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Two-dimensional 共2D兲 surface photonic band-gap 共SPBG兲 structures can be obtained by providing
a shallow corrugation of the inner surface of a waveguide wall. It can be used as a distributed mirror,
a cavity, or a ﬁlter in integrated optics or microwave electronics. These structures can also be an
alternative to conventional 2D PBG or 1D Bragg structures. In this article, we present the results of
theoretical and experimental studies of 2D SPBG structures. Data obtained from experiments are
compared with theoretical results and good agreement between theory and experiment is
demonstrated. Comparison of a coaxial 2D SPBG structure with a conventional 1D Bragg structure
is also presented. © 2003 American Institute of Physics. 关DOI: 10.1063/1.1531816兴
tures with 2D corrugation have been completed.21 In contrast
with the conventional 2D photonic band-gap 共PBG兲 structures which are usually machined from either long dielectric
or metals rods in air or air22–25 tubes in dielectric materials,
the 2D structures can be obtained either by providing shallow 2D corrugations on the waveguide walls, or using a dielectric material with a refractive index which has a double
periodicity.26 Thus, in order to distinguish these structures
from conventional 2D PBG structures we will refer to it as
‘‘2D surface photonic band-gap 共SPBG兲 structures.’’ It is important to note that in the works16 –20 the structures discussed
were referred to simply as 2D Bragg structures by analogy
with 1D Bragg structures. We also decided to use the new
term to underline that the 2D SPBG structure is a 2D PBG
structure and not a modiﬁcation of a 1D Bragg structure.
In contrast to a 1D Bragg structure where two counterpropagating waves are directly coupled,1–3 in an ideal 2D
SPBG structure there are four waves participating in the scattering. The forward and backward waves are indirectly
coupled via a second pair of transverse waves.16 –20 The presence of the additional energy ﬂuxes, transverse with respect
to the direction of propagation of the wave interacting with
the medium, act to synchronize the radiation from the different parts of the large active medium. It is important to note
that the existence of the 2D scattering on the 2D corrugation
results in the appearance of a forbidden band gap, which is
speciﬁc for each type of wave of the waveguide. Let us also
note that the structures are compatible with any active medium including a high-current relativistic electron beam.
These robust SPBG structures have high-rf breakdown
strength and their location on the surface of the waveguide
should ensure easy cooling which is important for any highpower laser application. They are also much easier to fabricate in comparison with conventional 2D PBG structures,
and in the case of integrated optics2 should allow a signiﬁcant decrease of the cavity size in comparison with conventional 2D PBG structures and 1D Bragg mirrors. The possible applications for these structures are narrow-band
microwave and optical ﬁlters, all-optical transistors, selective
elements for high-power laser cavities, and optical and microwave multiplexers.

I. INTRODUCTION

Extensive study of the phenomenon of wave propagation
in periodic structures has led to many technological breakthroughs in conventional optics and vacuum electronics. In
1968, Kovalev et al.1 suggested the use of an onedimensional shallow corrugation 共1D Bragg corrugation兲 on
the wall of a waveguide to obtain mode transformation in the
microwave frequency range and in 1977, Yariv and Nakamura considered the use of a 1D Bragg corrugation for integrated optics applications.2 Bratman et al.3 suggested that 1D
Bragg structures could be used to obtain distributed feedback
in the cavity of free-electron masers 共FEM兲 and cyclotron
autoresonance masers 共CARM兲. In 1987, it was predicted
that a 3D periodicity of refractive index may result in the
appearance of a forbidden band gap for electromagnetic
radiation4 and shortly after this prediction it was experimentally proven.5 In recent years, many successful experiments
were carried out on FEMs, CARMs, and conventional lasers
with distributed feedback, using 1D periodic structures.6 –13
However, for high-power FEM and CARM microwave oscillator experiments, where single-mode operation was realized, the output power achieved was less than 50 MW. The
power limitation was due to the restriction in the transverse
dimensions of the cavity 共for example, its diameter兲, which
did not exceed the operating wavelength by more than a few
wavelengths.14 Further increase of the output power without
increasing the transverse size of the cavity may result in rf
breakdown inside the interaction space and consequently interruption of the microwave generation.15 On the other hand,
the increase of the transverse dimension of the 1D Bragg
cavity leads to the loss of its selectivity and consequently to
the loss of single-mode operation.14 To overcome these problems the use of two-dimensional 共2D兲 distributed feedback,
which can be realized due to wave scattering on a 2D
double-periodic corrugation has been suggested.16 A number
of theoretical works dedicated to the use of such feedback in
high-power microwave devices were published in Refs. 16 –
20. Preliminary experiments with an FEM using planar struca兲
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surface of the conductor indicate the crests of the corrugations and the crossings of the lines correspond to the centers
of the two-dimensional grating. Assuming that the radii r in
and r out greatly exceed the radiation wavelength  and the
distance between the conductors a 0 ⫽r out⫺r in , i.e.,
r in,outⰇa 0 , r in,outⰇ,

共2兲

the dispersion equation for the eigenwaves of the coaxial
waveguide can be reduced to the following form:27
k 2⫽

FIG. 1. 共a兲 Schematic diagram of a 2D SPBG coaxial structure with a
corrugated inner conductor. 共d兲 Schematic diagram of a two-dimensional
distributed feedback loop realized on an ideal 2D corrugation.

This article is devoted to the theoretical and experimental study of coaxial 2D SPBG structures with different patterns. To describe the ﬁeld evolution we used coupled wave
theory, which was very successfully applied to describe the
ﬁeld evolution in 1D periodic structures.1–3 In Sec. II, a coaxial 2D SPBG with an ideal sinusoidal corrugation is considered. The reﬂection and transmission coefﬁcients from
such a structure were found and analyzed. In Sec. III, 2D
SPBG structures with different patterns are considered and
compared with an ideal corrugation. In Sec. IV, the experimental setup used for the cold microwave measurements of
the 2D SPBG structures is presented and the experimental
results obtained are compared with the theoretical predictions. For the conclusion, we summarize the results obtained
and discuss possible problems, which can be subjects for
future research.
II. IDEAL COAXIAL 2D SPBG STRUCTURE

Let us consider a coaxial 2D SPBG structure consisting
of a smooth outer and a corrugated inner conductor of radii
r out , r in , respectively, and of length l z 关Fig. 1共a兲兴. The corrugation of the outside surface of the inner conductor can be
represented by the following expression:
r⫽r in⫹a 1 关 cos共 k̄ z z 兲 cos共 m̄  兲兴 ,

