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We discuss how an � condensate, corresponding to an exact excited eigenstate of the Fermi-Hubbard

model, can be produced with cold atoms in an optical lattice. Using time-dependent density matrix

renormalization group methods, we analyze a state preparation scheme beginning from a band insulator

state in an optical superlattice. This state can act as an important test case, both for adiabatic preparation

methods and the implementation of the many-body Hamiltonian, and measurements on the final state can

be used to help detect associated errors.
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Experiments with cold atoms in optical lattices not only
make possible the realization of many-body lattice
Hamiltonians and their corresponding ground states [1,2]
but also exhibit long coherence times. This opens the way
to produce excited many-body states and consider the
related quantum dynamics, as demonstrated by recent in-
vestigations of repulsively bound atom pairs [3,4]. A key
question in this context is how to prepare specific excited
states, especially those corresponding to interesting quan-
tum phases. Here we show that exact excited eigenstates of
the Fermi-Hubbard model, the �-condensates first dis-
cussed by Yang [5], can be realized in experiments by
combining an adiabatic ramp beginning from an insulating
state in an optical superlattice with a sudden switch in the
interaction strength [see Fig. 1(a)]. These states exhibit
long-range order in all dimensions and have been discussed
in the context of high temperature superconductivity [6].
Moreover, these exact excited eigenstates provide an ideal
test case to address outstanding questions for quantum
simulation with cold atoms in optical lattices: (i) the use
of adiabatic ramping processes in state preparation [7–9],
and (ii) validation of the many-body Hamiltonian, by test-
ing the properties of the final state.

Below we show that the state preparation process pro-
ceeds with high fidelities for realistic experimental size
scales and parameters, even in the presence of imperfec-
tions and noise. We focus on the one-dimensional (1D)
case, where time-dependent density matrix renormaliza-
tion group methods [10] allow exact calculations for rele-
vant experimental conditions. However, the properties of
the � condensate are essentially identical in higher dimen-
sions, and we expect that this switch and ramp scheme will
work similarly in 2D and 3D. We also show that the
superlattice scheme has strong advantages over alternative
schemes involving the adiabatic opening of a harmonic
trap [9]. We then discuss how errors in state preparation or
implementation of the Hubbard Hamiltonian can be re-
vealed and characterized in experiments via measurements
made on the � condensate.

The target state of our switch and ramp process, the �
condensate, is an exact excited eigenstate of the Fermi-
Hubbard Hamiltonian (@ ¼ 1) in D dimensions:

HFH ¼ �J
X

hi;ji;�
cyi;�cj;� þU

X

i

ni;"ni;#: (1)

This Hamiltonian describes the dynamics of atoms in the
lowest band of an optical lattice [1,11], with ci;� a fermi-

onic annihilation operator for particles of spin� ¼ f"; #g on
lattice site i ¼ ði1 . . . ; iDÞ, J the tunneling amplitude,U the

on-site interaction energy shift, and ni;� � cyi�ci�. The �
condensate can be constructed via the operator �y �
P

ið�1Þ
P

D
d¼1

idcyi;"c
y
i;# first introduced by Yang, which has

the property ½HFH; �
y� ¼ U�y. The state j�Ni �

ð�yÞNjvaci is an eigenstate of HFH with energy NU for
positive integer N. Below we focus on the case U > 0,
where j�Ni is a condensate of N repulsively bound atom
pairs [3]. In Fig. 1(b), we plot the eigenenergies of HFH for
one particle of each spin in 1D, as a function of the center-
of-mass quasimomentum k. The single � pair corresponds
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FIG. 1 (color online). (a) Preparation of an � condensate:
(1) Begin in an insulator state jc ii with attractive on-site
interactions U in an optical superlattice with depth VSL;
(2) switch U to a positive value larger than the band gap;
(3) delocalize on-site pairs by adiabatic removal of the super-
lattice. (b) Energy spectrum of HFH with U > 0 in 1D for one
atom of each spin species, plotted as a function of center-of-mass
quasimomentum k, with a the lattice spacing.
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to a repulsively bound on-site pair at the edge of the
Brillouin zone, k ¼ �=a.

Switch and ramp process.—The � condensate with N
pairs can be prepared using a switch and ramp process,
combining an adiabatic ramp with a sudden switch in the
interaction strength. Adiabatic ramps have previously been
discussed for preparation of many-body ground states in
optical lattices [7,8]. In an adiabatic ramp, one prepares a
state jc fi of a Hamiltonian H0 beginning from a non-

degenerate, gapped initial state jc ii that is an eigenstate
of the Hamiltonian H0 þ V. By removing V adiabatically,
the state follows the instantaneous eigenstates of H0 þ
VðtÞ and ends in jc fi. The key is that jc ii should be a

gapped state of H0 þ V that can be prepared with low en-
tropy via standard cooling and loading techniques [7,12].

