerical solutions of SDDEs with variable
delay. Although Theorems 3.1 and 3.3 have similar expressions, it is not easy to
observe whether stability of the numerical solution (1.2) may reproduce stability
of the exact solution to Eq. (1.1) since these two theorems are not related to co-
efficients f and g explicitly. To show this property clearly, this section considers
stability of exact and numerical solutions of SDDEs with variable delay, which are
a very important class of SFDEs. The pth moment stability of the numerical so-
lution of SDDEs with fixed delay was considered in [1] using the discrete Halanay
inequality and the almost sure exponential stability of the numerical approxima-
tions of SDDEs with fixed delay was considered in [16] by using continuous and
discrete semimartingale convergence theorems. Here the time delay is allowed to be
a function of time, namely variable delay. In particular, the SDDE

dx(t) = F(a(t),z(t — 5(¢)))dt + G(z(t), z(t — 6(t)))dw(t), (4.1)
will be considered, where 6 : [0,00) — [0, 7] represents the variable delay and
F:R"xR" = R", G = [Gijlnxm : R® x R® — R™™ are Borel measurable

functions with F'(0,0) = 0, G(0,0) = 0 for the purpose of stability. Note that F
and G could be rewritten as F(¢(0), p(—4(t))) and G(p(0), o(—4(¢))) in functional
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form. By letting f(t, ) = F(p(0),(=4(1))) and g(t, ) = G((0), p(=0(1))), the
operator (2.1) becomes

LV (x,y) = Vi(z)F(x,y) + %trace[GT(x, Y) Ve ()G (2, y)) (4.2)

for any x,y € R"™. Applying Theorem 3.1 gives the following result (see [10, Theorem
6.4, p177)).

Theorem 4.1. Let Ay, A2, p, ¢1, ¢ all be positive numbers. Assume that there
exists a function V € C?(R";Ry) such that condition (i) of Theorem 3.1 holds and

LV (z,y) < =MV (x)+ AV (y) (4.3)
for all (z,y) € R™ x R™, where LV (x,y) is defined by (/.2). If A1 > A2, then Eq.
(4.1) is pth moment exponentially stable, namely

1 P
Jimn sup B EEEOP
t—o0 4
where g € (1, A\1/X2) is the unique oot of \y — gha = log(q)/7. If, in addition, there
is a K > 0 such that for any x,y € R™,
[F(z,y)| VIG(z,y)| < K(|z| + [y]), (4.4)
then Eq. (4.1) is also almost surely exponentially stable, specifically with
log |a(L.&)| _ M — s
" .

—(A1 —q)2),

lim sup

t—o0 p

Now consider the stability of the numerical solution of Eq. (4.1). The EM scheme
of (4.1) is

{ Z‘kzg(kﬂ), ke N_y,

4.
Tpy1 = Tk + F(xn, 2p—s5,) D + G2k, Th—s, ) Awy, k>0, (45)

where 0 = |0(¢)]| € {0,1,2,--- , M} in which |x] represents the integer part of z,
that is, the nearest grid-point on the left of the delayed argument is used to replace
the exact point. Applying Theorem 3.3 to the EM approximation (4.5) yields the
following result:

Theorem 4.2. Fiz A > 0. Let Aa,Aoa,Pa,Cln,Con all be positive constants.
Assume that there exists a function V, : R™ — Ry such that condition (i) of
Theorem 3.3 holds and for the sequence {xy}r>1 determined by (4.5),

EVa(zk41) < (1 = MaD)EVa(xg) + Aoa AEV, (25—5,.) (4.6)

for all 6, € {0,1,--- ,M}. If Mia > don and (A1p — Aon) < 1, then for any
bounded initial sequence {E(kA) Y ken_

