Box Spline Prewavelets of Small Support

M. D. Buhmann), O. Davydov® and T. N. T. Goodman?®

Abstract. The purpose of this paper is the construction of bi- and trivariate
prewavelets from box-spline spaces, i.e., piecewise polynomials of fixed degree
on a uniform mesh. They have especially small support and form Riesz bases
of the wavelet spaces, so they are stable. In particular, the supports achieved
are smaller than those of the prewavelets due to Riemenschneider and Shen in
a recent, similar construction.

§1. Introduction

There are many useful ways to decompose uni- and multivariate functions for the
purpose of analysing, classifying, transmitting or filtering the signals represented by
them. One such method which currently attracts a lot of attention in applications
and in the approximation theory community is the (pre-)wavelets decomposition,
which we describe below.

It is quite well understood how wavelets and prewavelets are generated in
one dimension, especially if we think of spline (pre-)wavelets [4] or the so-called
Daubechies wavelets [7]. However there is still much work to do in more than one
dimension. Of course, a tensor product approach can always be used, in particular
in connection with spline wavelets, but as it is with tensor product B-spline bases
versus the far superior box-splines, their supports are usually too large. This is
highly relevant, for instance, if we use such bases as finite elements for Galerkin-type
methods in order to solve partial differential equations with numerical methods,
because they make it expensive to compute the entries of stiffness matrices.

Therefore we address the construction of bi- and trivariate box-spline pre-
wavelets of small support in this note. To this end, we step back now and recall
the definition of prewavelets and of the so-called multiresolution analysis (MRA)
which is fundamental to the construction of all types of wavelets. The goal always
is to decompose any f € L2(IR%), i.e., the square-integrable real (or complex) val-
ued functions in d dimensions into orthogonal series of basis functions. For this we
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require to start with a multiresolution analysis, i.e., a nested sequence of closed
subspaces V; C L?(R%)

- VoaicVycVyc---c LARY)

that satisfy the following three fundamental properties:
(i) feV; e f(2-) € Vjy for all integers j,
(i)
o0 o
m Vi= {0}, U Vi= Lz(]Rd)7
j=—00 j=—o00

(but see [1] for conditions under which (ii) is redundant),
(iii) there is a Riesz basis {B(- — k) | k € Z%} of V,, i.e.,

Vo = spang e {B(- — k) | k € %),

where the coefficients of the spanning functions are always square-summable
as indicated by the subscript, and there exist positive and finite constants A
and A such that for all ¢ € £2(Z%)

Melle < | 2 exB(- = k)|, < Allel.
kez?

Here we use the notation ¢ = (cg)peze and the 2-norms denote the Euclidean
norm on £2(Z%) or on L?(IR%) as is appropriate from the context.

The properties (i)—(iii) have many fundamental consequences. One of them is
that if we can find a collection of square-integrable functions named prewavelets
¥ € Vi \ {0}, ¥ LV, call the set of prewavelets ¥ > 4, such that the direct sum
W of all

Wy, == spang ga) {¢(- — k) | k € 72}
as 1 varies over W, forms the orthogonal complement of Vi within Vi, then

L}(RY) = é W;,

j=—00

where W; denotes W with the functions scaled by 27, In other words,

W= W, W;={g(2)|gewW}
PYew

Therefore we have the desired decomposition of the whole of L2(IR?), because the
W; are mutually orthogonal which follows from a standard argument using the fact
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that the prewavelets 1 are orthogonal to V and from (i). We remark that it is
well-known that in this setting ¥ contains 2¢ — 1 elements.

Clearly, decompositions of this kind are efficient if the prewavelets are com-
pactly supported, and the smaller support, the better localisation and the simpler
their computation and application in filtering tools etc. Therefore there have been
several approaches to construct prewavelets of small support, most notably that
of Riemenschneider and Shen [10], see also Chui, Stockler and Ward [5], which
uses the box-splines that are familiar from the book [3] for instance. We will
provide their formal definition as the inverse Fourier transforms of certain simple
entire functions in the next section but just point out at this point that they are a
multivariate generalisation of the famous univariate B-splines, i.e., piecewise poly-
nomials of compact support that span multivariate spline spaces. The prewavelets
of Riemenschneider and Shen work only in less than four dimensions and so do ours
which are a development from their construction. Ours have smaller support how-
ever, especially if smoothness is required. Our work was partly motivated by the
construction by Kotyczka and Oswald [8] of continuous piecewise linear prewavelets
with small support in two dimensions. However their construction is rather ad hoc
and appears to have no generalisation to higher smoothness.

