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This paper considers a finite element approach to modeling electromagnetic waves in a periodic diffraction
grating. In particular, an a priori error estimate associated with the a-quasi-periodic transformation is derived.
This involves the solution of the associated Helmholtz problem being written as a product of ¢* and an unknown
function called the a-quasi-periodic solution. To begin with, the well-posedness of the continuous problem is
examined using a variational formulation. The problem is then discretized, and a rigorous a priori error estimate,
which guarantees the uniqueness of this approximate solution, is derived. In previous studies, the continuity of
the Dirichlet-to-Neumann map has simply been assumed and the dependency of the regularity constant on the
system parameters, such as the wavenumber, has not been shown. To address this deficiency, in this paper an
explicit dependence on the wavenumber and the degree of the polynomial basis in the a priori error estimate is
obtained. Since the finite element method is well known for dealing with any geometries, comparison of numerical
results obtained using the a-quasi-periodic transformation with a lattice sum technique is then presented. © 2013
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1. INTRODUCTION

Periodic diffraction gratings have been used recently, for
example, in crystalline silicon solar cells [1], gas sensors
[2], and medical x-ray imaging [3,4]. The problem of wave
diffraction is based on solving Maxwell’s equations in the dif-
fraction grating region and on finding the resulting electro-
magnetic field when an incident wave interacts with the
grating [5]. As there are two types of waves to consider [trans-
verse magnetic (TM) and transverse electric (TE)] and there
are two types of gratings (perfectly conducting and transmit-
ting dielectric), there are in fact four cases to investigate.
These cases will be denoted by Case 1A/B (perfectly con-
ducting) and Case 2A/B (transmitting dielectric), where A
(B) denotes the TE (TM) wave [5]. For brevity, the main focus
is on the TM mode for the transmitting dielectric grating
(Case 2B) in this article. There are of course other numerical
methods in the literature to solve the problem of diffraction of
waves [6-7]. This paper is an extension of the work in [8],
which mainly focuses on the finite element approach. In fact,
a finite element method and the periodicity of the grating with
respect to one direction are used to address the problem over
one period. Since the domain is infinite in the other direction,
some transparent boundary conditions are applied to truncate
the domain. The advantage of the finite element method is its
flexibility in dealing with complex geometries. It also naturally
gives rise to a variational formulation that provides a platform
to rigorously derive existence and uniqueness results and
regularity bounds. Hence, the well-posedness of the problem
and an a priort error estimate can be derived.
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In Section 2, the geometry, a statement of the Helmholtz
problem to be solved, and the associated function spaces
are presented. There have been a number of theoretical inves-
tigations into the use of the finite element method as a tool for
studying the electromagnetic waves interacting with a diffrac-
tion grating [5,6,8,9]. In these studies the continuity of the
Dirichlet-to-Neumann (DtN) map was simply assumed and
hence the dependency of the regularity constant on the sys-
tem parameters such as the wavenumber was not derived.
These are essential components in the analysis, and so these
results are derived here for the first time in Section 2. The
a-quasi-periodic method is studied in Section 3 with an exami-
nation of the continuous problem, its variational formulation,
and its well-posedness. The problem is then discretized to
approximate its solution and a new a priort error estimate
is derived. This result guarantees the uniqueness of the
approximate solution and shows an explicit dependence on
the wavenumber k, the mesh size &, and the degree of the pol-
ynomial basis p. In order to keep this paper to a manageable
size, the proofs of the majority of the results are relegated to
online reports [10,11].

2. PHYSICAL AND MATHEMATICAL
DESCRIPTION OF THE PROBLEM

The aim of this paper is to solve the Helmholtz equation for a
periodic grating of period d (with respect to x), as shown in
Fig. 1. In order to formulate the scattering problem as a boun-
dary value problem, an appropriate radiation condition (out-
going wave condition) must be included. In this paper,
electromagnetic waves interacting with a periodic diffraction
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Fig. 1. Diagram showing the truncated periodic grating domain.
Define Q; to be the region above the scattering region
{(x,y)0<xr<d,b<y<B}, and the substrate Q, to be
{(@.y):0 <x <d,-B<y<-b}.

grating are considered and hence the usual Sommerfeld
radiation condition is not appropriate [12]; the radiating en-
ergy does not diminish in the direction of periodicity. The
so-called upward propagating radiation condition (UPRC) is
therefore utilized. It has been used previously to establish
the uniqueness of the solution to the continuous problem
associated with scattering from a periodic grating [12]. The
periodicity of the grating is utilized to restrict the problem
to a single vertical strip as shown in Fig. 1. The effects of
the scatterers (the grating) are restricted to a horizontal strip
Qo = [0,d] x [-b, b]; we denote by Q3 C Qq the scatterer (see
Fig. 1), and the wavenumber £ is

ki € R, for (x,y) € {0 <x <d,y > B},
k, € R,for (x,y) € Qq,

ko € C,for (x,y) € Qo \Q3,

ks € C,for (x,y) € Qs,

ks € C,for (x,y) € Qy,

ks € C,for (x,y) e {0 <x <d,y <-B},

k(x,y) =

with k? = w?eu, where ¢ is the electric permittivity, y is the
magnetic permeability, w is the angular frequency, and
subdomains Q; = [0,d] x [b,B] and Qy = [0,d] x [-B, -b]. The
incident wave is denoted by U;, which is given by
Uy = e where a =k, sin 6, ) =k, cos 6, and 6 is
the angle of incidence of the wave as shown in Fig. 1. By
demanding that 3(k;) >0 and I(k;) >0, where R(k))
(3(k;)) denotes the real (imaginary) part of k;, the scattered
and diffracted waves are composed of bounded outgoing
waves. The periodicity of the grating combined with the pres-
ence of the incident wave makes any solution a-quasi-
periodic; that is, there exists a periodic function U, with
the same period as a solution U such that [7,8,13,14]

U.y) = e Uy(x.y). )
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The a-quasi-periodic method applies transformation (1) to
the Helmholtz problem and solves the resulting scattering
problem for the function U,,. It is more straightforward to im-
plement periodic rather than quasi-periodic constraints using
the finite element method since the quasi-periodic case in-
volves the extra term e¢'®. In addition, when there are high
wavenumbers, the e!* term will oscillate rapidly and increase
the computational error. There is motivation therefore to find
U, and not to solve the original Helmholtz problem directly.