共1兲

where a 1 is the corrugation depth, k̄ z ⫽2  /d z , d z is the period of corrugation along the z coordinate, and m̄ is the number of the corrugation variations along the azimuthal coordinate . It is assumed that the corrugation of the inner
conductor is shallow, i.e., k̄ x,z a 1 Ⰶ1 and a 1 Ⰶ where k̄ x
⫽m̄/r 0 , and  is the radiation wavelength. It was mentioned
in the Introduction that a medium with the double periodic
refractive index 共see, for example, Ref. 26兲 n⫽n 0
⫹ 关 n 1 cos(k̄z z)cos(m̄ )兴 can also be used instead of the shallow corrugation where n 1 Ⰶn 0 . In Fig. 1共a兲, the lines on the

2
c2

⬵k 2z ⫹k 2 ⫹k 2r ,

共3兲

where  is the wave frequency, c is the speed of light, k z is
the longitudinal wave number, k  ⫽M /r 0 is the azimuthal
wave number, r 0 ⫽(r in⫹r out)/2, k r ⫽p  /a 0 is the radial
wave number, and M and p are the azimuthal and radial
variation indices. The dispersion equation is similar to that
obtained for the eigenwaves of the planar waveguide. This
allows one to neglect the small curvature of the cavity surface and adopt the planar coordinate system. Let us introduce
also the new transverse coordinate x⫽r 0 ⫻  instead of the
azimuthal coordinate  and use k x instead of k  , i.e., k x
⬅k  .
The ﬁeld inside the 2D SPBG structure can be presented
in the form of four coupled waves: A⫾ propagating in the
⫾z and B⫾ propagating in the ⫾x directions 共compare with
Refs. 1–3 and see also Refs. 16 –20,26兲;
Eជ ⫽Re兵 关 Eជ 0b 共 r 兲共 B⫹ 共 x,z 兲 e ⫺ik x x ⫹B⫺ 共 x,z 兲 e ik x⬘ x 兲 ⫹Eជ 0a 共 r 兲
⫻共 A⫹ 共 x,z 兲 e ⫺ik z z ⫹A⫺ 共 x,z 兲 e ik z⬘ z 兲兴 e i  t 其 .

共4兲

Here, A⫾ (x,z), B⫾ (x,z) are the slow functions of the x and
z coordinates, k x , k x⬘ and k z , k z⬘ are the transverse and longitudinal wave numbers of the partial waves B⫹ , B⫺ and
A⫹ , A⫺ respectively, E 0a,b (r) are functions describing the
spatial wave proﬁle along the r coordinate, which coincides
with one of the eigenmodes of the coaxial waveguide. Due to
the circular geometry of the coaxial system the wave amplitudes should satisfy the following cyclic boundary conditions:
B⫾ 共 x⫹l x ,z 兲 ⫽B⫾ 共 x,z 兲 , A⫾ 共 x⫹l x ,z 兲 ⫽A⫾ 共 x,z 兲 ,

共5兲

where l x ⫽2  r 0 is the cavity mean circumference. These
conditions allow the partial wave amplitudes A⫾ (x,z),
B⫾ (x,z) to be represented in the following Fourier series:
⬁

A⫾ 共 x,z 兲 ⫽

兺

m⫽⫺⬁

imsx
Am
,
⫾共 z 兲 e

共6兲

⬁

B⫾ 共 x,z 兲 ⫽

兺

m⫽⫺⬁

imsx
Bm
,
⫾共 z 兲 e

where s⫽2  Ax , and to consider each Fourier term as an
eigenmode of the waveguide with an azimuthal variation in⬘ ⫽m
dex equal to either m for the partial waves A⫾ or M ⫾
⫿ 兩 M 兩 in case of the partial waves B⫾ , respectively.
Let us assume for simplicity that k̄ ⫽k̄ ⫽k̄ and k̄ជ
x

z

⫾

⫽k̄(xជ 0 ⫾zជ 0 ), where xជ 0 and zជ 0 are the unit vectors along the
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x and z coordinates and k̄ x , k̄ z are the amplitudes of the
projections of the lattice eigenvectors k̄ជ on the axes x and z.
⫾

Formation of a two-dimensional feedback loop via 2D scattering of the partial waves on the corrugation is presented in
Fig. 1共b兲.17,20 In this ﬁgure, the partial wave A⫹ propagating
in the ⫹z direction is scattered into waves B⫾ propagating in
the transverse ⫾x directions and scattering into waves A⫾
which ensures that the two-dimensional feedback loop A⫹
→B⫾ →A⫺ →B⫾ →A⫹ is completed. To obtain an efﬁcient
coupling of the partial waves A⫾ ↔B⫾ , the following Bragg
resonance conditions1–3 should be satisﬁed for each pair of
coupled waves:
kជ z ⫺kជ x ⫽k̄ជ ⫺ ; kជ z⬘ ⫺kជ x⬘ ⫽⫺k̄ជ ⫺

共7a兲

kជ z ⫺kជ ⬘x ⫽k̄ជ ⫹ ; kជ z⬘ ⫺kជ x ⫽⫺k̄ជ ⫹

共7b兲

However, the 2D-feedback loop can only be obtained when
conditions 共7兲 are fulﬁlled simultaneously. Therefore the four
partial waves undergo the coupling on the 2D structure if the
following resonance conditions are satisﬁed 共see, also, the
Appendix兲:
k z ⫽k z⬘ ⬵k̄ z , k x ⫽k x⬘ ⬵k̄ x 共 兩 m̄ 兩 ⫽ 兩 M 兩 兲 .

共8兲

For the corrugation considered in Eq. 共1兲 m̄ can be either
positive or negative. As a result, the azimuthal variation indices of the partial waves propagating in the ⫾x directions
⬘ ⫽ 关 兩 m̄ 兩 ⫹ 兩 m 兩 sgn(m) 兴 and M ⫺
⬘ ⫽⫺ 关 兩 m̄ 兩
are equal to M ⫹
⫺ 兩 m 兩 sgn(m) 兴 , respectively. Let us assume that A m
⫾
m
⫺m
⫽A ⫺m
⫾ , B ⫾ ⫽B ⫾ and further in the text the sign of the
index m will solely indicate either an up shift 共⫹兲 or a down
shift 共⫺兲 of the wave frequency from the exact Bragg frequency. Taking into account Eq. 共8兲, we note that for the
corrugation considered the radial variation index of the partial waves will be conserved, i.e., for example the TEM
mode of the coaxial waveguide can only be scattered into a
TEm̄,0 mode. It is important to note that the mutual scattering
of the partial wave A⫹ into the waves B⫾ should ensure the
synchronization of radiation from different parts of the active
medium.
The ﬁeld scattering on the corrugation, when conditions
共8兲 are satisﬁed, can be described by the following set of
coupled wave equations 共compare with Ref. 26兲 for the dimensionless amplitudes A ⫾ , B ⫾ 共for more details, see the
Appendix兲:

