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Special singularity function for continuous part of the
spectral data in the associated eigenvalue problem for
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The procedure for finding the solutions of the Vakhnenko-Parkes equation by means
of the inverse scattering method is described. The continuous spectrum is taken into
account in the associated eigenvalue problem. The suggested special form of the
singularity function for continuous part of the spectral data gives rise to the multi-
mode solutions. The sufficient conditions are proved in order that these solutions
become real functions. The interaction of the N periodic waves is studied. The
procedure is illustrated by considering a number of examples. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4726168]

. INTRODUCTION

Various physical phenomena in engineering and physics may be described by nonlinear evolution
equations. Looking for exact solutions to completely integrable equations is a difficult task. In recent
years, a few methods for obtaining the exact solutions of nonlinear evolution equations have been
suggested. One of the fundamental direct methods is undoubtedly the Hirota bilinear method'->
which possesses significant features that make it practical for the determination of multiple-soliton
solutions. However, the direct methods can be applied only for finding the solitary wave solutions
or the traveling-wave solutions. In this sense, the inverse scattering method is the most appropriate
way of tackling the initial value problem although its employment is a fairly difficult procedure.-

In this paper, we will consider the nonlinear evolution equation

Wxxr + (1 + Wr)Wyx = 0. (1)
This equation arises from the Vakhnenko equation® %8

a (9 0

(= — =0 2

ax(az+”ax)”+” @

through the transformation® '°

ulx, ) =UX,T)=Wx(X,T),
x=x0+T+ WX, T), 3)
t=X.
The corresponding governing equation for U, namely
UUxxr — UxUxr + U*Ur =0 )

is given in Ref. 9.
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Equations (1), (2), and (4) arose as a result of describing high-frequency perturbations in a
relaxing medium.® Following the papers,''~'3 hereafter (1) (or equivalently (4)) is referred to as the
Vakhnenko-Parkes equation (VPE).

Recently the Hirota method®? '° as well as the inverse scattering method'* have been applied to
obtain the exact N-soliton solutions of the VPE. In this paper, we use the inverse scattering transform
method to study the periodic solutions of the VPE (1) associated with the continuous part of the
spectral data.

In Sec. II, we formulate the spectral problem for the VPE by adapting the results given by
Caudrey" and by Kaup.'® In Sec. III, we find the solutions corresponding to the continuous part of
the spectral data. In Sec. IV, we find the real N-mode solutions for N = 1,2, 3,4. Our results are
summarized in Sec. V.

Il. THE SPECTRAL PROBLEM FOR THE VPE

In order to use the inverse scattering method, one first has to formulate the associated eigenvalue
problem. In Ref. 14, it is shown that the pair of equations

Yxxx + Wxv¥x — Ay =0, )

3Yxr +(Wr + Dy =0 (6)

is associated with the VPE (1) considered here. Note that the inverse scattering transform problem
is related to a spectral equation of third order (5). The inverse problem for third-order spectral
equations has been considered by Caudrey'> and Kaup.'® We adapt the results obtained by these
authors to the present problem and describe a procedure for using the inverse scattering transform
method to find the solutions of the VPE that are associated with the continuous part of the spectral
data.

We use the general theory of the inverse scattering problem for N spectral equations which has
been developed by Caudrey in Ref. 15. According to Ref. 15 the spectral Eq. (5) can be rewritten in
the form

ad
a—X¢=[A(§)+B(X,§)]-¢ )
with
v 010 0 0 0
v=|vx |.A=|001],B=[0 0 0]. (8)
1;//‘XX A00 O—W)(O

The matrix A has the eigenvalues A;(¢) and left- and right-eigenvectors ¥ ;(¢) and v;(¢), respectively
(G = 1,2, 3). In the case considered here we define
Aj(Q) =wjg, )»2(() =A,
1
- €)
v = |, B;(0)=(2 2 1),
A2
J
where w; = €210~ 173 are the cube roots of 1.
The solution of the linear Eq. (5), or equivalently Eq. (7), has been obtained by Caudrey'” in
terms of Jost functions ¢ ;(X, ¢) which have the asymptotic behaviour

®;(X, ) =exp{=2;(D)X}¢;(X, L) = v;(¢) 10)

as X — —oo.