A. Transparent Boundary Conditions
(Dirichlet-to-Neumann Maps)
To solve the grating problem numerically for a wide range of
grating geometries, a finite element method is used here. It is
therefore necessary to truncate the domain to render it finite.
To provide suitable boundary conditions for the finite element
solver, an analytical solution (known as the Rayleigh expan-
sion) in the adjacent domains is used. Transparent boundary
conditions that match this analytical solution continuously
and smoothly with the finite element solution inside the trun-
cated region are employed. These transparent boundary con-
ditions are captured by the DtN operators 7. to match the
Rayleigh expansion of the electromagnetic field on the boun-
dary of the truncated region with the finite element solution
inside the truncated domain. Denote the interfaces by
I'y ={(x.y):0<x<d,y=B},T_={(xy):0<xr<dy=-B}
Since both periodic and a-quasi-periodic functions are
used, the function spaces on the domain boundaries are

L34 ([0.d) = {g € L*([0.d)): g(d) = €"“"g(0)}.
H((0.d)) = {g € H*([0.d)): g(d) = 9(0)},
H,(10.d]) = {g € H*([0.d]): g(d) = €"g(0)}.

and the function spaces inside Q = {(x,y): 0 <x <d,-B <
y < B} are

Hy(Q) ={f e H*(Q): f(d.y) =f(0.y). Vy€[-B.BI,
Hy(Q) = {f e H*(Q): f(d.y) = “f(0.y), Vye[-BB.

with s € R and L*(Q); H*(Q), L*([0,d]), and H*([0,d]) are
Sobolev spaces [15]. The following norm is used later to
simplify the algebra.

Definition 1. Let F c R? and v € H'(F) ([15]); then
define [16]

1, = [0y + W% 012, -

Note that |[v]ly is equivalent to ||v]| g ) since

1 1
inf( 1, —— )l|vll% < [Vl ) < sup (L—)Ilvll
( ||k||oo) " o Ikl )"

using the definition of Sobolev norms [15]. Also note that
IVlly < @) + 1Kl vl Since H'(F) c H(F) and
HL(F) cH(F) for any 1>0, then for any ve€ H.,(F)
(v € HY(F)), llvlly is well defined.

The following property holds.
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Theorem 2. Let v € H',(Q) and let v, € HL(Q) such that

v = ey,
Then,
1Vallzt @) < l2l”v”Hix#(Q) @
for [ # 0 and
||Ua||L§(Q) = ||U||L,2,#(Q)- 6]

Proof [11, p. 61].

The DtN maps are defined below.

Definition 3. Let f € H Lll,{f (I'y.); then the DIN maps [8] are
defined by

Tf(.%') = T:hf(.%‘) = Zi‘[)’j’!f("u)(:tB)emax’

nez

where Tf € H;;l/z) 1), N = a+ 2an/d), f} = e /?(ki-
nz)?%, and

2, = arg(k? - n2). @)

SJor je€{1,2} and f®)(£B) =1/d [¢f(x, £B)e ™ dx. The
wavenumbers must satisfy k]2- #n2, and at these discrete
frequencies these guided modes propagate without loss along
the grating and cause the phenomenon of resonance [7,8].
The following property holds for T'..
Lemma 4. The inner product of a function g and its
normal derivative on the boundary I'y. satisfy

NTg.9)r, = —OlZZSin(zn/Z)I/f}'-”l|9("‘*)|2 <0
ne

5 5
(TG0, =d3 cos(zn/DIBllg" P >0 ®)
ne.

Proof [11, p. 25].

From Definition 3, the DtN map can be used so that the
scattering domain can be truncated at I', and the problem
studied in this paper can be stated as follows [11, p. 38, Lemma
17]. The homogeneous Helmholtz problem is to find
U(x,y) € C*(Q), where

V. (2# VU(x, y)) +U(x,y) =0, (r,y) €Q, (6)
k*(x,y)

with the DtN map interface conditions at the boundaries of the
truncated region given by

U@y, =T,U +g®) rxely,, )

o, U, )r =T_U xel._, ®

subject to the a-quasi-periodic condition given by
U(d,y) = €*?U(0,y), where y € [-B, B]. Here
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T U) =Y ifU" (B)e,

neZ

T Ux) = ZiﬂgU(nu)(_ B)eina,

neZ

g(@) = -2ipfeNb e,

with k% # g U™ (+B) = 1/d [ U(x, £B)e " dx.

Note that (1/k?(x,y))VU(x,y) € C(Q) is from the inter-
face condition that corresponds to the TM case [17]. Hence,
V.((1/K?(x,y))VU(x,y)) is well defined if U(x,y) € C?(Q).
The a-quasi-periodic approach [11] is used to solve the scat-
tering problem and so additional DtN maps are required as
detailed below.

Definition 5. Let f € Hy*(I'.). Then define the DIN
maps (13]

S27m,

Tof (x) = Tof (@) = Y iff ™ (£B)e#, ©

NneL

where T%f € H,; /(') and

1 [d ,
S®(£B) = v / S (2, £B)e2me/dqy.
0

In order to show the uniqueness of the solution to the
scattering problem, one of the prerequisites is that 7" is a con-

tinuous operator.

1

Lemma 6. The operator T: Haf(]“i) —>H;;1/ 2) Ty is a

continuous linear form, for any kJQ # 2, and there exists a
positive constant 2 < C% < /b such that

17712, < C*sup(lki]. DIFIP,

H oz (Ts o)

for j=1, 2. In addition, the bilinear form T(f,9g):

(f.9)~=>(Tf.9)r, is continuous on H}f Ty) ><H;{‘2 Ty) and

(TS 9)r, | <dC sup(k;[. DIFI y gl » (10)
H;#(ri) H,,#(ri)

forallm e N and j =1, 2 with

B < CElk3|, if |Kf| > g,
TS iR < m

Proof [10, p. 23].