1 E Da
limsupM < —(AMa —gadea) <0, (4.7
k—o0 kA
and 5]
. log |z Ala — qad2a
lim su < - <0, a.s. 4.8
k—)oop kA Da ( )
where qn € (1, \1a/A24) 18 the unique root of the equation
log g,
Mp — Godoy = 808
18 — 4aA2a (M+ 1)A
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Proof. The key steps in applying Theorem 3.3 are to verify conditions (ii) and
(iii). Since Aip > Aga, for any 0 € {0,1,--- , M}, if Va(zr—s,) < qaEVa(z1), by
condition (4.6),
]EVA (xk»+1) S (1 - AlAA)EVA (xk) + )\QAAEVA (.’[k,(;k)
1 — (A1a — qadon) AJEV, (x).
Choosing (4 = A1a — gad2a and noting that {4, A < 1, it is obvious that condition
(ii) of Theorem 3.3 holds. Noting that Ajp > A2a, by the definition of ga,

Let )
0g ga
Ay = Ap —Qadop = ————.
A 1a = 4aA2a (M + DA
This, together with (4.9), yields
1
(1= M) MDA L) A< —. (4.10)
an

Hence, for some 7 € N_y; — {0}, if BV, (z,_;) > eMFTDAARY, (), by condition
(4.6) and inequality (4.10),

Valzps1) < (1= aA)e” MHEDNARY, (2, o) + Mgy ARV, (245, )
[(1 = ApA)e” MFDAA 3y A max EVa(2gai)
T —-M

A\

1
— EV, ),
o e a(Th+i)

IA

which implies that condition (iii) of Theorem 3.3 holds. Hence Theorem 3.3 implies
the desired assertion (4.7). By condition (4.4), applying Theorem 3.4 gives (4.8),
which completes the proof. O

In Theorem 4.1, the key condition is (4.3), which may deduce condition (ii)
of Theorem 3.1. In Theorem 3.3, the key condition is (4.6), which may deduce
conditions (ii) and (iii). This implies that the additional condition (iii) of Theorem
3.3 disappears. Note that conditions (4.3) and (4.6) are similar. This admits us
to further examine stability of the exact and numerical solution of Eq. (4.1). The
rest of this section examines the condition under which the mean square and almost
sure exponential stability of the stochastic sequence {z}r>o defined by (4.5) may
reproduce the corresponding stability of the solution z(t) of Eq. (4.1). The following
assumptions on coefficients F' and G will be imposed:

Assumption 1. Assume that there is a é > 0 such that

2T F(z,0) < =Clz|* for all x € R". (4.11)
Assume also that there are nonnegative numbers «qg, a1, Bo and 1 such that for
any x, %,y € R,

|F({E,0) - F(j7y)| < O[0|£L' - ‘i.| + a1|y‘
and
trace[GT (a,y)G(x, y)] < Bola|* + ily[*.

Assumption 2. For any z,y € R", there exists a constant K > 0 such that

|F(,y)]” < K(|=* + [y[*)-
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Note that Assumptions 1 and 2 implies that both F' and G satisfy the linear
growth condition. These two assumptions, together with the local Lipschitz condi-
tion for F' and G may guarantee that there is a unique solution to Eq. (4.1) and
this solution is pth bounded. Assumptions 1 and 2 may also guarantee the following
stability of the trivial solution.

Theorem 4.3. Let Assumption 1 hold and define \y = 25—60—a1 and Ay = a1+51.
If
AL > A9, (4.12)
then for any initial data & € C’%O([—T7 0]; R™),
1
limsup ~ log E|z(t,€)[* < —(A1 — gha), (4.13)
t—o00 t

where q € (1, A1/X2) is the unique root of the equation

lo
)\1 — q)\g = 7g_q, (414)

namely, the solution x(t,£) of Eq. (4.1) is mean square exponentially stable. In
addition, if Assumption 2 also holds,

1 A1 — g
limsup — log |z (¢,£)| < A Y (4.15)
t—oo 2

Proof. Choose V(z) = |z|?. By Assumption 1, applying the operator (4.2) yields
that for any z,y € R,

LV(z,y) = 2z F(x,y)+ trace]GT (z,y)G(z,y)]
22T F(x,0) + 22T [F(x,y) — F(z,0)] + trace[GT (z,y)G(z, y)]
—2(]a|* + 2cu |z ly| + Bol|” + Buly[?
—2C|z|? + anlz|* + arlyl? + Bolz|* + Bulyl?
—Alal® + Aofyl*.