A⫾
⫹i ␦ A ⫾ ⫹  A ⫾ ⫹i ␣ 共 B ⫹ ⫹B ⫺ 兲 ⫽0,
z
B⫾
⫹i ␦ B ⫾ ⫹  B ⫾ ⫹i ␣ 共 A ⫺ ⫹A ⫹ 兲 ⫽0,
⫾
x
⫾

共9a兲

modes. The expression for ␣ in the set of Eqs. 共9兲, if only
one conductor is corrugated, can be represented in the following form.17,18

␣⫽

共10兲

where f is the parameter which is determined by the coupled
waves’ ﬁeld structures. For example, if the following coupling TEm,0 ↔TEM ⬘ ,0 takes place f ⫽(1⫺ 兩 m/M ⬘ 兩 ) and under
the condition 兩 m 兩 Ⰶ 兩 M ⬘ 兩 we obtain f ⬵1. It is also important
to note that f ⫽1 for the TEM↔TEm̄,0 scattering.
Following1–3,17 the parameter f, can be found for other pairs
of coupled partial waves. Let us note that if instead of the
corrugation a dielectric material with a 2D biperiodic refractive index is laid on the waveguide wall the coupling coefﬁcient can be obtained with a simple substitution of a 1 to n 1
and a 0 to n 0 共compare with Ref. 26兲.
Substituting Eq. 共6兲 in the set of Eqs. 共9兲, the following
relation between the partial waves can be obtained:
m
Bm
⫹ ⫹B ⫺ ⫽

m
⫺2i ␣ 共 i ␦ ⫹  兲共 A m
⫹ ⫹A ⫺ 兲

共 i ␦ ⫹  兲 2 ⫹s 2 m 2

共11兲

,

and the set of Eqs. 共9兲 can be reduced to
⫾

dA m
⫾
dz

⫹

2 ␣ 2共 i ␦ ⫹  兲
共 i ␦ ⫹  兲 2 ⫹s 2 m 2

m
m
共Am
⫹ ⫹A ⫺ 兲 ⫹ 共 i ␦ ⫹  兲 A ⫾ ⫽0.

共12兲

The reﬂection and transmission coefﬁcients from such a
structure can be found by taking into account the following
boundary conditions:
m
m
Am
⫹ 共 z⫽0 兲 ⫽A 0 , A ⫺ 共 z⫽l z 兲 ⫽0,

共13兲

where l z is the length of the 2D structure. Considering conditions 共13兲 the analytic expressions for the reﬂection R m and
the transmission T m coefﬁcients can be obtained from Eq.
共12兲 as functions of the azimuthal index m and frequency
detuning ␦ 0 of the incident wave. Let us note that ␦ 0 is real,
in contrast to ␦ which is complex.
R m⫽
T m⫽

¯
 2m ⫺p 2m
¯m ctg 共 ¯
q m 关 p m ⫺
 m l z 兲兴

q m⫽

共14兲

,

¯m
⫺i
,
¯m ctg 共 ¯
sin共 ¯
 m l z 兲关 p m ⫺i
 m l z 兲兴

where

共9b兲

where A ⫾ ⫽A ⫾ e ⫿i ␦ z , B ⫾ ⫽B ⫾ e ⫿i ␦ x , ␦ ⫽(  ⫺  0 )/c is the
frequency detuning from the Bragg resonance,  0
⫽c 冑k̄ 2 ⫹k 2r is the Bragg frequency,  is the distributed
ohmic losses, ␣ is the wave-coupling coefﬁcient, and k r is
the radial wave number. We also suppose that 兩  ⫺  0 兩
Ⰶ  0 . In accordance with Refs. 1 and 3 the wave-coupling
coefﬁcient depends on the ﬁeld structure of the coupled

a 1k
f,
4a 0

冉

共15兲

冊

2␣2
2 ␣ 2˜␦
˜␦
,
p
⫽
⫹1 , ˜␦ ⫽i ␦ 0 ⫹  ,
m
s 2 m 2 ⫹˜␦ 2
s 2 m 2 ⫹˜␦ 2

and
¯
 m ⫽⫺i˜␦

冉

4␣2
˜␦ 2 ⫹s 2 m

⫹1
2

冊

1/2

,

共16兲

where  is associated with the rf power losses. The reﬂection
coefﬁcient can be transformed to the following form:
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⫺2 ␣

R m⫽

冋 冉

2 ␣ ⫹ 共 s m ⫺ ␦ 兲 ⫺i 共共 s m ⫺ ␦ 兲关 4 ␣ ⫹ 共 s m ⫺ ␦ 兲兴 兲 ctg ˜␦ l z
2

2

2

˜2

2

2

˜2

2

2

2

˜2

Analyzing expression 共17兲 we have to note that for each
mode with index m such a structure provides an effective
reﬂection zone 共forbidden band gap兲, Fig. 2, inside a fre¯2m )⭐0. 20 Conquency interval deﬁned by the condition Re(
sidering zero rf power losses, i.e.,  ⫽0 the boundaries of
each forbidden band gap 共reﬂection zone兲 can be found and
presented in the following form:
sm⭐ 兩 ␦ 0 兩 ⭐ 共 4 ␣ 2 ⫹s 2 m 2 兲 1/2.

共18兲

As was shown in Ref. 20 and as is evident from Fig. 2, the
width of the gaps decreases with an increase of m. The
maxima of the reﬂection coefﬁcients are located at exact
Bragg frequencies 关deﬁned by Eq. 共8兲兴 and strongly depend
on the parameter ␣ /  . 20 In contrast to a 1D Bragg mirror
where R⬃tanh(␣lz), 2,3 the length parameter does not affect
the maximum amplitude of the reﬂection coefﬁcients. By
adjusting the parameter ␣ l z , however, the effective width of
the reﬂection zones can be controlled while maintaining a
high- 共up to 100%兲 reﬂection coefﬁcient at the precise Bragg
frequency. These features of the 2D SPBG structure allow
one to control independently the maximum amplitude and
width of the reﬂection zone and should allow one to obtain a
narrow frequency band mirror, or ﬁlter. It is important to

FIG. 2. The reﬂection coefﬁcient R m vs frequency detuning ␦ 0 when: s
⫽0.29 cm⫺1 , ␣ ⫽0.1 cm⫺1 , ␣ l z ⫽0.48 m苸 关 0;2 兴 , and 共a兲  ⫽0.001 cm⫺1
and 共b兲  ⫽0.01 cm⫺1 .