To model the scattering problem, the homogeneous
Helmholtz problem is used since the forcing term (incident
wave) is part of the boundary conditions. But when it comes
to the well-posedness of the problem, the inhomogeneous
Helmholtz equation is needed to show the continuous depend-
ence of the problem on the data (for any given forcing term).
Hence, the regularity of the solution U(x,y) is now investi-
gated to enable an a priori error estimate to be derived. In
general, the inhomogeneous Helmholtz problem is to find
(1/K?(x,y))VU(x,y) € C(R?), such that the following is
satisfied:

V. (va(x,y)) +Ux,y) =f(x,y), (1D
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subject to the radiation condition limy,_,.,U(x,y) = 0. Utiliz-
ing the periodicity of the grating reduces the problem to one
on the vertical single strip S = [0, d] x R, where f is a general
given a-quasi-periodic with respect to « and a compact sup-
port in Q; the solution U is also a-quasi-periodic with respect
to x and must satisfy the UPRC [12, p. 30]. In the following
theorem, the regularity of the solution to Eq. (11) is stated.

Theorem 7. For any y = (y1.,72) such thaty; €N, forj =1,
2, and for x €(0,d), y € [-B,B] C R there exists a constant
Creg that is independent of the wavenumber k, with
k; # ng, such that the solution U of Eq. (11) satisfies

ID"Ull 120 < Creg(1 + CsClko. k) KNG 1 120

where C is a constant independent of k, C(ky, ks) is a con-
stant that only depends on ky and ks [10, p. 219],

l7l = /73 + 73, and ID"Ull2q) is an L2-Sobolev norm of
ordery [15,18,19].

Proof. Let U be the solution of the inhomogeneous
equation (11); using the integral representation [17,20] of U
leads to

Ur.y) = /S G, - 50,9 - Yol (o, yo) oy (12)

for j € {0, 1,2,3} with

em x+zﬂ" ly| 1 ein,,x—i/i; |yl

Gj(x.y) = Zdzj T+ﬁzdfan’ (13)

nez

where cj’f and d]’f represent the coefficients of the Green’s
functions G;(x, y).

By introducing the notation

&P y=vol &~ ly=vol
L (Y, Y0) = A; (Cjn ﬂ;L + d}'L ﬂ;L )f(m") (Yo)dyo,

we note by using the continuity of I,,,,, with respect to y, along
with the outgoing wave boundary condition that

Ly, 90) =0 if yo # v, (14)
and
1 ,
Lun(@-9) = 5 (G + d)f I (y) ifyy=y.  (15)
'j
We have

1 N AT A
U(x. y) _ = / eiMa(@-2y (C'»L . + d? - )
d [O‘d]xﬂk,% T2y T 2ipy
x Zeim"%f M) (yo) g dyp.

MEZ

Now Y,z (crei =l 4 qre®ily /(2ipr) and f are con-
tinuous with compact support and the integral is well defined
so we can use Fubini’s theorem [21, p. 110] to interchange the
order of summation and integration to get
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1 P &P 1y=wol i [y=yol
U 2. _ - ea@-m0) [ on . d”l -

x Y _emaofma) (yq) dwgdyo (16)

meZ

1 Z ing(x-20)

== —5— €M L (Y, Yo)dxo. an

d / % mn
MmMNEL [0.d]

Since 1/d i e~Matotimaodyy = 1 if m = n and the integral
is 0 otherwise, then

N, ()

Uy =Y -1

. nn(yv yO)-
neL 2

Using Eq. (15),

ei"a ()

Ua.y) =) —:

NEZ

(e +avw)

and so

Uil 1d5 1}

1Ull 25y < sup
® = ezj 1571

NG £ (M)
1 ™I,
Since supp.f C Q, then

HEARAY
Ul < sup  — i

If (@, 20 (18)
jet0123tnez 1B} @l

Taking the weak derivative of U with respect to x, in
Eq. (16), y; times gives

a‘;}U = _ / (/Ln )Yle”%z(x 750)677"0:(750)
m neZ
creilv=vl o gne=ihj1v-vol
J J (mq) dyndz
X ,
A{ 2% ﬂ]ﬂ S (yo)dyodry
and so

(O )
105 Ulpzqs) < 5 supnn(,u 1y / i) gima ),

MNEL

/ (C}Leiﬁ}‘yyol + d}zeilﬁ'lyyo)
X

y AN
R PAT

x 0 (yo)dyodo |l
L%(S)

Since suppf C Q,
102 Ullp2 ) < sup||n N 11U N2 - 19)

We can do exactly the same with the weak derivative of U
with respect to y, but we need to take into account that

Y ez ((creill g1ty 121 £ (39) is no longer
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continuous for y; > 1 on each interface separating each
medium S; of constant wavenumber k;. Therefore

1 d . .
/2 - N (X—20) piM, (%))
0y U_d E / e 0)g*Ma(%0

mNEL
@p; e} ehilv- y0|+( ipr)dre o~ ly-wol
2ip; o ) (o) dyodacg
(c &1y y0|+dn A yol)
+ . T (o)
Z [7; Zzﬂ;f‘ 5,nS,
Xf(n“)(yo), (20)

such that [Znez((c}?ewfy’l lv=sol 4 d}ze_i/}; el / 2ip (7))
denotes the jump at the interface separating S; and S; with j,
L€, 1, 2, 3,. Hence,

c}“ewf y-vol + d]?l e~} ly=vol
(1)
> 2 19 o)
NnEZ J S,

< sup (B Ricre Y e (y)|
nez,lef0,1,2,3} neZ

+ sup (|ﬂ]n |p—2 |d;ze—'i/f;l\y—yo| |)Zlf(na) (yo) | .
nezlef0,123} - ’ nez

First, we note that when j € {1,2}, S;NS, is given by
y = =+b; therefore y — y, = 0 on the interface and so

|eii/1]’.‘\y—y0|| =1, @1
We also note that, for y # y,
|ei/f}'”1/—1/0|| < 1’ (22)

because 3(f}) > 0 and

22N

|a|}/kmf s vl

/2w {= sup 23

|e—iﬁ]'7 [y-vol | <
because 3(f) = sin(z,,/2)|k? - nz|'/2. From the radiation
condition, there exists N, such that for |n| > N, dj equals
zero. Therefore, [|k7 —nj| < [kZ||1 - (3 /k3)| < 4|lcz IN2 /K2
such that |k;| >k for 7€{0,1,2,3} and N,=
sup{(2zN,/d)?, |a[?}. Combining Egs. (21), (22), and (23),
we have