The notation and a very short introduction to box-splines are given at the
beginning of the next section where the prewavelets are constructed as well.

§2. A Construction of Box Spline Prewavelets in R% d=1,2,3

Let vy, ..., v be different vectors in {—1,0,1}% = Z%N[-1, 1]% which span IR (lin-
ear independence is not required). The boz-spline B associated with these vectors
called directions with multiplicities nq,...,n, > 1, respectively, may be defined by
its Fourier transform

. 1—z\™ 1—zv\™
B(u)::< % ) ( i ) , u:(ul,...,ud)G]Rd,

ivu ivpu
where 2z = (z1,...,2q4) = (e711,... e7iud), 2% = 2% ... 20%* and vpu denotes
the scalar product of the two vectors, vy yu1 + - - -+ vq xuq. This Fourier transform
is an entire function of exponential type and its inverse Fourier transform is of
compact support. The v;j are the components of the d-dimensional vectors vy.
We have further the so-called refinement equation in Fourier transform form

B(2u) = 27" H(2)B(u),
where n := Zizl ng, and
H(z) = (L+ 2™ - (14 27, (2.1

The refinement equation in this form is simple to derive by using the definition of
B. If we take inverse Fourier transforms on both sides in the penultimate display,
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we get that the spaces spanned by scales of the translates of the functions B — as in
Section 1 the spaces V; — satisfy condition (i) of the requirements on a multiresolu-
tion analysis. More concretely, we get an expression for B in terms of translates of
its scaled version B(2:). It is well-known that the MRA’s other requirements hold
too for box-splines, where for (iii) there is an additional condition on the directions
required which we explain now and which has the required Riesz conditions as a
consequence. To this end, let

P(z):= Y (BxB(—))(j)a = Y [B(u+2mj)[
jeZ? jex?
where u is as above. If the matrix
V1,1 - Vig

[V1,...,0¢] =

Vd,1 ccc Vdpe
is unimodular, i.e., |det X| = 1 for any non-singular d x d submatrix X, then
P(z) >0 forall ue[-m, r]% (2.2)

(Dahmen and Micchelli [6]). This implies (iii), where in fact A and A are the
minimum and the maximum of the periodic function \/P(z), respectively. Let
V denote the set of vertices of the d-dimensional unit cube [0,1]¢. Define v,
j € V\ {0}, by its Fourier transform

;(2u) = G4(2)B(u),

where the function G; is to be specified later. Then for j € V' \ {0}, #; lies in
the prewavelet space, i.e., ¥; € V7 and is orthogonal to V with respect to the
standard Euclidean inner product of square-integrable functions in the sense of the
introduction, if

P(2)H(2)G;(2) + P((=1)'2)H((=1)2)G;((-1)7z) = 0. (2.3)

Here we use the notation (—1)7z := ((=1)7121,..., (=1)%z4) with j = (j1,...,54) €
7Z*. Moreover, the multiinteger translates 1;(- — k), 7 € V' \ {0}, k € Z%, form a
Riesz basis of the space W C Vi which is the orthogonal complement of V} if and
only if the (2% — 1) x 2% matrix

N :=[G;((-1)*2)]jev\ {0}, kev

has full rank for |z1| = -+ = |z4| = 1. We wish to construct functions G; such that
this is the case. Indeed, Riemenschneider and Shen [10] prove in Proposition 3.6
and Corollary 3.7 that under this rank condition, the aforementioned multiinteger

4



translates of ¢, j € V \ {0}, together with B(- — k), k € 7ZZ%, form a Riesz basis

of the whole space V; that we wish to decompose as V; = Vi + W, see also Ron

and Shen [11,12] and [2]. Thus it follows from the orthogonality of the ; to Vj

that the prewavelets and their translates alone form a Riesz basis of W. We now

proceed to constructing G; so that both (2.3) and the above rank condition hold.
To begin with, let n : V' — V satisfy (0) = 0 and

(n(p) +n(v))(p + v) is odd for p # v. (2.4)

Examples of such an 7 for dimensions d = 1,2,3, as well as a remark that no
mapping with this property exists for d > 3, can be found in [9,10]. The existence
of this function is decisive for the whole construction.