Here T is regarded as a parameter; the T-evolution of the scattering data will be taken into
account later. The solution of the direct problem (7) is given by the equation system (4.5) in Ref. 15.
Since there is a set of symmetry properties ¢ (X, ¢/w1) = ¢2(X, {/wy) = P3(X, ¢/w3) (see (6.14)
and (6.15) in Ref. 15, for example) for Jost functions ¢ ;(X, ¢), we need only consider the element



063504-3 V. O. Vakhnenko and E. J. Parkes J. Math. Phys. 53, 063504 (2012)
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FIG. 1. The regular regions for Jost functions ¢ (X, ¢) in the complex ¢ -plane. The dashed lines with singularity functions
01;(¢") determine the boundaries between regular regions. The dotted lines are the lines where the poles appear.

¢1(X, ¢) (as well as @ (X, ¢)). In the general case, it is necessary to take into account both the bound
state spectrum and the continuous spectrum. According to the relation (6.20) in Ref. 15, the solution
of (7) is as follows:

K 3 P NS,
®,(X, {)zl_zzy@exp{[h(fl ) — (¢ )]X}¢1(X,w,»§1(k))

it am@®) = 11)
1 [g L exp{[A;(¢)) — A(E)IX) o
+%/;Qu(§) - SEX.w0thde. (D)

Equation (11) contains the spectral data, namely K poles with the quantities V1(§) for the bound state
spectrum as well as the functions Q;(¢") given along all the boundaries of regular regions for the
continuous spectrum. The boundaries between regions, where the Jost function ¢ (X, ¢) is regular,
appear at Re(11(¢) — A;(¢")) =0overallj# 1 (Ref. 15) (see Fig. 1). The singularities on boundaries
of these regions within the complex ¢-plane are taken into account by the third term in the relation
(11). The integral in (11) is along all the boundaries (see the dashed lines in Fig. 1).

The bound state spectrum is associated with soliton solutions; in this case Q1;(¢) = 0in (11).
The procedure for finding the exact N-soliton solution of the VPE via the inverse scattering method is
described in Ref. 14. In Sec. III, we study the solutions of the VPE which follow from the continuous
part of the spectral data.

lll. THE SOLUTIONS ASSOCIATED WITH THE CONTINUOUS PART OF THE SPECTRAL
DATA

Now we consider only the continuous spectrum of the associated eigenvalue problem, i.e., we
assume that at least some of the functions Q;;(¢’) are nonzero, while V1(§) = 0in Eq. (11). At each
fixed j # 1 the functions Q;;(¢’) characterize the singularity of ®(X, ¢). This singularity can appear
only on boundaries between the regular regions on the ¢{-plane. The condition Re(A1(¢") — 1;(¢"))
= 0 determines these boundaries.!’ According to Ref. 15, we find that for ®(X, ¢) the complex
¢-plane is divided into four regions by two lines:

()¢ =wé, where Q) #£0, 0 =0,

(i) ¢ = —w3¢, where Q) =0, 0% #0, 12)

where £ is real (see Fig. 1). Analysis shows that the direction of the integration in (11) is such that
& sweeps from — 0o to + oo.
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Let us consider the singularity functions Qy;(¢") on the boundaries, on which the Jost function
¢, (X, ¢) is singular, in the form (n = 1,2, ..., N) on the line {’ = w;&,

N
012(¢) = =21 2 g1y 8¢ = &),
)y Y ety (13)
Q13(§):_27TIZ_:16113 a(¢ _;-]):Os

and on the line ¢’ = — wsé€,

N
00 =271 Y q3"8(¢' — ¢3) =0,
" (14)
07" = —2ni Zlq%’”a(c/ )