C;Leiﬂ; [y=ol + d}ze—iﬁ;'h/—?/n\ .
> TR S (Yo)
nez Wi S:NS,

j 1
B2 (|, )

ref

< sup
nezje{0,1.2.3}

s N,
sin(z, /2)lkjlg L sup |y-yol
xsup e o 4} €59NS3 .1 2 [f ) (370)]

nez

) N
Sm(%/mmﬂﬁ sup [y-yo
< sup Cgle " wovi<SonSs

neZje{0,1,2,3}

,1) B2 s
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with Cg = SUPyezjero.123 (167, |4} ). Hence, from Egs. (16)
and (20),

105 Ul < SUDIAFIZ N s
ne.

sin z):/2|kj|); sup [y-yol
+ sup Cyle oo iSonss .1

neZje{0,1.2,3}

Yo
x (Z |ﬂ,-"|p-2) I1f1l2cs)
p=2

< sup|| B2 11Ul 2,
nez
+ sup

sin 2, /2|k; Ikwf sup [y=yol
CsO e WosIeSonSs 1
nezje(0,1,2,3}

x (r2 = DIB 21 Nz s)- €2y

We note that n, satisfies n, = (2zn/d) + k sin 6 = k sin 6,
(10, p. 56] and g} satisfies f} = en/2\/|k* - ng| =
[k|e®/2 cos 6,, [10, p. 57]; therefore using Eq. (18), inequality
(19) becomes

HEARLAY
162 Ullz(s) < Sulgllnallﬁé o
ne

I e, )l
je0123inez |} r@

_1]sin @,|n

< sw
n

j€{0,1,2,3} neZ
x Al a3 @ ) |2y -

In a similar fashion to Eq. (18), inequality (24) becomes
107Ul sy < sup  {lcf] |} [ (IIkll l€22/2 cos 6, )7
j€{0,1,2,3} ,neZ
X[ (@, Yl 2(q) + C ko, ks)Cosup B 1722 f Nl 25
nezLj
< supl[kl|E™" (| cos 6, If Il z¢s)
neZ

+ Cko. k3)Cs SUZP_(IIIGIIOOIeiz”/2 cos 0, )2 If ll s
NEL)

with  Cy =Cy(y2-1)  and  C(ko, k3) = SUD,ez 03
(eSi“ zn/2‘kj‘(N()/kre[)sup\'yo.y‘,es'ons;;‘y_y()l’ 1). Denoting

| sin 6,

Teos 71080
n

Creg sup{

which is well defined because f} # 0, therefore cos 6,, # 0.
Hence,

105 Ul 2s) < (CregllkllB™ + CrogllIE ™ Clko. kz) Co)If 2
< Creg(1 + CsClho. k) IEIR If 1 2s) -

Since suppf C Q,
107 Ul 2 < Creg(1 + CsCllig k)K" If |20y (25)

Combining Egs. (18), (19), and (25), we finish the proof.
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3. WELL-POSEDNESS OF THE PERIODIC
PROBLEM

Although it is easier to study the scattering problem analyti-
cally using U, since it lends itself more readily to a variational
formulation, it will transpire that it is more efficient to imple-
ment periodic rather than quasi-periodic boundary conditions
within the finite element method. This is essentially due to the
quasi-periodic boundary condition containing the extra term
€' which is oscillatory and can lead to computational errors.
From Eq. (1), the Helmholtz problem (6) is transformed, and
the following lemma holds.

Lemma 8. Let U,(x.y) € C2(Q) satisfy Eq. (1); then
U,(x,y) is the solution of the following problem:

V‘X (1{32( )V U ({I} y)) + Ua(xvy) = 07 (xvy) EQ

(26)

with the DIN map at the boundaries of the truncated region
given by

(T’i - 3) U, =2if% /B, onT,,
(T“——)U =0, onl_.
The periodic condition
U,d.y) =U,0.9). ye[-BB]

holds, where U(x,y) is the solution of the original Helmholtz
problem given by Eq. (6), where T% 1is given by Eq. (9)
and V, =V +i(a,0).

Proof. Since U = ¢/**U, and U satisfies Eq. (6), we have

VU = V(e=U,) = V() U, + ¢V,

5 V0K X
= [laz ]U(l _’_eTavaa.

Denoting V, = V + i(a, 0) and with some straightforward
algebraic manipulation, it can be shown that U, satisfies the
above equations [10, p. 222-223].

To show the well-posedness of the variational formulation,
one needs to show that the solution to the problem exists, that
it is unique, and that it depends continuously on the data [22].
Since the variational form associated with U is easier to study
analytically, the a-quasi-periodic problem is shown to be well-
posed, before deriving the well-posedness of the periodic
problem. It is therefore necessary to show the equivalence
of these two variational formulations.

Let v € H.,(Q); then Eq. (6) gives

1 _ _
LV'(QVU)QH—AUU =0.
Integrating by parts, using Egs. (7) and (8) and denoting

a(U,v):(%VU,VD)Q—(U,U)Q—(kiZTiU,v) ., (@D

Iy
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and

21p
. U)l"+ _ _/ l/l z(ow—/i“B)- (28)
r, kl

it can be shown that solving Eq. (6) is equivalent to the

variational problem of finding U e H 1#(9) for all ve
H',(Q) such that

a(U,v) = (f,v)r, . (29)

To establish an upper bound on the error arising when the

scattering problem is solved numerically, the equivalence of

the variational form for the periodic and a-quasi-periodic
problems is required. For the periodic function U, let

1 1-a"
a(Umva): _VUas va - a Um'U
. (1 .
—-ia ﬁaan,va Q—I—w k—zUa,axva .
(12 T9U,. v, ) ,
k r,

2080 op_
(favaa)lﬂr = _/I: ?le 7IﬂlB,va'
+

1

From Eq. (26), it can be shown that the corresponding
variational problem is to find U, € H}(Q) for all v, € HL(Q)
such that

a(Uav va) = (fa’ /Uoz)lﬂr . (30)

Note that to ease the notation, we have noted a in the
bilinear form associated to functions in both Hi(Q) and
HL(Q).