IANIAIA

Noting that A\; > Ao, applying Theorem 4.1 yields the desired results (4.13) and
(4.15), as required. O

Consider now whether the EM scheme (4.5) reproduces stability of the exact
solution of Eq. (4.1).

Theorem 4.4. Under Assumptions 1 and 2, if (4.12) holds, then for any bounded
initial sequence {E(kA)}ken_,,, for any € € (0,A\1 — gA2), where A1, A2 and ¢
are defined by Theorem 4.3, there exists a AN* > 0, for any N < A*, the EM
approximation (4.5) has properties

1
limsup — log B|zx|? < —(\1 — qA2 — €) (4.16)
k—o0 kA
and
. 1 A1 —qla —€
limsup —1 <L - .S. 4.17
imsup 772 og |zk| < 5 , as (4.17)
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Proof. By the EM approximation (4.5),
= |xk|2+2<xk7F(xkaxk*5k)A> + |F(xk7xk*5k)‘2A2

+Z (Z Gij(xk,sck,gk)&wi)z + Mjy,

i=1  j=1

|Tpga |

= |{Ek|2 + 2<£Uk, F(xk, 0)A> + 2<1’k, F(xk,xk,gk)ﬁ — F(.’Ek,O)A>
n m N 2
P (2, 2pms, ) PAT+ D (ZGij(l’k,wm&k)Awi) + M,
i=1  j=1

where My, = 2(xp+F (zg, Tr—s, ) D, G(Tk, Th—s, ) Dwg). It is obvious that E(My|Fia)
= 0. Assumption 2 gives

2(ay, Fzx,0)A) < —2|ay 22

and Assumption 1 gives

2wy, F(xr, tr—s,)D — F(zr,0)00) < 2|ap||F(zk, zr—s, ) — F(xg, 0)|A

< 200|zl[r—s A
S a1|xk|2A+a1|xk,5k|2A.

Moreover,

]E[Z ( G,’j(l‘k, l‘k_(;k,)Awi> ‘]:k'A} < trace[GT(xk.,xk_gk)G(xk,xk_(;k)A]

i=1 =1

< BolzeP 2 + Bilwr—s, A,

SO

E(|zrs1]?|Fra) € Q=M AFKAY) |21+ Alzg_s, P+ K A2 |z s, 2 +B1 A |xk—s, |
Taking expectation on both sides then gives
Elzp|* < [1— (A — KA)AE[zk* + (A2 + KA)AE|zy 5, [*. (4.18)

Define /\lA = )\1 — KA and )\QA = )\2 + KA. Let A7 = (Al - AQ)/(2K) Then
for any A < AF, Aia > A2a and condition (4.6) of Theorem 4.1 holds. Applying
Theorem 4.1 yields

log E|z1|?

li <A <0 4.19
imsup =7 < —Aa <0, (4.19)
and
. log |z 5\A
< —— .S. .
hirLSOHOP A =T <0, a.s (4.20)

where Ay = s — qaran and gn € (1,A14/X24) is the unique root of the equation
Aa — @adraa =log(ga)/((M + 1)A). Define the function
log x
h =Aa—A -
A(x) 1A PN A

It is clear that h(-) is a monotone decreasing function and for any z € (1, A\1/\2),

1
lim hp(x) = ho(x) = A\ — Ao — 08T
A—0 T
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By definitions of ¢, and ¢, ha(ga) = 0 and ho(q) = 0. Since h(-) is a monotone
function,

0 qn q
and

Jimhe =4,

where A = A; — ¢g\o. Hence, for any ¢ € (0, 5\), there exists a A > 0 such that for
any A < A3,