1/2

4 ␣ 2 ⫹ 共 s 2 m 2 ⫺˜␦ 2 兲
s 2 m 2 ⫺˜␦ 2

冊册
1/2

.
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共17兲

note that in a real system, the rf power losses are always
present, while the coupling coefﬁcient, which is proportional
to the corrugation depth, can be easily adjusted. Note that the
incident wave on the 2D structure with an azimuthal index m
is reﬂected into a wave with the same azimuthal index m and
the frequency locations of the maxima of the reﬂection coefﬁcients for the modes with different spatial structures are
different. Assuming also  ⫽0, ␣ ⫽0, and ␣ /  ⬎1 it is important to note that the drop of the reﬂection coefﬁcient with
a decrease of ␣ /  is more dramatic for incident waves with
m⫽0, as compared with an azimuthally symmetric mode,
Fig. 2共b兲. Therefore, if the structure is used in a two-mirror
cavity as one of the mirrors, then by optimizing the parameter ␣ /  the selectivity of the cavity over the wave azimuthal index m can be maintained, even if the transverse
dimension of the cavity grossly exceeds the operating
wavelength.20 In Fig. 3, the proﬁles of the partial waves at
the exact Bragg frequency are presented for three different
values of ␣ /  , when the azimuthal-symmetric wave is incident on the 2D structure. Thus, when ␣ /  Ⰷ1 the absolute
values of the amplitudes of the waves A⫹ and A⫺ are nearly
equal and 兩 R 兩 →1. A decrease of the parameter ␣ /  ⬃1 关Fig.
3共b兲兴 leads to a signiﬁcant drop of the amplitude of the reﬂected A⫺ wave and an increase of the amplitude of the
transmitted wave A⫹ (z⫽l z )⬃0.5. When ␣ /  Ⰶ1 关Fig. 3共c兲兴
the amount of energy which passes from one partial wave
into another due to scattering ( ␣ ⫽0) is insufﬁcient as compared to the energy dissipated and the maximum reﬂection
coefﬁcient at the exact Bragg resonance frequency is of the
order ⬃O( ␣ /  ) 2 . As a result, the condition ␣ ⬇  can be
considered as the lower limit in the minimum value of the
coupling coefﬁcient, i.e., this dictates the minimum amplitude of corrugation, or minimum amplitude of variation of
the refractive index. This also limits the minimum effective
width of the reﬂection zone as deﬁned by the coupling coef-

FIG. 3. Spatial proﬁles of the partial waves A⫾ and B⫾ . The partial wave
A⫹ is the incident wave of unit amplitude 共solid wide line兲 on the 2D SPBG
structure: l z ⫽4.8 cm, s⫽0.29 cm⫺1 , and ␣ /  is 共a兲 1000; 共b兲 1; and 共c兲 0.2.
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FIG. 4. Schematic diagram of the 2D corrugations with 共a兲 ‘‘rhombus’’ and
共b兲 ‘‘chessboard’’ pattern.

ﬁcient 共18兲. It is important to note that a similar but stronger
condition also exists for the full 3D PBG structures and will
be one of the subjects for future work.
III. 2D SPBG STRUCTURE WITH DIFFERENT
CORRUGATION PATTERNS

The machining of the ‘‘ideal’’ corrugation as presented
in Fig. 1 is difﬁcult and therefore it is very attractive to ﬁnd
a substitute for an ‘‘ideal’’ sinusoidal corrugation. A 2D
‘‘square wave’’ corrugation can be a viable alternative to the
sinusoidal corrugation. In the following ﬁgures 关Figs. 4共a兲
and 4共b兲兴 the schematic diagrams of the surface with ‘‘rhombus’’ 关Fig. 4共a兲兴 and ‘‘chessboard’’ 关Fig. 4共b兲兴 patterns are
presented. Both 2D corrugated surfaces can be described as
the product of two periodic functions:20

a⫽

冉

f 1 共 k̄   兲 f 2 共 k̄   兲
g 1 共 k̄   兲 g 2 共 k̄   兲

共19兲

,

FIG. 5. 3D representation of 2D corrugations described by expressions 共a兲
for chessboard pattern 共22兲 and 共b兲 rhombus pattern 共23兲.

where

冉
冉

g i共  兲 ⫽

f i共  兲 ⫽

0

0⬍⬍d  /2

1

d  /2⬍⬍d 

pattern and  ⫽x,  ⫽z for the ‘‘chessboard’’ pattern (x̄
ជ ). Taking into account that the terms of the Fourier
⫽r 0 
expansion are proportional to ⬃ 关 1/(2n⫹1) 兴 , the higher harmonics, apart from the fundamental, can be neglected and
expressions 共19兲 can be approximated as follows:

关 Fig. 4 共 a兲兴 ,

⫺1

0⬍⬍d  /2

1

d  /2⬍⬍d 

关 Fig. 4 共 b兲兴 ,

 is the variable, i⫽1, 2 and d  is the period of the periodic
functions f i (⫹d  )⫽ f i (), g i (⫹d  )⫽g i (). The ‘‘rhombus’’ corrugation 关Fig. 4共a兲兴 can be obtained by machining m̄
fold helical rectangular grooves 共in clockwise and counterclockwise directions兲 on the surface of the conductor. The
corrugation with a ‘‘chessboard’’ pattern 关Fig. 4共b兲兴 can be
obtained by assembling separately machined gears of a width
of half a period, or by using micromachining techniques.
Using Fourier expansion the functions g i and f i can be
rewritten as
4
g i 共  兲 ⫽1⫹

f i共  兲 ⫽

4


兺n
1

2
共 ⫺1 兲 n
,
cos共 2n⫹1 兲
2n⫹1
d
2

兺n 2n⫹1 sin共 2n⫹1 兲 d  ,

共20兲
共21兲

where n⫽0, 1, 2,..., and i⫽1,2 is the function number. It is
important to note that  ⫽x⫹z,  ⫽x⫺z for the rhombus

a 共 x, z 兲 ⬵

8a 1

2

关 cos共 k̄ x x⫺k̄ z z 兲 ⫹cos共 k̄ x x⫹k̄ z z 兲兴 ⫹•••

共22兲

for the surface with a chessboard pattern and
a 共 x, z 兲 ⬵

a1
关 cos共 k̄ x x⫺k̄ z z 兲 ⫹cos共 k̄ x x⫹k̄ z z 兲兴

⫹

2a 1

2

关 cos共 2k̄ x x 兲 ⫹cos共 2k̄ z z 兲兴 ⫹•••

共23兲

for the surface with a rhombus pattern,28 where k̄ x,z
⫽2  /d x,z and d x,z are the corrugation periods along the x
and z coordinates and d x ⫽m̄/r 0 共see, also Ref. 21兲. The 3D
representation of the pattern, which corresponds to the corrugations, described by Eqs. 共22兲 and 共23兲 is shown in Figs.
5共a兲 and 5共b兲, respectively, and the zero level corresponds to
the unperturbed surface of the waveguide. It is easy to see
from Eq. 共22兲 that the ‘‘chessboard’’ corrugation approxi-
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FIG. 6. The reﬂection coefﬁcient from the ideal 2D
SPBG structure 共top ﬁgures兲 and 2D SPBG structure
with a ‘‘rhombus’’ corrugation pattern 共bottom ﬁgures兲
when l z ⫽10 cm, s⫽0.29 cm⫺1 ,  ⫽0.001 cm⫺1 , and
共a兲 m⫽0, 共b兲 m⫽1, 共c兲 m⫽2, and 共d兲 m⫽3.