Lemma 9. Finding U, € Hy(Q) for all v, € H}(Q) such
that a(Uy, V) = (fo, Vo)r, @S given in Eq. (30) is equivalent
to finding U € HL,(Q) for all v € HL,(Q) such that a(U,v) =
(f,v)r, using Eq. (29).

Proof. Use Eq. (1); f = ¢**f, and v = €'*v, in Eq. (30) to
get Eq. (29).

Lemma 10. Let |k| > kyer > O such that keer < |k;|. For all
v € HLX(Q), the solution U, € HY(Q) that satisfies equation
(30) exists and is unique at all but a discrete set of frequen-
cies, for each fixed horizontal wavenumber k; = n, [7]

Proof. To start with, the sesquilinear form a in Eq. (27)
is shown to be continuous. From the Cauchy-Schwarz
inequality [15],

‘ (l2 VU, Vv)
k Q

1
< ka ”VU”Li#(Q)”VUHLi«(Q) 31)

re;

/ IVU.Vo|dxdy,

ref

and similarly it can be shown that

[(U,v)ql < ”U”Li#(g)”v”Li#(Q)' (32)
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Since

< CE(RNUINZ o + 11U

[ revvas 2 Il -
+

(33)

L2,(@)

using the trace theorem [15,18,23,24], it follows that

1
/ T, Uvdx
r k?

<Cd—(lkZIIIUlle @ TG o)l o).

ref

(34)
Hence, Eq. (27) leads to

la(U,v)| < 5— i |U|H1#(Q)|U|H1#(Q) + 11Uz, @ 101122,

+Cdf(lk2||IUI|

ref

+ U117

12,(@ Hl L@’

and so

.00 < Cosun( 1z )10 Wl o

KK

ref "ref
Hence, a(U, U) is continuous [15,18,25]. From Eq. (27),

|a(U,U)|+L|U|2 _ ’Ak—leUlz—/

s

1 1 _
yL—gVUH—|/-7TUUﬂ

2 ||kl ~ Cdsup(lk;|. 1) /e 1U113,:

1 _
—TUU‘
kZ

b

+(Q)

using Eq. (10) and the equivalence of the norm in H' ,(Q) for
[ > 0. Hence,

U 0) + U1, )| = MillUIZ, o

a(U,U) is then H.,(Q) coercive and the existence of a solu-
tion can be shown from its uniqueness [26, p. 51]. Suppose that
there are two solutions U; and U, and let w = U; - U,.
Taking the imaginary part and using Egs. (56) and (27), it
can be shown that w = 0, and so U; = U,. From Lemma 9
and since U; = ¢U, and U, = ¢i“U, then U, = Uy,
which finishes the proof.

In order for a variational formulation to depend continu-
ously on the data, it is necessary to show that the variational
formulation satisfies a regularity estimate. To this end an
explicit dependency on the wavenumber k is derived in a regu-
larity bound in the following theorem.

Theorem 11. Let f,, € HQ(Q) be a general forcing function
and let U, € H,(Q) be the solution of the inhomogeneous
Helmholtz equation
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1 .
Va.(EVaUa) + U, =fq in Q,

(T" ——)U =0,

(TE - %) U,=0, onT.. (35)

onl,,

Then there exists a constant Cyy,y, that is dependent on the
wavenumbers ky and ks such that

1Uelly < Csapllf allzz@)

where Cgp = Creg(1 + C;Clky, k3)) and C,C(ky, ks) s
defined in Theorem 7.

Proof. Let U, € H,(Q) be the solution of Eg. (35); then
from Definition 1 and Eq. (3),

1N, = 1Ualp ) + KNG NTLII

+(Q) L2 @)

From Egs. (2) and (3),

1ULl13, < 22IIUII§,,1M(Q) + IIkIIiIIUIIii#(Q)-
Since U = ™[, the proof is finished by using the regularity
estimate of U as given in Theorem 7.

Hence, the problem given by Eq. (30) is well-posed since its
solution exists, is unique (Lemma 10), and satisfies a regular-
ity result (Theorem 11).

4. A PRIORI ERROR ESTIMATE FOR THE
EXACT SOLUTION

To derive an a priori error estimate for the periodic solution
U,, the following three key results are needed:

¢ an estimate of the error arising from the discretization of
the problem

e an estimate of the error arising from the truncation of the
DtN operator

¢ an estimate of the total error

A. A Priori Error Estimate for the Discretized Problem
Let X c H!,(Q) be a finite element subspace of order p with
1> 1, and let {;, be any regular partition of Q [15,18,25,27].
Denote by h the maximum mesh size after partitioning Q
using ¢;,. The following standard assumption on the subspace
15] X] is used:

1nf,/,€X{||v W”LZ#(Q)+ ||V” Vl//||L2 L (Q)

h c n\!
||7) wliz (ri)‘*‘ ||v vl %#(Fi) <O~ lla, -

(36)

Similarly, let X* be a finite element subspace of order p of
HL(Q). The discretized problem corresponding to Eq. (29) is
to find U, € X such that

a(Up.¢) = (1. P)r, (37N
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with a(Uy, ¢) and (f, ¢)r, given by Egs. (27) and (28) for all
¢ € X, where T, is given by Definition 3.
Lemma 12. Let U € H.,(Q); then for all v € H.,(Q),

la(U, v)| < CellUllxlIvllx

such that C, = (Cd + 1)/k?,; depends only on the period

ref
of the diffraction grating d and a lower bound on the wave-

number kyes.
Proof. From the triangle inequality, putting Egs. (31), (32),
and (33) in Eq. (27) and using Definition 1,

1
la(U,v)| < k‘_f|U|H}I#(Q)|7)|H}1#(Q) WUz, 1012, ()
re.

cd
+ kT”U”H”U”H-

ref

Since (1Ko /Krer) 2 1,

ref

1
la(U,v)| < Ff(lU'Hi#(ﬂ)lle}m(Q) + ”kzlloo”U”Li#(ﬂ)”v”Li#(Q)
rel

+ Ca||UllxIvll3)-

Noting that

Ul ) V], @) + ”k”zo”U”Li#(Q)”v”Li#(Q) < |Ulxllvllx
(38)

using Definition 1, we have
la(U,v)| < CellUllxlvll3.