Here we propose to begin from a band insulator in the
lowest sites of an optical superlattice [13], as depicted on
the left in Fig. 2(a), which is the ground state of HFH þ V,
with V the Hamiltonian describing the superlattice poten-
tial. For the case depicted in Figs. 1(a) and 2(a), where the
superlattice period is twice the original lattice spacing,
V ¼ VSL

P
ievenni. At this stage we require U � VSL, and

we choose U < 0 in Fig. 2(a). This state has an energy gap
�SL � VSL corresponding to the superlattice band gap, and
a filling factor which is set by the superlattice period [7]
[e.g., half filling in Figs. 1(a) and 2(a)]. If we were to let
VSL ! 0 adiabatically, we would connect this ground state
to the ground state ofHFH. Instead, we can suddenly switch
U (on a time scale short compared with J�1) to a value
larger than �SL [see Fig. 1(a)]. In the limit jU� �SLj � J,
this switching will create an excited eigenstate of HFH þ
V, as shown in the transition from the left panel to the right

panel in Fig. 2(a). Adiabatic removal of the superlattice,
VSL ! 0, will then lead to an excited eigenstate of HFH.
This latter state will correspond to the lowest energy state
in which all particles exist in repulsively bound pairs,
which is the � condensate. The energy spectrum of the
Hamiltonian during the ramp is plotted in Fig. 2(a) for a
small 1D system, and we see that the state is always
separated by a gap �U to lower lying states, and the gap
from the superlattice �VSL. While, in general, the adia-
batic ramp could be optimized using optimal control meth-
ods [14], we choose a simple exponential ramp for the
superlattice, VSLðtÞ ¼ ðe�t� � e��TÞ=ð1� e��TÞ, moti-
vated by the approximate linear dependence of the gap
on VSL. Here, T is the total ramp time, and � the ramp
speed. While the energy gap for VSL ! 0 can become
small for large system sizes, a gap to higher excited states
set by discretization of the Bloch band will always exist in
finite systems. Adiabaticity will be determined by the rate
at which the Hamiltonian is modified relative to the energy
gap, and the key question is how slow this ramp should be
in order to obtain the � condensate with high fidelity for
realistic system sizes �100 sites [15].
Fidelity measures.—We measure closeness of the final

state jc fi to the � condensate in two ways: (a) via the full

many-body fidelity F � jhc fj�Nij2, and (b) via the simi-

larity of characteristic correlation functions of jc fi to

those of the � state. Remarkably, we will show below
that fidelities F � 1 can be obtained for long ramps,
despite the fact that this quantity is exponentially sensitive
to the system size, due to the increase in the size of the
many-body Hilbert space. Indeed, we note that in large
systems, states close to j�Ni can have essentially the same
physical character as the desired state, and the associated
correlation functions may not be significantly changed by a
few small defects in the state, even ifF becomes small. We
thus also consider the comparison between characteristic
correlation functions for the final state and j�Ni, which
gives a measure that can be directly measured in experi-
ments, and is not exponentially sensitive to the size of the
system. In particular, we are interested in the pair momen-

tum distribution CkðtÞ � Cjc ðtÞi
k , which can be measured,

e.g., by associating atoms in doubly occupied sites to
molecules, and releasing them from the lattice to perform
a time-of-flight measurement. This correlation function is
strongly peaked for j�Ni, reflecting the off-diagonal
long-range order exhibited by the � condensate in any

dimension, with the pairing correlator C
j�Ni
m;n ¼

h�Njcym;"c
y
m;#cn;#cn;"j�Ni ¼ IM;Ne

i�ðm�nÞ=M (if m � n),

and IM;N � NðM� NÞ=ðM� 1Þ. The pair momentum dis-

tribution is the Fourier transform of this quantity, Cj�Ni
k �

P
m;ne

ikðm�nÞCj�Ni
m;n ¼ IM;N�k;��=a [see Fig. 2(b)]. We will

also consider the total distribution distance DðtÞ � 1�
P

kjCkðtÞ � Cj�Ni
k j=PkjCkðtÞ þ Cj�Ni

k j.
Many-body fidelities.—In Fig. 3(a) we plot the fidelityF

at the end of the ramp as a function of ramp time T for

FIG. 2 (color online). (a) Energy eigenstates of HFH þ V as a
function of time for a small example system with N" ¼ N# ¼ 3,
M ¼ 6. Left: Lowest energy states for strong initial attraction
U=J ¼ �30, in the presence of a superlattice. The lowest energy
state is the initial state in our preparation scheme, jc ii. The
shaded area denotes the excited manifold of states with one
dissociated pair. Right: The highest energy levels of HFH þ VðtÞ
as a function of time during the adiabatic ramp. The lowest
energy eigenstate jc ðtÞi in the upper manifold where all atoms
exist in pairs is equal to j�Ni at t ¼ T. During the ramp, a gap of
order U always exists to the manifold (shaded area) where some
atoms are unpaired, and a gap to higher levels is present when