For the singularity functions (13) and (14), the relationship (11) is reduced to the form (M = 2N),

M 3
o €Xp{IA;(2]) — M(E)IX
m=1 j=2 m
x ®1(X, w;¢)). (15)

As follows from the relationship (15) and the formula

i

A x(X,8) = 7 [P1 x (X, —@28)p1(X, —w30)

—h1x(X, —030)P1(X, —w20)] (16)
given in Ref. 14, for example, the singularities in the form (13) and (14) appear in pairs {;, | = @&y,
¢y, = —w3&,. From (16), considering the limits ¢ — ¢, and X — — o0, it also follows immediately
that

¢ Py =¢\%, with n=1,2,...,N. (17)

We call attention to the fact that, at the special choice of the singularity function Q,;(¢’) for
continuous part of the spectral data as in (13) and (14), the second term on the right-hand side of the
relation (15) is similar in mathematical structure to the second term in relation (5.5) from Ref. 14.
Indeed, the formal substitutions &,, = i&,,, q}'}” = yl(;” transform the second term in (15) into the
second term in (5.5) from Ref. 14. Since there is this transformation, we can apply the procedure
developed for solving the N-soliton interaction to obtain the solutions connected with the continuous
part of the spectral data for the associated eigenvalue problem.'*!> According to Ref. 14 (see Egs.
(5.11)— (5.15) therein), we can find ® (X, ¢) and can connect ®;(X, ¢) with the solution W(X), by

expanding (X, ¢) as an asymptotic series in ){1(5) (see Eq. (5.11) in Ref. 14) as follows:

Q1(X,0)=1- 3/\1( [W(X) — W(=00)] + 00 *(0)). (18)
1(€)
On the other hand, by defining
3

W, (X) =Y g\ expl; (6 ) X}O1(X, 0;¢,,), (19)

j=2

we may rewrite the relationship (15) as

M

o1, 0 = 1- Y SREMEGIT ) 20)

m=1 m
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From (18) and (20), the following key relationship can be derived (see also Eq. (6.38) in Ref. 15):

M
W(X) — W(=00) = =3 ) exp{—11({;) X} W (X)

m=1

= 3%ln(detM(X)). 21

Here M(X) is the 2N x 2N matrix given by elements

m €XP[2;(£,) — M(EDIX)

3
My(X) =8 — Y " , (22)
j; Y é-l/ - a)jé—m

Now let us consider the T-evolution of the spectral data. By analyzing the solution of Eq. (6)
when X — — oo, we find that ¢;(X, T, ¢) = exp [ — (31i(¢)) "' T]¢i(X, 0, ¢). Hence the T-evolution
of the scattering data is given by the relationships (withm = 1,2, ..., M)

q:"(T) = {7 (0) exp{[—(31;(¢,,) "
+Gamg,) T, (23)
Aj(T) = 1;(0).

Consequently, the final result for the solution of the VPE, when we consider the spectral data from
the continuous spectrum, as well as taking into account their 7-evolution, is as follows:

0
WX, T)= 38_X In(det M(X, T)) + const. 24)
The 2N x 2N matrix M(X, T) is defined as follows:

: exp{[—(34,(5,) " + G ) T + [1(5,) — M EIX}

Mu(X.T) =8 — »_ 17 (0) / , . (25)
j=2 é’l —wj é’m
with the relations (n = 1,2, ..., N)
M) = 02br, WG, ) =03kt gy = ofua. gy =0, 26)
2i 2n
MG, = —w36an—1,  A3(8y,) = —wabani, 6]52") =0, Qi3 ) = w31

As will be clear from the examples in Sec. IV, the solution (24) and (25) include N frequencies from
the continuous part of the spectral data. For this reason, the solution (24) and (25) will be referred
to as the N-mode solution of the VPE. Evidently, these discrete modes emanate from the special
choice (13) and (14) of the singularity functions Qy;(¢") for continuous part of the spectral data.