where C, = (1/k2,)(Cd + 1).

ref

Lemma 13. For U € H.,(Q),

1

[TV - 1O
19K oo

1
|U|12’~Ii I2,(Q) < |a(U» U)|+‘(k72TiU’U)r

o)

such that a(u,v) is given by Eq. (27).
Proof. From Eq. (27),

1 1
(k—zvu VU)Q —(U,U)q = a(U,U) + (172 T,U, U)

Iy

Since |R(c)| < |c| for any ¢ € C,

‘m(léw,vu) — (U, U)gl < 1a(U, U) + (k—ZTiU, U)
Q

o

By noting that |b —c| > |b] - |c| and with the triangle in-
equality, it can be shown that

1
- (U, U)g < |a(U, U)|+‘(ﬁTiU, U)

‘fft(leU,VU)
k o

Iy
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The proof is finished by noting that

1 1
RI=VU,VU)| |>—————|U2 .
’ (k2 )9 ‘||m(k2)||oo' e

The following lemma is needed to express the norm of the
error in L2, in terms of the norm of the error in H.

Lemma 14. Let U € H.,(Q) be the solution of Eq. (29), and
let Uy, be the corresponding discretized solution of Eq. (37).
By denoting e, = U - U, there exists a constant C| =
CCstan (/D) (1Kl oo /Keg) (Cd + 1), where Cypa, = (14 CClko,
k3))Creg is as defined in Theorem 7, such that

lenllze, @ < Cillenlls.
Proof. Let w to be the dual solution of

V.(k—IZVw)+w=¢ (x,y) € Q,

(T3 -0,w) =0 onl,, 39)

forall ¢, w e H ;# (€2), where T are the dual operators of 7',
[28, p. 476]. Using the duality argument [18, p. 137],

atey.w - y) @)

llenllz, @ = SuPgec, @
() $eCo(Q) ”(f)”Li#(Q)

such that y € X, and so from Eq. (27),

1
ater. -] = |1 Ve Vw1 0=

1
< @ (|9h|H;#(Q) lw - W|HL#(Q)

+ Kl w2, @ 0 = w2, @

+ Cdllexllyllw - wllm, @)

using Eq. (33) with Cauchy’s inequality [18, p. 50]. Hence,
Eq. (38) gives

1
12

ref

laten, w—y)| < (Cd + 1) 5 llepllnllw -yl o)-

From the standard approximation estimate in a finite
element space given by Eq. (36), (h/p)||w—y/||H1#(Q)§
C (/DY 0l 2> and s0

1nh
la(ey, w - w)| < C(Cd + 1) kTI_) ”eh”H”w”Hi“(Q)' (41)

ref

From Theorem 7 the regularity estimate is derived as
follows from Eq. (39):
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||W||H5#(Q)

< (1 + CsClko. k3))Cregllkllee = Cutap Il o-
s

Hence, from Egs. (40) and (41),

R Kl
”eh”Li#(Q) < CCspap pk

(Cd + Dlleplly = Cillenlir-

ref

The previous three lemmas are used to derive the following a
priori error estimate for the periodic solution U,,.

Theorem 15. Let the wavenumber |k| > k.s > 0, let the
maximum mesh size h € [0, ], and let the order of the poly-
nomial basis p € [py, o] such that k(hy/py) <1, and C, =
1-2||k||Cy > 0 with Cy as given tn Lemma 14. Let U, be
the continuous solution of Eq. (35); then the corresponding
discretized solution, U, € X*, exists and is unique. If
ey, = Uy —U,, then

ap?
C
lleq, Il < 40—11 @Cd+ DIUq = yally.

and

c
lea iz <2 C12Cd + DI~ el
Sor all test functions wy,€X* where CeR, ¢, =
1R E?) || o /kref, and d is the period of the grating.
Proof. Let ¢, = U - U,, and y = ¢"*y,. From Lemma 13
and by using Galerkin orthogonality [18, p. 58],

2 2

1
< la(en, U - l//)|+' (k7 Tiemeh)

.
Since ||kl = IR (%) ||, Lemma 12 and Eq. (34) lead to

1

- 2 _ 2 2
”SR(]C2)”°° (leh'|Hi”(Q) ”k”oo”eh” 2#(9))

Cd
< CellenllnllU = wllz + 5 llenllw iU = wll

ref

using Céa’s theorem [18, p. 64]. Let C, = (Cd + 1)/lc r as
given in Lemma 12, and so

1
- - 2 _ 2 2
||5R(k2)||00 (|eh|H(lm(Q) ”k”oo”eh”Li«(Q))
< 2Cd+1
= k2

ref

llellz U = wllx.

By letting ¢ = |R(K?) || /K>
IEllco llenllzz, @) < llenlln, we have

and noting that

ref’

|eh|?11 @~ ”k”ao”eh”Lz#(Q)”eh"H
att u

< ¢,2Cd + DllepllxlIU =iy
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Using Lemma 14 and Definition 1,
llewlly = 2kl Crllenlly < cx(2Cd + DIIU —wlly.  (42)

Suppose that 2||k||,C; < 1 and so Cy; = 1 -2||k||,C; > 0:
c
llexllz, < C—’;(ZCd + DI -yl (43)

From Theorem 2 and Definition 1, |le,,[l,, < 2llexlly, and
1U - wlly < 211U, — wylly, and then equation (43) is used to
get

lleq, lly, < 4—"(2Cd + DIUq = wally-
For the second result, Lemma 14 and Eq. (43) are used to get

llenllzz, @) < < 01(20d + DIU - wlly.

From Theorem 2 and from Definition 1,
c
l€q, Iz ) < 22~ C12Cd + DU, = wally.
4 C4

By assuming that there exists two solutions and letting 2/p
tend to zero, it can be shown that U, is unique.