Now define for j € V'\ {0}, recalling the definition of P from the above,

¢ ¢
Gi(2) = 2"DP((-1)z) [[ (== [ Su(z"), (2:5)
v:jzoldd vklj'ze\lzen
where the univariate Laurent polynomials Si, k = 1,..., ¢, are yet to be chosen.

Noting that ((—1)72)" = (—=1)"Jz% and ((—1)72)70) = (1) 0) =
—210) | we see that the G'; defined by (2.5) satisfy condition (2.3) regardless of any
particular choice of Sk, £k = 1,...,£. Our special choice of the latter will only be
needed in order to fulfill the aforementioned rank condition.

Defining Go(z) := P(2)H(z), we introduce the matrix

N = [Gi((=D*2)];jkev-

We shall choose Si,...,S, so that N is non-singular and hence N has full rank
everywhere on the unit sphere, which is the required rank property. In order to
evaluate the determinant more easily, we decompose the matrix as follows. We let

¢
M :=[Go((-1)2)0;klimev,  M:=[2"0 [ (1 —2>)"6;kljrev.
iz
v odd
Then we have the matrix decomposition
NM = MA,
where we use the 2¢ x 2¢-matrix A = (A k]j kev, With
Ao = |Go((-D)*2)?,  keV,
and for j € V'\ {0}, k£ € V, with the matrix entries

V4
Aj,k — (—1)k"(j)P((—1)j+kz)P((—1)kz) H (1 + (_1)Uikzvi)’niSi((_l)Uikzvi).

i=1
v;j even
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Now the determinant of the diagonal matrix M is easy to evaluate as the product

det M = [] P((-1)72)H((~1)’2),
JjeEV

and, moreover, the determinant of M is the product

L

12
det M =2 JT (-2 =2 [ - 222" ™ =2¢ ] H((-1)2),
=1

i=1 JEV jeVv
’ v;J odd 7€

where ¢ := .y 1(j). Therefore, using the decomposition above,

Zdet A= ] P((—1)2)det N.
JEV
Therefore it suffices to show that A is non-singular so that the desired result of full

rank follows.
Now we observe that for each j € V\ {0}, >, o, Ajx = 0. Thus the (24 —1) x

(2¢ — 1) signed minors of A taken from these rows are equal and we can evaluate
the determinant of A as

det A = (Z AO,k) det[A; klj rev\(0}-
keVv

We have, moreover, by (2.2)

> Aok =) [Go((-1)F2)> >0

keVv kev

and

det[A; k]j rev\{o} = H P((—1)*2) det 4,
keV\{0}

where A is the (2¢ — 1) x (2¢ — 1) matrix such that for j,k € V' \ {0},

L
Ajg = (FOMOP((1* ) [ @+ (1R si((-)™2).

=1
v;J even

It remains to choose Si,..., Sy so that A is non-singular to complete our con-
struction such that the Riesz basis property is guaranteed. To this end we require
two additional auxiliary results.



Lemma 2.1. For any function Q(z), let C be the (2¢ —1) x (2% — 1) matrix given

by
Cik = (—1)OQ((-1)7**2),  j ke V\ {0}

Then its determinant is the product
2d-1_1
det C = —Q(z){Z Q((—l)jZ)2} :
JjeEV
Proof: Let D be the 2¢ x 2¢ matrix given by
Djj, = (-1)*DQ((-1)**2),  jkeV.
Since the rows of D are orthogonal we have
DDT = {Z Q((—l)jZ)z}Izd,
JjeEV
where Ia denotes the 2¢ x 2¢ identity matrix. Noting that Do = Q(z) and
Dj;=-Qz), jeV\{0},
we have the determinant

det D = —{Z Q((—l)jz)z}

JEV

2d—1

Now let E be the product of D times a diagonal matrix

E = D[Q((=1)2)8;k]jkev-

Then all the rows of F except for 5 = 0 sum to zero, and we have, as for the matrix
A above,

detE:{ZQ((—l)jz)2} [[ Q-1)2)detC.