For the solution (24) and (25), there are N arbitrary constants &, and N arbitrary constants §,,.
The constants &, are real, while the constants 8, in the general case, are complex. The solution
(24) obtained through the matrix (25) is, in general, a complex function. Consequently, there is a
problem in selecting the real solutions from the complex solutions. It turns out that we can obtain
the real solutions by means of restriction of arbitrariness in the choice of the constants ;. For the
N-mode solution, we have succeeded in finding these restrictions.

IV. REAL PERIODIC SOLUTIONS OF THE VPE

This research has culminated in finding the real N-mode solution. For convenience, we consider
the solutions for N = 1,2, 3,4. For N > 5, all formulas can be easily obtained beginning with these
examples.
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1. In order to obtain the one-mode solution of the VPE (1), we need first to calculate the 2 x 2
matrix M(X, T) according to (25). For the matrix elements My (X, T), we have

My =1- ljzﬂl exp[—iv/36 X + (iv/38) ' T,
1

M, = 0)2351 exp[2w3& X + (iv/38)7'T], 27
My = agfl expl—2w:€ X + (iv/35) 7' T1,
My = 1 — 381 exp[—iv3& X + (iV/3&) 7' T,
Ve
so that its determinant is
det M = [1 + ¢1 exp(—iv3E X + (i\/gél)_lT)]27 (28)
where ¢; = 2«1}3_1

As has already been noted, the singularity functions in the form (13) and (14) give rise to a
single frequency for the continuous part of the spectral data. Hence, once the expression (28) has
been substituted into the key formula (24), (24) must provide us with the one-mode solution.

The condition that Wy is real requires a restriction on the constant 8; (if the constant &, is
arbitrary, but real). We have succeeded in obtaining this restriction (see Appendix), namely that
the constant ¢y, which in general is the complex-valued one ¢; = |c;|lexp (ix1), should possess
unit modulus |c;| = 1, while the arbitrary real constant x; defines an initial shift of solution

X\ = x1/(v/3&)) so that

2
detM = |1 — X—-X 29
) R

The final result for one mode of the continuous spectrum is the solution (24) with (29), namely,
V3 T
W= —3v3&tan | —& (X — X;) + ——— | + const. (30)
&1 ( 5 3 D+ e

The corresponding solution for U = Wy (with U governed by (4)) was obtained recently by
other methods, for example, by the sine-cosine method,!” the (G'/G)-expansion method,'* and the
extended tanh-function method.'”~' However, only the approach developed here and the solution in
the form (24) and (25) enable us to study the interaction the periodic N-mode waves.

2. Let us consider the two-mode solution of the VPE. In this case M(X, T) is a4 x 4 matrix.
We will not give the explicit form of this matrix here, but we find its determinant

det M(X, T) = (1 +q1 + g2 + b1nq192)*, (31)
where
qi = ¢ exp[—i\/géiX +GV3E)IT], o = _Z\Igiéi7
& —sl)z 2+ 8 -85
b, = , bpp=>0. 32
2 (52+§1 Ererag 27 G2

In Appendix, the restrictions on the constants ¢; = |c;|exp (ix;) for real solutions are found. The real
constants x; define the initial shifts of solutions X; = x;/(+/3&;). The analysis in considerable detail
shows (see Appendix) that the relations |c;| = |c2| = 1/4/b1; are sufficient conditions in order that
W may become real. Consequently, the real solution describing the interaction of two periodic waves
for the VPE is defined by the key relationship (24), where

1 1 2
detM(X,T) = ( \/b—QI + \/b—éh + 611612> (33)
12 12
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and by, is as in (32), while g; should contain the phase shifts X; = x;/ (+/3&;) as in (34), namely