B. A Priori Error Estimate of the Continuous Problem
Arising from Truncating the DtN Operator

For computational purposes, the infinite sum inside the DtN
map that is used as transparent boundary conditions must be
truncated. Let M € N and M < oo; then from Definition 9, 7%

is approximated by T¢', which is given by

M

> iprUs) (£B)ett.

n=-M

77U, (%) =

Let UY be the approximated solution of the continuous prob-
lem where T‘;M is used instead of T in Eq. (35). Then, the
error estimate by truncating 79 is given in the following
theorem.

Theorem 16. Let M € N such that M > M, =
2nin|/d > M. Let ||kl > ket and denote by

|k| + |a| and

M=U,-UY.
I 2||k|| - C1 < 1, such that C; is as given in Lemma 14, and C

is as defined in Lemma 6, then UY exists and is unique. In
addition, if Cy = 1-2||k||C; > 0, then

”e{y”H < 4Ck C (C”U(l l//a”H

o B cuin /Ol 7 )
H)#(rli)

C,

o BV O, )
HLrL)

C
e ey < 2 ¢ (CIU, =l
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Jor all test functions y, € X* with ¢, = (||SR(k2)||m/kref
Crin = I0f )5 ara20) SINR,/2), 2, given by Eq. (4), and
I, = {(x,4+b) € Q.

Proof. Let U € H,(Q) satisfy Eq. (29) for all v € H.,(Q).
Approximate the continuous problem by finding UY € H.,(Q)
such that

(UM, v) = (f, )y, (44)

with
v ) = (Lvon v UM L pugn
a ( ,U)— k_g , VU Q_( 7/0)9_ F + , U ’

e
: 00
(f, o). = _%ei(w—ﬁ?B)’v ,
: ki r,

and THv My iBjv (£B)e, for all v e Q. From
Egs. (29) and (44), note that

a(U,v) —a™ (UM, v) = 0. (45)

By letting M =U-UM and
Ty =TY +(Ty-TY¥), Eq. (45) leads to

noting that

1 1
(172 Ve, Vv)g (@M v)q - (ﬁ TﬂgeM,v)

1
= (kf2 (T:E - T%)U, U)
.

Iy

and so

aM (M v) = (k—lz (T, - T%)U,v) . (46)

Iy

Let M such that M > |k| +|a] so that n2 >k?® for
[n| > (Md/2n); then it can be shown that [10, p. 256]

B-b)cyin / (M~|a])*~
((To=T"U )y |<de” PPV ED Ty o o

‘,#( 1+) Hz,,(l"i)

with ¢y = inf},> ra/2-) SIN(2,/2). Since truncating T',. does
not affect the validity of Lemma 13,

2 2
(1M1 ) =~ IR TV, ) <

1
(172 TIM,eM)

Ilm(kz)ll (@

+[a¥ (M. U -y

I

by using Galerkin orthogonality [18, p. 58], where y = ety
with y, € X*. By noting that [(T%v,v) | < |[(Tv,v)r, |, and
using Egs. (34) and (46) with UY minimizing o, the last in-
equality is derived using Céa’s lemma [18, p. 64] and the trace
theorem [15,18,23,24] with the equivalence of the norms in H
and in H (11# (Q). The duality argument [18, p. 137] can be used to
approximate || - || 12,(Q)) with the dual problem given by
Eq. (39) and Lemma 14 to write
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1
—”m(kz)” (1e¥llz. = 21kl C1lle™ l15)
d o5 /2 </ M —|a))?
< SN0 — iy + o B2 O
kref kref H: #(rli)

Letting ¢, = ||Eﬁ(kz)||m/kref and supposing 2|k||,C; < 1,
then Cy =1 -2||k||,C; > 0 and

(B-b)Cmin 1/ (M~
||eM||H<—’“d(C||U R A L ))
a1t

with ¢yin = infj,5 ara/27) SIN(2,/2). From Definition 1 and
Theorem 2,

&
e 11z, < 4C—kd(0||Ua =Vl
4

—(B b)qun/(M |“\) —k ”[]a”H2 )). (47)
P

Lemma 14, Eq. (47), and Definition 1 together with
Theorem 2 lead to

d
ez 0 < 25-uC1 (O, - vl

o B SO 1y )
)

It can be shown that UY is unique by considering M tending to
infinity.

C. Estimate of the Total Error
By denoting the total error by e, = U, - U¥ it can be esti-
mated as follows.

Theorem 17. Let |k| > ky; > 0, the maximum mesh size
h €10,hy], and the degree of the polynomial basis p €
[pg, o0] be such that khy/py <1 with 2C||k|l, <1, where
C, is defined in Lemma 14 so that Cy =1 -2C (k|| > 0
Let M € N be such that M > M, let U, be the continuous sol-
ution of Eq. (35), let U{,‘,{L be the corresponding discretized
solution with the truncated DtN operator, and let the total
error be e, = U, — UY . Then the total error satisfies

ap*

C,
llegll < 4—"(30d+ DIU, - walln

C —(B- [(M—lah2—k2
+4Ck ( ~b)Crin 4/ M ~al) k “U ”

H)(Fl )

and

C
leallzzio) <26 C13Cd + DIV, = el

+2dC —(B b)Crin / (M~ |{l|)z—k ”U ”

HZ(Fli)

C,. is given in Lemma
lnf|n|>(Md/27r) sin(z,,/2)

Jorall y, € X% where ¢, = ||k||m/kref,
12, C is as in Lemma 6, and cpy, =
with z, as defined in Eq. (4).
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Proof. Note that lle,lly < Uy = Ul + U = Ul Il
where ||U, - UY||;, has already been shown in Theorem 16.
An a priori error estimate for the second term can be derived
in a similar way to that performed in Theorem 16. By denoting
el = UM - UY where UY = UM and UY = '™ UY it can

)
be shown similarly as in Lemma 13 that

1
19K oo

1
<l et (Tt et

2 2
|e%|H(lx#(Q) - ”eﬁl”Li“(Q)

Iy
Hence, from Definition 1, and letting |k| > |kt > O,

1
19K oo

1
< [ (. )| + o |(Tell el

ref

llea' 113, - 21kl e 117

L@

Similarly to Eq. (42), it can be shown that
e 17 = 2C1 11kl lleg 115 < ex(2Cd + DU = |y,

where y = ¢y, such that y, € X% Since 2C|lk|l, < 1,
C, =1-2C k|l > 0 and so

eI, < Z“_Z(ZCd + DIyl
For M > M,, UY tends to U; therefore

el I, < g—’z(zaz + DU =yl
From Definition 1,

C,
lleX 11, s4C—’;(2Cd+ DIU, - wall- (48)

From Lemma 14 and Theorem 2,

C
lleX < 20—"401(2001 + DU, - wall. (49)

||L§(Q)

06

04
0.2

87
(a) d (b)
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Theorem 16 together with Eqgs. (48) and (49) is used to
finish the proof.