mates well to an ‘‘ideal’’ sinusoidal 2D corrugation. Therefore, it is expected that the properties of the 2D SPBG structure with such a pattern should be similar to those of a 2D
SPBG structure with an ‘‘ideal’’ corrugation.
The ‘‘rhombus’’ corrugation described by Eq. 共23兲 contains 1D 共second term of expression proportional to 2a 1 /  2 )
and 2D 共ﬁrst term of the expression proportional to a 1 /  )
corrugations. It is interesting to note that a similar 2D pattern
is frequently used to obtain a conventional 2D PBG
structure.25 The corrugation described by Eq. 共23兲 provides
distributed 2D coupling for four partial waves 共4兲 propagating along the z and x coordinates, if the geometrical parameters of the corrugation k̄ x,z satisfy the resonance conditions
共8兲, with the longitudinal wavenumbers k z , k z⬘ of the partial
waves A⫹ , A⫺ and the azimuthal wave-numbers k x , k ⬘x of
the partial waves B⫹ , B⫺ . Simultaneously, the 1D coupling
of the partial waves takes place if the following resonance
conditions are satisﬁed:
2k̄ z ⬇k z ⫹k z⬘ ; 2k̄ x ⬇k x ⫹k x⬘ ,

共24兲

for coupling-waves A⫹ ↔A⫺ and B⫹ ↔B⫺ , respectively.
Obviously conditions 共24兲 are satisﬁed if conditions 共8兲 are

met. However, if Eq. 共24兲 is satisﬁed condition 共8兲 may not
be met. Taking into account the presence of a ‘‘1D component’’ in the corrugation the coupled-wave equations can be
presented in the following form:28

A⫾
⫹i ␦ A ⫾ ⫹i ␣ 1 A ⫿ ⫹i ␣ 2 共 B ⫹ ⫹B ⫺ 兲 ⫽0,
z
B⫾
⫹i ␦ B ⫾ ⫹i ␣ 1 B ⫿ ⫹i ␣ 2 共 A ⫺ ⫹A ⫹ 兲 ⫽0,
⫾
x

⫾

共25a兲
共25b兲

where ␣ 2 and ␣ 1 are the wave-coupling coefﬁcients associated with 2D and 1D Bragg scattering, respectively. The coupling coefﬁcient ␣ 1 is deﬁned in Refs. 1–3 and 29 while ␣ 2
is given by formula 共10兲. It is interesting to note that Eqs.
共25兲 describe either 1D Bragg scattering when ␣ 2 ⫽0, or 2D
Bragg scattering when ␣ 1 ⫽0. The reﬂection and transmission coefﬁcient can be found using the same procedure described in Sec. II. The expressions for these coefﬁcients coincide with those presented in Eqs. 共14兲 and 共15兲 if the
following substitutions of parameters 共16兲 are conducted:
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p m⫽

2 ␣ 22 ␦ ⫹
s m ⫺ ␦ ⫹␦ ⫺
2

2

q m⫽
¯
 m⫽

冉

⫹

␦ ⫹⫹ ␦ ⫺

2 ␣ 22 ␦ ⫹
s m ⫺ ␦ ⫹␦ ⫺
2

2

4 ␣ 22 ␦ 2⫹
s 2m 2⫺ ␦ ⫹␦ ⫺

2
⫺

;

␦ ⫹⫺ ␦ ⫺

⫹ ␦ ⫹␦ ⫺

2

冊

,

1/2

; ␦ ⫾ ⫽ ␦ ⫺i  ⫾ ␣ 1 .
共26兲

The boundaries of the forbidden band gap are also deﬁned by
¯2m )⭐0 and can be written in the following
the condition Re(
form:
Re关 4 ␣ 21 ␦ 2⫹ ⫹ ␦ ⫹ ␦ ⫺ 共 s 2 m 2 ⫺ ␦ ⫹ ␦ ⫺ 兲兴 ⫽0,
Re共 s 2 m 2 ⫺ ␦ ⫹ ␦ ⫺ 兲 ⫽0.

共27兲

Considering zero rf power losses and m⫽0, the boundaries
of the band gaps can be found. In contrast with the ‘‘ideal’’
sinusoidal 2D structure there are now two asymmetric band
gaps down shifted and up shifted from the precise Bragg
frequency. The boundaries of these zones are deﬁned by the
following expressions:
⫺ 共 2 ␣ 2 ⫹ ␣ 1 兲 ⭐ ␦ ⭐⫺ ␣ 1

共28a兲

for the down shifted and
共 2 ␣ 2⫺ ␣ 1 兲⭐ ␦ ⭐ ␣ 1, i f ␣ 2⬍ ␣ 1

␣ 1⭐ ␦ ⭐共 2 ␣ 2⫺ ␣ 2 兲, i f ␣ 2⬎ ␣ 1

共28b兲

for the up-shifted gap. Figure 6 illustrates the results of numerical calculations of the reﬂection coefﬁcient for m
苸 关 0;3 兴 from the 2D SPBG structure with ideal 共top picture兲
and rhombus 共bottom picture兲 corrugations. When m is
small, m⫽0, 1, the mutual inﬂuence of 1D and 2D scattering
is signiﬁcant. However, for relatively large m, i.e., m⭓2, this
mutual inﬂuence becomes small and the reﬂection from such
a structure can be considered as a linear superposition of the
reﬂection coefﬁcients due to 1D and 2D scattering. The location and width of the reﬂection zones associated with 1D
and 2D scattering are practically unaffected by each other.
This makes it difﬁcult to provide mode selection over the
azimuthal variation index in an oversized cavity using such a
structure as a selective mirror.
IV. EXPERIMENTAL STUDY OF 2D
SPBG STRUCTURES

The experimental setup presented in Fig. 7共a兲 allows one
to measure both the reﬂection and transmission coefﬁcients
in the operating frequency range. The measurements of the
transverse electromagnetic energy ﬂuxes in the 2D SPBG
structures were also conducted by using a pickup waveguide
probe which was attached to the surface of the outer conductor.
For excitation of the structures a TEM-mode of a coaxial
waveguide was formed at the input of the Bragg structure. To
produce such a wave beam an additional transmission line
was constructed, see Fig. 7共b兲. The input of the transmission
line was a single-mode, Ka band rectangular waveguide
(7.2 mm⫻3.8 mm). The transmission line itself was made