4i = exp | —iv3E(X — X))+ (v36) T (34)

3. For N = 3 in relationship obtained from (25)
det M(X,T) = (1 +c1q1 + 292 + c3q3 + c1c2b12g192
+c1e3b13q193 + c2¢3b23G293
+ei16203b12b13b23q19243)° (35)
with g;, ¢; as in (32) and

ij =

262 L 82 £g
(Ej_gi) 5 T8 &5 bij = bji, (36)

Ej+&) & +&+&¢g

we write ¢; = |c;lexp (ix;), then the arguments x; determine the initial phase shifts of mode X;
= xi/ («/55,-). As is proved in Appendix, the conditions on the constants c; (or the same on ;) are

lc1] = 1/y/b12b13, |ca| = 1/4/b1abas, |c3| = 1/+/b13bas. 37

Hence, the three-mode solution is the relation (24) with

detM = |:1 + (g1 + q293) +

1 1
———(q2+q193)
N Vbi2by3

1 2
+——(3 + q192) + qmqs} . (38)
/b13b23

Here the phase shifts X; are taken into account in g; by way of (34).
4. For N = 4 the restrictions are as follows (see Appendix):

4
_1
leil =[]b,;°.  biy=bj. i=1234 (39)
J#

The determinant for a real solution (24) is as follows:

1
detM = |1 + ———=(q1 + 929394)
[ A/ b1abi3biy

1
+———(q2 + 19394)
A/ b12b23boy

1
+———=(93 + 19294)
A/b13bp3b34
1
+———(q4 + 119293) (40)
A/ b14bryb3y
1
+————(q192 + 9394)
A b13b14br3boy

1
+————(q193 + 9294)
A/b12b14b23b34
1 2
+ —————(@19s + q2q3) + CII‘IZQ3‘]4:| :
A b12b13b2sb3y
As before, the g; and b;; are defined by (34) and (36), respectively.
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V. CONCLUSION

We have adapted and applied the inverse scattering method to the Vakhnenko-Parkes equation in
order to find the solutions that are associated with the continuous spectrum of the spectral problem.
The special form of the singularity function for continuous part of the spectral data enabled us
to obtain the multi-mode solutions. The sufficient conditions have been proved in order that the
solutions become real functions. We have described how to define the interaction of the multi-mode
periodic waves. The procedure has been illustrated by considering a number of examples.
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APPENDIX: THE CONDITIONS ON THE CONSTANTS c; FOR REAL SOLUTIONS

We use the case N = 4 as an example to prove the restrictions on the constants, at which the so-
lution W(X, T) is real. We will consider the auxiliary function f = /det M (X, T) for convenience,
namely

f=14cq1+ g2+ c3q3 + caqs + c12b12g192
+c1e3b13q193 + c1¢ab1aqiqa + c2¢3b23G2q3
+ca2¢abragaqa + c3cab3aqsqa + cic2c3biabizbrigigaqs
+c1¢2¢ab12b14b2G192q4 + €1¢3¢ab13b14b34G1G3G4
+cac3¢4b3brab3aq2q394
+c102¢3¢4b12b13D14b23b24b34G1 929344 (A1)

We here redefine the values ¢; = |¢;|, since the arguments y; can always be introduced in the variables
gi = exp (i0;) with 8 = —v/3&(X — X;) — (v/3&)7'T.
The solution (21) then has a form

0
WX, T)= 6ﬁ In(f) + const. (A2)

The function fis complex-valued, i.e.,

= fre +ifim = flexplixys), fre =Re(f), (A3)
Jim =1m(f),  tan(xs) = fim/fre:

hence,

_ 98 Xy
WX, T)/6 = e In(|f)+1 2% + const. (A4)

If we succeed in making 92 X f/3X2 = 0 by the choice of the constants c¢;, then the solution W(X, T')
will be a real function.
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Let us write f,, and fg, in explicit forms