the superlattice is present. (b) Pair momentum distribution Cj�N i
k

of a perfect � condensate (see text).
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different system sizes M. In order to perform more accu-
rate calculations for reasonable computational time, these
results are obtained in the limit U � J. Restricting to
states that have only repulsively bound pairs, Hamiltonian
(1) acts as [9] HS ¼ �ðJ2=UÞPhi;jiSiSj þ 2VSL

P
ievenS

z
i in

second order perturbation theory, with Si ¼ ðSxi ; Syi ; Szi Þ
denoting a vector of spin-1=2 operators, and spin states
corresponding to sites that are occupied or unoccupied by a
pair of atoms. Remarkably, for long ramp times it is
possible to obtain unit fidelity, i.e., essentially perfect �
condensates. The fidelities are also high for system sizes
typical of current experiments, M ¼ 64, and shorter time
scales, T & 1000J�1, which are realizable in current ex-
periments. Although the time scales required to obtain a
fixed fidelity increase with system size, we note (i) that we
are already in the regime of experimentally relevant system
sizes, and (ii) that the sensitivity of F increases exponen-
tially with the size of the system, as discussed above.

Pair momentum distributions.—This picture is comple-
mented by the pair momentum distributions, depicted in
Fig. 3(b). In each case, the �-pairing peaks C�=a are clearly
visible, though for ramps with final fidelity lower than one,
these peaks are somewhat broadened. In Fig. 3(c) we
quantify this relationship between the fidelity F and the
overlap of the pair momentum distribution with that of the
perfect � condensate, as measured by DðTÞ. Over a range
of T values and system sizes these quantities are strongly
correlated, so peak sharpness could be used to infer the
quality of the � condensate in experiments.
Comparison with opening a harmonic trap.—For the

same range of T and M ¼ 32, 48, 64 we also compare
our superlattice scheme to an adiabatic preparation scheme
that was recently proposed, in which a band insulator is
formed in the center of a harmonic trap Vtrap �

P
iVPðiaÞ2,

and the trap is then opened to produce the final state [9]. As
shown in Fig. 3(a), we see that for the same system sizes
and ramping times, we obtain fidelities that are roughly 2
orders of magnitude smaller from ramping the harmonic
trap. For M> 32, we see poorer scaling for the harmonic
trap ramps than for the superlattice ramp (for 64 lattice
sites we obtain fidelities F � 10�12). Similar effects are
seen in Fig. 3(b) in the broadening of the final pair mo-
mentum distribution. In the superlattice scheme, mass is
not redistributed across the whole system during the ramp,
but instead global coherence is established via local inter-
actions. In exact diagonalization with small systems, we
correspondingly observe larger energy gaps for the super-
lattice as the additional potential is removed.
Imperfections.—We now investigate imperfections in

the state preparation. First we address how missing atoms
in the initial state, noise, and harmonic trapping potentials
affect preparation of the � condensate. We then discuss
how time-dependent measurement of correlation functions
for the final state can be used to reveal and characterize
these imperfections in experiments.
Imperfections—missing atoms.—To study the impact of

missing atoms in the initial insulator state, we computed
the time evolution of the adiabatic ramp (with the full
Hamiltonian) starting with localized defects. Regardless
of where these defects are present, and whether we have
only missing atoms or complete missing pairs, this results
in a broadening of the peaks in the pair momentum distri-
bution. Examples are shown in Fig. 3(d) for a ramp at half
filling with a number of missing atoms Ni ¼ 1, 2. The
resulting correlation functions are, however, stable in
time (see below for further discussion).
Imperfections—noise.—Motivated by recent discussions

[16], we also investigated this ramp in the presence of
noise. This would primarily arise from fluctuations in the
lattice depth, which would change the value of J. Note that
in the superlattice ramp, J (coupling neighboring sites) is
always nonzero, even though the effective tunneling at the
beginning of the ramp is made small by the superlattice,
�J2=�SL. With a variation of J up to 10% with a variety of