S\A > 5\ — &.
Choosing A* = AT A A3, for any A < A*, (4.19) and (4.20) therefore yield the
desired assertions (4.16) and (4.17). O

Theorems 4.3 and 4.4 can be applied to the linear SDDE system
dz(t) = [Az(t) + Bz(t — 6(¢t))]dt + [Cx(t) + Dz(t — 6(t))]dw(t) (4.21)
with the initial data £ € C% ([—7,0); R™), where A, B,C, D € R™*" and 4(t) € [0, 7].
The corresponding EM approximation of Eq. (4.21) is

{ xsz(/ﬂﬁ), ke N_yp,

Tpa1 = 2 + [Azy, + Bap_s5,]A + [Cxy + Dag_s, | Awy, k>0, (4.22)

Let Amax(A + AT) represent the maximum eigenvalue of the symmetric matrix
A+ AT and note that

1
T Az < §Amax(A + AT)|z|?.

Also note that

|Az — AT — By| < |Al|lz — z[ + [Blly|
and

|Cx + Dy|? < 2|CP[af* + 2| D |y|*.
It is obvious that F(z,y) = Az + By and G(z,y) = Cx + Dy satisfy Assumptions
1 and 2 if Apax(A + AT) < 0. Applying Theorems 4.3 and 4.4 gives the following
result directly.

Theorem 4.5. If —Apay (AT + A) > 2(|B| + |C|? +|D|?), then for any initial data
&€ C’_’;-O([fT, 0]; R™), the solution x(t,€) of (4.21) satisfies

1
limsup —E|z(t,&)]> < —(A\1 — q)2) (4.23)
t—o00 t
and \ \
1 —
limsup — log |z(¢,£)| < —17Q2, a.s. (4.24)
t—oo 2

where A = —Apax (AT + A) = 2|C|2 — |B|, A2 = |B| + 2|D|? and q € (1,A1/\2) is
the unique root of the equation

lo
)\1—(])\2: gq

For any € € (0, \1 — g\2), there exists a A* > 0 such that for any &N < A*, the EM
approzimation xy, of (4.22) has the properties

1
limsup —E|zg|? < —(A\; —glo) + ¢ (4.25)
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and
)\1 — q)\g — &

. 1
limsup — log |zx| < — 5 ,

r A a.s. (4.26)
— 00

5. Exponential stability of exact and numerical solutions to stochastically
perturbed equations. In general, any systems are often subject to environmental
noise and history. If a system is asymptotically stable, it is therefore interesting
to determine how much stochastic perturbation and history effect this system can
tolerate without losing the property of asymptotic stability. Such a point of view is
described as the problem of robust stability, which is an important issue for stochas-
tically perturbed equations. To examine the problem whether the EM scheme can
reproduce this property of stochastically perturbed equations, let us consider the
equation

da(t) = (Y(x(t)) + F(z,))dt + g(r)dw(t) (5.1)
with the initial data g = ¢ € C%, ([—7,0];R™), where

P :R" =R, F:C([-1,0;R") = R", g =[gijlnxm : C([-7,0];R") — R"*™

and ¥(0) = 0, F(0) = 0 and g(0) = 0 for the purpose of stability. Eq. (5.1) can
be regarded as the perturbed equation by stochastic noise and time delay of the
ordinary differential equation

L(t) = (x(t)).
Define f(¢) = ¥(p(0))+F(p). (5.1) may return to (1.1). Moreover, for the function
V € C%(R";Ry), LV becomes

LV () = Va(0(0))[((0)) + F(p)] + %traee{gT(w)Vm(@(0))9(90)}- (5.2)
The EM method (1.2) applied to (5.1) has the form

{ T = g(kA), ke N_yp, (53)

Tp1 = op + [(2r) + F(ypa)]|A + g(yra) Awy, k> 0.