Jim = cysin(0)) + 2 81n(6;) + ¢3 sin(03) + ¢4 sin(6s)

“+ci1c2b12 sin(0y + 02) + cic3bi3 sin(6) + 63)
+c1c4bi4 Sin(Oy + 64) + c2¢3b23 sin(B; + 03)
“+cocabog sin(0, + 04) + c3¢4b34 sin(03 + 64)
+cicac3biabizboz sin(0; + 6, + 03)
“+c162¢4b12b14b2y sin(6y + 6, + 04)
+cic3cabi3biabzs sin(6; + 63 + 64)
+cac3¢4b23b24b34 SIN(Oy + 03 + 04)

+c16203¢4b12D13b14D23D24b34 SIn(0) + 02 + 03 + 04),

fre = 1 4 ¢1 cos(By) + ¢ cos(62) + ¢3 cos(603) + ¢4 cos(6,)
4cicab1p cos(@y + 03) + ciczbiz cos(6y + 63)
+cicabiga cos(0) + 64) + caczbaz cos(0r + 03)
+cac4brs cOS(02 + 64) + c3cabzg cos(3 + 64)

+c1ca¢3b12b13b23 c0s(01 + 62 + 03)
+c1¢2¢4b12b14bog cOS(61 + 05 + 64)
+ci1c3cabi3biabzg cos(0) + 03 + 64)
“+c203¢4b23b24b34 cOS(O2 + 03 + 04)

+ci1c2¢3¢4b12b13b14b23b2ab34 cOs() + 6 + 603 + 64).

(A5)

(A6)

Now we select a factor sin(%(@l + 6, 4 03 + 64)) from f},, and a factor cos(%(@l + 6, + 65 + 64))

from fg.. This can be done if the following conditions are satisfied:

c1 = €2¢3C4bp3bagbzs, 2 = cic3c4b13b14b34,

3 = c102¢4b1ob1sbas, c4 = cicrc3b12b13b3,

ci1c2bia = c3cabig, cic3biz = cacaboy, cicabia = cacsbos,

c102¢3¢4b12013b14b23bosb3y = 1.

It turns out that all these relations are valid, when

1 1
Cl = —F7F—, OO=—FF
Vb12b13b14 A/ b12b23b4
1 1
3= ————— 4=

N N

The conditions (A8) enable us to reduce both f,, and fz, to the forms

fim =28 sin(5(61 + 6> + 63 + 64)),
fre =28 c08(3(6) + 6 + 63 + 64)),

(AT)

(A8)

(A9)
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where

cos (3(61 — 6, — 63 — 6y))

1
8§ = —F7F7/—
/b12b13b14

cos ((62 — 01 — 05 — 64))

1
_l’_—
v b12b23bys

cos (3(03 — 01 — 6, — 64))

1
_l’_—
A/b13b3b34

cos (3(04 — 01 — 6, — 63)) (A10)

1
+—
A/ b1abasbsy

1 i
+———cos (50 + 6, — 05 — 6y)
A/ b13b14brzboy (2 )

1 1
+—————cos (501 + 65 — 6, —04)
v/b12b14by3b3y & )

1 1
+——————cos (50 + 04 — 6, — 63)).
v b12b13b24b34 ( )
Now it is readily seen from (A3) that
Xy = 301 + 0>+ 65+ 64) (Al1)
and as a consequence we have
92 32
XX (A12)
X2 0XoT

Hence, as follows from (A4), the four-mode solution of the VPE can be reduced to real form with
four real constants X; and four real constants &; (see (41)).

Without proof here we give the following conditions on the constants ¢; that ensure the real
N-mode solution of the VPE:

N
leil =] ] &
J#i
whereas the N constants &; determine the values b;; and the N constants X; through 8; define the phase
shifts of the separate modes. Note that these relations are sufficient conditions, but not necessary
ones.

I—

. bij=bji, i=1,N, (A13)
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