FIG. 3 (color online). (a) Fidelities for the superlattice and
parabolic trap ramp as a function of ramp time T for different
system sizes M, computed using HS. The superlattice ramp
shape is VSL ¼ 2Jðe��t � e��TÞ=ð1� e��TÞ, � ¼ J=8. For the
parabolic trap, we use the same shape with initial VP=J ¼ 0:1,
� ¼ J=12, and values for M ¼ 64 are not shown as F � 10�12.
U is decreased with the same shape as the potential in each case,
with U ¼ 30J at t ¼ 0, giving parameters for U and the super-
lattice that are typical of current experiments. The inset shows
results for longer ramp times with M ¼ 16. (b) On-site pair
momentum distribution after T ¼ 2400J�1 for the superlattice
(solid lines) and parabolic trap (dotted lines) ramps for M ¼ 32
(left) and M ¼ 64 (right), computed using HS. (c) Final state
fidelity F as a function of correlation function distance DðTÞ
from the perfect � condensate, computed using HS. (d) CkðTÞ for
superlattice ramps, computed using HFH, with a number of
impurities Ni ¼ 1 (left) and Ni ¼ 2 (right), for T ¼ 200J�1

(solid black lines), and T ¼ 400J�1 (grey dashed lines). The
number of states retained in decompositions, � ¼ 200 in (a–c),
and � ¼ 400 for (d).
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correlation times for the noise, we found no significant
effect on the final state fidelity.

Effect of a harmonic trap on preparation in a superlat-
tice.—If a harmonic trap Vtrap is present for the duration of

the preparation, we find that the character of the final state
in terms of the pair momentum distribution is close to the�
condensate, though the peaks are slightly broadened and
the density profile will correspond to a trap. This state is
close to an excited eigenstate in the presence of the trap,

and for U � J is well approximated by an ansatz �y
A ¼

P
iAic

y
i;"c

y
i;#, where A 2 RM correspond to the ground state

wave function of a single bound particle with tunneling
amplitude �J2=U in a trapping potential 2Vtrap.

Revealing and characterizing imperfections with an �
condensate.—The � condensate is an exact excited eigen-
state of the Fermi-Hubbard model, and the correlation
functions will be both sharply peaked and stationary, un-
less there are errors in the state preparation or implemen-
tation of the Hamiltonian. Broadening and time
dependence of the correlation functions can be used to
reveal imperfections, and also to characterize their source.
We consider an initial eta state, with Ni delocalized impu-
rity atoms (see below for more details), and in Fig. 4 we
plot the time dependence of the height of the peak in the
pair momentum distribution. In Fig. 4(a) we consider only
the additional atoms, and in Fig. 4(b) we add also a weak
additional harmonic trapping potential. As in Fig. 3(d),
increasing Ni reduces the height of the �-pairing peak.
However, provided U * 4J, the resulting pairs and the
correlation functions are stable as a function of time. For
U < 4J (not shown) the pairs can decay through collision
with unpaired atoms [4], and the peak in the pair momen-
tum distribution also decays. On the other hand, additional
potentials will dephase the state, and cause decay of the
peak, as shown for a very weak harmonic trapping poten-
tial in Fig. 4(b). The rate of decay is larger for stronger
traps due to faster dephasing, and unlike the effect of
missing atoms, is independent of U=J. This difference
could be used in an experiment to characterize the source
of defects in the final state. Note that in order to make this

discussion independent of the form of the ramp, we
have obtained the results in Fig. 4 beginning from a state

of the form j�;N;Nii �
P

fig;fjg:
Q

N
n¼1ð�1Þin�y

in
�

QNi

k¼1 e
i�jkcyjk;#: j0i where : . . . : denotes the ordering opera-

tor by site, i.e, : �y
x c

y
y;# :¼ �y

x c
y
y;# if x < y and ¼ cyy;#�

y
x

otherwise. Note that j�;N;Ni ¼ 0i ¼ j�Ni.
Outlook.—The preparation of the � condensate offers a

test bed to verify the emulation of many-body Hamil-
tonians in optical lattices, providing both a sensitive means
to validate the implementation of the Hamiltonian, and also
an important test case for state preparation schemes in-
volving adiabatic ramps. These schemes are particularly
important in light of the current experimental challenge to
reduce entropies in order to generate states such as an
antiferromagnetic phase of the Fermi-Hubbard model [17].
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FIG. 4. Stability of a state close to an � condensate with
imperfections. (a) Time dependence of C�=a for the initial state

with impurities as defined in the text on 32 sites, with 16 on-site
pairs and varying impurity count Ni, for U=J ¼ 4 (dashed black
lines), U=J ¼ 10 (solid grey lines). (b) Same as (a), but with
additional trapping potential VP=J ¼ 1:25� 10�4. The number
of states retained in state decompositions, � ¼ 600 in both parts.
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