FIG. 7. 共a兲 Photograph of part of the microwave experimental setup which
consists of waveguide mode converters 关boxes 共1兲兴, adiabatically opening
coaxial horns 关boxes 共2兲兴, and section where the SPBG structure was located
关box 共3兲兴. 共b兲 Part of the transmission line which consists of an adiabatically
opening horn 关box 共1兲兴, TM0,1 ↔TEM mode converter 关box 共2兲兴,
TE1,1 ↔TM0,1 mode converter 关box 共3兲兴; and TE1,1 共circular waveguide兲
↔TE1,0 共rectangular waveguide兲 mode converter 关box 共4兲兴.

from three mode converters, which provide the required
mode transformation in the operating frequency band 共30– 40
GHz兲: from the launched TE0,1 wave of a single-mode rectangular waveguide to the TE1,1 wave of a circular waveguide
共the ﬁrst mode converter兲 then to a TM0,1 wave of a circular
waveguide 共the second mode converter兲,30 and ﬁnally to a
TEM wave of a coaxial waveguide 共the third mode
converter兲.31 An additional coaxial slowly up-tapered waveguide horn 共opening angle of 3°兲 of length ⬃60 cm was used
to connect from the converters to the oversized coaxial structure. The output dimensions of the coaxial waveguide at the
connection with the Bragg structure were as follows: diameters of 5.9 cm of the inner conductor and 7.9 cm of the outer
conductor.
The 2D SPBG structures with the ‘‘chessboard’’ pattern
were made of lengths l z ⫽4.8 and 10 cm, Fig. 8, with the
corrugation depth of 0.08 cm, which corresponds to ␣
⬇0.12 cm⫺1 . The corrugation was made on the outer surface
of the inner conductor of the coaxial waveguide with inner
and outer radii r in⫽2.95 cm and r out⫽3.90 cm, respectively.
The corrugations were made with the number of azimuthal

FIG. 8. Photograph of the 2D corrugated inner conductor of the 2D SPBG
coaxial structure with chessboard corrugation pattern.
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FIG. 9. The transmission coefﬁcient from a 2D SPBG structure with the
‘‘chessboard’’ pattern when 共a兲 l z ⫽4.8 cm and 共b兲 10 cm, ␣ ⬵0.12 cm⫺1 ,
 ⬇0.001 cm⫺1 , and the Bragg frequencies are ⬃37.3 and ⬃37.5 GHz,
respectively.

FIG. 10. Theoretical 共thick-solid line兲 and experimental 共thin-solid line兲
frequency dependencies of the transmission coefﬁcient from a coaxial 1D
Bragg structure when k̄⫽15.7 cm⫺1 , r in⫽3.02 cm, r out⫽3.95 cm, and 共a兲
l z ⫽30 cm and 共b兲 l z ⫽5 cm.

variations m̄⫽24. The ﬁrst structure of 10 cm length had a
period d z ⫽0.800 cm and the second structure of 4.8 cm
length had d z ⫽0.804 cm. The periods correspond to the frequencies of the precise resonances 共Bragg frequencies兲 of
37.5 and 37.3 GHz, for the 10 and 4.8 cm long structures,
respectively. The parameters of the corrugation were chosen
to provide coupling between TEM and TE24,0 waves. In Fig.
9共a兲 and 共b兲 the transmission coefﬁcients from the 2D SPBG
structures of length l z ⫽4.8 and 10 cm, respectively, versus
frequency of the incident wave are presented in the frequency band from 35.0 to 40.0 GHz. From Fig. 9, it is clear
that the minimum of the transmission coefﬁcients does not
depend on the length of the SPBG structure and is around
⬃⫺20 dB. This conﬁrms the theoretical results obtained for
the ‘‘ideal’’ sinusoidal 2D SPBG structure as shown in
Fig. 9.
To compare the 1D and the 2D structures, the 1D Bragg
structures of length 30 and 5 cm with the same corrugation
period of 0.4 cm and corrugation depth a 1 ⫽0.015 cm were
studied. In Fig. 10, the measured transmission coefﬁcients
are presented. Together with the experimental result the theoretical prediction is also plotted and is shown by the thick
solid line. In contrast with the results obtained for the 2D
SPBG structure with ‘‘chessboard’’ corrugation, two distinctive reﬂection zones corresponding to TEM↔TEM( ␣
⬇0.08 cm⫺1 ) and TEM↔TM0.1( ␣ ⬇0.11 cm⫺1 ) wave scattering were observed and the dependence of the maximum of
the amplitude of the transmission coefﬁcients on the coupling coefﬁcient and the length of the structure 关 兩 T 兩 2 ⬇1
⫺tanh2(␣lz)兴 is also clearly evident. Another speciﬁc feature
of the 2D scattering in comparison with the 1D scattering is
that coupling between forward and backward waves 共for in-

stance, A⫾ ) takes place solely via their mutual scattering
into waves propagating in the azimuthal direction B⫾ . To
conduct measurements of the transverse electromagnetic energy ﬂuxes 共associated with partial waves B⫾ ) a slit in the
outer conductor wall was made to allow a standard singlemode rectangular waveguide probe to be attached to the cavity. It was possible to locate the waveguide at different
angles to the slit and locate the probe either radially or tangentially with respect to the surface of the outer conductor.
The transverse electromagnetic ﬂuxes were only measured,
as opposed to a background noise signal, when the rectangular waveguide probe was positioned tangentially to the waveguide. In Fig. 11, the result of the measurement of the transverse ﬂuxes 共thin line兲 and the theoretical prediction 共bold
line兲 are presented for the 2D SPBG structure of a length of
4.8 cm. Such ﬂuxes were not measured when the 2D SPBG

FIG. 11. Theoretical 共thick-solid line兲 and experimental 共thin-solid line兲
frequency dependencies of scattering of partial waves A⫾ into partial waves
B⫾ when l z ⫽4.8 cm, ␣ ⬵0.12 cm⫺1 ,  ⬇0.001 cm⫺1 , and the Bragg frequency ⬃37.3 GHz.
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structure was substituted with either a smooth conductor, or a
1D Bragg structure. The existence of transverse rf power
ﬂuxes is important if the structure is to be used to synchronize radiation from different parts of an oversized active medium, or to obtain a narrow-band ﬁlter.
V. CONCLUSION