. 0 0
Let n and p be two probability measures on [—, 0], namely, f_T dn = f_T dp =
1 (in this paper, probability measures may be extended to any right-continuous

nondecreasing functions). We impose the following assumptions for coefficients v,
F and G.

Assumption 3. There is a constant K such that |1(x)|? < K|z|%.
Assumption 4. There is a constant ¢ > 0 such that
(z,¢(z)) < —C|z|* for all x € R™, (5.4)

and there are constants K1 and Ko and two probability measures nn and p on [—7,0]
such that
0

F(p)| < K / o(®)ldn and tracelg” (9)g(9)] < Ko / O A (5.5)

—T —T

0

for all ¢ € C(]—7,0];R™).

(5.4) is from the one-sided Lipschitz condition since 1(0) = 0. (5.5) is the linear
growth condition on F and g (cf. [10, 11]). Assumptions 3 and 4, together with
the local Lipschitz conditions on %, F' and g, may guarantee that Eq. (5.1) exists
a unique solution and this solution is pth bounded. Under these conditions, let us
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examine the mean square and almost sure exponential stability of the exact solution
to (5.1) and the numerical solution to (5.3).
Theorem 5.1. Let & = 2( — K1, B = K| + Ko. Under Assumption /, if

a>p, (5.6)
then for any initial data & € C']b_-o([—T7 0]; R™),

Ela(t, &) < [|€llze ™, (5.7)
where A = a — qf and q € (1,a/f3) is the unique solution of the equation
_ 5 logg
a—qB = et (5.8)
In addition, if Assumption 3 holds, then
. 1 A
limsup = log|z(t,€)] < —= a.s. (5.9)
t—o0 t 2

that is, the trivial solution of Eq. (5.1) is also almost surely exponentially stable.

Proof. Choose V(z) = |z|2. For any ¢ > 0, recall the elementary inequality 2|zy| <
elz|? + e7Yy|?. By the Holder inequality, for any € > 0, applying Assumption 4
gives
LV () 2((0), ¥((0)) + F(¢)) + tracelg” (¢)g(¢)]
=2¢[(0)* + €™M () + e[ F () * + tracelg” ()g ()]
0 0
< R+ NNOF +KE [ lp@)Pdn+ Ko [ o0)Pd

—T —T

IN

For all ¢ € L% ([—7,0}; R™) satisfying E|@(0)[> < q|¢(0)[?, choosing & = Kt we
therefore have
ELV () < [-2¢ + K1 + (K1 + K2)q]E[0(0)]* = —(a — Bq)E|(0)[.

Note that condition (5.6) implies & > ¢. This shows that condition (ii) in Theorem
3.1 holds. By definition of ¢, applying Theorem 3.1 gives the assertion (5.7). By
Assumptions 3 and 4, applying the Holder inequality yields

Elf(o)fF < 2E[((0)] + 2E[F(p)[”

A

0
< 2KE(O)F +2K7 [ ElpO)Pdy
< 2(K+K7) sup Elp(6)?
—7<6<0
and .
Blg(o)f <Ko [ Elp@)Fdu<Ke sup El0O)F,

which implies that condition (3.2) holds. Applying Theorem 3.2 therefore gives the
almost sure stability (5.9), as required. O

Theorem 5.1 gives a criterion on how large the stochastic noise and time delay
perturbation that equation &(t) = ¥ (x(¢)) can tolerate so that the perturbed equa-
tion Eq. (5.1) remains exponential stability. We now examine the stability of the
numerical solutions.
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Theorem 5.2. Under Assumptions 3 and 4, if condition (5.6) holds, then for any
e € (0, ), where X is defined by Theorem 5.1, there is a A* > 0 such that for any
A < A*, the EM approximation (5.3) has the properties

Elzgl? < J¢ge~ P9k, (5.10)
and )
1 A—c¢
li x| < -, a.s. 11
1I?Lsolip A oglzi| < 5 @ (5.11)