JjEV jeV\{0}

On the other hand, the determinant is

det E = [] Q((—1)72)det D

JEV
-1 Q((—l)jZ){Z Q((—l)jZ)Z} ,
JEV JEV

and the result follows. O



Lemma 2.2. For any continuous functions Q(z), fi(2),..., fi(z), let C be the
(2¢ — 1) x (2% — 1) matrix given by

Cik = (—1)MDQ((—1)7*2) H Fi((=1)%k2%), ke V\ {0}

Then its determinant is
) 9 ¢ . 2d-1_1
det C' = —Q(Z){Z<Q((—1)3z)) Hfi((_l)mjzw)} _
JjeEV =1

Proof: We may, without loss of generality, assume that fq,...,f; > 0. Let XY
be diagonal (2¢ — 1) x (2¢ — 1) matrices defined by:

¢
Xik=10jk H Fi(ZP) V2 fi (=212, 3,k € V\ {0},

v;j odd

l
Yie =65 | [ Hi((1)"H 202 ke V\ {0},
=1

Then for j,k € V' \ {0}, we have the product for each entry of the matrix XCY

£

(XCY)jp = (_1)kn(j)Q((_1)j+kz) Hfi((_I)Ui(j+k)zvi)fi((_l)"}i(j+k)+1z’0i)1/2.

=1

Applying Lemma 2.1 with Q(z) replaced by Q(z) [Te_, fi(2%%) fi(—z"1)Y/2 gives the
product determinant

L

det(XCY) =—-Q(z )Hf (sz)fz(_zvi)l/Z



Since

2d72

V4
det X = [ fiz")>" " fi(=2")*" ",
=1

l
Lod—2 i 292 _
detY = Hfi(zvl)z fi(—Z ’)2 1/2,

i=1
the result follows. O ~
So from Lemma 2.2 we have the determinant of A

L

det A = —P(z){z P((—1)72)? H

. . 2d71_1
A (V) S
JEV i=1

If n; = 2s, we choose S;(zV1) = (2¥i)~*%. Since for any z € C with |z| = 1, we have
the important identity
(1 +Z)2.s — |1 +Z|2SZS,

we have _ _ _
(1 + (~1)™ 20y Si((~1)™92%) = |1+ (~1) 0,

If n; = 25 — 1, we choose S;(2") = (2¥)~*(1 + 2%¢). Then
(1 + (_1)Uijz71i)niSi((_l)vijzvi) — ‘1 + (_1)vijzvi |ni+1.

Thus, for: =1,...,4,
v (zv5)—mi/2, if n; is even,
i )= . . 2.
Si(2") { (zv) =/ 21(1 + 2%), if n; is odd, (2.6)

and

Y 2d-1_1
det A = —P(z){z P((—1)7z)? H 11+ (—1)Uifzvi|mi} <0,

JEV

where m; = n; or n; + 1. Therefore we have the required property, namely that the
prewavelets and their translates form a Riesz basis of W.

§3. Comparison to Riemenschneider-Shen Prewavelets

The Riemenschneider-Shen prewavelets 1;, j € V'\ {0}, are defined by their Fourier
transforms

;(2u) = H;(2) B(u),
with . . .
Hj(z) = 2"WP((-1)2)H((—1)2), (3.1)
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where H is given by (2.1) and has to be replaced by H in the above display under
certain parity conditions. Comparing H;(z) with G;(z) defined by (2.5) and (2.6)
we note that significantly less of the translates of the box-spline are needed in
our construction of prewavelets as in the Riemenschneider-Shen construction and
therefore their support is smaller. This is because the multiplication by the various
factors included in the S; mainly introduces a shift of the whole function, while
there are several factors of H omitted in the definition of the G;s as compared
to the H; above. The gain becomes larger when there are larger multiplicities in
the directions of the defining box-spline. In the case d = 1, however, H;(z) and
Gj(z) are essentially the same and both lead to the univariate compactly supported
pre-wavelets by Chui and Wang [4].

For example, let us consider in detail the case of the box-spline in two variables
associated with the directions

S A ]

with multiplicities ny = ns = nz = 2. We have
H(Z) = (1 + 21)2(1 + Z2)2(1 + 2122)2.
Choosing 7 as in [10], we have by (3.1),

) 2:122(1 — 21)2(1 + 22)2(1 - 2122)2, lf] = (1 0
H;j(z) = P((—1)2)  za(1 4+ 21)%(1 — 29)%(1 — 2122)?, if j =(0,1),
21(1 — Z1)2(1 — 22)2(1 + Z122)2, lfj = (1 1

In our construction, by (2.5) and (2.6),

A= 29)2, if j = (1,0),
Gj(z) = P((—1)72) { 2z7'25" (1 — z1)?%, if j = (0,1),
z;l(l — 2129)%, if 7 =(1,1),

which leads to the masks of 51 nonzero coefficients for our prewavelets versus 91
nonzero coefficients for the prewavelets constructed in [10].
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