In this article, the ‘‘ideal’’ coaxial 2D surface photonic
band-gap structure has been theoretically studied. The
coupled-wave theory used to describe such a structure has
been presented and coupled wave equations have been obtained. The reﬂection and transmission coefﬁcients from
such a structure were found and the inﬂuence of the ohmic
losses on these coefﬁcients have been analyzed and discussed. Considering the 2D SPBG structure with a ‘‘rhombus’’ pattern it is shown that such a structure should provide
both 1D and 2D Bragg scattering and as a result it cannot be
used to provide mode selection over the wave azimuthal index. The use of a 2D biperiodic dielectric26 instead of a
biperiodic corrugation has been considered. Using the results
obtained above it is easy to foresee that if a nonlinear medium 共such as a Kerr medium兲 with a double periodic refractive index is used when n 1 is dependent on the ﬁeld intensity,
the nonlinear change of the width of the band gap due to a
change of the coupling coefﬁcient 共ratio n 1 /n 0 ) while still
maintaining high reﬂection at the exact resonance frequency,
as well as induced transparency, may be observed. The
theory also predicts that a band gap will appear only when
the coupling coefﬁcient, i.e., the ratio n 1 /n 0 is larger than
some threshold value, which is deﬁned by distributed losses
inside the structure. The set of equations describing the ﬁeld
evolution inside the structure should be presented in a timedependent form with a modiﬁed coupling coefﬁcient, i.e.,

冉
冉
冉

冊



 共 I 兲共 B ⫹ ⫹B ⫺ 兲 ⫽0,
A ⫹  A ⫹ ⫹i ␣
⫹
Z  ⫹


 共 I 兲共 B ⫹ ⫹B ⫺ 兲 ⫽0,
⫺
A ⫺  A ⫺ ⫹i ␣
⫹
Z  ⫺


 共 I 兲共 A ⫹ ⫹A ⫺ 兲 ⫽0,
⫾ ⫹
B ⫹  B ⫾ ⫹i ␣
X  ⫾

冊
冊

experimental study of the 1D Bragg structure was also conducted. The measurement of the transverse rf ﬁeld ﬂuxes in
the 2D SPBG structure with the ‘‘chessboard’’ pattern was
also conducted. The results obtained from these experimental
studies have been compared with the theoretical predictions
and good agreement between the theoretical data and the
experimental results has been demonstrated.
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APPENDIX

The perturbations induced by a shallow corrugation can
be taken into account by considering the surface magnetic
current j m on the unperturbed surface of the waveguide1

ជj m ⫽

冋

册


c
ជ nជ 兲 ⫹i r 关 nជ H
ជ兴 ,
nជ ;ⵜ 共 rE
4
c

where nជ is the normal unit vector directed towards the metal
walls 共outside of the unperturbed waveguide兲, r is the funcជ are the
tion describing the periodic perturbation 共1兲, Eជ and H
vectors of the electric and magnetic rf ﬁelds,  is the wave
frequency, and ⵜ is the gradient operator. Taking into account Eq. 共A1兲, the waveguide excitation can be investigated
for the approximation where the unperturbed waveguide
eigenmode spatial structure is conserved along the radial coordinate. The rf electric and magnetic ﬁelds inside a 2D
SPBG structure can be presented as30
4

共29兲

 (I) is some function of ﬁeld intensity I⫽ 兩 E
ជ 兩 2 . It is
where ␣
easy to see that in spite of the fact that the set of Eqs. 共29兲 is
slightly different from that obtained in Ref. 26 it is clear that
Eqs. 共29兲 still describe M solitons, which are signiﬁcantly
different from ‘‘conventional’’ Bragg solitons. Further study
of the properties of the solitary waves supported by the 2D
SPBG structures and described by Eqs. 共29兲 is a subject for
future research.
The 2D structures with ‘‘chessboard’’ corrugation pattern
were studied and it was shown theoretically and experimentally that the corrugation with the ‘‘chessboard’’ pattern approximated well to the ‘‘ideal’’ sinusoidal corrugation. It was
demonstrated that in accordance with theory the reﬂection
coefﬁcient at the exact Bragg frequency does not depend on
the value of the structure length parameter ␣ l z and the minimum values of the transmission coefﬁcients are the same for
the zone associated with TEM↔TEM wave scattering. The

共A1兲

ជ ⫽e i  t
E

兺

l⫽1

4

ជ ⫽e i  t
C l Eជ l , H

兺 C l Hជ l

l⫽1

共A2兲

where C l ⫽C l (z,x) is the slow function of the z- and
x-coordinate and

ជ 1,2 ⫽Eជ 01,2 共 r 兲 e ⫿ik z z , H
ជ 1,2 ⫽H
ជ 01,2 共 r 兲 e ⫿ik z z ,
E
ជ 3,4 ⫽H
ជ 03,4 共 r 兲 e ⫿ik x x .
Eជ 3,4 ⫽Eជ 03,4 共 r 兲 e ⫿ik x x , H

共A3兲

ជ 0l are the functions describing the wave spatial
Here, Eជ 0l , H
proﬁle in a coaxial waveguide. The indices l⫽1, 2 correspond to the waves propagating in the ⫾z directions, while
indices l⫽3, 4 correspond to the waves propagating in the
⫾x directions. To describe the wave scattering on the 2D
Bragg corrugation let us use the new set of coordinates
(  ,  , r) which can be obtained by rotating the original system coordinates (z, x, r) such that
x⫽

1
2k̄ x

共  ⫺  兲 , z⫽

1
2k̄ z

共 ⫹ 兲,

共A4兲

and substituting the new variables in Eq. 共1兲 one obtains
r⬵r in⫹a 1 共 cos  ⫹cos  兲 .

共A5兲
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The two-dimensional periodic perturbation can be considered as a superposition of two one-dimensional corrugations
共A5兲. As a result, the wave scattering can also be considered
as waveguide mode excitation by two sets of surface magm
netic currents j m
k . Obviously, the ﬁrst set of currents j 1 does
not depend on the coordinate  共due to the absence of perturbations along this coordinate兲 while the second set of the
currents j m
2 does not depend on the coordinate . The coefﬁcients C l satisfy equations:30
1
Ll C l ⫽⫺
N l,

冖

ជj ml H
ជ ⫺l d   ⫺

1
N l,

冖

ជj m2 H
ជ ⫺l d  

共A6兲

where N l, and N l, are the norm of the interacting waves,
L1,2 ⫽⫾2k̄ z (d/d  ⫹d/d  ), L3,4 ⫽⫾2k̄ x (d/d  ⫺d/d  ). The
integrals in Eq. 共A6兲 are taken along closed contours   ,
which are the crossings of the unperturbed surface of the
waveguide conductors and the planes ,  ⫽const. Therefore
the coefﬁcients C l can be written as
C l 共 x, z 兲 ⫽C l 共  , 兲 ⫽C ⬘l 共  兲 ⫹C ⬘l 共  兲 .