Proof. By (5.3), applying Assumption 3 yields

zka]? = ekl + 20w, Y (@) D) + 2(ak, Fyes) D) + [(xr) + Fyra)PA%
+i: (f:lgij(ym)ﬁwif + Mj,
< (1: 2§i)|xk|2+2|xk||F(ykA)|A+2(W}(xk)|2+|F(ykA)|2)A2
" nl (igij<ym)Aw;’)2+Mk, (5.12)
i=1 =

where My, = 2(x + (Y(zk) + F(yra))D, 9(Yka ) Awy). Obviously, E(My|Fka) = 0.
For any € > 0,

2|k |1F (ya)| < €7 Hawl® + el Fyra) .
By Assumption 4 and the Holder inequality, we have

0
Fyee) 2 < K2 / lyia (6)[2dn.

—T

By Assumption 4, we may estimate that

n m

E { > (Z gij(ym)ﬁw@ 2’]:/4

i=1  j=1

DY 6wk
i=1 j=1

= tracelg” (yra)g(yra )N
0

< Kb | ya(0)dp.
By these estimates, taking the conditional expectation in (5.12) and choosing ¢ =
K yield
~ - 0
E(lzpn P Fra) < (1= (20— K1)A + 2K 0% lag* + Ko [ [yea (0)Pdp

—T

0
+(K1 A + 2K12A2)/ lyka (0)*dn. (5.13)
By definition (1.3) of yxa (), for any 0 € [iA, (i +1)A], i € N_py — {0}, we have
0 — i i+ 1A -0 2
Elyra (0)]> < E‘Txk—&-Hl + %xk+i

0 —iA i+ 1A -6

< E<T‘Z‘k+i+1\2 + %kaﬁ-i‘Q)

< sup Elzpl*

i€N_ps
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So, taking expectation on the both sides in (5.13) gives
Elzgi1]? < (1 —ad + 2KA?E|z |2 + (BA +2K7A%) sup Elzg>. (5.14)

i€N_ s
Let ay = a@ — 2KA and 3, = 4+ 2K?/\. Note that @ > (. Letting A} =
(a—B)/[2(K + K?)], then for any A < A}, @&, > (4. It is obvious that there exists
a A3 > 0 such that for any A < A} A Ab such that there exists go € (1,a4/85)
satisfying 1 — (&n — ¢af8)A € (0,1), which implies that condition (ii) of Theorem
3.3 holds. Define
_logas
(M+1)A°
Using the similar technique to the proof of Theorem 4.2 shows that condition (iii)
of Theorem 3.3 also holds. By definition of A,, applying Theorem 3.3 yields

S\A =Qp _qABA =

logE 2 -
tim sup 2B 5 g (5.15)
k—o0 A
and _
. log |z A
1 — < —-—— <0 .S. 5.16
1lrcri)sol<1>p A ST <0, as ( )
Define |
_ - _ og T
h = — — .
A(‘r) ap — Baz LA

Using the similar techniques to the proof of Theorem 4.4, lim, o Aa = \. Hence,
for any € € (0, A), there exists a A% > 0 such that for any A < A,

S\A > 5\ —E&.
Choosing A* = A7 A A5 A NS, for any A < A%, (5.15) and (5.16) therefore yield
the desired assertions (5.10) and (5.11), as required. O

As another special SFDEs, SVDIDEs arise widely in scientific fields such biology,
ecology, medicine and physics (cf. [1, 18]). The rest of this section considers the
following scalar linear SVDIDE

t t
dz(t) = {— ax(t)+ S x(s)ds} dt + [Ux(t) + p/ x(s)ds} dw(t) (5.17)
t—1 t—T1
with initial data & € Cg_—o([*T, 0];R), where «, 3, o, p are constants and « > 0.
This equation may also be seen as a perturbed equation by stochastic noise and
time delay of the linear system #(t) = —ax(t). Let du = ds/7 and 7 be a Dirac
measure in the origin and then dv = (odn + prdp)/(o + p7). It is obvious that
both p and v are the probability measures on [—7,0]. Eq. (5.17) may therefore be
rewritten as
0

dz(t) = [—am(t)—i—ﬁT/ x(t—l—G)du}dt—i— [(U—i-,m')/ x(t—i—@)dl/}dw(t). (5.18)

-7 -7

0

Define ¢ (z) = —ax and

F(e) =7 |

-7

0 0

e(0)dp, g(p) = (o + pr) / ©(0)dv.