5. NUMERICAL RESULTS

The a-quasi-periodic method can be applied straightforwardly
to any geometry, and its implementation is independent of the
number of scatterers inside the scattered region. In this
section, a grating composed of two dielectric transmitting cyl-
inders is considered as shown in Fig. 2. The reflection effi-
ciency of order zero (R,) (the ratio of the reflected field to
the incident field [11, p. 65]), for the TM case (Case 2B), where
the wavelength-spatial periodicity ratio 1/d varies from 0.7
to 1, is computed numerically. These structures are of interest
in the field of 2D photonic bandgap structures that are used as
tunable filters. A cylindrical harmonic expansion approach,
called the lattice sum technique, has been used to study this
problem previously [29]. However, the lattice sum technique is
limited to scattering with polygonal geometry and is depen-
dent on the number of cylinders inside the scattered region.
This limitation does not apply to the finite element method
presented in this paper. The a-quasi-periodic method is used
below to solve the problem and a comparison with the lattice
sum technique is presented. To illustrate the accuracy of the
a-quasi-periodic method, a polynomial basis of degree 4 with
21 633 degrees of freedom is used and R, is plotted as a func-
tion of 1/d in Fig. 2(b). It can be concluded from this figure
that the numerical results from the a-quasi-periodic method
are in good agreement with those from the lattice sum tech-
nique. The deployment of the a-quasi-periodic method to more
complex geometries is the subject of ongoing work.

In the following example, the transmitting dielectric lamel-
lar grating as shown in Fig. 3 is considered. This type of gra-
ting is used in modeling multiscale phenomena grating
problems, and has been studied in [9] using a hybrid approach
that combines a perfectly matching layer technique and an
adaptive finite element method. Here the wavenumbers are
fixed as k; = 2z and ks = (0.22 + 6.717)2x, the angle of inci-
dence is @ = 7/6, and the period is d = 1. The a-quasi-periodic
method is once again used below to solve the problem with
uniform mesh using polynomial degree 6, and a comparison
with [9] is presented. To provide a basis for a relative error,
the global method in [9] is used with 201205 dof, which gives

Ry = 0.8484815. The relative error using the adaptive finite

0.75 0.8 0.85 0.9 0.95
a/d

Fig. 2. (a) Double layered dielectric transmitting cylinders. (b) Comparison between the reflection efficiency of order 0 from the a-quasi-periodic
method (full line) and the lattice sum technique (dots) [29] for dielectric transmitting cylinders for the TM case [see (a)]. The reflection efficiency is
shown as a function of the ratio of the wavelength of the incident field (1) to the lattice period (d).



2122 J. Opt. Soc. Am. A / Vol. 30, No. 10 / October 2013

N. H. Lord and A. J. Mulholland

k1

ko

(a)

-4

log 108"

-5

“35 4 4.5 5 5.5

(b) log, , dof

Fig. 3. (a) Transmitting dielectric lamellar grating. (b) Error in computing R, using the a-quasi-periodic method with respect to the adaptive

method in [9].

element method in [9] and our method can be compared by
defining err = |R,(a — quasiperiodic) — ROAdapt| /Rgdapt.

6. CONCLUSION

Diffraction gratings have been used, for example, in crystal-
line silicon solar cells [1], gas sensors [2], high-intensity color
displays [30], and medical x-ray imaging [3,4]. The gratings are
also used on credit cards or other identification cards as a
security measure, providing an image that can be read by
an optical scanner [31]. In order to develop these technologies
further, it would be useful to have fast and reliable mathemati-
cal models so that putative designs can be constructed. The
appropriate model is given by the Helmholtz equation, but this
needs to be solved numerically even for fairly simple diffrac-
tion gratings. In this paper, a rigorous a priori error analysis
for the a-quasi-periodic transformation method has been
derived.

To start with, the physical and mathematical aspects of the
problem of diffraction when an electromagnetic wave inter-
acts with a periodic grating have been described. From
Maxwell’s equations, it can be shown that the problem can
be decomposed into two elementary mathematical problems,
which are TM and the TE Helmholtz problems. For each prob-
lem, the grating can be perfectly conducting or transmitting,
and so there are four cases. To keep this paper at a reasonable
length, the results presented here were restricted to Case 2B
(TM case for the transmitting dielectric grating). The domain
was truncated with respect to the y direction, and appropriate
DtN maps were introduced. The boundary value problem cor-
responding to the truncated domain was formulated, where
the incident wave was included via the boundary conditions.
An equivalent but alternative formulation that incorporated
the incident wave via an inhomogeneous forcing term (with
compact support) was considered so that a regularity result
could be derived. This regularity result showed an explicit
dependence on the wavenumber k£ and the forcing term f,
and it was then used to prove the well-posedness of the varia-
tional formulation. It also gave a hold on the convergence and
the stability of the solution when the scattering problem was
approximated using finite elements. In fact, if & denotes the
maximum mesh size of the elements, and p the highest order
of the finite element basis, since the dependence of the regu-
larity results on the wavenumber £ is known explicitly, the a
priort error estimate presented a power factor of kh/p.
Hence, the mesh size & and the order of the polynomial basis
p for a given wavenumber k can be chosen to balance the com-
putational time and the accuracy of the approximate solution.

The a-quasi-periodic method is used to solve numerically the
problem of two dielectric transmitting cylinders studied in
[29], using the lattice sum technique and the lamellar grating
studied in [9] using the adaptive finite element technique. The
application is straightforward regardless of the shape and the
number of scatterers inside the scattered region as opposed to
the lattice sum technique. Good agreement of the numerical
results with those in [29] and in [9], using the a-quasi-periodic
method, is obtained.
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