共A7兲

Note, that Eqs. 共A6兲 and 共A7兲 indicate that both corrugations
contribute independently and equally to the scattering of the
partial waves. The expressions under the integrals 共A6兲 can
be brought to the following form:

ជj mk H
ជ ⫺l ⫽

冋

册

共A8兲

where r(  , ) is the function presented by Eq. 共A5兲, indexes
n and  indicate the normal and tangential components of the
ﬁelds, respectively, E n , H  are the normal electric and tangential magnetic ﬁelds of the wave incident on the corrugation, k⫽1, 2. Substituting the new coordinates into expressions 共A1兲 one obtains
Eជ 1,2 ⫽Eជ 01,2 共 r 兲 e ⫿i k z /2k̄ z (  ⫹  ) ,

共A9兲
Eជ 3,4 ⫽Eជ 03,4 共 r 兲 e ⫿i k x /2k̄ x (  ⫺  ) ,

and substituting Eqs. 共A8兲 and 共A9兲 into Eq. 共A6兲 one can
obtain the following expression:
ia1
8Nl

冉冖

F 共  , 兲 d   ⫹

冖

冊

F 共  , 兲 d   ,
共A10兲

a⫹a
ជ 0⫺l 兴 sជ 0 dr is the wave norm, sជ 0 is
where N l ⫽c/2 兰 a 0 关 Eជ 0l H
the unit vector whose direction coincides with the direction
of propagation of the rf power, and

⬘ ⫹C m⬙ 兲 Eជ 0m,n 共 r 兲
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兺
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 共 r 兲 H ⫺l, 共 r 兲 ⫻e

冊

,

共A11兲

r⫽a

where  j refer to the partial waves’ fast phase introduced in
Eq. 共A9兲,  j ⫽⫺  ⫺ j . If the wave numbers k z,x are real the
evaluation of the integrals 共A10兲 along the closed contours
will give nonzero results only if the function F(  , ) can be
represented as
F 共  , 兲 ⫽G 1 共  兲 ⫹G 2 共  兲 ,

共A12兲

which can only be fulﬁlled if
kx
2k̄ x

⫹

kz
2k̄ z

⫺1⫽0

and

kx
k̄ x

⫽

kz
k̄ z

.

共A13兲

Thus, considering Eqs. 共A13兲 and 共7兲, the Bragg resonance
condition which is required to obtain 2D Bragg scattering
can be written as
kz

⫽

kx
k̄ x

.

共A14兲

ជ l and H
ជ l and Eq.
Taking into account the expressions for E
共A12兲, Eq. 共A10兲 can be rewritten in the following form:
Ll C l ⫽⫺i ¯
␣ l 共 G 2 共  兲 兩 r⫽a ⫹G 1 共  兲 兩 r⫽a 兲 ,

共A15兲

where ¯
␣ l ⫽  a 1 /8 N l are the coupling coefﬁcients and N l is
the wave norm.
Taking into account the Bragg resonance conditions and
the averaging over the fast period of the oscillations one can
return to the original coordinate frame (z, x, y) and obtain
the following set of the coupled wave equations:

e i⌬ z z

e i⌬ x x

dC 1
⫽i 共 C 3 ␣ 1 e ⫺i⌬ x x ⫹C 4 ␣ ⫺1 e i⌬ x x 兲 ,
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⫺ r 共  , 兲共 E n E ⫺l,n ⫹H  H ⫺l, 兲 ,
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dC 3
⫽i 共 ␣ 3 C 1 e ⫺i⌬ z z ⫹ ␣ ⫺3 C 2 e i⌬ z z 兲 ,
dx

共A16兲

dC 4
⫽⫺i 共 ␣ 4 C 1 e ⫺i⌬ z z ⫹ ␣ ⫺4 C 2 e i⌬ z z 兲 ,
dx

where ⌬ x,z ⫽k x,z ⫺k̄ x,z are the detuning differences from the
Bragg resonance and ␣ l are the coupling coefﬁcients. It is
important to note, that if the waveguide walls are lined with
a medium with a 2D biperiodic refractive index, the coupled
wave equations similar to Eq. 共A16兲 can be found by evaluating the Maxwell equations, under the geometric-optical approximation, when averaging over the fast period of the oscillations has been carried out. The rf ﬁeld in this case should
also be considered as a sum of four coupled waves.
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Let us assume that the grating has axial symmetry, i.e.,
the angles between the corrugations and the z axis are the
same. This assumption results in ␣ l ⫽ ␣ ⫺l . Due to the homogeneity of the system, i.e., the ‘‘⫹’’ and ‘‘⫺’’ directions cannot be distinguished ␣ 1 ⫽ ␣ 2 ⫽ ␣ z and ␣ 3 ⫽ ␣ 4 ⫽ ␣ x . Substituting A⫾ and B⫾ instead of C l one can obtain the set of
equations describing the rf ﬁeld scattering on the 2D Bragg
corrugation
e ⫿i⌬ z z

dA⫾
⫽⫾i ␣ z 共 B⫹ e ⫺i⌬ x x ⫹B⫺ e i⌬ x x 兲 ,
dz

e ⫿i⌬ x x

dB⫾
⫽⫾i ␣ x 共 A⫹ e ⫺i⌬ z z ⫹A⫺ e i⌬ z z 兲 ,
dx

共A17兲

where ␣ z,x are the coupling coefﬁcients. Introducing a dimensionless detuning from the Bragg frequency ␦ˆ ⫽ 
⫺  0 /  0 , ⌬ x,z can be written as ⌬ z,x ⫽  z,x ␦ˆ where  z
⫽  0 (k z ⫺k̄ z /  ⫺  0 ),  x ⫽  0 (k x ⫺k̄ x /  ⫺  0 ), and considering ohmic losses  the coupled wave Eqs. 共A17兲 can be
presented for dimensionless parameters and variables in the
following form:

A⫾
␦ A ⫾⫾ ¯
 A ⫾ ⫾i ¯
␣ 共 B ⫹ ⫹B ⫺ 兲 ⫽0,
⫾i¯
Z
B⫾
⫿i¯
␦ B ⫾⫾ ¯
 B ⫾ ⫾i ¯
␣ 共 A ⫹ ⫹A ⫺ 兲 ⫽0,
X

共A18兲
共A19兲

¯
Z⫽z  0 /c 冑 z /  x ,
␦
where
X⫽x  0 /c 冑 x /  z ,
ˆ
¯
¯
冑
冑
⫽ ␦ c/  0  z  x ,  ⫽  c/  0  z  x , and ␣ is the normalized
coupling coefﬁcient 共see Ref. 17兲. It is important to note that
if ␦ˆ Ⰶ1, the expressions for  z and  x can be simpliﬁed to
 z ⫽  20 /c 2 k̄ z and  x ⫽  20 /c 2 k̄ x . Let us also note that the normalization coefﬁcients of the partial waves’ amplitudes17 are
different and the coefﬁcients can only be equal to each other
if the structures of the partial waves are the same and  x
⫽  z , i.e.,  ⫽  /4 关Fig. 1共b兲兴.
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