Eq. (5.17) may be rewritten as the stochastically perturbed equation (5.1). Tt
is obvious that Assumptions 3 and 4 hold with K = o2, ( = a, K; = |B|r and
Ky = o+ p7].
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The EM method (1.2) applied to Eq. (5.17) has the form

Tk :f(kﬂ), ke N_yy,
M M
Tpr1 = (1 — al)xyg + ﬁZxk,iAQ + (axk + prk,iA> Awg, k>0.
i=0 i=0
(5.19)

Then applying Theorems 5.1 and 5.2 gives stability of the exact and numerical
solutions of (5.17).

Theorem 5.3. If2a > 2|B|t+|o+pr|, then for any initial data § € C%, ([—7,0;R™),
the solution z(t,&) of (5.17) satisfies

1 -
limsup ~E|z(t,&)|* < —(a& — ¢B) (5.20)
t—oo t
and ~
1 F—
lim sup - log |z (¢, )| < _— qﬁ’ a.s. (5.21)
t—oo 2

where & = 2o — |B|7, B = |B|T + |o + p7| and q € (1,&/B) is the unique root of the
equation

- = loggqg
a—qpf= .

For anye € (0,(a— qB)), there exists a AN* > 0 such that for any N < AN*, the EM
approximation i of (5.19) has the properties

1 -
limsup —E|zg|? < —(a@ — ¢f) +¢ (5.22)
k—oo kA
and B
: 1 (G—qf)—¢
1 —1 < .S. 2
lknlsolipk& oglzk| < 5 , 4.8 (5.23)

Appendix A: Proof of Theorem 3.1. If we can prove (3.1) for any A € (0, A
log(q)/7), we will complete the proof. This is equivalent to prove

MEf(0)f" < ZellE =25 on (1> 0)

From the condition (i) we will complete the proof if we can prove that for any
t>—T1,
W(t) == eMEV (2(t)) < key. (A1)
When t € [—7,0],
W(t) <EV(z(t) < c2E|z(t)]” < col[€]lg = rer

Then we claim (A.1) for all ¢ > 0. Otherwise, by the continuity of W(t), there
exists the smallest p € [0, 00) such that for t € [—7, p], W (¢) < key and W(p) = key
as well as W(p + d) > W (p) for all sufficiently small §. Then for any ¢t € [p — 7, p],

EV(z(t)) = e MW(t)
< e MW(p)
= AVTIEV (2(p))
< MEV(z(p)). (A.2)

If EV(z(p)) = 0, by the condition (i), for any ¢ € [p — 7, p],
aElz(t)P <EV(xz(t)) =0,
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which means z, = 0, a.s. From the existence and uniqueness of the solution, x(t) =
0, a.s. which contradicts the definition of p. We therefore have EV (z(p)) > 0. By
A < log(q)/7, which implies ¢ > €™, (A.2) gives that

EV(z,(0)) < ¢qEV(z,(0)) on —7 <60 <0.
Choosing ¢ = x,, applying the condition (ii) yields
ELV (p,x,) < —CEV (z(p)).
From A < ¢ and continuity of V(+), t € [p — d, p + 0] for sufficient small J,
ELV (t,2:) < —AEV (x(t)).

We therefore have
p+o
W(p+3)—W(p) = / MELV (£, 20) + XEV ((£))]dt < 0,
p

which implies W(p + ) < W(p). This contradicts the definition of p. Therefore,
for any t > —7, (3.1) is satisfied, as desired.
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